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Introduction 


Euclid’s Elements is by far the most famous mathematical work of classical antiquity, and also has the distinction 
of being the world’s oldest continuously used mathematical textbook. Little is known about the author, beyond 
the fact that he lived in Alexandria around 300 BCE. The main subjects of the work are geometry, proportion, and 
number theory. 

Most of the theorems appearing in the Elements were not discovered by Euclid himself, but were the work of 
earlier Greek mathematicians such as Pythagoras (and his school), Hippocrates of Chios, Theaetetus of Athens, and 
Eudoxus of Cnidos. However, Euclid is generally credited with arranging these theorems in a logical manner, so as to 
demonstrate (admittedly, not always with the rigour demanded by modern mathematics) that they necessarily follow 
from five simple axioms. Euclid is also credited with devising a number of particularly ingenious proofs of previously 
discovered theorems: e.g., Theorem 48 in Book 1. 

The geometrical constructions employed in the Elements are restricted to those which can be achieved using a 
straight-rule and a compass. Furthermore, empirical proofs by means of measurement are strictly forbidden: i.e., 
any comparison of two magnitudes is restricted to saying that the magnitudes are either equal, or that one is greater 
than the other. 

The Elements consists of thirteen books. Book 1 outlines the fundamental propositions of plane geometry, includ¬ 
ing the three cases in which triangles are congruent, various theorems involving parallel lines, the theorem regarding 
the sum of the angles in a triangle, and the Pythagorean theorem. Book 2 is commonly said to deal with “geometric 
algebra”, since most of the theorems contained within it have simple algebraic interpretations. Book 3 investigates 
circles and their properties, and includes theorems on tangents and inscribed angles. Book 4 is concerned with reg¬ 
ular polygons inscribed in, and circumscribed around, circles. Book 5 develops the arithmetic theory of proportion. 
Book 6 applies the theory of proportion to plane geometry, and contains theorems on similar figures. Book 7 deals 
with elementary number theory: e.g., prime numbers, greatest common denominators, etc. Book 8 is concerned with 
geometric series. Book 9 contains various applications of results in the previous two books, and includes theorems 
on the infinitude of prime numbers, as well as the sum of a geometric series. Book 10 attempts to classify incommen¬ 
surable (i.e., irrational) magnitudes using the so-called “method of exhaustion”, an ancient precursor to integration. 
Book 11 deals with the fundamental propositions of three-dimensional geometry. Book 12 calculates the relative 
volumes of cones, pyramids, cylinders, and spheres using the method of exhaustion. Finally, Book 13 investigates the 
five so-called Platonic solids. 

This edition of Euclid’s Elements presents the definitive Greek text— i.e., that edited by J.L. Heiberg (1883- 
1885)—accompanied by a modern English translation, as well as a Greek-English lexicon. Neither the spurious 
books 14 and 15, nor the extensive scholia which have been added to the Elements over the centuries, are included. 
The aim of the translation is to make the mathematical argument as clear and unambiguous as possible, whilst still 
adhering closely to the meaning of the original Greek. Text within square parenthesis (in both Greek and English) 
indicates material identified by Heiberg as being later interpolations to the original text (some particularly obvious or 
unhelpful interpolations have been omitted altogether). Text within round parenthesis (in English) indicates material 
which is implied, but not actually present, in the Greek text. 

My thanks to Mariusz Wodzicki (Berkeley) for typesetting advice, and to Sam Watson & Jonathan Fenno (U. 
Mississippi), and Gregory Wong (UCSD) for pointing out a number of errors in Book 1. 
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Fundamentals of Plane Geometry Involving 

Straight-Lines 



ETOIXEIfiN a'. 


ELEMENTS BOOK 1 


"Open. 

a'. Erjpslov saxiv, ob pipoc; oinlsv. 

( 3 '. rpappr] Ss prjxoc axXaxsc. 
y'. rpapprjc; 8s xspaxa arjpsla. 

5 '. EuDsla ypappyj saxiv, fjxic; si; laou xolc; sep’ sauxfji; 
arjpslou; xslxai. 

s'. ’Exicpavsia 8s saxiv, o pfjxo<; xal xXaxoc; povov sysi. 
t'. ’Exicpavslac; 8s xspaxa ypappal. 

C- ’ExlxsSoc; sxicpavsia saxiv, fjxic; si; laou xalc; sep’ 
sauxfjc; suDslaic; xslxai. 

r)'. ’Exlxs8oc; 8s yenvla saxiv f] sv sxixs8ep Suo ypappSiv 
axxopsvcov aXXrjXwv xal pf] ex’ suOslac; xsipsvtov xpoc; 
aXXrjXac; xuv ypappwv xXlau;. 

D'. "Oxav Ss al xspisxouaai xf]v ywvlav ypappal sMslai 
Saiv, suDuypappoc; xaXslxai f] ywvla. 

i'. “Oxav 8s suDsla sx’ suDslav axaflslaa xac; sepsijfjc; 
ywvlac; ’laac; aXXijXaic; xoifj, opbf) sxaxspa xwv ’lawv ytoviwv 
saxi, xal f) sepsaxrjxula suDsla xadsxoc; xaXslxai, sep’ fjv 
sepsaxrjxsv. 

ia'. ’Apf 3 Xsla ywvla saxiv f] psli^tov opOrjc;. 
i| 3 '. ’Oljsla 6s f) sXaaatov opbfjc;. 
iy'. "Opoc; saxiv, 6 xivoc; saxi xspac;. 

18'. Exrjpa saxi xo uxo xivoc; fj xivtov opwv xspisxopsvov. 
is'. KuxXoc; saxi axfjpa sxlxs8ov uxo pia<; ypappfjc; 
xspisxopsvov [fj xaXslxai xspiepspsia], xpoc; fjv aep’ svoc; 
arjpslou xuv svxoc; xou axijpaxoc; xsipsvuv xaaai al 
xpoaxlxxouaai sMslai [xpoc; xf]v xou xuxXou xspiepspsiav] 
’laai dXXfjXaic; stalv. 

it'. Ksvxpov 8s xou xuxXou xo arjpslov xaXslxai. 
iC. Aiapsxpoc; 6s xou xuxXou saxiv suDsla xic; 8ia xou 
xsvxpou fjypsvr] xal xspaxoupsvr] sep’ sxaxspa xa pspr] 
0 x 6 xfjc; xou xuxXou xspiepspslac;, fjxic; xal 8lxa xspvsi xov 
xuxXov. 

it]'. 'HpixuxXiov 8s saxi xo xspisxopsvov axfjpa 0 x 6 xs 
xfjc; 8iapsxpou xal xfjc; axoXapf 3 avopsvr)g Ox’ auxfjc; xspi- 
epspslac;. xsvxpov 8s xou ljpixuxXlou xo aOxo, 6 xal xou 
xuxXou saxiv. 

O'. Ex^jpaxa suDuypappa saxi xa 0 x 6 suDsieSv xs- 
pi£XO(i£va, xplxXsupa psv xa 0 x 6 xpiwv, xsxpaxXsupa Ss xa 
0 x 6 xsaaaptov, xoXuxXsupa Ss xa 0 x 6 xXsiovwv fj xsaaapwv 
suOsiSiv xspisxopsva. 

x'. TCfv 8s xpixXsupwv axr)paxtov iaoxXsupov psv 
xplywvov saxi xo xac; xpslc; ’laac; s)(ov xXsupac;, laoaxsXsc; 
8s xo xac; Buo povac; laac; sxov xXsupac;, axaXrjvov 8s xo 
xac; xpslc; avlaouc; s^ov xXsupac;. 

xa' “Exi 6s xwv xpixXsOpwv a)(r)(idx«v opffoywviov psv 
xplywvov saxi xo s^ov opf)f)v ytovlav, ap.pXuywviov 8s xo 
EXov dp.pXslav ywvlav, o^uytoviov 8s xo xac; xpslc o^slac; 
EX°v ytovlac;. 


Definitions 

1. A point is that of which there is no part. 

2. And a line is a length without breadth. 

3. And the extremities of a line are points. 

4. A straight-line is (any) one which lies evenly with 
points on itself. 

5. And a surface is that which has length and breadth 
only. 

6. And the extremities of a surface are lines. 

7. A plane surface is (any) one which lies evenly with 
the straight-lines on itself. 

8. And a plane angle is the inclination of the lines to 
one another, when two lines in a plane meet one another, 
and are not lying in a straight-line. 

9. And when the lines containing the angle are 
straight then the angle is called rectilinear. 

10. And when a straight-line stood upon (another) 
straight-line makes adjacent angles (which are) equal to 
one another, each of the equal angles is a right-angle, and 
the former straight-line is called a perpendicular to that 
upon which it stands. 

11. An obtuse angle is one greater than a right-angle. 

12. And an acute angle (is) one less than a right-angle. 

13. A boundary is that which is the extremity of some¬ 
thing. 

14. A figure is that which is contained by some bound¬ 
ary or boundaries. 

15. A circle is a plane figure contained by a single line 
[which is called a circumference], (such that) all of the 
straight-lines radiating towards [the circumference] from 
one point amongst those lying inside the figure are equal 
to one another. 

16. And the point is called the center of the circle. 

17. And a diameter of the circle is any straight-line, 
being drawn through the center, and terminated in each 
direction by the circumference of the circle. (And) any 
such (straight-line) also cuts the circle in half. '' 

18. And a semi-circle is the figure contained by the 
diameter and the circumference cuts off by it. And the 
center of the semi-circle is the same (point) as (the center 
of) the circle. 

19. Rectilinear figures are those (figures) contained 
by straight-lines: trilateral figures being those contained 
by three straight-lines, quadrilateral by four, and multi¬ 
lateral by more than four. 

20. And of the trilateral figures: an equilateral trian¬ 
gle is that having three equal sides, an isosceles (triangle) 
that having only two equal sides, and a scalene (triangle) 
that having three unequal sides. 
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x(3'. Tcbv Ss TETpaxXsupcov o)(r)ptdTWv TSTpayovov psv 
sgtiv, 6 tooxXsupov ts sail xal op'doycovi.ov, STspopr]Xs; 
8s, 6 opboycmov psv, oux iooxXsupov 8s, popPo; 8s, 6 
iooxXsupov psv, oux opboyclmov 8s, popPosibs; Ss to toc; 
axsvavTiov xXsupa; te xal yovla; ’loa; aXXqXai.; syov, o 
outs IooxXsupov sgtiv outs op'doycovi.ov Ta 8s xapa Tauxa 
TSTpaxXsupa Tpaxs^ia xaXs[ofla>. 

xy'. IlapaXXrjXol sloiv subslai, aiTLvs; sv to auTdi 
sxixsSq) ouoai xal sxf3aXX6pisvai s’lc; axsipov scp’ sxoruspa 
Ta pspr] sxl pr)8sTspa oupxlxTOUGiv aXXrjXai.;. 


21. And further of the trilateral figures: a right-angled 
triangle is that having a right-angle, an obtuse-angled 
(triangle) that having an obtuse angle, and an acute- 
angled (triangle) that having three acute angles. 

22. And of the quadrilateral figures: a square is that 
which is right-angled and equilateral, a rectangle that 
which is right-angled but not equilateral, a rhombus that 
which is equilateral but not right-angled, and a rhomboid 
that having opposite sides and angles equal to one an¬ 
other which is neither right-angled nor equilateral. And 
let quadrilateral figures besides these be called trapezia. 

23. Parallel lines are straight-lines which, being in the 
same plane, and being produced to infinity in each direc¬ 
tion, meet with one another in neither (of these direc¬ 
tions) . 


t This should really be counted as a postulate, rather than as part of a definition. 


Ai-tr^a-ca. 

a'. ’HiTT]G , d(n axo xavxo; ar)pslou exl xav oruisTov 
suDsIav ypapprjv ayayslv. 

P'. Kal xsxspaopsvrjv sudsTav xaxa to ouvsxe; ex’ 
suDsla; sxPaXsTv. 

y'. Kal xavxl xsvTpcp xal 8(.aoTrj|iaTi xuxXov ypacpso'dai. 

8'. Kal xaoa; Ta; opDa; ycovla; I'aa; aXX/]Xai<; swat. 

s'. Kal sav si; 8uo subsla; suHsfa spxlxTouoa Ta; evto; 
xal sxl Ta auTa pspr) ycovla; Suo opOwv sXaaaova; xoifj, 
sxpaXXopsva; Ta; 8uo sMsta; sx’ axsipov aupxlxTEiv, scp’ 
a (ispr) s’igIv al twv 8uo opbSiv sXaaaovs;. 


Postulates 

1. Let it have been postulated* to draw a straight-line 
from any point to any point. 

2. And to produce a finite straight-line continuously 
in a straight-line. 

3. And to draw a circle with any center and radius. 

4. And that all right-angles are equal to one another. 

5. And that if a straight-line falling across two (other) 
straight-lines makes internal angles on the same side 
(of itself whose sum is) less than two right-angles, then 
the two (other) straight-lines, being produced to infinity, 
meet on that side (of the original straight-line) that the 
(sum of the internal angles) is less than two right-angles 
(and do not meet on the other side).* 


t The Greek present perfect tense indicates a past action with present significance. Hence, the 3rd-person present perfect imperative ’HiTrjadto 
could be translated as “let it be postulated”, in the sense “let it stand as postulated”, but not “let the postulate be now brought forward”. The 
literal translation “let it have been postulated” sounds awkward in English, but more accurately captures the meaning of the Greek, 
t This postulate effectively specifies that we are dealing with the geometry of flat, rather than curved, space. 


Koival svvoiai. 

a'. Ta to auTO i'aa xal aXXr]Xoi; sgtIv i'aa. 

P'. Kal sav igoi; ’laa xpoGTsOrj, Ta oXa egtIv i'oa. 

y'. Kal sav axo Tatov loa acpaips'dfj, tcc xaTaXsixopsva 

SGTIV loot . 

6'. Kal Ta scpappo^ovTa sx’ aXX/|Xa ’(aa aXXrjXoi; sgtiv. 
s'. Kal to oXov toO pspou; psT^ov [sgtiv]. 


Common Notions 

1. Things equal to the same thing are also equal to 
one another. 

2. And if equal things are added to equal things then 
the wholes are equal. 

3. And if equal things are subtracted from equal things 
then the remainders are equal.* 

4. And things coinciding with one another are equal 
to one another. 

5. And the whole [is] greater than the part. 


t As an obvious extension of C.N.s 2 & 3—if equal things are added or subtracted from the two sides of an inequality then the inequality remains 


7 




ETOIXEIfiN a'. 


ELEMENTS BOOK 1 


an inequality of the same type. 


a. 

’Era Tfjc; 8of>E[ar]c; cuddac; 7i£:n;EpaGp£vr]c; xpiycovov 
iaoitXEupov CTUaTT]CTaaf)ai. 



"Ecttco f) BoilETaa sufieTa KETiEpaapEvr) f] AB. 

AeI 8f] Era Tfjc; AB sudslac; xpiycovov laoTtXsupov 
ouaTyjaacrdai. 

KEvxpcp piEv xco A 5uxcmf)|icn:i Be tco AB xuxXoq 
ysypacpOco 6 BrA, xal xaXiv XEvxpco psv xco B 6iaaxf|paTi 8s 
tw BA xuxXoq ysypacpDco 6 ArE, xal omo tou T arjpslou, 
xafF 5 TEjivouaiv aXXf|Xou<; ol xuxXoi, Era xa A, B arjpsTa 
EitE^EUX’dtoacxv euOeuxi al FA, TB. 

Kal ETtsl to A GT][i£lov xsvxpov saxl tou TAB xuxXou, 
Tar) saxlv f] Ar xfj AB- itaXiv, ETtsl to B ar]|iETov xsvxpov 
saxl tou FAE xuxXou, for) saxlv f) Br xfj BA. eSeixUt) Be 
xal f\ TA xfj AB fory sxaxspa apa xcov TA, TB xfj AB ecttiv 
far), xa Be to auxcp I'aa xal aXXf|Xoic; saxlv foa- xal f] TA apa 
xfj TB saxiv far] - at xpslq apa al TA, AB, Br toai aXXyjXatc; 
sfolv. 

IaoiiXEupov apa saxl to ABr xpiycovov. xal auvEaxaxai 
Era xfjc SoOslarjc; suOstaq TiSTtEpaapsvrjc; xrjc AB. oitsp sSsi 
Ttotfjaat. 


Proposition 1 

To construct an equilateral triangle on a given finite 
straight-line. 



Let AB be the given finite straight-line. 

So it is required to construct an equilateral triangle on 
the straight-line AB. 

Let the circle BCD with center A and radius AB have 
been drawn [Post. 3], and again let the circle ACE with 
center B and radius BA have been drawn [Post. 3]. And 
let the straight-lines CA and CB have been joined from 
the point C, where the circles cut one another,! to the 
points A and B (respectively) [Post. 1], 

And since the point A is the center of the circle CDB, 
AC is equal to AB [Def. 1.15]. Again, since the point 
B is the center of the circle CAE, BC is equal to BA 
[Def. 1.15]. But CA was also shown (to be) equal to AB. 
Thus, CA and CB are each equal to AB. But things equal 
to the same thing are also equal to one another [C.N. 1]. 
Thus, CA is also equal to CB. Thus, the three (straight¬ 
lines) CA, AB, and BC are equal to one another. 

Thus, the triangle ABC is equilateral, and has been 
constructed on the given finite straight-line AB. (Which 
is) the very thing it was required to do. 


t The assumption that the circles do indeed cut one another should be counted as an additional postulate. There is also an implicit assumption 
that two straight-lines cannot share a common segment. 


P'* 

Ftpoq to SoOsvti. orjpslcp xfj BoDsfor) suf>slafor)v suOsTav 
'dsa'dai. 

’'Eaxo to psv BotIev arjpETov to A, f] Be SoOsToa suDsTa 
f) Br- 8 eT 8f] Ttpoq to A arjpslcp xfj BoOslar] suOsia xfj BT 
ior]v EuDcTav Oso'dai. 

’Eke^euxOo yap onto tou A arjpEiou sra to B arjpETov 
suOsTa f] AB, xal ouveotocto etc’ auxfjq xpiycovov iooTtXsupov 
to AAB, xal Ex^pX/ioDoroav etc’ suOslai; xaT<; A A, AB 


Proposition 2 ) 

To place a straight-line equal to a given straight-line 
at a given point (as an extremity). 

Let A be the given point, and BC the given straight- 
line. So it is required to place a straight-line at point A 
equal to the given straight-line BC. 

For let the straight-line AB have been joined from 
point A to point B [Post. 1], and let the equilateral trian¬ 
gle DAB have been been constructed upon it [Prop. 1.1]. 
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sudsiai ai AE, BZ, xal xsvxpqr pev xw B Biaaxfjpaxi 8s to 
Br xuxXoq yeypafpOcij 6 TH 0 , xal xaXtv xsvxpcp to A xal 
8 taaxf)paxi to AH xuxXoi; ysypacp-dco 6 HKA. 



’EttsI ouv to B ar)psfov xsvxpov Saxl xou TH 0 , for) saxlv 
Y) Br xfj BH. xaXiv, sxsl to A ar)psfov xsvxpov saxl xou 
HKA xuxXou, for) saxlv f] AA xfj AH, Sv f) AA xfj AB for) 
saxiv. Xoixr) apa f) AA Xouxf) xfj BH saxLv for). sSsix-dr] 8s 
xal f] BT xf) BH for) - sxaxspa apa xAv AA, Br xfj BH saxiv 
for), xa 8s xA auxA foa xal aXXijXou; saxlv iaa- xal f) AA 
apa xfj Br saxiv for). 

npoc; apa xA 8o-Devtl ar)ps[q> xA A xfj 8oDsfor) suflsia 
xfj Br for) su-dsla xslxai f) AA- oxsp s8si Troifjaai. 


And let the straight-lines AE and BF have been pro¬ 
duced in a straight-line with DA and DB (respectively) 
[Post. 2]. And let the circle CGH with center B and ra¬ 
dius BC have been drawn [Post. 3], and again let the cir¬ 
cle GKL with center D and radius DG have been drawn 
[Post. 3], 



Therefore, since the point B is the center of (the cir¬ 
cle) CGH, BC is equal to BG [Def. 1.15]. Again, since 
the point D is the center of the circle GKL, DL is equal 
to DG [Def. 1.15]. And within these, DA is equal to DB. 
Thus, the remainder AL is equal to the remainder BG 
[C.N. 3]. But BC was also shown (to be) equal to BG. 
Thus, AL and BC are each equal to BG. But things equal 
to the same thing are also equal to one another [C.N. 1]. 
Thus, AL is also equal to BC. 

Thus, the straight-line AL, equal to the given straight- 
line BC, has been placed at the given point A. (Which 
is) the very thing it was required to do. 


t This proposition admits of a number of different cases, depending on the relative positions of the point A and the line BC. In such situations, 
Euclid invariably only considers one particular case—usually, the most difficult—and leaves the remaining cases as exercises for the reader. 


Y- 

Auo SoOsiaAv sudsiAv avfowv o mo xfj<; pslifovoc; xfj 
sXaaaovi forjv su-dslav acpsXsTv. 

’Kaxcnaav ai SoDsfoai 8uo sODslai. aviaoi ai AB, T, Av 
psi^tov saxm f) AB- Ssl 8f) axo xfjg ps[((ovo<; xfjg AB xfj 
sXaaaovi xfj T foqv sudslav acpsXsIv. 

KsiaOw xpo<; xA A ar)psicp xfj T sOOsia for) f) AA- xal 
xsvxpm psv tA A oiaaxijpaxL Ss xA AA xuxXo<; ysypacpdw 
6 AEZ. 

Kai stteI to A ar)psfov xsvxpov saxl xou AEZ xuxXou, 


Proposition 3 

For two given unequal straight-lines, to cut off from 
the greater a straight-line equal to the lesser. 

Let AB and C be the two given unequal straight-lines, 
of which let the greater be AB. So it is required to cut off 
a straight-line equal to the lesser C from the greater AB. 

Let the line AD, equal to the straight-line C, have 
been placed at point A [Prop. 1.2]. And let the circle 
DEF have been drawn with center A and radius AD 
[Post. 3], 
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far) Eaxlv f) AE xfj AA- aXXa xal f] E xfj AA saxiv iar). 
sxaxspa apa xov AE, T Tfj AA saxiv iar]- Aaxs xcd f] AE 

Tfj r SGXIV LCTT). 

r 



Auo apa SobsiaAv sudsiAv avlawv xAv AB, T octio xfjc 
(isl^ovoc; xrjc; AB xfj sXaaaovi xfj T lor) acpfjprjxai f) AE- oTisp 
sSsi Tioirjaai. 

O'. 

’Eav 8uo xplyuva xa<; Suo TiXsupac; [xau;] 8 uctI TiXsupaic; 
iaa<; e -yy) sxaxspav sxaxspa xal xfjv ywvlav xfj ywvla larjv 
eXT] xf)v utio xAv latov su-dsiAv TispiS)(opEvr]v, xal xf]v 
pdaiv xf) pdosi I'arjv s<;ei, xal xo xpiywvov xA xpiyAvo ioov 
saxai, xal ai XoiTial ywviai xaTc; Xouiau; ycovlau; laai saovxai 
sxaxspa sxaxspa, Ocp’ ac; al ’(aai TiXsupal unoxslvouaiv. 


A A 



TUaxw 8uo xpiywva xa ABr, AEZ xag Suo TiXsupai; 
xac; AB, Ar xaTc SuctI TiXsupau; xau; AE, AZ ioolc, syovxa 
sxaxspav sxaxspa xrjv psv AB xfj AE xfjv 8s Ar xfj AZ 
xal ywviav xf)v utio BAr yovla xfj utio EAZ iotjv. Xsyto, 
oxi xal f3aai<; f] Br pdasi xfj EZ Tar) saxiv, xal xo ABr 
xplyowov xA AEZ xpiyAvco Toov saxai, xal al XoiTial ywvlai 
xau; XoiTiai; yorvlai; laai saovxai sxaxspa sxaxspa, Ocp’ a<; 
al laai TiXsupal utioxeIvouoiv, f) psv utio ABr xfj utio AEZ, 
f) 8s utio ArB xfj utio AZE. 

’Ecpapjio^ojisvou yap xou ABr xpiyAvou stiI xo AEZ 
xplywvov xal xrdspsvou xou psv A arjpslou stiI xo A arjpsTov 


And since point A is the center of circle DEF, AE 
is equal to AD [Def. 1.15]. But, C is also equal to AD. 
Thus, AE and C are each equal to AD. So AE is also 
equal to C [C.N. 1]. 

c 



Thus, for two given unequal straight-lines, AB and C, 
the (straight-line) AE, equal to the lesser C, has been cut 
off from the greater AB. (Which is) the very thing it was 
required to do. 

Proposition 4 

If two triangles have two sides equal to two sides, re¬ 
spectively, and have the angle (s) enclosed by the equal 
straight-lines equal, then they will also have the base 
equal to the base, and the triangle will be equal to the tri¬ 
angle, and the remaining angles subtended by the equal 
sides will be equal to the corresponding remaining an¬ 
gles. 


A D 



Let ABC and DEF be two triangles having the two 
sides AB and AC equal to the two sides DE and DF, re¬ 
spectively. (That is) AB to DE, and AC to DF. And (let) 
the angle BAC (be) equal to the angle EDF. I say that 
the base BC is also equal to the base EF, and triangle 
ABC will be equal to triangle DEF, and the remaining 
angles subtended by the equal sides will be equal to the 
corresponding remaining angles. (That is) ABC to DEF, 
and ACB to DFE. 

For if triangle ABC is applied to triangle DEF 4 the 
point A being placed on the point D, and the straight-line 
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Tfjg 8e AB eOOeiag exl tt)v AE, ecpappoaei xal to B aripelov 
hi to E 8ia to larjv elvai ttjv AB Tfj AE- ecpappoadarjg 8f] 
Tfjg AB £7x1 tt)v AE ecpappoaei xal f\ AT eODela era. ttjv AZ 
8ia to iarjv elvai tt]v 0x6 BAr ywviav Tfj 0x6 EAZ- Aaxe xal 
to r ar)peTov sill to Z arjpelov ecpappoaei Sia to larjv xaXiv 
elvai tt)v Ar Tfj AZ. aXXa pfjv xal to B exl to E ecprjppoxei- 
Aaxe pdaig f] Br exl pdaiv ttjv EZ ecpappoaei. el yap tou 
pev B era. to E ecpappoaavxog tou 8e T era to Z f) Br pdaig 
era ttjv EZ oOx ecpappoaei, 8uo eOOelai x w P^ 0V xepieJgouaiv 
oxep eaxlv aSuvaxov. ecpappoaei apa f) Br pdaig era ttjv 
EZ xal Tar] aOxfj eaxai- Aaxe xal oXov to ABr xpiytovov 
era oXov to AEZ Tplywvov ecpappoaei xal laov auTA eaxai, 
xal ai Xoixal ytoviai era Tag Xoixag ytovlag ecpappoaouoi xal 
Taai auTdig eaovTai, f] pev 0x6 ABr Tfj utio AEZ f) 8e 0x6 
ArB Tfj 0x6 AZE. 

’Eav apa 8uo xpiycuva Tag Suo xXeupag [Talg] 80o 
xXeupaig loag ex?) exaxepav exaxepa xal ttjv ytoviav Tfj 
ywvia lorjv exT) ttjv 0x6 tAv Tawv eODeiAv xepiexopevrjv, 
xal ttjv pdaiv tt) pdaei Tarjv e£ei, xal to Tpiywvov tA 
xpiyAvcp laov eaxai, xal ai Xoixal ywviai Talg Xoixaig 
ymviaig Taai eaovxai exaTepa exaTepa, Ocp’ ag ai Taai xXeupai 
OxoTeivouaiv oxep eSei 8el^au 


AB on DE, then the point B will also coincide with E, 
on account of AB being equal to DE. So (because of) 
AB coinciding with DE, the straight-line AC will also 
coincide with DF, on account of the angle BAC being 
equal to EDF. So the point C will also coincide with the 
point F, again on account of AC being equal to DF. But, 
point B certainly also coincided with point E, so that the 
base BC will coincide with the base EF. For if B coin¬ 
cides with E, and C with F, and the base BC does not 
coincide with EF, then two straight-lines will encompass 
an area. The very thing is impossible [Post. I].* Thus, 
the base BC will coincide with EF, and will be equal to 
it [C.N. 4]. So the whole triangle ABC will coincide with 
the whole triangle DEF, and will be equal to it [C.N. 4]. 
And the remaining angles will coincide with the remain¬ 
ing angles, and will be equal to them [C.N. 4]. (That is) 
ABC to DEF, and ACB to DFE [C.N. 4]. 

Thus, if two triangles have two sides equal to two 
sides, respectively, and have the angle (s) enclosed by the 
equal straight-line equal, then they will also have the base 
equal to the base, and the triangle will be equal to the tri¬ 
angle, and the remaining angles subtended by the equal 
sides will be equal to the corresponding remaining an¬ 
gles. (Which is) the very thing it was required to show. 


' The application of one figure to another should be counted as an additional postulate, 
t Since Post. 1 implicitly assumes that the straight-line joining two given points is unique. 


s'. 

TAv iaoaxeXAv xpiyAvtov ai Tpog Tfj pdaei ywviai Tcai 
aXXf)Xaig eiaiv, xal xpoaexpXrjbeiaAv tAv Tatov eOdeiAv ai 
0x6 t f]v pdaiv yorviai laai aXXrjXaig eoovxai. 


A 



TDaTCO Tpiycnvov iaoaxeXeg to ABT Tarjv eyov ttjv 
AB xXeupav Tfj AT xXeupa, xal xpoaexpepX^aDcoaav ex’ 
eODeiag xaig AB, AT eOOeTai ai BA, TE- Xeyo, oti f) pev 
0x6 ABT yorvia Tfj 0x6 ATB Tar] eorav, f) Se 0x6 TBA Tfj 
0x6 BTE. 

EiXijcp'dw yap exl Tfjg BA Tuyov arjpeTov to Z, xal 
dcprjpija'dto axo Tfjg pei^ovog Tfjg AE Tfj eXaaaovi Tfj AZ 


Proposition 5 

For isosceles triangles, the angles at the base are equal 
to one another, and if the equal sides are produced then 
the angles under the base will be equal to one another. 


A 



Let ABC be an isosceles triangle having the side AB 
equal to the side AC, and let the straight-lines BD and 
CE have been produced in a straight-line with AB and 
AC (respectively) [Post. 2]. I say that the angle ABC is 
equal to ACB, and (angle) CBD to BCE. 

For let the point F have been taken at random on BD, 
and let AG have been cut off from the greater AE, equal 
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Tar) f) AH, xai exeifouxbwaav at Zr, HB eubeiai. 

’Exei ouv for] eaxiv f] pev AZ xfj AH f] Se AB xfj AT, 
8 uo Srj od ZA, Ar 8 uai xau; HA, AB foai eiaiv exaxepa 
exaxepa- xai ywvlav xoivqv xepieyouai xfjv 0x6 ZAH- paaic 
apa f] Zr pdaei xfj HB for] eaxiv, xal xo AZT xpiyorvov xo 
AHB xpiyovw foov eaxai, xal ai Xoixai ytoviai xafo Xoixafo 
ycrvlaic; foai eaovxai exaxepa exaxepa, ucp’ ac; ai foai xXeupai 
uxoxeivouaiv, f] pev 0x6 ATZ xfj 0x6 ABH, f] 8 e 0x6 AZr 
xfj 0x6 AHB. xai exei oXrj f] AZ oXrj xfj AH eaxiv for], fiv 
f] AB xfj AT eaxiv for), Xoixf] apa f] BZ Xoixfj xfj TH eaxiv 
for]. eSeiybr) Se xai f] Zr xfj HB for] - Suo Srj ai BZ, ZF Buai 
xau; TH, HB foai eiaiv exaxepa exaxepa- xai ytovia f] 0x6 
BZF ytovia xr) 0x6 THB for], xai (3aau; auxwv xoivf] f] BF- 
xai xo BZr apa xpiywvov xw THB xpiywvw foov eaxai, xai 
ai Xoixai ytoviai xafo Xoixafo ywviai<; iaai eaovxai exaxepa 
exaxepa, Ocp’ a<; ai foai xXeupai Oxoxeivouaiv- for] apa eaxiv 
f) (iev 0x6 ZBr xfj 0x6 HTB f] 8 e 0x6 BrZ xfj 0x6 TBH. 
exei ouv oXr] f] 0x6 ABH ywvia oXrj xfj 0x6 ArZ ywvia 
eSeix^&r) for), 5v f] 0x6 TBH xfj 0x6 BrZ for], Xoixf] apa f] 
0x6 ABF Xoixfj xfj 0x6 ArB eaxiv for] - xai eiai xpog xfj 
Paaei xou ABr xpiywvou. eBeix-dr] 8 e xai f] 0x6 ZBr xfj 
0x6 HTB for]- xai eiaiv 0x6 xf]v pdaiv. 

T£>v apa iaoaxeXwv xpiywvwv ai xpoc; xfj pdaei ytoviai 
foai aXXifXaic; eiaiv, xai xpoaexpXrjfieiawv xov lawv eufieiwv 
ai 0x6 xf]v pdaiv ywviai foai aXXf]Xaic; eaovxai- oxep e 8 ei 
8 efoai. 


9'. 

’Eav xpiycOvou ai 80o ywviai foai aXXf]Xaic; Saiv, xai 
ai 0x6 xac; iaac; ytoviac; Oxoxeivouaai xXeupai iaai aXXfjXan; 
eaovxai. 


A 



Tfoxw xpiywvov xo ABr iar]v exov xf]v 0x6 ABr ywviav 
xfj 0x6 ArB ywvia- Xeyo, 6 x 1 xai xXeupa f] AB xXeupa xfj 
Ar eaxiv for]. 


to the lesser AF [Prop. 1.3]. Also, let the straight-lines 
FC and GB have been joined [Post. 1]. 

In fact, since AF is equal to AG, and AB to AC, 
the two (straight-lines) FA, AC are equal to the two 
(straight-lines) GA, AB, respectively. They also encom¬ 
pass a common angle, FAG. Thus, the base FC is equal 
to the base GB, and the triangle AFC will be equal to the 
triangle AGB, and the remaining angles subtendend by 
the equal sides will be equal to the corresponding remain¬ 
ing angles [Prop. 1.4]. (That is) ACF to ABG, and AFC 
to AGB. And since the whole of AF is equal to the whole 
of AG, within which AB is equal to AC, the remainder 
BF is thus equal to the remainder CG [C.N. 3]. But FC 
was also shown (to be) equal to GB. So the two (straight¬ 
lines) BF, FC are equal to the two (straight-lines) CG, 
GB, respectively, and the angle BFC (is) equal to the 
angle CGB, and the base BC is common to them. Thus, 
the triangle BFC will be equal to the triangle CGB, and 
the remaining angles subtended by the equal sides will be 
equal to the corresponding remaining angles [Prop. 1.4]. 
Thus, FBC is equal to GCB, and BCF to CBG. There¬ 
fore, since the whole angle ABG was shown (to be) equal 
to the whole angle ACF, within which CBG is equal to 
BCF, the remainder ABC is thus equal to the remainder 
ACB [C.N. 3]. And they are at the base of triangle ABC. 
And FBC was also shown (to be) equal to GCB. And 
they are under the base. 

Thus, for isosceles triangles, the angles at the base are 
equal to one another, and if the equal sides are produced 
then the angles under the base will be equal to one an¬ 
other. (Which is) the very thing it was required to show. 

Proposition 6 

If a triangle has two angles equal to one another then 
the sides subtending the equal angles will also be equal 
to one another. 


A 



to the angle ACB. I say that side AB is also equal to side 

AC. 
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El yap aviaoq eaxiv f) AB xfj AT, f) exepa auxGv peiijjwv 
eaxiv. eaxw peii^cuv f) AB, xai acprjpqa-do axo xfjq peii^ovoc; 
Tfjc AB xfj eAaxxovi xfj Ar for) f\ AB, xai exe£eu)(f>a> f) Ar. 

’Exei ouv for) saxiv fj AB xfj AT xoivf) 8s f] Br, 8 uo 8f) 
a! AB, Br 8 uo xafo Ar, TB foai eiaiv exaxepa exaxepa, xai 
ymvia f) uxo ABr ytovia xfj 0x6 ArB saxiv for) - pdaic; apa f) 
Ar f3aaei xfj AB for) saxiv, xai xo ABr xplywvov xq> ArB 
xpiywvw foov eaxai, xo eAaaaov xw peii^ovi- oxep axoxov 
oux apa aviaoq saxiv f) AB xfj Ar- Tar) apa. 

’Eav apa xpiywvou ai 50o ywvlai foai aAAf]Aai<; Saiv, xai 
ai 0x6 xaq foaq ytoviac; Oxoxslvouaai xXsupal foai aAAf)Aai<; 
eaovxai- oxep s8si BelEjai. 


For if AB is unequal to AC then one of them is 
greater. Let AB be greater. And let DB, equal to 
the lesser AC, have been cut off from the greater AB 
[Prop. 1.3]. And let DC have been joined [Post. 1], 
Therefore, since DB is equal to AC, and BC (is) com¬ 
mon, the two sides DB, BC are equal to the two sides 
AC, CB, respectively, and the angle DBC is equal to the 
angle ACB. Thus, the base DC is equal to the base AB, 
and the triangle DBC will be equal to the triangle ACB 
[Prop. 1.4], the lesser to the greater. The very notion (is) 
absurd [C.N. 5]. Thus, AB is not unequal to AC. Thus, 
(it is) equal.1 

Thus, if a triangle has two angles equal to one another 
then the sides subtending the equal angles will also be 
equal to one another. (Which is) the very thing it was 
required to show. 


t Here, use is made of the previously unmentioned common notion that if two quantities are not unequal then they must be equal. Later on, use 
is made of the closely related common notion that if two quantities are not greater than or less than one another, respectively, then they must be 
equal to one another. 


c. 

’Exi xfjq auxfjq eubeiaq 8uo xafo auxafo eubeiaic; aXXai 
8 uo eubelai foai exaxepa exaxepa oU auaxahfjaovxai xpoq 
aXXcp xai aAAq> aqpeiq) ex! xa auxa pepr] xa auxa xepaxa 
eyouaai xafo e^ apxhC sudeiaiq. 

r 



Ei yap 8uvaxov, exi xfjq auxfjc; euheiaq xfjq AB Buo xafo 
auxafo eOheiaiq xafo AT, TB aXXai 8uo eubelai ai AA, AB 
foai exaxepa exaxepa auveaxaxwaav xpoq aXXqr xa! aXXcp 
arjpeiw xq xe T xai A ex! xa auxa pepr) xa auxa xepaxa 
eyouaai, waxe larjv elvai xf)v pev TA xfj AA xo auxo xepaq 
eyouaav auxfj xo A, xf)v Be TB xfj AB xo auxo xepaq eyou- 
aav auxfj xo B, xa! exe^euydco f) TA. 

’Exei ouv for) eaxiv f) AT xfj AA, for) eaxi xa! yorvia f) 
0x6 ATA xfj 0x6 AAr- pei^wv apa f) 0x6 AAr xfjq 0x6 
ArB- xoAAw apa f) 0x6 TAB peii^wv eaxi xfjq 0x6 ArB. 
xaAiv exei for) eaxiv f) TB xfj AB, for) eaxi xa! ycnvia f) 
0x6 TAB ycnvia xfj 0x6 ATB. eBeixhr) Be auxfjq xa! xoAAw 
pei^tov oxep eaxiv aBuvaxov. 

OOx apa exi xfjq auxrjq eOheiaq 80o xafo auxafo eu-deiaiq 


Proposition 7 

On the same straight-line, two other straight-lines 
equal, respectively, to two (given) straight-lines (which 
meet) cannot be constructed (meeting) at a different 
point on the same side (of the straight-line), but having 
the same ends as the given straight-lines. 

c 



For, if possible, let the two straight-lines AC, CB, 
equal to two other straight-lines AD, DB, respectively, 
have been constructed on the same straight-line AB, 
meeting at different points, C and D, on the same side 
(of AB), and having the same ends (on AB). So CA is 
equal to DA, having the same end A as it, and CB is 
equal to DB, having the same end B as it. And let CD 
have been joined [Post. 1], 

Therefore, since AC is equal to AD, the angle ACD 
is also equal to angle ADC [Prop. 1.5]. Thus, ADC (is) 
greater than DCB [C.N. 5]. Thus, CDB is much greater 
than DCB [C.N. 5], Again, since CB is equal to DB, the 
angle CDB is also equal to angle DCB [Prop. 1.5]. But 
it was shown that the former (angle) is also much greater 
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aXXai8uo eu'Osiai foai exaxepa exaxepa auaxa-dijaovxat xpoc; 
aXXcp xal aXXw arjpelw era xa auxa pepr] xa auxa xepaxa 
exouaai xafo e<; apxfjc su-delatc oxep eBet BeT^at. 


r \- 

’Eav Buo xplycova xac; Buo xXeupac; [xafo] Buo xXeupalc; 
taac; exTl exaxepav exaxepa, ex?) Be xal xfjv pdcatv xfj (3aaet 
fonjv, xal xrjv ytovlav xfj ytovla forjv e<;£i xfjv uxo xuv foa>v 
eu-deiGv xepiexopevrjv. 



’'Eaxco Buo xplywva xa ABr, AEZ xac; Buo xXeupa; 
xdg AB, Ar xa'i'c Buo xXsupdtc xau; AE, AZ foac; exovxa 
exaxepav exaxepa, xf]v pev AB xfj AE xfjv Be Ar xfj AZ- 
exexw Be xal pdcatv xfjv Br pdcaet xfj EZ forjv Xeya>, oxl xal 
ywvia f) 0x6 BAr yovia xfj uxo EAZ eaxtv for]. 

’Ecpappoifopevou yap xou ABr xptyovou exl xo AEZ 
xplywvov xal xnlepevou xou pev B arjpelou exl xo E arjpefov 
xfjc; Be Br eu-delac; exl xfjv EZ ecpappoaet xal xo T arjpefov 
exl xo Z Bia xo forjv elvai xfjv Br xfj EZ- ecpappoaocarji; Bf) 
xfjc Br exl xfjv EZ ecpappoaouat xal at BA, EA exl xac; EA, 
AZ. el yap pdcatc; pev f] Br exl pdcatv xfjv EZ ecpappoaet, at 
Be BA, Ar xXeupal exl xac; EA, AZ oux ecpappoaouatv 
ocXXa xapaXXoclfouaiv cb<; al EH, HZ, auaxabrjaovxat exl xfjc; 
auxfjc; eu-delac; Boo xau; auxafo eu-delav; aXXai Buo eubelat 
foat exaxepa exaxepa xpoc; aXXar xal aXXw arjpelar exl xa 
auxa pepr] xa auxa xepaxa exouaai. ou auvfoxavxai Be- 
oux apa ecpappoifopevrjc; xfjc; Br pdcaewc; exl xfjv EZ pdatv 
oux ecpappoaouat xal al BA, Ar xXeupal exl xac; EA, AZ. 
ecpappoaouatv apa- cSaxe xal ycovla f) 0x6 BAr exl ywvlav 
xf]v 0x6 EAZ ecpappoaet xal for) auxfj eaxat. 

’Eav apa Buo xplywva xac; Buo xXeupac; [xafo] 80o 
xXeupafo taac; exT] exaxepav exaxepa xal xfjv pdatv xfj pdaet 
forjv ex?), xal xf]v ywvtav xfj yovla forjv e^et xf]v 0x6 xwv 
taorv eu-detov xeptexopevrjv oxep eBet BeTljai. 


(than the latter). The very thing is impossible. 

Thus, on the same straight-line, two other straight¬ 
lines equal, respectively, to two (given) straight-lines 
(which meet) cannot be constructed (meeting) at a dif¬ 
ferent point on the same side (of the straight-line), but 
having the same ends as the given straight-lines. (Which 
is) the very thing it was required to show. 

Proposition 8 

If two triangles have two sides equal to two sides, re¬ 
spectively, and also have the base equal to the base, then 
they will also have equal the angles encompassed by the 
equal straight-lines. 



Let ABC and DEF be two triangles having the two 
sides AB and AC equal to the two sides DE and DF, 
respectively. (That is) AB to DE, and AC to DF. Let 
them also have the base BC equal to the base EF. I say 
that the angle BAC is also equal to the angle EDF. 

For if triangle ABC is applied to triangle DEF, the 
point B being placed on point E, and the straight-line 
BC on EF, then point C will also coincide with F, on 
account of BC being equal to EF. So (because of) BC 
coinciding with EF, (the sides) BA and CA will also co¬ 
incide with ED and DF (respectively). For if base BC 
coincides with base EF, but the sides AB and AC do not 
coincide with ED and DF (respectively), but miss like 
EG and GF (in the above figure), then we will have con¬ 
structed upon the same straight-line, two other straight¬ 
lines equal, respectively, to two (given) straight-lines, 
and (meeting) at a different point on the same side (of 
the straight-line), but having the same ends. But (such 
straight-lines) cannot be constructed [Prop. 1.7]. Thus, 
the base BC being applied to the base EF, the sides BA 
and AC cannot not coincide with ED and DF (respec¬ 
tively). Thus, they will coincide. So the angle BAC will 
also coincide with angle EDF, and will be equal to it 
[C.N. 4]. 

Thus, if two triangles have two sides equal to two 
side, respectively, and have the base equal to the base, 


14 




ETOIXEIfiN a'. 


ELEMENTS BOOK 1 


fl'. 

Tf)v So-dEfoav ytovlav EuDuypappov 8lya xejielv. 

A 



’'Eaxo f] So-dcfoa ywvla Eufluypappoc f| 0x6 BAT. SeX 
8 f] auxfjv 8 lxa xspE’iv. 

EtXr](p , da) sxl xfjc AB xuyov arjpsfov xo A, xal acprjpija-do 
axo xrjc Ar xfj AA for] f] AE, xal exs^Euxdco f] AE, xal 
auvECTxaxw Sul xrjc AE xpiywvov iaoxXsupov xo AEZ, xal 
sxsCeux'dw f) AZ- Xsyw, oxi f] 0 x 6 BAr yovla 8 lya xsxprjxai 
0x6 xrjc AZ su-dslac. 

’Exsl yap for] saxlv fj AA xfj AE, xoivf] 8 s f] AZ, 8 uo 8 f] 
al AA, AZ 8 ual xafo EA, AZ foai sialv sxaxspa sxaxspa. 
xal pdaic f] AZ pdasi xfj EZ for] saxlv ywvla apa f] 0x6 
AAZ ywvla xfj 0x6 EAZ for] saxlv. 

H apa Bodsfoa yovla suOuypappoc f] 0x6 BAr Slxa 
xsxprjxai 0x6 xfjc AZ EuDslac oxsp eSsi xoifjaai. 


l'. 

Tf]v Sodeiaav Eufls'iav xsxEpaapsvrjv Blya xe^ieIv. 

’'Eaxco f] Sodsfoa sO-dsTa xsxEpaapsvr) f] AB- 8 sT Sf) xf]v 
AB sO-dsTav xsxEpaapEvrjv 8 lxa xe^eIv. 

Euvsaxaxw ex’ auxfjc xplyowov iaoxXsupov xo ABr, xal 
xExptfja-dw f] 0x6 ArB ywvla Blya xfj TA sOOsla- Xsyw, oxi 
f) AB sudsla 8 lya xexpqxai xaxa xo A arjjiEfov. 

’Exsl yap for] saxlv f] AT xfj TB, xoivf] 8 s f] FA, 60o 8 f] 
al Ar, TA Suo xafo Br, TA foai sialv sxaxspa sxaxspa- xal 
yorvla f) 0x6 ArA yovla xfj 0x6 BrA for] saxlv- pdaic apa 


then they will also have equal the angles encompassed 
by the equal straight-lines. (Which is) the very thing it 
was required to show. 

Proposition 9 

To cut a given rectilinear angle in half. 


A 



Let BAC be the given rectilinear angle. So it is re¬ 
quired to cut it in half. 

Let the point D have been taken at random on AB, 
and let AE, equal to AD, have been cut off from AC 
[Prop. 1.3], and let DE have been joined. And let the 
equilateral triangle DEE have been constructed upon 
DE [Prop. 1.1], and let AF have been joined. I say that 
the angle BAC has been cut in half by the straight-line 
AF. 

For since AD is equal to AE, and AF is common, 
the two (straight-lines) DA, AF are equal to the two 
(straight-lines) EA, AF, respectively. And the base DF 
is equal to the base EF. Thus, angle DAF is equal to 
angle EAF [Prop. 1.8]. 

Thus, the given rectilinear angle BAC has been cut in 
half by the straight-line AF. (Which is) the very thing it 
was required to do. 

Proposition 10 

To cut a given finite straight-line in half. 

Let AB be the given finite straight-line. So it is re¬ 
quired to cut the finite straight-line AB in half. 

Let the equilateral triangle ABC have been con¬ 
structed upon (AB) [Prop. 1.1], and let the angle ACB 
have been cut in half by the straight-line CD [Prop. 1.9]. 
I say that the straight-line AB has been cut in half at 
point D. 

For since AC is equal to CB, and CD (is) common, 
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f) AA pdaei xfj BA I'ar) sgtiv. 


r 



'H apa SofteToa euflsTa xexepaopsvr] f] AB Slya TSTprjTat 
xaxa to A- oxsp s8ei xoifjaai. 

ia'. 

Tfj SoOslar] euDela duo toO xpo<; auTfj SoDsvtoc; arjpelou 
xpo<; op'da<; ycmac; eudsTav ypappfjv ayaysTv. 

z 



’'Ecttw fj pev SoDeToa euDela f) AB to Se SoOev arjpelov 
ex’ auTfji; to T- 8el 6f) axo tou F arjpelou Tfj AB euDela 
xpog 6pfld<; ytoviac; euOelav ypappfjv ayayelv. 

EiXr ! ](p , dco sxl Trjg Ar Tuyov arjpelov to A, xal xeiaHw 
Tfj TA lot] f] TE, xal auveaxaTW sxl Tfjc; AE xplytovov 
LCTOxXeupov to ZAE, xal exe^eux^to f] Zr- Xeyw, otl xfj 
8 otl>8[ot] euOela Tfj AB axo tou xpog auTfj 8o0evTo<; arjpelou 
tou r xpoc; opOac; ytoviac; eudeTa ypappf) fjxxai f] Zr. 

’Exel yap lar] scttIv f] Ar Tfj TE, xoivf] 8e f] TZ, 8uo 
8f] al Ar, rZ 8ual Talc; EF, TZ laai elalv exaxepa exaxepa' 
xal pdaig f] AZ pdasL Tfj ZE ictt] sctt[v yovia apa f] 0x6 
ArZ yovla Tfj 0x6 ErZ Tor] ecrriv xai slglv scp£<;rjc;. oxav 
8s sOOeTa ex’ eudelav oTaOeloa xac; ecpe^fj<; ycovlac To ac, 
aXXijXaic; xoifj, opOf] exaxepa twv lg«v ywviAv egtlv opDf) 
apa ecrclv exaxepa t£>v 0x6 ArZ, ZrE. 


the two (straight-lines) AC, CD are equal to the two 
(straight-lines) BC, CD, respectively. And the angle 
ACD is equal to the angle BCD. Thus, the base AD 
is equal to the base BD [Prop. 1.4]. 


c 



in half at (point) D. (Which is) the very thing it was 
required to do. 

Proposition 11 

To draw a straight-line at right-angles to a given 
straight-line from a given point on it. 

F 



Let AB be the given straight-line, and C the given 
point on it. So it is required to draw a straight-line from 
the point C at right-angles to the straight-line AB. 

Let the point D be have been taken at random on AC, 
and let CE be made equal to CD [Prop. 1.3], and let the 
equilateral triangle FDE have been constructed on DE 
[Prop. 1.1], and let FC have been joined. I say that the 
straight-line FC has been drawn at right-angles to the 
given straight-line AB from the given point C on it. 

For since DC is equal to CE, and CF is common, 
the two (straight-lines) DC, CF are equal to the two 
(straight-lines), EC, CF, respectively. And the base DF 
is equal to the base FE. Thus, the angle DCF is equal 
to the angle ECF [Prop. 1.8], and they are adjacent. 
But when a straight-line stood on a(nother) straight-line 
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Tfj apa SoOsiar] suOsia xfj AB axo tou xpo<; auxfj 
SoOsvxoi; ar)(i£iou tou T xpo<; op'dag ywviac; suOsTa ypappf) 
fjxxai f) TZ- oxsp sSsi xoifjaai. 


«P'- 

’Era xf]v SoOsTaav suDsTav axsipov axo tou SoOevtoc; 
arjpEiou, o (jir) saxiv ex’ auxfjc;, xadsxov suOsTav ypappfjv 
ayayslv. 

z 



’'Eaxw f) pev SoOsTaa sudsTa axsipoi; r\ AB to 8s 8oDsv 
arjiielov, 6 [ifj saxiv ex’ auxfjc;, to T- Ssl Sf] sxl xf)v BoOslaav 
EU'OsIav axsipov xf]v AB axo tou 8o0evto<; arjpsiou tou F, 
6 pf| saxiv ex’ auxfjc;, xordsxov sutlsTav ypappfjv ayayslv. 

EiXf|cpf)cd yap sxl xa sxspa pspr] xfjc AB suOsiac; xuyov 
arjpslov to A, xai xsvxptp psv xA T SiaaxVjpaxi 8s tA TA 
xuxXo; ysypacpDco 6 EZH, xal xsxpfia'dto f] EH sudsTa 8iya 
xaxa to 0, xal EXE^EuyUwaav al TH, T0, FE suOslar 
Xsya>, 6 ti sxl xrjv BoOslaav EU'OsIav axsipov xrjv AB axo 
xou SoDevtoc; ot)|jle1ou tou T, 6 pf| saxiv ex’ auxfjc;, xadsxoc; 
fjxxai f) T0. 

’ExeI yap iar) saxiv fj H0 xfj 0E, xoivf] 8s f] 0r, Buo 
8f) ai H0, 0r Buo xalc; E0, 0r (aai sialv sxaxspa ExaxEpor 
xal (3aaic; f) TH Paasi xfj FE saxiv Iar]' ytovia apa f) uxo 
T0H ywvia xfj 0x6 E0r saxiv Tar], xal siaiv scps^fjc;. oxav 
8e su'Os'ia ex’ sODsTav axaDsTaa xac; scps^fjc; ytovlac; iaac; 
aXXrjXaic; xoifj, opDf) sxaxspa xAv lawv ywviAv saxiv, xal 
f) scpsaxrjxuia suDsIa xadsxoc; xaXslxai ecp’ fjv scpsaxr)xsv. 

’Exl xf)v BoOsIaav apa sudslav axsipov xfjv AB axo xou 
BoOsvxoc; arjpslou xou T, 6 pf| saxiv ex’ auxfjc;, xadsxoc; 
fjxxai f] T0- oxsp s6si xoifjaai. 


makes the adjacent angles equal to one another, each of 
the equal angles is a right-angle [Def. 1.10]. Thus, each 
of the (angles) DCF and FCE is a right-angle. 

Thus, the straight-line CF has been drawn at right- 
angles to the given straight-line AB from the given point 
C on it. (Which is) the very thing it was required to do. 

Proposition 12 

To draw a straight-line perpendicular to a given infi¬ 
nite straight-line from a given point which is not on it. 


F 



Let AB be the given infinite straight-line and C the 
given point, which is not on (AB). So it is required to 
draw a straight-line perpendicular to the given infinite 
straight-line AB from the given point C, which is not on 
(AB). 

For let point D have been taken at random on the 
other side (to C) of the straight-line AB, and let the 
circle EFG have been drawn with center C and radius 
CD [Post. 3], and let the straight-line EG have been cut 
in half at (point) H [Prop. 1.10], and let the straight¬ 
lines CG, CH, and CE have been joined. I say that the 
(straight-line) CH has been drawn perpendicular to the 
given infinite straight-line AB from the given point C, 
which is not on (AB). 

For since GH is equal to HE, and HC (is) common, 
the two (straight-lines) GH, HC are equal to the two 
(straight-lines) EH, HC, respectively, and the base CG 
is equal to the base CE. Thus, the angle CHG is equal 
to the angle EHC [Prop. 1.8], and they are adjacent. 
But when a straight-line stood on a(nother) straight-line 
makes the adjacent angles equal to one another, each of 
the equal angles is a right-angle, and the former straight- 
line is called a perpendicular to that upon which it stands 
[Def. 1.10], 

Thus, the (straight-line) CH has been drawn perpen¬ 
dicular to the given infinite straight-line AB from the 
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iy'. 

’Eav cOOsia ex’ eb'Oeiav axaOei'aa ya>v[a; xoifj, fjxoi Buo 
opO®; f] 8uaiv opUai; iaa; xonqaei. 



a b r 


EOOeia yap xi; f) AB &k eOOeiav xf]v TA axaOeiaa 
yorvia; xoieixa> xa; 0x6 TBA, ABA' Xeya>, oxi ai 0x6 TBA, 
ABA ywviai r]xoi Suo opOai siaiv fj Suaiv opDau; Taai. 

El psv ouv iar) saxiv f] 0x6 TBA xfj 0x6 ABA, Buo opDai 
siaiv. si 8s ou, axo xou B arjpsiou xfj TA [su'dsia] xpo; 
op'd®; f\ BE' ai apa 0x6 TBE, EBA 80o opDai siaiv xal 
sxsi f) 0x6 TBE 8 uai xai; 0x6 TBA, ABE far) saxiv, xoivf] 
xpoaxsiaOo f) 0x6 EBA- ai apa 0x6 TBE, EBA xpiai xal; 
0x6 TBA, ABE, EBA ’iaai siaiv. xaXiv, sxsi f] 0x6 ABA 
8 uai xai; 0x6 ABE, EBA larj saxiv, xoivf] xpoaxsiai)a> f] 
0x6 ABE' ai apa 0x6 ABA, ABr xpiai xai; 0x6 ABE, EBA, 
ABr Taai siaiv. s8si)(f)r]aav 8s xai ai 0x6 TBE, EBA xpiai 
xai; auxai; Taai' xa 8s xA auxA Taa xai aXXf]Xoi; saxiv Taa- 
xai ai 0x6 TBE, EBA apa xai; 0x6 ABA, ABr Taai siaiv 
aXXa ai 0x6 TBE, EBA SOo opdai siaiv xai ai 0x6 ABA, 
ABr apa 8uaiv opOai; Taai siaiv. 

’Eav apa sudsia ex’ sudsiav axadsiaa ya>via; xoifj, fjxoi 
SOo opda; fj Suaiv opdai; Taa; xoifjasi' oxsp s8si BsiEjai. 


given point C, which is not on ( AB ). (Which is) the very 
thing it was required to do. 

Proposition 13 

If a straight-line stood on a(nother) straight-line 
makes angles, it will certainly either make two right- 
angles, or (angles whose sum is) equal to two right- 
angles. 



For let some straight-line AB stood on the straight- 
line CD make the angles CBA and ABD. I say that 
the angles CBA and ABD are certainly either two right- 
angles, or (have a sum) equal to two right-angles. 

In fact, if CBA is equal to ABD then they are two 
right-angles [Def. 1.10], But, if not, let BE have been 
drawn from the point B at right-angles to [the straight- 
line] CD [Prop. 1.11]. Thus, CBE and EBD are two 
right-angles. And since CBE is equal to the two (an¬ 
gles) CBA and ABE, let EBD have been added to both. 
Thus, the (sum of the angles) CBE and EBD is equal to 
the (sum of the) three (angles) CBA, ABE, and EBD 
[C.N. 2], Again, since DBA is equal to the two (an¬ 
gles) DBE and EBA, let ABC have been added to both. 
Thus, the (sum of the angles) DBA and ABC is equal to 
the (sum of the) three (angles) DBE, EBA, and ABC 
[C.N. 2]. But (the sum of) CBE and EBD was also 
shown (to be) equal to the (sum of the) same three (an¬ 
gles). And things equal to the same thing are also equal 
to one another [C.N. 1]. Therefore, (the sum of) CBE 
and EBD is also equal to (the sum of) DBA and ABC. 
But, (the sum of) CBE and EBD is two right-angles. 
Thus, (the sum of) ABD and ABC is also equal to two 
right-angles. 

Thus, if a straight-line stood on a(nother) straight- 
line makes angles, it will certainly either make two right- 
angles, or (angles whose sum is) equal to two right- 
angles. (Which is) the very thing it was required to show. 
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18'. 

’Eav itpoc; xivi Eubsia xai x£3 Ttpoc; auxfj arjpEUJ Suo 
eO'delai pf) etc! xa auxa pipr] xstpsvai xac; scpE^rjc; ytoviac; 
8uaiv opDalc; iaa<; TCOiAaiv, etc’ EU'deiac; Eaovxai aXXVjXau; at 
EU'delat. 


A E 



IIpoc; yap xtvt EU'dEta xfj AB xai xw itpoc; auxfj aqpsicp 
xw B 8uo EU'delat at Br, BA pf] etc! xa auxa pspr] xstpsvai 
xac; scps^fjc; ywviag xac; utco ABr, ABA 8uo opDalc; taac; 
TCOtslxcoaav Xsyo, oxi ex’ substac; saxi xfj TB f] BA. 

Et yap pxrj saxi xfj Br etc’ su^Etac f) BA, saxw xfj TB 
etc’ suOstac; f] BE. 

’Etce'i ouv sudsTa f] AB in subsTav xrjv TBE scpEaxrjXEv, 
ai apa utco ABT, ABE ycovtai Suo opbaic; iaai Etatv slat 8s 
xai at 0x6 ABr, ABA 8uo 6pi) alt; taac ai apa utco TBA, 
ABE xaTc; utio TBA, ABA iaai siatv. xotvf) acpr]pf|a'da> f) 
utio TBA- XotTif) apa f) utco ABE Xoutfj xfj utco ABA saxiv 
tar), f] sXaaawv xfj ptsi^ovt- oitsp saxiv aSuvaxov. oux apa 
etc’ EuDsiac; saxiv f) BE xfj TB. opoiwc; 8f) Bsi^opsv, oxi ouSs 
aXXr] xic; txXtqv xrj<; BA- etc’ suDsiac; apa saxiv f] TB xfj BA. 

’Eav apa Ttpoc; xtvt sufiEta xai x£3 itpoc; auxfj aqpsicp 
Suo suOsiai pf) Eiti auxa pspr] XEipsvai xac; scps^rjc; ytoviac; 
Suaiv opDa'ic; iaac; itoiwaiv, etc’ suDEiac; Eaovxai aXXfjXaic; ai 
sMsTai- oitsp sSsi SsiEjai. 


is'. 

’Eav 8uo su-dslat xspvwaiv aXXf]Xa<;, xac; xaxa xopucpfjv 
yorviac; Taac; aXXqXaic; itoiouaiv. 


Proposition 14 

If two straight-lines, not lying on the same side, make 
adjacent angles (whose sum is) equal to two right-angles 
with some straight-line, at a point on it, then the two 
straight-lines will be straight-on (with respect) to one an¬ 
other. 


A E 



For let two straight-lines BC and BD, not lying on the 
same side, make adjacent angles ABC and ABD (whose 
sum is) equal to two right-angles with some straight-line 
AB, at the point B on it. I say that BD is straight-on with 
respect to CB. 

For if BD is not straight-on to BC then let BE be 
straight-on to CB. 

Therefore, since the straight-line AB stands on the 
straight-line CBE, the (sum of the) angles ABC and 
ABE is thus equal to two right-angles [Prop. 1.13]. But 
(the sum of) ABC and ABD is also equal to two right- 
angles. Thus, (the sum of angles) CBA and ABE is equal 
to (the sum of angles) CBA and ABD [C.N. 1]. Let (an¬ 
gle) CBA have been subtracted from both. Thus, the re¬ 
mainder ABE is equal to the remainder ABD [C.N. 3], 
the lesser to the greater. The very thing is impossible. 
Thus, BE is not straight-on with respect to CB. Simi¬ 
larly, we can show that neither (is) any other (straight- 
line) than BD. Thus, CB is straight-on with respect to 
BD. 

Thus, if two straight-lines, not lying on the same side, 
make adjacent angles (whose sum is) equal to two right- 
angles with some straight-line, at a point on it, then the 
two straight-lines will be straight-on (with respect) to 
one another. (Which is) the very thing it was required 
to show. 

Proposition 15 

If two straight-lines cut one another then they make 
the vertically opposite angles equal to one another. 
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Auo yap suHdiai ai AB, TA xepvexMaav aAAfjAai; xaxa 
to E aqpsfov Xsyw, otl for) eaxiv f) pev 0x6 AET yovia xfj 
0x6 AEB, f) Se 0x6 TEB xfj 0x6 AEA. 


A 



’Exsl yap eudeTa fj AE ex’ euDelav xf)v IA ecpeaxqxe 
ywvlac; xotouaa xac; 0x6 TEA, AEA, ai apa 0x6 TEA, AEA 
yorviai 8uoiv opDau; foai eiaiv. xaAiv, exel eudeTa f) AE ex’ 
euOelav xqv AB ecpeaxrjxe ytoviac; xoiouaa xac; 0x6 AEA, 
AEB, ai apa 0x6 AEA, AEB ytoviai 8ualv opOalc; foai eiaiv. 
e8eix , i)r)oav 5e xai ai 0x6 TEA, AEA 8uaiv opDalc; iaar ai 
apa 0x6 TEA, AEA xafo 0x6 AEA, AEB foai efoiv. xoivf) 
acpr)pr]CT , d6r f) 0x6 AEA- Xoixrj apa f) 0x6 TEA Aoixfj xfj 0x6 
BEA for) eaxiv- opoiorc; 5f) 6ei)f0fjaeTai, oxi xai ai 0x6 TEB, 
AEA iaai eiaiv. 

’Eav apa 86o euOeTai xepvoraiv aAAf]Aa<;, xac; xaxa xo- 
pucpfjv ywviac; foac; dXArjXau; xoiouaiv- oxep e8et 5eTl;ai. 


lr'. 

Ilavxoc; xptyAvou piac; xwv xAeupAv xpoaex[3Ar] , defor)<; 
f) exxo<; ywvia exaxepac; xAv evxo<; xai axevavxiov ywviAv 
peii^wv eaxiv. 

’'Eoxco xpiywvov to ABr, xai xpoaexpepAfjailc) aOxou 
pia xXeupa f) BT exi to A- Xeyw, otl f) exxoc; ywvia f) 0x6 
ATA pei^wv eaxiv exaxepac xAv evxo<; xai axevavxiov xAv 
0x6 TBA, BAr ycrviAv. 

Texpqo-do:) f] Ar Biya xaxa xo E, xai exiCeoxflsfoa f) BE 
expepAqa-do ex’ eu-deia? exi xo Z, xai xefo'dw xfj BE for) f) 
EZ, xai exeCeOx'dw f) Zr, xai oifjxDo f) AT exi to H. 

’Exei ouv for) eaxiv f] pev AE xfj ET, f) 8e BE xfj EZ, 86 o 
Srj ai AE, EB 8 uai xafo EE, EZ iaai eiaiv exaxepa exaxepa- 
xai yovia f) 0x6 AEB ycrvia xfj 0x6 ZEr for) eaxiv xaxa 
xopucpfjv yap- pdaig apa f] AB pdaei xfj ZT for) eaxiv, xai to 
ABE xpiywvov xA ZEr xpiyAvw eaxiv foov, xai ai Xoixai 


For let the two straight-lines AB and CD cut one an¬ 
other at the point E. I say that angle A EC is equal to 
(angle) DEB, and (angle) CEB to (angle) AED. 


A 



For since the straight-line AE stands on the straight- 
line CD, making the angles CEA and AED, the (sum 
of the) angles CEA and AED is thus equal to two right- 
angles [Prop. 1.13]. Again, since the straight-line DE 
stands on the straight-line AB, making the angles AED 
and DEB, the (sum of the) angles AED and DEB is 
thus equal to two right-angles [Prop. 1.13]. But (the sum 
of) CEA and AED was also shown (to be) equal to two 
right-angles. Thus, (the sum of) CEA and AED is equal 
to (the sum of) AED and DEB [C.N. 1]. Let AED have 
been subtracted from both. Thus, the remainder CEA is 
equal to the remainder BED [C.N. 3]. Similarly, it can 
be shown that CEB and DEA are also equal. 

Thus, if two straight-lines cut one another then they 
make the vertically opposite angles equal to one another. 
(Which is) the very thing it was required to show. 

Proposition 16 

For any triangle, when one of the sides is produced, 
the external angle is greater than each of the internal and 
opposite angles. 

Let ABC be a triangle, and let one of its sides BC 
have been produced to D. I say that the external angle 
ACD is greater than each of the internal and opposite 
angles, CBA and BAC. 

Let the (straight-line) AC have been cut in half at 
(point) E [Prop. 1.10]. And BE being joined, let it have 
been produced in a straight-line to (point) FJ And let 
EF be made equal to BE [Prop. 1.3], and let FC have 
been joined, and let AC have been drawn through to 
(point) G. 

Therefore, since AE is equal to EC, and BE to EF, 
the two (straight-lines) AE, EB are equal to the two 
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ywviai xalc; Xoixau; ytoviau; i'oai eiaiv exaxepa exaxepa, ucp’ 
ac; ai iaai xXeupai uxoxdvouaiv- iar) apa eaxlv f] 0x6 BAE 
xfj 0x6 ETZ. peii(«v 8s saxiv f) 0x6 ETA xfjc; 0x6 ETZ- 
pei^cov apa f) 0x6 ArA xfjc; 0x6 BAE. 'Opoitoc; 5f] xfjc; Br 
xexp.r)(ievr)<; Bixa OEiX'Ofjosxai xai f) 0x6 BrH, xouxsaxiv f) 
0x6 ATA, pdCcov xai xfjc; 0x6 ABT. 



IlavToc; apa xpiyAvou piac; xAv xXcupAv xpooex- 
pXrydeiarjc; f) exxo<; ytovia exaxepac; xAv evxoc; xai axe- 
vavxiov yoviAv pei^wv eaxtv oxep e8ei 8eTc;ai. 


(straight-lines) CE, EF, respectively. Also, angle AEB 
is equal to angle FEC, for (they are) vertically opposite 
[Prop. 1.15]. Thus, the base AB is equal to the base FC, 
and the triangle ABE is equal to the triangle FEC, and 
the remaining angles subtended by the equal sides are 
equal to the corresponding remaining angles [Prop. 1.4]. 
Thus, BAE is equal to ECF. But ECD is greater than 
ECF. Thus, ACD is greater than BAE. Similarly, by 
having cut BC in half, it can be shown (that) BCG —that 
is to say, ACD —(is) also greater than ABC. 



Thus, for any triangle, when one of the sides is pro¬ 
duced, the external angle is greater than each of the in¬ 
ternal and opposite angles. (Which is) the very thing it 
was required to show. 


t The implicit assumption that the point F lies in the interior of the angle ABC should be counted as an additional postulate. 


c. 

IlavToc; xpiyAvou ai 8uo ycoviai 8uo opbAv cXdaaovsc; 
eiai xdvxfj pExaXapPavopsvai. 

A 



’'Eaxco xpiycovov to ABT - Xeyco, oxi xou ABT xpiyAvou 
ai 8 uo ycoviai 6uo ophAv eXoittovec eiai xavxr) psxaXap- 
Pavopevai. 


Proposition 17 

For any triangle, (the sum of) two angles taken to¬ 
gether in any (possible way) is less than two right-angles. 

A 



B CD 

Let ABC be a triangle. I say that (the sum of) two 
angles of triangle ABC taken together in any (possible 
way) is less than two right-angles. 
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’ExpspAija-dco yap f] Br exI to A. 

Kal sxei xpiyAvou tou ABr sxxo; saxi ywvia f] uxo 
ArA, [ist^cov saxi xfj; evto; xal axsvavxiov xfj; 0x6 ABr. 
xoivf] xpoaxsiadw f) 0x6 ABB- ai apa 0x6 ArA, ArB xAv 
0x6 ABB, BBA psi^ovs; siaiv. aAA’ ai 0x6 ArA, ArB 
8uo op-dal; Taai siaiv ai apa 0x6 ABr, BBA 8uo opdAv 
sAocaaovs; siaiv. opoio:>; 8f] 8si^o(i£v, oxi xai ai 0x6 BAr, 
ArB SOo opdAv sAaaaovs; siai xai sxi ai 0x6 BAB, ABB. 

Ilavxo; apa xpiyAvou ai 80o ywviai 8uo opdAv sAaa;- 
ove; siai xavxfj pExaAapPavopsvai- oxsp eSei SsTciai. 


ir L 

IlavTo; xpiyAvou rj psi^Mv xAsupa xf)v psi^ova ywviav 
OxoxsivEi. 


A 



Tiaxw yap xpiyojvov to ABB psi^ova syov xf]v AB 
xXsupav xfj; AB- Asyw, oxi xai ywvia f) 0x6 ABB pEii^wv 
saxi xfj; 0x6 BBA- 

’Exsl yap psi^wv saxiv f) AB xrjc AB, xsiadco xfj AB Tar] 
r) AA, xai ExsCeOxTiw f] BA. 

Kai ex si xpiyAvou xou BBA sxxo; saxi ywvia f] 0x6 
AAB, psi^ov saxi xrjc svxo; xai axsvavxiov xfj; 0x6 ABB- 
Tar] 8s f] 0x6 AAB xfj 0x6 ABA, sxsi xai xAsupa f] AB xfj 
AA saxiv Tarj- psi^wv apa xai f] 0x6 ABA xrjc; 0x6 ABB- 
xoAAA apa f] 0x6 ABB psiijjwv saxi xrjc 0x6 ABB. 

IlavTo; apa xpiyAvou f] psi^wv xAsupa xfjv psii^ova 
yojviav uxoxsivsr oxsp sSsi Ssl<;ai. 

vd\ 

IlavTo; xpiyAvou 0x6 xf]v psii^ova ywviav f] psii^wv 
xAsupa uxoxsivsi. 

Tiaxw xpiyovov xo ABB psii^ova E)(ov xf]v 0x6 ABB 
ywviav xfj; 0x6 BBA- Asyo, oxi xai xAsupa f] AB xAsupa; 
xfj; AB psii^ov saxiv. 


For let BC have been produced to D. 

And since the angle ACD is external to triangle ABC, 
it is greater than the internal and opposite angle ABC 
[Prop. 1.16]. Let ACB have been added to both. Thus, 
the (sum of the angles) ACD and ACB is greater than 
the (sum of the angles) ABC and BCA. But, (the sum of) 
ACD and ACB is equal to two right-angles [Prop. 1.13]. 
Thus, (the sum of) ABC and BCA is less than two right- 
angles. Similarly, we can show that (the sum of) BAG 
and ACB is also less than two right-angles, and further 
(that the sum of) CAB and ABC (is less than two right- 
angles). 

Thus, for any triangle, (the sum of) two angles taken 
together in any (possible way) is less than two right- 
angles. (Which is) the very thing it was required to show. 

Proposition 18 

In any triangle, the greater side subtends the greater 
angle. 

A 



For let ABC be a triangle having side AC greater than 
AB. I say that angle ABC is also greater than BCA. 

For since AC is greater than AB, let AD be made 
equal to AB [Prop. 1.3], and let BD have been joined. 

And since angle ADB is external to triangle BCD, it 
is greater than the internal and opposite (angle) DCB 
[Prop. 1.16]. But ADB (is) equal to ABD, since side 
AB is also equal to side AD [Prop. 1.5]. Thus, ABD is 
also greater than ACB. Thus, ABC is much greater than 
ACB. 

Thus, in any triangle, the greater side subtends the 
greater angle. (Which is) the very thing it was required 
to show. 

Proposition 19 

In any triangle, the greater angle is subtended by the 
greater side. 

Let ABC be a triangle having the angle ABC greater 
than BCA. I say that side AC is also greater than side 
AB. 
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El yap pf|, rjxoi for) eaxlv f] Ar xfj AB fj eXaooov for] 
(rev ouv oux eaxiv f] AT xfj AB- for] yap av rjv xal yovla f] 
0x6 ABT xfj 0x6 ArB- oOx eaxi 6s- oOx apa for] eaxlv f] Ar 
xfj AB. o05e pf]v eXaaawv eaxlv f] AT xfjc: AB- eXaaa«v 
yap av fjv xal ywvla f] 0x6 ABT xfjc; 0x6 ATB- oOx eaxi 
8s- oux apa eXaooov eaxlv f] Ar xfj; AB. eSelxOr] 8e, oxi 
o08e for] eaxlv. ptel^wv apa eaxlv f] Ar xfj; AB. 


A 



Ilavxo; apa xpiyorvou 0x6 xf]v pelifova yovlav f] (ieli^tov 
xXeupa Oxoxelver oxep e8ei. OeT^ai- 

/ 

X . 

Ilavxo; xpiywvou ai 8uo xXeupal xfj; XoLxfj; pielifove; 
eiai xavxrj (iexaXaptpavopievai. 


A 



Tfoxw yap xplywvov xo ABr- Xeyo, oxi xou ABr 
xpiywvou al 8uo xXeupal xfj; Xoixfj; piel^ove; etai xavxrj 
(iexaXa(j.pav6[j.evai, al (iev BA, Ar xfj; Br, al 8e AB, Br 
xfj; Ar, al 8e BB, BA xfj; AB. 


For if not, AC is certainly either equal to, or less than, 
AB. In fact, AC is not equal to AB. For then angle ABC 
would also have been equal to ACB [Prop. 1.5]. But it 
is not. Thus, AC is not equal to AB. Neither, indeed, is 
AC less than AB. For then angle ABC would also have 
been less than ACB [Prop. 1.18]. But it is not. Thus, AC 
is not less than AB. But it was shown that ( AC ) is not 
equal (to AB) either. Thus, AC is greater than AB. 


A 



Thus, in any triangle, the greater angle is subtended 
by the greater side. (Which is) the very thing it was re¬ 
quired to show. 

Proposition 20 

In any triangle, (the sum of) two sides taken to¬ 
gether in any (possible way) is greater than the remaining 
(side). 


D 



For let ABC be a triangle. I say that in triangle ABC 
(the sum of) two sides taken together in any (possible 
way) is greater than the remaining (side). (So), (the sum 
of) BA and AC (is greater) than BC, (the sum of) AB 
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Atrjx'Ow yap f) BA era to A ar][jisTov, xal XEtabto xfj LA 
Tor] f) AA, xal exeC^euxOm f) Ar. 

’Enel ouv tar) saxlv f) AA xfj Ar, tar) eaxl xal ywvia 
fj 0x6 AAr xfj 0x6 ABA- psii^tov apa fj 0x6 BrA xrjc 0x6 
AAB- xal sxsl xptywvov saxt xo ArB (isii^ova syov xrjv 0x6 
BrA ywvlav xfjc 0x6 BAr, 0x6 8s xr)v psii^ova ywvlav rj 
pEii^tov xXsupa uxoteivei, f) AB apa xfjc; Br saxt pst^Mv. Iar] 
8s f] AA xfj Ar- pstC^ovEc apa at BA, Ar xfjc; Br- opottoc 
8f] 5stc;op£v, oxi xal ai psv AB, BB xfjc BA psti^ovEc siatv, 
ai 8 e Br, BA xfjc AB. 

Btavxoc apa xpiycivou al 80o xXsupal xfjc Xoixfjc 
psiiljovEc Elat xavxr) (jisxaXapPavopEvar oxsp e8ei BsT^at. 


xa'. 

’Eav xptyAvou sxl ptac xwv xXsupwv axo xwv xspaxojv 
8uo suDslat evtoc auaxa-dootv, al auaxa-dElaai xov Xoixov 
xou xptyoivou 8uo xXsupwv eXocttovec psv saovxat, psti^ova 
8 e ytovtav xEptE^ouaiv. 

A 



Tptytovou yap xou ABB sxl pLac xwv xXsupwv xfjc BB 
axo xwv xspaxwv xwv B, B Suo EU-dsTai svxoc auvsaxaxwaav 
al BA, AB- Xsyw, oxi al BA, AB xov Xotxwv xou xpiywvou 
8uo xXsupov xfiv BA, AB sXaaaovsc psv siatv, psKova 8s 
ywvlav xEptExouat xfjv 0x6 BAB xfjc 0x6 BAB. 

Aifjx'Oo yap fj BA sxl xo E. xal exe! xavxoc xptycOvou 
al 8uo xXsupal xfjc Xoixfjc psiCovsc slatv, xou ABE apa 
xptyAvou al 8uo xXsupal al AB, AE xfjc BE pEi^ovsc 
slatv xotvf) xpoaxstaDw f) EB- at apa BA, AB xfiSv BE, 
EB (isl^ovEc siatv. xaXiv, exe! xou BEA xptyAvou al 8uo 
xXsupal al BE, EA xfjc BA psi^ovEc slatv, xotvf) xpoaxstaDo 
f] AB- al BE, EB apa xov BA, AB psi^ovsc slatv. aXXa 
xov BE, EB (jIei^ovec £8£tx , 8T)aav al BA, AB- xoXXCS apa al 
BA, AB xov BA, AB psii^ovsc slatv. 

IlaXiv, exe! xavxoc xptycOvou f) sxxoc ywvla xfjc svxoc 
xal axEvavxlov psi^ow saxiv, xou BAE apa xptyAvou f) 
sxxoc ywvla f) 0x6 BAB psii^Mv saxt xfjc 0x6 BEA. Sta 
xauxa toivuv xal xou ABE xptywvou f] sxxoc ywvla f) 0x6 


and BC than AC, and (the sum of) BC and CA than 
AB. 

For let BA have been drawn through to point D, and 
let AD be made equal to CA [Prop. 1.3], and let DC 
have been joined. 

Therefore, since DA is equal to AC, the angle ADC 
is also equal to ACD [Prop. 1.5]. Thus, BCD is greater 
than ADC. And since DCB is a triangle having the angle 
BCD greater than BDC, and the greater angle subtends 
the greater side [Prop. 1.19], DB is thus greater than 
BC. But DA is equal to AC. Thus, (the sum of) BA and 
AC is greater than BC. Similarly, we can show that (the 
sum of) AB and BC is also greater than CA, and (the 
sum of) BC and CA than AB. 

Thus, in any triangle, (the sum of) two sides taken to¬ 
gether in any (possible way) is greater than the remaining 
(side). (Which is) the very thing it was required to show. 

Proposition 21 

If two internal straight-lines are constructed on one 
of the sides of a triangle, from its ends, the constructed 
(straight-lines) will be less than the two remaining sides 
of the triangle, but will encompass a greater angle. 

A 



have been constructed on one of the sides BC of the tri¬ 
angle ABC, from its ends B and C (respectively). I say 
that BD and DC are less than the (sum of the) two re¬ 
maining sides of the triangle BA and AC, but encompass 
an angle BDC greater than BAC. 

For let BD have been drawn through to E. And since 
in any triangle (the sum of any) two sides is greater than 
the remaining (side) [Prop. 1.20], in triangle ABE the 
(sum of the) two sides AB and AE is thus greater than 
BE. Let EC have been added to both. Thus, (the sum 
of) BA and AC is greater than (the sum of) BE and EC. 
Again, since in triangle CED the (sum of the) two sides 
CE and ED is greater than CD, let DB have been added 
to both. Thus, (the sum of) CE and EB is greater than 
(the sum of) CD and DB. But, (the sum of) BA and 
AC was shown (to be) greater than (the sum of) BE and 
EC. Thus, (the sum of) BA and AC is much greater than 
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TEB peli(a>v eaxl xfjc uno BAr. aXXa xfjc; Oho FEB peli(a>v 
eBel/dr) f) Oho BAr- noXXA apa f) Oho BAr pie^cov eaxl 
xfjc Oho BAr. 

’Eav apa xpiyAvou enl piac; xAv nXeupAv ano xuv 
nepaxwv 8uo eubelai evxoc; auaxabAaiv, al auaxa-delaai xwv 
XoinAv xou xpiyAvou Buo nXeupAv eXaxxovec; piev elaiv, 
pisl^ova Be ywvlav nepieyouaiv onep eBei Bslpai. 


x(3'. 

’Ex xpiAv einleiAv, at elaiv laai xpial xau; BoOelaau; 
[eu-deiau;], xplyorvov auaxqaaailaL- Bel Be xac; Buo xfjc; Xoinfjc 
peliljovac; eTvat navxr) piexaXapipavopievac; [Bta xo xal navxoc; 
xptyAvou xac; Buo nXeupac; xfjc; Xoinfjc; ptet^ovac; elvat navxr) 
pexaXapipavopievac;]. 

A- 

B- 

r- 



’'Eaxwaav at BobeTaai xpelc; eu-delai al A, B, T, Sv at 
Buo xfj<; Xotnfjc; pel^ovec; eaxoraav navxr) piexaXapipavopievai, 
al piev A, B xfjc T, al Be A, T xfjc; B, xal ext al B, T xfjc A- 
Bel 8f) ex xwv iaa>v xalc; A, B, T xplywvov auaxfjaaaOai. 

’Exxelaba) xtc eubela f) AE nenepaapievr) piev xaxa xo 
A anetpoc Be xaxa xo E, xat xetcrdo xfj piev A Tar) f] AZ, 
xfj Be B tar) f] ZH, xfj Be T tar) f) H0- xat xevxptp ptev xp 
Z, Btaaxf]ptaxt Be xA ZA xuxXoc; yeypacpiSw 6 AKA- naXtv 
xevxpw ptev xA H, Btaaxf)ptaxt Be xA H0 xuxXoc; yeypacpfko 
6 KA0, xat ene^eux’dwaav al KZ, KH- Xeyat, oxt ex xptAv 
eudeiAv xAv latov xalc; A, B, T xptytovov auveaxaxai xo 
KZH. 

’Enel yap xo Z arjpielov xevxpov eaxl xou AKA xuxXou, 
tar) eaxlv f) ZA xfj ZK- aXXa f) ZA xfj A eaxiv tar), xat f) 


(the sum of) BD and DC. 

Again, since in any triangle the external angle is 
greater than the internal and opposite (angles) [Prop. 
1.16], in triangle CDE the external angle BDC is thus 
greater than CED. Accordingly, for the same (reason), 
the external angle CEB of the triangle ABE is also 
greater than BAG. But, BDC was shown (to be) greater 
than CEB. Thus, BDC is much greater than BAG. 

Thus, if two internal straight-lines are constructed on 
one of the sides of a triangle, from its ends, the con¬ 
structed (straight-lines) are less than the two remain¬ 
ing sides of the triangle, but encompass a greater angle. 
(Which is) the very thing it was required to show. 

Proposition 22 

To construct a triangle from three straight-lines which 
are equal to three given [straight-lines]. It is necessary 
for (the sum of) two (of the straight-lines) taken together 
in any (possible way) to be greater than the remaining 
(one), [on account of the (fact that) in any triangle (the 
sum of) two sides taken together in any (possible way) is 
greater than the remaining (one) [Prop. 1.20] ]. 

A- 

B- 

C- 



Let A, B, and C be the three given straight-lines, of 
which let (the sum of) two taken together in any (possible 
way) be greater than the remaining (one). (Thus), (the 
sum of) A and B (is greater) than C, (the sum of) A and 
C than B, and also (the sum of) B and C than A. So 
it is required to construct a triangle from (straight-lines) 
equal to A, B, and C. 

Let some straight-line DE be set out, terminated at D, 
and infinite in the direction of E. And let DF made equal 
to A, and FG equal to B, and GH equal to C [Prop. 1.3]. 
And let the circle DI\L have been drawn with center F 
and radius FD. Again, let the circle KLH have been 
drawn with center G and radius GH. And let KF and 
KG have been joined. I say that the triangle KFG has 
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KZ apa xfj A ectclv Xar\. xaXiv, sxeI to H arjpEfov xcvxpov 
saxi xou AK0 xuxXou, Tar] caxlv r\ H0 xfj HK- aXXa f] H0 
xfi F saxiv for] - xal f) KH apa xfj I saxiv for), saxl Be xai f] 
ZH xfj B for]' ai xpsfo apa suOsTai ai KZ, ZH, HK xpiai xafo 
A, B, r foai. Eiaiv. 

’Ex xpiov apa eu'dsicov xwv KZ, ZH, HK, ai sfoiv 
foai xpiai xafo Bodsfoaii; suOsiau; xafo A, B, T, xpiycovov 
auvcaxaxai xo KZH- oxsp sBei xoirjaai. 


xy'. 

npog xfj Bodsfor] sudsia xal tA xpoc; auxfj ar]|jisiip 
xfj BodEiar] ywvia su'duypdppM forjv yowiav Euduypappov 
auaxijaaailai. 



been constructed from three straight-lines equal to A, B, 
and C. 

For since point F is the center of the circle DI\L, FD 
is equal to FK. But, FD is equal to A. Thus, KF is also 
equal to A. Again, since point G is the center of the circle 
LKH, GH is equal to GK. But, GH is equal to C. Thus, 
KG is also equal to C. And FG is also equal to B. Thus, 
the three straight-lines KF, FG, and GK are equal to A, 
B, and C (respectively). 

Thus, the triangle KFG has been constructed from 
the three straight-lines KF, FG, and GK, which are 
equal to the three given straight-lines A, B, and C (re¬ 
spectively) . (Which is) the very thing it was required to 
do. 

Proposition 23 

To construct a rectilinear angle equal to a given recti¬ 
linear angle at a (given) point on a given straight-line. 



z 



’'Eaxo f] psv Bodsfoa EuDcta f] AB, to Be xpoc auxfj 
arjpEfov to A, f] Be Bodsfoa ywvia Euduypappoc f] 0x6 ATE- 
BeI Bf] xpoc xfj BoDEfor] Eudsia xfj AB xal tA xpoc auxfj 
arjpsitp tA A xfj BoOsfor] yatvia EuOuypapptp xfj 0x6 ATE 
Tarjv ytoviav Euduypappov auaxrjaaadai. 

EEXrjcpfko scp’ sxaxspac xAv IA, EE xuyovxa arjpsia xa 
A, E, xal EXE^suyOo f) AE- xal ex xpiAv euOeiAv, ai sfoiv 
foai xpiai xafo TA, AE, TE, xpiyuvov auvsaxdxto to AZH, 
Aaxs for]v slvai xfjv psv TA xfj AZ, xfjv Be TE xfj AH, xal 
Exi xf]v AE xfj ZH. 

’Exsl ouv Buo ai AT, TE Buo xafo ZA, AH foai sfoiv 
sxaxspa Exaxspa, xai pdaic f] AE pdasi xfj ZH for], ywvia 
apa f] 0x6 ATE yowia xfj 0x6 ZAH eotiv for). 

npoc apa xfj Bodsfor] sudsia xfj AB xai tA xpoc auxfj 
arjpEicp tA A xfj BoOsfor] ywvia £0i)uypdppw xfj 0x6 ATE 
for] ywvia Einluypappoc auvsaxaxai f] 0x6 ZAH- oxsp eBei 
xoifjaai. 


F 



Let AB be the given straight-line, A the (given) point 
on it, and DCE the given rectilinear angle. So it is re¬ 
quired to construct a rectilinear angle equal to the given 
rectilinear angle DCE at the (given) point A on the given 
straight-line AB. 

Let the points D and E have been taken at random 
on each of the (straight-lines) CD and CE (respectively), 
and let DE have been joined. And let the triangle AFG 
have been constructed from three straight-lines which are 
equal to CD, DE, and CE, such that CD is equal to AF, 
CE to AG, and further DE to FG [Prop. 1.22]. 

Therefore, since the two (straight-lines) DC, CE are 
equal to the two (straight-lines) FA, AG, respectively, 
and the base DE is equal to the base FG, the angle DCE 
is thus equal to the angle FAG [Prop. 1.8]. 

Thus, the rectilinear angle FAG, equal to the given 
rectilinear angle DCE, has been constructed at the 
(given) point A on the given straight-line AB. (Which 
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xo'. 

’Eav Buo xplycova xac; Buo xXeupac; [xalc;] Buo xXsupalc; 
foac eyr) exaxepav exaxepa, xf)v Be ywvlacv xfjc ywvtac; 
petifova exT) xf)v 0x6 tuv iawv eudeiAv xepi.exopevr]v, xal 
xf]v pdoiv xfjc; pdaew<; petifova ec;ei. 


A A 



Tfoxa> Buo xpiywva xa ABr, AEZ xac; Buo xXeupac; 
xac; AB, Ar xalc; Buo xXeupalc; xalc; AE, AZ foac; exovxa 
exaxepav exaxepa, xf)v pev AB xfj AE xf)v Be Ar xfj AZ, f) 
Be xpo<; xA A ytovia xfjc; xpoc; xA A ytoviac; pe[((a>v eaxcr 
Xeyw, oxi xal pdaig f) Br f3aae«c; xfjc; EZ pei^tov eaxlv. 

’Exel yap peli^tov f) 0x6 BAr ytovla xfjc; 0x6 EAZ 
ywvlac;, auveaxaxw xpoc; xfj AE euflela xal xA xpoc; auxfj 
arjpeltp xA A xfj 0x6 BAr ytovla for) f] 0x6 EAH, xal xelahw 
oxoxepa xAv Ar, AZ for] f) AH, xal exe^eux^waav al EH, 
ZH. 

’Exel ouv for) eaxlv f) pev AB xfj AE, f) Be Ar xfj AH, 
Buo Bf] al BA, AE Bual xafo EA, AH foai eialv exaxepa 
exaxepor xal ytovla f) 0x6 BAr ywvla xfj 0x6 EAH for) - 
pdaic; apa f) Br [3aaei xfj EH eaxiv for). xaXiv, exel for) 
eaxlv f) AZ xfj AH, for) eaxl xal f) 0x6 AHZ ywvla xfj 0x6 
AZH- peli^tov apa f) 0x6 AZH xfjc; 0x6 EHZ- xoXXA apa 
peli(tov eaxlv f) 0x6 EZH xfjc; 0x6 EHZ. xal exel xplytovov 
eaxi xo EZH pelifova eyov xf)v 0x6 EZH ytovlav xfjc; 0x6 
EHZ, 0x6 Be xf)v pelifova ytovlav f) pel((a>v xXeupa uxoxelvei, 
peli^tov apa xal xXeupa f) EH xfjc; EZ. for) Be f) EH xfj BH 
peli^tov apa xal f) Br xfjc; EZ. 

’Eav apa BOo xpiywva xac; BOo xXeupac; Bual xXeupalc; 
foac; eyr) exaxepav exaxepa, xf)v Be ycrvlav xfjc; ywvlac; 
pelifova ex'!) vf)v 0x6 xAv focov eudetAv xepi.e)(opevr)v, xal 
xf)v pdaiv xfjc; pdaewc; peliljova e^er oxep eBet Belcfot. 


is) the very thing it was required to do. 

Proposition 24 

If two triangles have two sides equal to two sides, re¬ 
spectively, but (one) has the angle encompassed by the 
equal straight-lines greater than the (corresponding) an¬ 
gle (in the other), then (the former triangle) will also 
have a base greater than the base (of the latter). 

A D 


E 


Let ABC and DEF be two triangles having the two 
sides AB and AC equal to the two sides DE and DF, 
respectively. (That is), AB (equal) to DE, and AC to 
DF. Let them also have the angle at A greater than the 
angle at D. I say that the base BC is also greater than 
the base EF. 

For since angle BAG is greater than angle EDF, 
let (angle) EDG, equal to angle BAC, have been 
constructed at the point D on the straight-line DE 
[Prop. 1.23]. And let DC be made equal to either of 
AC or DF [Prop. 1.3], and let EG and FG have been 
joined. 

Therefore, since AB is equal to DE and AC to DC, 
the two (straight-lines) BA, AC are equal to the two 
(straight-lines) ED, DG, respectively. Also the angle 
BAC is equal to the angle EDG. Thus, the base BC 
is equal to the base EG [Prop. 1.4]. Again, since DF 
is equal to DG, angle DCF is also equal to angle DEG 
[Prop. 1.5]. Thus, DFG (is) greater than EGF. Thus, 
EFG is much greater than EGF. And since triangle 
EFG has angle EFG greater than EGF, and the greater 
angle is subtended by the greater side [Prop. 1.19], side 
EG (is) thus also greater than EF. But EG (is) equal to 
BC. Thus, BC (is) also greater than EF. 

Thus, if two triangles have two sides equal to two 
sides, respectively, but (one) has the angle encompassed 
by the equal straight-lines greater than the (correspond¬ 
ing) angle (in the other), then (the former triangle) will 
also have a base greater than the base (of the latter). 
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xz. 

’Eav Suo xpEywva xac; Suo xXeupac; Sual xXeupalc; foac; 
eyr] exaxepav exaxepa, xf)v 8s Paaiv xfjc; paaecoc; peEifova 
eyr], xal xrjv ytovEav xfjc; ytovEac; peEifova ec;ei xfjv uxo xuv 
Taa>v eu-deiAv xepieyopevrjv. 


A 



Tfoxa) Suo xpEywva xa ABr, AEZ xac; Suo xXeupac; 
xa; AB, Ar xal; Suo xXeupal; xal; AE, AZ Taa; e^ovxa 
exaxepav exaxepa, xrjv pev AB xfj AE, xfjv Se Ar xfj AZ- 
Paai; Se f] BT pdaeor; xfjc; EZ pel^wv eaxcr Xeyw, oxi xal 
ywvEa fj 0x6 BAr ywvEa; xfjc 0x6 EAZ peEi^tov eaxEv. 

EE yap pij, fjxoi ’Ear] eaxlv auxfj fj eXaaacov lor) pev ouv 
oux eaxiv f] 0x6 BAT xfj 0x6 EAZ- for] yap av fjv xal pdai; 
fj Br pdaei xfj EZ- oOx eaxi Se. oOx apa for] eaxi ytovEa f] 
0x6 BAr xfj 0x6 EAZ- ouSe pf]v eXaaawv eaxlv f] 0x6 BAr 
xfjc; 0x6 EAZ- eXaaatov yap av fjv xal pdai; f] Br pdaew; 
xfjc; EZ- oOx eaxi Se- oOx apa eXaaawv eaxlv f] 0x6 BAr 
ya>vla xfjc; 0x6 EAZ. eSeExfb] Se, oxi ouSe Tar]- peE£a>v apa 
eaxlv f] 0x6 BAE xfj; 0x6 EAZ. 

’Eav apa Suo xplytova xa; Suo xXeupa; 8ual xXeupal; 
Taa; exT] exaxepav exaxepa, xf]v Se paaiv xfjc; pdaea>; 
peEifova ex?], xal xfjv ytovEav xfjc; ytovEa; peEifova ec;ei xf]v 
0x6 xAv foov eu-deiAv xepiexopevr]v- oxep eSei SelEjai. 


XT'. 

’Eav 80o xpEywva xa; Suo ycovEa; 8ual ywvEai; Taa; sxn 
exaxepav exaxepa xal pEav xXeupav pia xXeupa for]v fjxoi xf]v 
xpo; xal; foai; ywvEai; fj xfjv OxoxeEvouaav 0x6 pEav xAv 
Taa>v ywviAv, xal xac; Xoixag xXeupa; xaic; Xoixafo xXeupal; 
foac; e^ei [exaxepav exaxepa] xal xfjv Xoixfjv ytovEav xfj Xoixfj 
ywvEa. 

TEaxco 80o xpEycrva xa ABE, AEZ xac; Suo ycovEa; xac; 


(Which is) the very thing it was required to show. 

Proposition 25 

If two triangles have two sides equal to two sides, 
respectively, but (one) has a base greater than the base 
(of the other), then (the former triangle) will also have 
the angle encompassed by the equal straight-lines greater 
than the (corresponding) angle (in the latter). 


A 



Let ABC and DEF be two triangles having the two 
sides AB and AC equal to the two sides DE and DF, 
respectively (That is), AB (equal) to DE, and AC to DF. 
And let the base BC be greater than the base EF. I say 
that angle BAG is also greater than EDF. 

For if not, ( BAG ) is certainly either equal to, or less 
than, (EDF). In fact, BAC is not equal to EDF. For 
then the base BC would also have been equal to the base 
EF [Prop. 1.4]. But it is not. Thus, angle BAC is not 
equal to EDF. Neither, indeed, is BAC less than EDF. 
For then the base BC would also have been less than the 
base EF [Prop. 1.24]. But it is not. Thus, angle BAC is 
not less than EDF. But it was shown that ( BAC is) not 
equal (to EDF) either. Thus, BAC is greater than EDF. 

Thus, if two triangles have two sides equal to two 
sides, respectively, but (one) has a base greater than the 
base (of the other), then (the former triangle) will also 
have the angle encompassed by the equal straight-lines 
greater than the (corresponding) angle (in the latter). 
(Which is) the very thing it was required to show. 

Proposition 26 

If two triangles have two angles equal to two angles, 
respectively, and one side equal to one side—in fact, ei¬ 
ther that by the equal angles, or that subtending one of 
the equal angles—then (the triangles) will also have the 
remaining sides equal to the [corresponding] remaining 
sides, and the remaining angle (equal) to the remaining 
angle. 
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Ono ABr, BrA 6ual naTc Oho AEZ, EZA Taac s^ovna 
sxaxspav sxaxspa, xfjv psv Oho ABr xfj Oho AEZ, xf)v 
8s Oho BEA xfj Oho EZA- syExor 8s xal plav nXsupav pia 
nXsupa Tar)v, npoxspov xfjv npoc xaTc Taaic ywvlaic xf)v 
Br xfj EZ- Xsya>, oxi xod xac Xomac nXsupac xaTc XomaTc 
nXsupaTc Taac ec;ei sxaxspav sxaxspa, xrjv psv AB xfj AE 
xf]v 8s Ar xfj AZ, xal xf)v Xomfjv ycovlav xfj Xoinf) ycovla, 
xf]v Oho BAT xfj Oho EAZ. 



El yap aviaoc saxiv f) AB xfj AE, pla auxAv psl((a>v 
saxiv. saxto piel^wv f) AB, xal xslaho xfj AE Tar] f) BH, xal 
SHS^eux’dw f) Hr. 

’Ensl ouv I'ctt) saxiv f) psv BH xfj AE, f] 8s Br xfj EZ, Suo 
8f) at BH, Br 8ual xaTc AE, EZ Taai slalv sxaxspa sxaxspa- 
xal ycrvla f) Oho HBr ycrvla xfj Oho AEZ Tar) saxiv pdaic 
apa f) Hr pdasi xfj AZ Tar] saxiv, xal xo HBr xplyuvov xp 
AEZ xpiycbvw Taov saxiv, xal al Xoinal ytovlai xaTc XomaTc 
ycrvlaic Taai saovxai, ucp’ ac al Taai nXsupal unoxslvouaiv 
’lar) apa f] Oho HrB ywvla xfj Oho AZE. aXXa f) 0 no AZE 
xfj Oho BEA unoxsixai ’lar]- xal f] Oho BEH apa xfj Oho BEA 
Tar) saxiv, f] sXaaawv xfj psl^ovi- onsp aSOvaxov. oOx apa 
aviaoi; saxiv f] AB xfj AE. Tar) apa. saxi 8s xal f) BE xfj EZ 
Tar]- Suo 8f) al AB, Br 8ual xaTc; AE, EZ Taai slalv sxaxspa 
sxaxspa- xal ytovla f) Ono ABr ytovla xfj Ono AEZ saxiv 
Tar)- Paau; apa f) Ar pdasi xfj AZ Tar) saxiv, xal Xoinf) ywvla 
f) Ono BAr xfj Xomfj ytovla xfj Ono EAZ Tar) saxiv. 

’AXXa 6f) naXiv saxwaav al Ono xac; Taa<; ywvla<; nXsupal 
Onoxslvouaai Taai, (be; f) AB xfj AE- Xsyco naXiv, oxi xal al 
Xomal nXsupal xaTc; XomaTc; nXsupale; Taai saovxai, f) (isv Ar 
xfj AZ, f) Ss Br xfj EZ xal sxi f) Xoinf) ywvla f) Ono BAr 
xfj Xomfj ywvla xfj Ono EAZ Tar) saxiv. 

EE yap aviaoc saxiv f] Br xfj EZ, (ila aOxcbv pisl^wv saxiv. 
saxto pisl^tov, si Suvaxov, f) BE, xal xslaflw xfj EZ Tar) f) B0, 
xal ehe^eO)(tl)w f) A0. xal snsi Tar) saxiv f) pisv B0 xfj EZ 
f) 8s AB xfj AE, Suo 8f) al AB, B0 6ual xaTc AE, EZ Taai 
slalv sxaxspa sxapspqr xal ywvlac Taac nspiE)(ouaiv pdaic 
apa f) A0 pdasi xfj AZ Tar) saxiv, xal xo AB0 xplytovov xeb 
AEZ xpiycbvcp Taov saxiv, xal al Xomal ycovlai xaTc XomaTc 
ywvlaic Taai saovxai, 0(p’ ac al Taac nXsupal Onoxslvouaiv 
Tar) apa saxiv f) Ono B0A ywvla xfj Ono EZA. aXXa f) Ono 


Let ABC and DEF be two triangles having the two 
angles ABC and BCA equal to the two (angles) DEF 
and EFD, respectively. (That is) ABC (equal) to DEF, 
and BCA to EFD. And let them also have one side equal 
to one side. First of all, the (side) by the equal angles. 
(That is) BC (equal) to EF. I say that they will have 
the remaining sides equal to the corresponding remain¬ 
ing sides. (That is) AB (equal) to DE, and AC to DF. 
And (they will have) the remaining angle (equal) to the 
remaining angle. (That is) BAG (equal) to EDF. 


D 




For if AB is unequal to DE then one of them is 
greater. Let AB be greater, and let BG be made equal 
to DE [Prop. 1.3], and let GC have been joined. 

Therefore, since BG is equal to DE, and BC to EF, 
the two (straight-lines) GB, BC t are equal to the two 
(straight-lines) DE, EF, respectively. And angle GBC is 
equal to angle DEF. Thus, the base GC is equal to the 
base DF, and triangle GBC is equal to triangle DEF, 
and the remaining angles subtended by the equal sides 
will be equal to the (corresponding) remaining angles 
[Prop. 1.4]. Thus, GCB (is equal) to DFE. But, DFE 
was assumed (to be) equal to BCA. Thus, BCG is also 
equal to BCA, the lesser to the greater. The very thing 
(is) impossible. Thus, AB is not unequal to DE. Thus, 
(it is) equal. And BC is also equal to EF. So the two 
(straight-lines) AB, BC are equal to the two (straight¬ 
lines) DE, EF, respectively. And angle ABC is equal to 
angle DEF. Thus, the base AC is equal to the base DF, 
and the remaining angle BAG is equal to the remaining 
angle EDF [Prop. 1.4]. 

But, again, let the sides subtending the equal angles 
be equal: for instance, (let) AB (be equal) to DE. Again, 
I say that the remaining sides will be equal to the remain¬ 
ing sides. (That is) AC (equal) to DF, and BC to EF. 
Furthermore, the remaining angle BAC is equal to the 
remaining angle EDF. 

For if BC is unequal to EF then one of them is 
greater. If possible, let BC be greater. And let BH be 
made equal to EF [Prop. 1.3], and let AH have been 
joined. And since BH is equal to EF, and AB to DE, 
the two (straight-lines) AB, BH are equal to the two 
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EZA xfj 0x6 BEA ectciv for]- xpiyAvou Sf] xou A0T f] exxoc; 
yorvla f] 0x6 BOA for] saxl xfj evxog xal axEvavxlov xfj 0x6 
BrA- oxsp aSuvaxov. oux apa aviaoc; ectxiv f] Br xfj EZ- for] 
apa. egxI oe xal f AB xfj AE for]. SOo Sf) al AB, Br Suo 
xafo AE, EZ foai. etalv Exaxspa Exaxspor xal yorvlac; foac; 
xspiExouor [3dai<; apa f] AT pdosi xfj AZ for] ectxiv, xal xo 
ABr xplytovov xA AEZ xpiyAvco foov xal Xoixf] ywvla f] 
0x6 BAr xfj Xoixf] yorvia xfj 0x6 EAZ for). 

’Eav apa 860 xpiywva xa<; SOo yorvlac; SuctI ywvlaic; foac; 
£ XT] exaxspav sxaxspa xal plav xXsupav pia xXsupa forjv 
fjxoi xf]v xpog xafo foaic; ytoviaic, fj xfjv Oxoxsivouoav 0 x 6 
plav xAv fowv ywviAv, xal xac; Xoixac; xXsupac; xafo Xoixafo 
xXsupafo foac; s^ei xal xf]v Xoixfv yovlav xfj Xoixfj ywvla- 
oxsp eSei Osl^ai. 


t The Greek text has “BG, BC”, which is obviously a mistake. 

xC- 

’Eav si c, 8uo cOdEiac; sO-dsla Ejixtxxouaa xac; svaXXac; 
ymvlac; foac; aXXfjXaic; xoifj, xapaXXr]Xoi saovxai aXXfXaic; ai 
Eubsi'ai. 



Etc yap Suo sO-dslac; xac; AB, TA sOOsTa Epxlxxoucra f] 
EZ xac; svaXXac; ytovlac; xac; 0x6 AEZ, EZA foac; aXXfXaic; 
xoieixco* Xsya>, oxi xapaXXrjXoc; ectxiv f] AB xfj TA. 

Ei yap (if, ExpaXXofiEvai al AB, TA CTupxsCToOvxai fjxoi 
Exl xa B, A [ispr] fj sxl xa A, E. Ex|3sf3Xf)aDa>aav xal crup- 
xixxExtoaav sxl xa B, A pspr) xaxa xo H. xpiyAvou 8f) xou 
HEZ f] exxoc; ytovla f] 0x6 AEZ for] scrxl xfj svxoc; xal axs- 
vavxlov xfj 0x6 EZH- oxsp ectxIv aSuvaxov- oOx apa al AB, 
Ar sxpaXXopsvai CTupxsCToOvxai sxl xa B, A pspr). opoltoc; 


(straight-lines) DE, EF, respectively. And the angles 
they encompass (are also equal). Thus, the base AH is 
equal to the base DF, and the triangle ABH is equal to 
the triangle DEF, and the remaining angles subtended 
by the equal sides will be equal to the (corresponding) 
remaining angles [Prop. 1.4]. Thus, angle BHA is equal 
to EFD. But, EFD is equal to BCA. So, in triangle 
AHC, the external angle BHA is equal to the internal 
and opposite angle BCA. The very thing (is) impossi¬ 
ble [Prop. 1.16], Thus, BC is not unequal to EF. Thus, 
(it is) equal. And AB is also equal to DE. So the two 
(straight-lines) AB, BC are equal to the two (straight¬ 
lines) DE, EF, respectively. And they encompass equal 
angles. Thus, the base AC is equal to the base DF, and 
triangle ABC (is) equal to triangle DEF, and the re¬ 
maining angle BAC (is) equal to the remaining angle 
EDF [Prop. 1.4]. 

Thus, if two triangles have two angles equal to two 
angles, respectively, and one side equal to one side—in 
fact, either that by the equal angles, or that subtending 
one of the equal angles—then (the triangles) will also 
have the remaining sides equal to the (corresponding) re¬ 
maining sides, and the remaining angle (equal) to the re¬ 
maining angle. (Which is) the very thing it was required 
to show. 


Proposition 27 

If a straight-line falling across two straight-lines 
makes the alternate angles equal to one another then 
the (two) straight-lines will be parallel to one another. 



For let the straight-line EF, falling across the two 
straight-lines AB and CD, make the alternate angles 
AEF and EFD equal to one another. I say that AB and 
CD are parallel. 

For if not, being produced, AB and CD will certainly 
meet together: either in the direction of B and D, or (in 
the direction) of A and C [Def. 1.23]. Let them have 
been produced, and let them meet together in the di¬ 
rection of B and D at (point) G. So, for the triangle 
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of] oeixdqaexai, oxi ou5e etc! xa A, T- at 8s era, pr]8exepa xa GEF, the external angle AEF is equal to the interior 
pepr) aupxixxouaai xapaXXqXoi eiaiv- xapaAArjAoc apa eaxiv and opposite (angle) EFG. The very thing is impossible 
t\ AB xfj TA. [Prop. 1.16]. Thus, being produced, AB and CD will not 

’Eav apa sic 5uo euOeiac cODela epxixxouaa xac evaXXaJj meet together in the direction of B and D. Similarly, it 
yorviac iaac aAAfjAaic xoifj, xapaXXr]Xoi eaovxai at ed'Oet'ac can be shown that neither (will they meet together) in 
oxep eOci oetyai. (the direction of) A and C. But (straight-lines) meeting 

in neither direction are parallel [Def. 1.23]. Thus, AB 
and CD are parallel. 

Thus, if a straight-line falling across two straight-lines 
makes the alternate angles equal to one another then 
the (two) straight-lines will be parallel (to one another). 
(Which is) the very thing it was required to show. 


XI). 

’Edv eic 5uo eudeiac eudela epxixxouaa xfjv exxoc 
ywviav xfj evxoc xai axevavxiov xal era xa auxa pepr) iar)v 
xoifj fj xac evxoc xal era xa auxa pepr) 5ualv opda'ic Iaac, 
xapaXXr)Xoi eaovxai aAAf]Aaic ai euOei'ai. 



Etc yap Buo eMeiac xac AB, TA eudela epuiuxouaa f) 
EZ xf]v exxoc ywviav xfjv uko EHB xfj evxoc xal axevavxlov 
yorvia xfj Oko H0A (aqv noieixw f) xac evxoc xai era xa 
auxa pepr) xac uko BH0, H0A 8uaiv opDalc iaac Xeyw, 
oxi TiapaXXrjXoc eaxiv f) AB x^ TA. 

Tkei yap iaq eaxiv fj uko EHB xfj utio H0A, aXXa f) uko 
EHB xfj 0x6 AH0 eaxiv iaq, xai f] 0x6 AH0 apa xfj 0x6 
H0A eaxiv Tary xai eiaiv evaAAaiy xapaXXqXoc apa eaxiv f] 
AB xfj TA. 

ndXiv, exei ai 0x6 BH0, H0A 8uo opOdi'c iaai eiaiv, 
eiai oe xai ai 0x6 AH0, BH0 8uaiv opDalc iaai, ai apa 
0x6 AH0, BH0 xaTc 0x6 BH0, H0A iaai eiaiv xoivf] 
dcpTqprjaHco f) 0x6 BH0- Xoixf] apa f) 0x6 AH0 Xoixfj xfj 
0x6 H0A eaxiv lary xai eiaiv evaXXa^ - xapaXXqXoc apa 
eaxiv f) AB xfj TA. 

’Eav apa eic 5uo eudeiac euDela epxixxouaa xqv exxoc 
ywviav xfj evxoc xai axevavxiov xai exi xa aOxa pepr) iarjv 


Proposition 28 

If a straight-line falling across two straight-lines 
makes the external angle equal to the internal and oppo¬ 
site angle on the same side, or (makes) the (sum of the) 
internal (angles) on the same side equal to two right- 
angles, then the (two) straight-lines will be parallel to 
one another. 



For let EF, falling across the two straight-lines AB 
and CD, make the external angle EGB equal to the in¬ 
ternal and opposite angle GFID, or the (sum of the) in¬ 
ternal (angles) on the same side, BGF[ and GFID, equal 
to two right-angles. I say that AB is parallel to CD. 

For since (in the first case) EGB is equal to GFID, but 
EGB is equal to AGFl [Prop. 1.15], AGH is thus also 
equal to GFID. And they are alternate (angles). Thus, 
AB is parallel to CD [Prop. 1.27]. 

Again, since (in the second case, the sum of) BGFl 
and GFtD is equal to two right-angles, and (the sum 
of) AGF[ and BGFl is also equal to two right-angles 
[Prop. 1.13], (the sum of) AGH and BGH is thus equal 
to (the sum of) BGH and GHD. Let BGH have been 
subtracted from both. Thus, the remainder AGH is equal 
to the remainder GHD. And they are alternate (angles). 
Thus, AB is parallel to CD [Prop. 1.27]. 
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xotfj fj xac evxoc xal era xa auxa pepr) 5ualv op-dalc laac, 
xapaXXr)Xot eaovxat al eOheiac oxep s6et §el<;ai. 


vAY. 

'H etc xac xapaXXrjXouc euhelac eu-dela epxlxxouaa xac 
xe evaXXaSj ywvlac taac aXXfjXatc xote'i xal xrjv exxoc xfj 
evxoc xal axevavxlov tar)v xal xac evxoc xal era. xa auxa 
pepr] Sualv op-dalc taac. 



Etc yap xapaXXrjXouc eu-helac xac AB, TA eu-dela 
epxtxxexw fj EZ- Xeyco, oxt xac evaXXal; ywvlac xac 0no 
AH0, H0A taac xoteT xal xrjv exxoc ytovlav xf)v uxo EHB 
xfj evxoc xal axevavxlov xfj uxo H0A tarjv xal xac evxoc 
xal exl xa auxa pepr] xac uxo BH0, H0A Sualv opDalc 
laac. 

EE yap avtCToc eaxtv f] 0x6 AH0 xfj 0x6 H0A, pla auxAv 
ptet^tov eaxtv. eaxto ptet^tov fj 0x6 AH0- xotvf) xpoaxeta^w 
f] 0x6 BH0- al apa 0x6 AH0, BH0 xAv 0x6 BH0, H0A 
ptet^ovec elatv. aXXa al 0x6 AH0, BH0 Sualv opDalc iaat 
elatv. [xal] al apa 0x6 BH0, H0A 8uo opOAv eXaaaovec 
eiatv. at Se ax’ eXaaaovwv fj Suo ophAv ex(3aXXopevai 
etc axetpov aupTuxxouatv al apa AB, TA ex|3aXX6pevai 
etc axetpov aupxeaouvxar ou aupraxxouai Se Sta xo xa- 
paXXrjXouc auxac OxoxelaOaf oux apa avtaoc eaxtv fj 0x6 
AH0 xfj 0x6 H0A- tarj apa. aXXa fj 0x6 AH0 xfj 0x6 EHB 
eaxtv tar)- xal fj 0x6 EHB apa xfj 0x6 H0A eaxLv tar)- xoivf) 
xpoaxetaDor fj 0x6 BH0- al apa 0x6 EHB, BH0 xaTc 0x6 
BH0, H0A laai etatv. aXXa al 0x6 EHB, BH0 Suo op-dalc 
iaat etatv xal al 0x6 BH0, H0A apa Suo opDaic taai etatv. 

'H apa etc xac xapaXXijXouc euheiac eu-dela epxlxxouaa 
xac xe evaXXa \ ywvlac taac aXXfjXaic xoteT xal xf)v exxoc 
xfj evxoc xal axevavxlov tarjv xal xac evxoc xal exl xa auxa 


Thus, if a straight-line falling across two straight-lines 
makes the external angle equal to the internal and oppo¬ 
site angle on the same side, or (makes) the (sum of the) 
internal (angles) on the same side equal to two right- 
angles, then the (two) straight-lines will be parallel (to 
one another). (Which is) the very thing it was required 
to show. 

Proposition 29 

A straight-line falling across parallel straight-lines 
makes the alternate angles equal to one another, the ex¬ 
ternal (angle) equal to the internal and opposite (angle), 
and the (sum of the) internal (angles) on the same side 
equal to two right-angles. 



For let the straight-line EF fall across the parallel 
straight-lines AB and CD. I say that it makes the alter¬ 
nate angles, AGH and GHD, equal, the external angle 
EGB equal to the internal and opposite (angle) GHD, 
and the (sum of the) internal (angles) on the same side, 
BGH and GHD, equal to two right-angles. 

For if AGH is unequal to GHD then one of them is 
greater. Let AGH be greater. Let BGH have been added 
to both. Thus, (the sum of) AGH and BGH is greater 
than (the sum of) BGH and GHD. But, (the sum of) 
AGH and BGH is equal to two right-angles [Prop 1.13]. 
Thus, (the sum of) BGH and GHD is [also] less than 
two right-angles. But (straight-lines) being produced to 
infinity from (internal angles whose sum is) less than two 
right-angles meet together [Post. 5]. Thus, AB and CD, 
being produced to infinity, will meet together. But they do 
not meet, on account of them (initially) being assumed 
parallel (to one another) [Def. 1.23]. Thus, AGH is not 
unequal to GHD. Thus, (it is) equal. But, AGH is equal 
to EGB [Prop. 1.15]. And EGB is thus also equal to 
GHD. Let BGH be added to both. Thus, (the sum of) 
EGB and BGH is equal to (the sum of) BGH and GHD. 
But, (the sum of) EGB and BGH is equal to two right- 
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(ispr] 6ualv op'dalc; foac onep eBei Bsfoai. 


r. 

Ai xfj auxfj suikia xapaXXr]Xoi xa! dXXVjXaic da! xapaXXr]- 

Xoi. 



Tfoxa) sxaxspa xwv AB, TA xfj EZ xapdXXrjXoc XsyM, 
oxi xa! f) AB xfj TA saxi xapaXXr]Xo<;. 

’Epxixxcxco yap s! c, auxa<; subsTa f) HK. 

Kod eke! etc; xapaXXijXou<; subsiac; xa<; AB, EZ Eubsla 
spxsxxwxEv V) HK, tar] apa f] 0x6 AHK xfj 0x6 H0Z. 
xaXiv, exei sic; xapaXXijXouc; subsiag xac; EZ, TA subsTa 
EftxExxwxsv f] HK, for] saxiv f] 0x6 H0Z xfj 0x6 HKA. 
EBsiybr] Bs xa! f] 0x6 AHK xfj 0x6 H0Z for], xa! f] 0x6 AHK 
apa xfj 0x6 HKA soxlv for] - xa! sfoiv svaXXal;. xapaXXr]Xo<; 
apa saxiv f] AB xfj TA. 

[A! apa xfj auxfj subsia xapaXXrjXoi xa! aXXfjXan; sia! 
xapaXXr]Xor] oxsp eBei osfoat. 


Aid xou Bobsvxoc; ar]ps!ou xfj BobEiar] subsia xapaXXrjXov 
subslav y pappy] v ayaysTv. 

Tilaxw xo psv Bobsv arj^sfov xo A, f] 6s Bobsfoa subsia 
f] BT- Be! 8f] Bid xou A arjpEiou xfj BT subsia xapaXXrjXov 
subslav ypapprjv ayayslv. 

EiXijcpbu ex! xfjc BT xuyov aqpslov xo A, xa! Exs^suybor 
f] AA- xa! auvsaxaxco xpo<; xfj A A subsia xa! xw xpoc; auxfj 
arjpsicp xo A xfj 0x6 AAr yovia for] f] 0x6 AAE- xa! 


angles [Prop. 1.13]. Thus, (the sum of) BGH and GHD 
is also equal to two right-angles. 

Thus, a straight-line falling across parallel straight¬ 
lines makes the alternate angles equal to one another, the 
external (angle) equal to the internal and opposite (an¬ 
gle), and the (sum of the) internal (angles) on the same 
side equal to two right-angles. (Which is) the very thing 
it was required to show. 

Proposition 30 

(Straight-lines) parallel to the same straight-line are 
also parallel to one another. 



Let each of the (straight-lines) AB and CD be parallel 
to EF. I say that AB is also parallel to CD. 

For let the straight-line GK fall across (AB, CD, and 
EF). 

And since the straight-line GK has fallen across the 
parallel straight-lines AB and EF, (angle) AGK (is) thus 
equal to GHF [Prop. 1.29]. Again, since the straight-line 
GK has fallen across the parallel straight-lines EF and 
CD, (angle) GHF is equal to GKD [Prop. 1.29]. But 
AGK was also shown (to be) equal to GHF. Thus, AGK 
is also equal to GKD. And they are alternate (angles). 
Thus, AB is parallel to CD [Prop. 1.27]. 

[Thus, (straight-lines) parallel to the same straight- 
line are also parallel to one another.] (Which is) the very 
thing it was required to show. 

Proposition 31 

To draw a straight-line parallel to a given straight-line, 
through a given point. 

Let A be the given point, and BC the given straight- 
line. So it is required to draw a straight-line parallel to 
the straight-line BC, through the point A. 

Let the point D have been taken a random on BC, and 
let AD have been joined. And let (angle) DAE, equal to 
angle ADC, have been constructed on the straight-line 
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Ex(3s[3Xf)af}M in suOsiac; xfj EA su-dsla f) AZ. 



Kal sxsl sic 8uo su-dsiac; xa c, BT, EZ su-hsla spxlxxouaa 
f) A A xac; svaXXac; ycoviac; xac; u no EAA, AAr iaa<; 
aXXyjXau; xsxoirjxsv, xapaXXrjXoc; apa saxiv rj EAZ xfj Br. 

Aia xou BoOsvxoc; apa arjpsiou xou A xfj So-dslar] suflsia 
xfj Br xapaXXiqXoc; sudsTa ypappf] fjxxai f] EAZ- oxsp s§si 
xoirjaai. 

¥'• 

Ilavxoc; xpiyAvou piac; xuv xXsupGv xpoasxpXrjflsiaric; 
f] exxoc ytovia 8ual xalc; svxoc; xal axsvavxiov larj saxiv, xal 
ai svxoc; xou xpiyovou xpslc; ywviai Oualv op-dalc; laai siaiv. 



b r a 


Tlaxo xpiywvov xo ABr, xal xpoasxpspXfja-dw auxoO 
pia xXsupa f] BT sxl xo A- Xsya>, oxi f) sxxoc; yovia f) uxo 
ATA Tar] saxl Oual xalc; svxoc; xal axsvavxiov xau; 0x6 TAB, 
ABr, xal al svxoc; xou xpiywvou xpslc; ycoviai ai 0x6 ABr, 
BEA, BAB 8ualv op-dau; i'aai siaiv. 

’'Hyilw yap oia xou T arjpsiou xfj AB sOdsia xapaXXr)Xo<; 
f) TE. 

Kal sxsl xapaXXrjXoc; saxiv fj AB xfj TE, xal sic; aOxag 
spxsxxcoxsv f] Ar, ai svaXXaJj ytoviai ai 0x6 BAE, ArE laai 
aXXfjXaic; siaiv. xaXiv, sxsl xapaXXrjXoc; saxiv f) AB xfj EE, 
xal sic; auxac; spxExxwxsv suOsla f] BA, f] sxxoc; ytovia f) 
0x6 ErA iar) saxl xfj svxoc; xal axsvavxiov xfj 0x6 ABr. 
EBsiX-dr) 8s xal f] 0x6 ArE xfj 0x6 BAr i'ar)- oXrj apa f] 0x6 
ArA ywvia ’iarj saxl Sual xalc; svxoc; xal axsvavxiov xalc; 0x6 

BAr, ABr. 


DA at the point A on it [Prop. 1.23]. And let the straight- 
line AF have been produced in a straight-line with EA. 



And since the straight-line AD, (in) falling across the 
two straight-lines BC and EF, has made the alternate 
angles EAD and ADC equal to one another, EAF is thus 
parallel to BC [Prop. 1.27]. 

Thus, the straight-line EAF has been drawn parallel 
to the given straight-line BC, through the given point A. 
(Which is) the very thing it was required to do. 

Proposition 32 

In any triangle, (if) one of the sides (is) produced 
(then) the external angle is equal to the (sum of the) two 
internal and opposite (angles), and the (sum of the) three 
internal angles of the triangle is equal to two right-angles. 

A E 



BCD 


Let ABC be a triangle, and let one of its sides BC 
have been produced to D. I say that the external angle 
ACD is equal to the (sum of the) two internal and oppo¬ 
site angles CAB and ABC, and the (sum of the) three 
internal angles of the triangle — ABC, BCA, and CAB — 
is equal to two right-angles. 

For let CE have been drawn through point C parallel 
to the straight-line AB [Prop. 1.31]. 

And since AB is parallel to CE, and AC has fallen 
across them, the alternate angles BAC and ACE are 
equal to one another [Prop. 1.29]. Again, since AB is 
parallel to CE, and the straight-line BD has fallen across 
them, the external angle ECD is equal to the internal 
and opposite (angle) ABC [Prop. 1.29]. But ACE was 
also shown (to be) equal to BAC. Thus, the whole an- 
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Koivrj Kpooxeia'dw f) Guo ATB- at apa Gtio ATA, ATB 
xptol Talc bno ABr, BEA, LAB taat siaiv. aXX’ at Guo ATA, 
ATB Sualv op-dau; i'aai ciaiv xal at bno ATB, TBA, LAB 
apa 8ualv 6pi)aT<; taat etatv. 

Ilavxoc; apa xpiyAvou pita? xAv nXcupAv Tipoaex- 
pXrjdriarjc; f] exxoc; ywvla 8ual xalc; evxoc; xal otTievavxtov 
tar] eaxiv, xal at 6vxo<; xou xpiyAvou xpelc; ywvlai Sualv 
op-dalc; taat etatv onep e8ei 8stpat. 


Xy'- 

At xac; t'aac; xe xal TiapaXXf|Xou<; era xa auxa ptepr] eiu- 
^suyvuouaai euDelat xal auxal taat xe xal TiapaXXr]Xo( etatv. 

B A 



A r 


Tlaxwaav taat xe xal napaXXrjXot at AB, FA, xal era- 
^euyvuxcoaav aGxac; era xa auxa pepr] euDelat at Ar, BA- 
Xeyw, oxi xal at Ar, BA taat xe xal xapaXXrjXot etatv. 

Tke^euy-do f) Br. xal euel TiapaXXrjXoc; eaxtv f] AB xfj 
TA, xal etc; auxac; epiieTixMXSv f] Br, at evaXXa^ ywviai at 
Guo ABr, BrA taat aXXf]Xai<; etatv. xal cud tar] eaxlv f) AB 
xfj TA xotvrj 8e f) Br, 8uo 8f] at AB, Br 8uo xaT<; BF, TAlaat 
etatv xal ywvta f] Gtio ABr ywvta xfj Gtio BrA tary pdat<; 
apa fj Ar pdaet xfj BA eaxLv tar], xal xo ABr xptywvov xA 
BrA xptyAvcp laov eaxtv, xal at Xoixal ywvtat xalc; Xoitiou; 
yorviau; taat eaovxat exaxepa exaxepa, Gcp’ ac; at taat xXeupal 
Gnoxdvouaiv- tar] apa f) Gtio ArB ywvta xfj Gtio TBA. xal 
end etc; 8uo eGfldai; xac; Ar, BA eGdda epraTixouaa f) Br 
xac; evaXXaEj ywviac; t'aac; aXXijXatc; TieTioirjxev, TiapaXXrjXoc; 
apa eaxlv f] Ar xfj BA. e8etx-dr) 8e auxfj xal tarj. 

At apa xac; taac; xe xal TiapaXXfjXouc; era xa auxa {jLsprj 
era^euyvuouaai eu-ddai xal aGxal taat xe xal TiapaXXr]Xoi 
etatv onep e8ei 8eT^at. 


gle ACD is equal to the (sum of the) two internal and 
opposite (angles) BAC and ABC. 

Let ACB have been added to both. Thus, (the sum 
of) ACD and ACB is equal to the (sum of the) three 
(angles) ABC, BCA, and CAB. But, (the sum of) ACD 
and ACB is equal to two right-angles [Prop. 1.13]. Thus, 
(the sum of) ACB, CBA, and CAB is also equal to two 
right-angles. 

Thus, in any triangle, (if) one of the sides (is) pro¬ 
duced (then) the external angle is equal to the (sum of 
the) two internal and opposite (angles), and the (sum of 
the) three internal angles of the triangle is equal to two 
right-angles. (Which is) the very thing it was required to 
show. 


Proposition 33 

Straight-lines joining equal and parallel (straight¬ 
lines) on the same sides are themselves also equal and 
parallel. 

B A 



D C 

Let AB and CD be equal and parallel (straight-lines), 
and let the straight-lines AC and BD join them on the 
same sides. I say that AC and BD are also equal and 
parallel. 

Let BC have been joined. And since AB is paral¬ 
lel to CD, and BC has fallen across them, the alter¬ 
nate angles ABC and BCD are equal to one another 
[Prop. 1.29]. And since AB is equal to CD, and BC 
is common, the two (straight-lines) AB, BC are equal 
to the two (straight-lines) DC, CBJ And the angle ABC 
is equal to the angle BCD. Thus, the base AC is equal 
to the base BD, and triangle ABC is equal to triangle 
DCB$, and the remaining angles will be equal to the 
corresponding remaining angles subtended by the equal 
sides [Prop. 1.4]. Thus, angle ACB is equal to CBD. 
Also, since the straight-line BC, (in) falling across the 
two straight-lines AC and BD, has made the alternate 
angles ( ACB and CBD ) equal to one another, AC is thus 
parallel to BD [Prop. 1.27]. And (AC) was also shown 
(to be) equal to {BD). 

Thus, straight-lines joining equal and parallel (straight- 
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t The Greek text has “BC, CD”, which is obviously a mistake, 
t The Greek text has “ DCB”, which is obviously a mistake. 

X8\ 

TAv xapaAArjAoypapjjicbv x^plcov ai axsvavxiov xXsopa! 
xs xai ycoviai iaai aXXf]Xai; siaiv, xai f] Siapsxpo; auxa 8ixa 
xspvsi. 

A B 



’'Eoxco xapaXXrjXoypappov x^piov xo ATAB, Biapsxpo; 
8s aOxou f) BP Xsyco, oxi xou ArAB itapaXXr)Xoypap.(iou ai 
axsvavxiov xXsopa! xs xal ycoviai iaai aXXf]Xai; siaiv, xal f) 
Br Siapsxpo; auxo 8iya xspvsi. 

’Exei yap xapaXXrjXo; saxiv f] AB xfj TA, xal si; auxa; 
spxsxxcoxsv suOsIa f] Br, al svaXXal; ycoviai ai 0x6 ABT, 
BrA iaai aXXf]Xai; siaiv. xaXiv sxsi xapaXXrjXo; saxiv f) Ar 
xfj BA, xal sic; auxa; spxsxxcoxsv fj BT, ai svaXXac; ycoviai 
ai uxo ATB, TBA iaai aXXfjXai; siaiv. Suo 8f) xpiycova saxi 
xa ABT, BrA xa; 86o yowia; xa; 6x6 ABr, BTA 8oal 
xal; 0x6 BrA, TBA iaa; syovxa sxaxspav sxaxspa xal piav 
xXsupav (iia xXsopa iar]v xf]v xpo; xaic iaai; ycuviai; xoivfjv 
aoxwv xrjv Br- xal xa; Xoixa; apa xXsupa; xaic; Xoixai; 
iaai; s^si sxaxspav sxaxspa xal xfjv Xoixf]v ywviav xfj Xoixfj 
yowia- iarj apa f] psv AB xXsopa xfj TA, fj 8s Ar xfj BA, 
xal sxi iar] saxiv fj 0x6 BAr ycovia xfj 0x6 TAB. xal sxsi 
iar] saxiv f) psv 0x6 ABr ycovia xfj 0x6 BrA, f] 8s 0x6 TBA 
xfj 0x6 ArB, oXr) apa f] 0x6 ABA oXr) xfj 0x6 ArA saxiv 
iar]. sBsixdr] 8s xal f] 0x6 BAr xfj 0x6 TAB iar]. 

Twv apa xapaXXr]Xoypa(ipiwv ycopicov ai axsvavxiov 
xXsupai xs xal ycuviai iaai aXXfjXai; siaiv. 

Asyco 8f], oxl xal f] Siapsxpo; auxa Siya xspvsi. sxsi yap 
iar] saxiv f] AB xfj TA, xoivf] 8s f] Br, Suo 8f] ai AB, Br 
8uai xai; TA, Br iaai siaiv sxaxspa sxaxspa- xal ycovia f] 
0x6 ABr ycovia xfj 0x6 BrA iar]. xai |3aai; apa f] Ar xfj 
AB iar]. xai xo ABr [apa] xpiycovov xco BrA xpiyAvqo iaov 
saxiv. 

H apa Br 8id(isxpo; 8ixa xspvsi xo ABrA xapaX- 
XrjXoypappov oxsp s8si 8si^ai. 


lines) on the same sides are themselves also equal and 
parallel. (Which is) the very thing it was required to 
show. 


Proposition 34 

In parallelogrammic figures the opposite sides and angles 
are equal to one another, and a diagonal cuts them in half. 


A B 



Let ACDB be a parallelogrammic figure, and BC its 
diagonal. I say that for parallelogram ACDB, the oppo¬ 
site sides and angles are equal to one another, and the 
diagonal BC cuts it in half. 

For since AB is parallel to CD, and the straight-line 
BC has fallen across them, the alternate angles ABC and 
BCD are equal to one another [Prop. 1.29]. Again, since 
AC is parallel to BD, and BC has fallen across them, 
the alternate angles ACB and CBD are equal to one 
another [Prop. 1.29]. So ABC and BCD are two tri¬ 
angles having the two angles ABC and BCA equal to 
the two (angles) BCD and CBD, respectively, and one 
side equal to one side—the (one) by the equal angles and 
common to them, (namely) BC. Thus, they will also 
have the remaining sides equal to the corresponding re¬ 
maining (sides), and the remaining angle (equal) to the 
remaining angle [Prop. 1.26], Thus, side AB is equal to 
CD, and AC to BD. Furthermore, angle BAG is equal 
to CDB. And since angle ABC is equal to BCD, and 
CBD to ACB, the whole (angle) ABD is thus equal to 
the whole (angle) ACD. And BAG was also shown (to 
be) equal to CDB. 

Thus, in parallelogrammic figures the opposite sides 
and angles are equal to one another. 

And, I also say that a diagonal cuts them in half. For 
since AB is equal to CD, and BC (is) common, the two 
(straight-lines) AB, BC are equal to the two (straight¬ 
lines) DC, C B ', respectively. And angle ABC is equal to 
angle BCD. Thus, the base AC (is) also equal to DB, 
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t The Greek text has “CD, BC", which is obviously a mistake, 
t The Greek text has “ABCD”, which is obviously a mistake. 

Xe\ 

Ta itapaXXrjXoYpaji^a xa era xfj; auxfj; pdaeco; ovxa xal 
ev xali; auxai; 7tapaXXf|Xoi; Taa aXXf|Xoi; eaxiv. 



b r 


TCaTa) TtapaXXqXoYpappa xa ABTA, EBTZ era xfj; 
auxfj; pdaeat; xfj; Br xal ev xal; auxai; xapaXXfjXoi; xal; 
AZ, Br - Xey^, oti laov eaxl to ABrA tA EBrZ xapaXXr)- 
XoYpappw. 

Tkel Y“P TtapaXXqXoYpappov eaxi to ABTA, tar] eaxiv 
f] AA xfj BE. 8ia xa auxa 8f) xal f) EZ xfj BE eaxiv Tayy 
Aaxe xal f] A A xfj EZ eaxiv Taiy xal xoivf) f) AE- o Xr) apa 
f) AE oXr) xfj AZ eaxiv Tar], eaxi 8e xal f) AB xfj Ar iarj- 
8uo 8f] ai EA, AB 8uo xal; ZA, Ar laai eialv exaxepa 
exaxepor xal Y^vla f) uito ZAr Y^via xfj 0x6 EAB eaxiv 
Tar] f] exxo; xfj evxo;- pdai; apa f) EB pdaei xfj Zr iar) eaxiv, 
xal to EAB xpiY^vov tA AZr xpiYAvm Taov eaxar xoivov 
acpfp'ija'dm xo AHE- Xoixov apa to ABEIA xpaxe^iov XoixA 
tA EHrZ xpaite^un eaxiv iaov xoivov xpoaxeiaDto xo HBr 
xpiYWvov oXov apa xo ABrA TtapaXXrjXoYpappov 6Xq> xA 
EBrZ xapaXXr]XoYpdp.[i(u Iaov eaxiv. 

Ta apa raxpaXXqXoYpappa xa era xfj; auxfj; pdaeco; ovxa 
xal ev xal; auxai; TtapaXXrjXoi; Taa aXXrjXoi; eaxiv oxep e8ei 
8el£ai. 


and triangle ABC is equal to triangle BCD [Prop. 1.4]. 

Thus, the diagonal BC cuts the parallelogram ACDB 1 
in half. (Which is) the very thing it was required to show. 


Proposition 35 

Parallelograms which are on the same base and be¬ 
tween the same parallels are equal'’ to one another. 



B C 


Let ABCD and EBCF be parallelograms on the same 
base BC, and between the same parallels AF and BC. I 
say that ABCD is equal to parallelogram EBCF. 

For since ABCD is a parallelogram, AD is equal to 
BC [Prop. 1.34]. So, for the same (reasons), EF is also 
equal to BC. So AD is also equal to EF. And DE is 
common. Thus, the whole (straight-line) AE is equal to 
the whole (straight-line) DF. And AB is also equal to 
DC. So the two (straight-lines) EA, AB are equal to 
the two (straight-lines) FD, DC, respectively. And angle 
FDC is equal to angle EAB, the external to the inter¬ 
nal [Prop. 1.29]. Thus, the base EB is equal to the base 
FC, and triangle EAB will be equal to triangle DFC 
[Prop. 1.4]. Let DGE have been taken away from both. 
Thus, the remaining trapezium ABCD is equal to the re¬ 
maining trapezium EGCF. Let triangle GBC have been 
added to both. Thus, the whole parallelogram ABCD is 
equal to the whole parallelogram EBCF. 

Thus, parallelograms which are on the same base and 
between the same parallels are equal to one another. 
(Which is) the very thing it was required to show. 


t Here, for the first time, “equal” means “equal in area”, rather than “congruent”. 


w. 

Ta xapaXXqXoYpappa xa era Tatov pdaecnv ovxa xal ev 
xal; auxai; xapaXXfXoi; Taa aXXfXoi; eaxiv. 

TCaTM xapaXXqXoYpappa xa ABTA, EZH0 era. Tawv 
pdaetov ovxa xAv Br, ZH xal ev xal; auxai; TtapaXXfXoi; 
xal; A0, BEP Xeyw, oxi Taov eaxl to ABrA TtapaX- 


Proposition 36 

Parallelograms which are on equal bases and between 
the same parallels are equal to one another. 

Let ABCD and EFGH be parallelograms which are 
on the equal bases BC and FG, and (are) between the 
same parallels AH and BG. I say that the parallelogram 
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XrjXoypappov x« EZH0. 


A A E © 



Tkei^sux'dMaav yap at BE, T0. xai end lor] eaxlv f) 
Br xfj ZH, aXXa f) ZH xfj E0 eaxtv tar), xai f) BT apa xfj 
E0 eaxtv tar), eial Se xai xapaXXrjXot. xai era((euyvuouaiv 
auxa; at EB, 0E- al 8e xa; taa; xe xai 7tapaXXf]Xou; era 
xa auxa pepr] erai(euyvuouaai taat xe xai xapaXXrjXot etat 
[xai al EB, 0r apa Taat xe etat xai xapaXXr)XoL]. xapaX- 
Xr)X6ypap.(iov apa eaxl xo EBr0. xai eaxtv Taov xA ABrA- 
pdatv xe yap auxA xf)v auxf)v eyet xf)v Br, xai ev xai; auxai; 
raxpaXXfjXot; eaxlv auxA xai; BE, A0. 5la xa auxa 8f) xai xo 
EZH0 xA auxA xA EBr© eaxtv I'aov Aaxe xai xo ABrA 
raxpaXXrjXoypappov xA EZH0 eaxtv Taov. 

Ta apa itapaXXrjXoypappa xa era tatov pdaewv ovxa xai 
ev xaT; auxaT; xapaXXijXot; Taa aXXfjXoi; eaxlv oxep e8ei 
8eTc;ai. 


XC. 

Ta xplywva xa era xfj; auxfj; p&aeco; ovxa xai ev xaT; 



b r 


’'Eaxw xplyova xa ABr, ABr era xfj; auxfj; f3aaeo:>; xfj; 
Br xai ev xaT; auxaT; TCapaXXfjXoi; xaT; AA, Br- Xeyo, oxt 
Taov eaxl xo ABr xplywvov xA ABr xptyAvcr. 

’ExpepXrja'dw f) AA ecp’ exaxepa xa pepr] era xa E, Z, xai 
8ia pev xou B xfj EA 7iapaXXr]Xo; rjxdo f] BE, 8la Se xou T xfj 
BA TiapaXXr]Xo; fjxdw f) TZ. TiapaXXrjXoypappov apa eaxlv 
exaxepov xAv EBEA, ABrZ- xai eiatv Ta a- era xe yap xfj; 
auxfji; pdaeA; etat xfj; Br xai ev xaT; auxaT; TtapaXXfjXoi; 
xaT; Br, EZ - xai eaxt xou pev EBEA xapaXXrjXoypappou 
fjptiau xo ABr xplywvov f) yap AB 8tapexpo; auxo 8txa 
xeptver xou 8e ABrZ xapaXXrjXoypappou fjpttau xo ABr 
xplywvov f) yap Ar 8tapexpo; auxo Slxa xeptvet. [xa 8e 


ABCD is equal to EFGH. 


AD EH 



For let BE and CH have been joined. And since BC is 
equal to FG, but FG is equal to EH [Prop. 1.34], BC is 
thus equal to EH. And they are also parallel, and EB and 
fTC join them. But (straight-lines) joining equal and par¬ 
allel (straight-lines) on the same sides are (themselves) 
equal and parallel [Prop. 1.33] [thus, EB and HC are 
also equal and parallel]. Thus, EBCH is a parallelogram 
[Prop. 1.34], and is equal to ABCD. For it has the same 
base, BC, as (ABCD), and is between the same paral¬ 
lels, BC and AH, as (ABCD) [Prop. 1.35], So, for the 
same (reasons), EFGH is also equal to the same (par¬ 
allelogram) EBCH [Prop. 1.34]. So that the parallelo¬ 
gram ABCD is also equal to EFGH. 

Thus, parallelograms which are on equal bases and 
between the same parallels are equal to one another. 
(Which is) the very thing it was required to show. 

Proposition 37 

Triangles which are on the same base and between 



B C 


Let ABC and DBC be triangles on the same base BC, 
and between the same parallels AD and BC. I say that 
triangle ABC is equal to triangle DBC. 

Let AD have been produced in both directions to E 
and F, and let the (straight-line) BE have been drawn 
through B parallel to C A [Prop. 1.31], and let the 
(straight-line) CF have been drawn through C parallel 
to BD [Prop. 1.31]. Thus, EBCA and DBCF are both 
parallelograms, and are equal. For they are on the same 
base BC, and between the same parallels BC and EF 
[Prop. 1.35]. And the triangle ABC is half of the paral¬ 
lelogram EBCA. For the diagonal AB cuts the latter in 
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t«v X owv f)(iiar) Xoa aXXf|Xoic; eaxlv]. X aov apa eaxl xo ABr 
xpiyojvov xA ABr xpiyAvox 

Ta apa xplywva xa enl xfj<; auxfjc; paaecoc; ovxa xal sv xaTc; 
auxau; xapaXXfjXoic; Xoa. aXkr\\oiz saxlv one p sSei 8sTc;ai. 


t This is an additional common notion. 

Ta xplytova xa era lacov paaewv ovxa xal ev xoiic; auxau; 
Tta.paXXr|Xoic Xoa aXXrjXou; eoxiv. 

H A A © 


B r E Z 

’'Eaxco xpiycova xa ABr, AEZ era latov pdaetov xAv Br, 
EZ xal ev xaTc auxau; xapaXXqXou; xau; BZ, AA - Xeycn, oxi 
I'aov eaxl xo ABr xpiytovov xA AEZ xpiyAvto. 

’ExpepXricrdio yap f] AA ecp’ exaxepa xa piepr) era xa H, 
0, xal Sia pev xou B xfj TA itapaXXrjXoc; rjxhw f] BH, 8la 8e 
xou Z xfj AE 7tapaXXr]Xo<; f\x&a> f] Z0. TiapaXXrjXoypappov 
apa Saxiv exaxepov xAv HBEA, AEZ0 - xal laov xo HBEA 
xA AEZ0 - era xe yap lacov pdaeAv siai xAv Br, EZ xal 
ev xau; auxau; TtapaXXfjXoi; xal; BZ, H0- xal eaxi xou (lev 
HBEA xapaXXrjXoypappou rjpiau xo ABr xpiycovov. f] yap 
AB 8iapcxpo; auxo 8()(a xepivef xou 8e AEZ0 TtapaXXr]- 
Xoypappou fjpiau xo ZEA xpiycovov f] yap AZ Slapcxpo; 
auxo Slya xeptvei [xa 8e xAv iawv fjpiar] Xoa aXXfjXoi; eaxtv]. 
iaov apa eaxl xo ABr xpiywvov xA AEZ xpiyAvw. 

Ta apa xpiytova xa era lacov pdaeuv ovxa xal ev xaT; 
auxaT; TtapaXXfjXoi; Xoa aXXfjXoi; eaxlv oxep e8ei SeTc;ai. 


XiD'. 

Ta Xoa xpiycova xa era xfj; auxfj; |3aaeco; ovxa xal era 
xa auxa pepr] xal ev xaTc; auxau; TtapaXXfjXoi; eaxlv. 

Ttlaxa) Xoa xpiycnva xa ABT, ABT era xfj; auxfjc; paaeco; 
ovxa xal era xa auxa peprj xfj; Br- Xeyco, oxi xal ev xaT; 


half [Prop. 1.34]. And the triangle DBC (is) half of the 
parallelogram DBCF. For the diagonal DC cuts the lat¬ 
ter in half [Prop. 1.34]. [And the halves of equal things 
are equal to one another.]'!' Thus, triangle ABC is equal 
to triangle DBC. 

Thus, triangles which are on the same base and 
between the same parallels are equal to one another. 
(Which is) the very thing it was required to show. 


Proposition 38 

Triangles which are on equal bases and between the 
same parallels are equal to one another. 

G A D H 


B C E F 

Let ABC and DEF be triangles on the equal bases 
BC and EF, and between the same parallels BF and 
AD. I say that triangle ABC is equal to triangle DEF. 

For let AD have been produced in both directions 
to G and H, and let the (straight-line) BG have been 
drawn through B parallel to CA [Prop. 1.31], and let the 
(straight-line) FH have been drawn through F parallel 
to DE [Prop. 1.31]. Thus, GBCA and DEFH are each 
parallelograms. And GBCA is equal to DEFH. For they 
are on the equal bases BC and EF, and between the 
same parallels BF and GH [Prop. 1.36]. And triangle 
ABC is half of the parallelogram GBCA. For the diago¬ 
nal AB cuts the latter in half [Prop. 1.34]. And triangle 
FED (is) half of parallelogram DEFH. For the diagonal 
DF cuts the latter in half. [And the halves of equal things 
are equal to one another.] Thus, triangle ABC is equal 
to triangle DEF. 

Thus, triangles which are on equal bases and between 
the same parallels are equal to one another. (Which is) 
the very thing it was required to show. 

Proposition 39 

Equal triangles which are on the same base, and on 
the same side, are also between the same parallels. 

Let ABC and DBC be equal triangles which are on 
the same base BC, and on the same side (of it). I say that 
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auxalc; TtapaXXrjXoic; Eaxiv. 



Tke^cuy-dw yap f) AA- Xcyco, oxi xapaXXrjXoc; eaxiv f) 
AA xfj BT. 

El yap pfj, fjX'Ooj 8ia xou A aqpeiou xfj Br eudeia 
xapaXXrjXoi; rj AE, xal exe^eux'dw f| EF. laov apa eaxi xo 
ABr xpiytovov xA EBr xpiyAvcr era xe yap xfjc; auxfjc; 
f3aaeA<; eaxiv auxA xfjc; Br xal ev xalc; auxau; xapaXXqXoic;. 
aXXa xo ABr xA ABr eaxiv iaov- xal xo ABr apa xA EBr 
laov eaxi xo (iel^ov xA eXaaaovr onep eaxiv a8uvaxov oux 
apa napaXXrjXoc; eaxiv f] AE xfj Br. o(ioiw<; 8rj Oei^opev, 
oxi ou8’ a XXr] xu; xXrjv xfjc; AA- f] A A apa xfj Br eaxi 
TiapaXXqXoc;. 

Ta apa laa xpiywva xa era xfjc; auxfjc; pdaeoK ovxa xal 
era xa auxa (iepr) xal ev xalc; auxalc; TiapaXXqXoic; eaxiv oxep 
e8ei 8elc;ai. 

TaTaa xplywva xa era lacov pdaewv ovxa xal era xa auxa 
pepr] xal ev xalc; auxalc; 7tapaXXf|Xoic; eaxiv. 



’'Eaxw laa xpiyova xa ABr, TAE era iaov pdaewv xAv 
Br, TE xal era xa auxa (iepr]. Xeyw, oxi xal ev xalc; auxalc; 
TtapaXXrjXoic; eaxiv. 

’Exe^euyTLlw yap f] AA- Xeyco, oxi xapaXXrjXoc; eaxiv f] 
AA xfj BE. 

Ei yap (ifj, 5ia xou A xfj BE itapaXXqXoc; f] AZ, 

xal exe^euxDw f] ZE. laov apa eaxi xo ABr xpiycrvov 
xA ZrE xpiyAvcp- era xe yap latov pdaeAv elai xAv Br, 
TE xal ev xalc; auxalc; TtapaXXrjXoic; xalc; BE, AZ. aXXa xo 
ABr xpiycrvov laov eaxi xA ArE [xpiyovqr]- xal xo ArE 
apa [xpiyovov] laov eaxi xA ZrE xpiyAvcr xo (ieli^ov xA 


they are also between the same parallels. 



are parallel. 

For, if not, let AE have been drawn through point A 
parallel to the straight-line BC [Prop. 1.31], and let EC 
have been joined. Thus, triangle ABC is equal to triangle 
EBC. For it is on the same base as it, BC, and between 
the same parallels [Prop. 1.37]. But ABC is equal to 
DBC. Thus, DBC is also equal to EBC, the greater to 
the lesser. The very thing is impossible. Thus, AE is not 
parallel to BC. Similarly, we can show that neither (is) 
any other (straight-line) than AD. Thus, AD is parallel 
to BC. 

Thus, equal triangles which are on the same base, and 
on the same side, are also between the same parallels. 
(Which is) the very thing it was required to show. 

Proposition 40* 

Equal triangles which are on equal bases, and on the 
same side, are also between the same parallels. 



Let ABC and CDE be equal triangles on the equal 
bases BC and CE (respectively), and on the same side 
(of BE). I say that they are also between the same par¬ 
allels. 

For let AD have been joined. I say that AD is parallel 
to BE. 

For if not, let AE have been drawn through A parallel 
to BE [Prop. 1.31], and let EE have been joined. Thus, 
triangle ABC is equal to triangle FCE. For they are on 
equal bases, BC and CE, and between the same paral¬ 
lels, BE and AF [Prop. 1.38]. But, triangle ABC is equal 
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sXaaaovi' oxsp Saxlv aSuvaxov oux apa xapaXXrjXoc f) AZ 
xfj BE. opoiwc 6r) 8siI;opsv, oxi ou 8’ a XXr) tic xXf|V xfjc AA- 
tj AA apa xfj BE sail xapaXXrjXoc. 

Ta apa laa xpiywva xa sxl lawv pdaswv ovxa xal era xa 
auxa pspr] xal sv xalc auxalc xapaXXr|Xoic eaxtv oxsp s8si 
8slc;ai. 


to [triangle] DCE. Thus, [triangle] DCE is also equal to 
triangle FCE, the greater to the lesser. The very thing is 
impossible. Thus, AF is not parallel to BE. Similarly, we 
can show that neither (is) any other (straight-line) than 
AD. Thus, AD is parallel to BE. 

Thus, equal triangles which are on equal bases, and 
on the same side, are also between the same parallels. 
(Which is) the very thing it was required to show. 


t This whole proposition is regarded by Heiberg as a relatively early interpolation to the original text. 


pa'. 

’Eav itapaXXqXoYpappov xpiywvw f3aaiv xs syr] xf)v 
auxqv xal sv xalc auxalc xapaXXr|Xoic fj, 8ixXaaiov saxi 
to xapaXX^Xoypappov xou xpiywvou. 


A A E 



IIapaXXr]X6ypappov yap to ABTA xpiywvw xw EBT 
Paaiv xs sysxw xrjv auxrjv xrjv BT xal sv xalc auxalc Ka- 
paXXrjXoic saxw xalc BT, AE- Xsyw, oxi OiKXaaiov saxi xo 
ABTA xapaXXrjXoypappov xou BET xpiywvou. 

Tks^suydw yap fj AT. laov 8rj saxi xo ABT xpiywvov 
xp EBT xpiywvw- ski xs yap xfjc auxfjc pdaswc saxiv 
auxw xfjc BT xal sv xalc auxalc KapaXXrjXoic xalc BT, AE. 
aXXa xo ABTA KapaXXrjXoypappov 8ixXaaiov saxi xou ABT 
xpiywvou- fj yap AT Oiapsxpoc auxo 8(ya xspvsr waxs 
to ABTA xapaXXrjXoypappov xal xou EBT xpiywvou saxi 
8ixXaaiov. 

’Eav apa KapaXXrjXoypappov xpiywvw pdaiv xs syr) xf)v 
auxrjv xal sv xalc auxalc xapaXXrjXoic fj, SixXaaiov saxi xo 
xapaXXrjXoypappov xou xpiywvou- oxsp s8si 8sl^ai. 

Tw Sodsvxi xpiywvw i'aov xapaXXrjXoypappov auaxfj- 
aaahai sv xfj Bobsiarj yorvia suOuypdppw. 

’'Eaxw xo psv Sobsv xpiywvov xo ABT, f) 8s Sodslaa 
yorvia suhuypappoc f) A- 8sl 8f] xfi ABT xpiywvcp laov xa- 
paXXrjXoypappov auaxrjaaahai sv xfj A ywvia su'duypappw. 


Proposition 41 

If a parallelogram has the same base as a triangle, and 
is between the same parallels, then the parallelogram is 
double (the area) of the triangle. 


A D E 



For let parallelogram ABCD have the same base BC 
as triangle EBC, and let it be between the same parallels, 
BC and AE. I say that parallelogram ABCD is double 
(the area) of triangle BEC. 

For let AC have been joined. So triangle ABC is equal 
to triangle EBC. For it is on the same base, BC, as 
(EBC), and between the same parallels, BC and AE 
[Prop. 1.37]. But, parallelogram ABCD is double (the 
area) of triangle ABC. For the diagonal AC cuts the for¬ 
mer in half [Prop. 1.34]. So parallelogram ABCD is also 
double (the area) of triangle EBC. 

Thus, if a parallelogram has the same base as a trian¬ 
gle, and is between the same parallels, then the parallel¬ 
ogram is double (the area) of the triangle. (Which is) the 
very thing it was required to show. 

Proposition 42 

To construct a parallelogram equal to a given triangle 
in a given rectilinear angle. 

Let ABC be the given triangle, and D the given recti¬ 
linear angle. So it is required to construct a parallelogram 
equal to triangle ABC in the rectilinear angle D. 
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TsTpyja-dco f] Br Slya xaxa to E, xal Exc^Edy-dto f] AE, 
xal auvsaxaxa) xpoc; xfj ET su-dsla xal xA xpoc; auxfj arjpsla) 
xw E xfj A ywvla for] f] 0x6 TEZ, xal 8ia psv xou A xfj Er 
xapaXXrjXoi; rfyOw ^ AH, Sia 8s xoo T xfj EZ xapaXXqXoc; 
fjxDco f] TH- xapaXXr)X6ypa|ip.ov apa saxl to ZETH. xal sxsl 
for] saxiv f) BE xfj Er, foov saxl xal xo ABE xplyoovov xA 
AET xpiyAvcr sxl xs yap focov pdasAv siai xAv BE, ET xal 
sv xafo auxafo xapaXXfjXoic; xafo BT, AH- SixXaaiov apa eaxl 
xo ABr xplytovov xoo AET xpiyAvou. saxi 8s xal xo ZErH 
xapaXXqXoypappov 8ixXaaiov xoo AEE xpiyAvou- f3aaiv xs 
yap auxA xfjv aoxfjv cyst xal sv xafo aoxafo saxiv auxA 
xapaXXijXou;- foov apa saxl xo ZErH xapaXXrjXoypappov 
xo ABr xpiyAvox xal cyst xf]v uxo TEZ ycovlav forjv xfj 
So-dsfor] xfj A. 

To apa So-dsvxi xpiyAvw xA ABr foov xapaXXrjXoypap- 
pov auvsaxaxai xo ZErH sv ywvla xfj 0x6 TEZ, fjxtc saxiv 
for] xfj A- oxsp s8si xoifjaai. 


py'. 

navxot; xapaXXqXoypappou xov xspl xf]v 8iapsxpov xa- 
paXXrjXoypdpporv xa xapaxXrpApaxa foa aXXf]Xoic; saxiv. 

Tlaxw xapaXXrjXoypappov xo ABrA, 8iapsxpo<; 8s 
aoxoo f] Ar, xspl 8s xfjv Ar xapaXXqXoypappa psv saxw 
xa E@, ZH, xa 8s Xsyopsva xapaxXrpApaxa xa BK, KA- 
Xsyw, oxi foov saxl xo BK xapaxXijpcopa xA KA xapa- 
xXrjpApaxi. 

’Exsl yap xapaXXrjXoypappov saxi xo ABrA, Uiapsxpoc; 
8s aoxoo f) Ar, foov saxl xo ABr xplyoovov xA ArA 
xpiyAvo.). xaXiv, sxsl xapaXXrjXoypappov saxi xo E0, 
8iapsxpoc; 8s aoxoo saxiv f] AK, foov saxl xo AEK xplycovov 
xA A0K xpiyAvw. 8ia xa aoxa 8f] xal xo KZr xplywvov 
xA KHr saxiv foov. sxsl oov xo psv AEK xplywvov xA 
A0K xpiyAvco saxiv foov, xo 8s KZF xA KHr, xo AEK 
xplyoovov psxa xoo KHr foov saxl xA A0K xpiyAvcp (isxa 
xoo KZr- saxi 8s xal oXov xo ABr xplywvov oXa> xA AAr 
foov Xoixov apa xo BK xapaxXfjpoopa XoixA xA KA xapa- 



Let BC have been cut in half at E [Prop. 1.10], and 
let AE have been joined. And let (angle) CEF, equal to 
angle D, have been constructed at the point E on the 
straight-line EC [Prop. 1.23]. And let AG have been 
drawn through A parallel to EC [Prop. 1.31], and let CG 
have been drawn through C parallel to EF [Prop. 1.31]. 
Thus, FECG is a parallelogram. And since BE is equal 
to EC, triangle ABE is also equal to triangle AEG. For 
they are on the equal bases, BE and EC, and between 
the same parallels, BC and AG [Prop. 1.38]. Thus, tri¬ 
angle ABC is double (the area) of triangle AEC. And 
parallelogram FECG is also double (the area) of triangle 
AEC. For it has the same base as (AEC), and is between 
the same parallels as (AEC) [Prop. 1.41]. Thus, paral¬ 
lelogram FECG is equal to triangle ABC. (FECG) also 
has the angle CEF equal to the given (angle) D. 

Thus, parallelogram FECG, equal to the given trian¬ 
gle ABC, has been constructed in the angle CEF, which 
is equal to D. (Which is) the very thing it was required 
to do. 


Proposition 43 

For any parallelogram, the complements of the paral¬ 
lelograms about the diagonal are equal to one another. 

Let ABCD be a parallelogram, and AC its diagonal. 
And let EH and FG be the parallelograms about AC, and 
BK and I<D the so-called complements (about AC). I 
say that the complement BK is equal to the complement 
KD. 

For since ABCD is a parallelogram, and AC its diago¬ 
nal, triangle ABC is equal to triangle ACD [Prop. 1.34]. 
Again, since EH is a parallelogram, and AK is its diago¬ 
nal, triangle AEK is equal to triangle AHK [Prop. 1.34]. 
So, for the same (reasons), triangle KFC is also equal to 
(triangle) KGC. Therefore, since triangle AEK is equal 
to triangle AHK, and KFC to KGC, triangle AEK plus 
KGC is equal to triangle AHK plus KFC. And the 
whole triangle ABC is also equal to the whole (triangle) 
ADC. Thus, the remaining complement BK is equal to 
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xXrjpApiaxl eoxlv laov. 


A © A 



B H r 


Ilavxoc; apa xapaXXrjXoypappiou ycaplou it5v tie pi xf)v 
8iapi£xpov xapaXXrjXoYpdppwv xa xapaxXrjpApaxa laa aXXrj- 
Xou; Eaxlv oxcp eoei osl^ai. 

[id'. 

Ilapa xr]v BoDsTaav EuflETav xo SoDevxi xpiyAvw Taov xa- 
paXXrjXoYpcxpuiov xapapaXcTv ev xfj SotlIeictit] ytovla EuDuYpdp- 

(ICO. 



Z E K 



0 A A 


TSaxw f] pt£v SoDsTaa suDsTa f] AB, xo 8 e BoDev xplywvov 
xo T, f] 8 e SoDslaa ycdvla EU'Ouypapp.oc; f) A- 8 eT 8f] xapa 
xf]v BoDslaav suDsTav xf]v AB xA SoDevxl xpiyAvw xA T 
laov KapaXXrjXoYpapniov xapapaAsTv sv Tarj xfj A ywvla. 

Euvsaxaxw xA T xpiyAvw laov xapaXXrjXoypappov xo 
BEZH sv ywvla xfj (mo EBH, rj saxiv lar] xfj A- xal XEta^w 
Actxe ex’ EuDslac; sTvai xfjv BE xfj AB, xal 8if)x4a> f] ZH 
£7xl xo 0, xal 8ia xou A oxoxspa xAv BH, EZ xapaXXrjXoc; 
fix&oi T) A0, xal etie^euxDw f) 0B. xal exeI eic, xapaXXfjXouc; 
xa z A0, EZ suDsla evexectev f) 0Z, ai apa 0x6 A0Z, 0ZE 
ywvlai Sualv 6p4aT<; slaiv laai. al apa 0x6 B0H, HZE 
Suo opDAv EXaaaovE<; slaiv al Ss axo sXaaaovcav fj 80o 
opbAv eE c, axsipov ExpaXXopisvai aupixlxxouaiv al 0B, ZE 


the remaining complement KD. 


AH D 



B G C 


Thus, for any parallelogramic figure, the comple¬ 
ments of the parallelograms about the diagonal are equal 
to one another. (Which is) the very thing it was required 
to show. 

Proposition 44 

To apply a parallelogram equal to a given triangle to 
a given straight-line in a given rectilinear angle. 



F E K 



HA L 


Let AB be the given straight-line, C the given trian¬ 
gle, and D the given rectilinear angle. So it is required to 
apply a parallelogram equal to the given triangle C to the 
given straight-line AB in an angle equal to (angle) D. 

Let the parallelogram BEFG, equal to the triangle C, 
have been constructed in the angle EBG, which is equal 
to D [Prop. 1.42]. And let it have been placed so that 
BE is straight-on to ABJ And let FG have been drawn 
through to H, and let AH have been drawn through A 
parallel to either of BG or EE [Prop. 1.31], and let HB 
have been joined. And since the straight-line HF falls 
across the parallels AH and EF, the (sum of the) an¬ 
gles AHF and HFE is thus equal to two right-angles 
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apa Ex| 3 aXX 6 |jiEvai aupxEaouvxai. sxpspXrjO'dwaav xal aup- 
xixxcxcoaav xaxa xo K, xal 8 ia xou K arjpEiou oxoxEpa 
xfiv EA, Z0 xapaXXr]Xo<; rjxf>G 7 f] KA, xal Ex| 3 E| 3 Xf)aiL)a>aav 
ai 0A, HB £ 7 xl xa A, M arjpEla. xapaXXrjXoypappov apa 
eaxl xo 0AKZ, SiapExpoc; Se auxou f] 0K, tie pi 8 s xf)v 0K 
xapaXXrjXoypappa psv xa AH, ME, xa 8 e Xsyopsva xapa- 
xXrjpApaxa xa AB, BZ' laov apa Eaxl xo AB xA BZ. aXXa 
xo BZ xA r xpiyAvw saxlv laov xal xo AB apa xA T saxiv 
laov. xal ex si Iar) saxlv f) 0 x 6 HBE ycivia xfj 0 x 6 ABM, 
aXXa r] 0 x 6 HBE xfj A saxiv Tar), xal f) 0 x 6 ABM apa xfj A 
ywvla saxlv Iar). 

napa xf)v SoDsTaav apa suOslav xrjv AB xA SoDsvxi 
xpiyAvqr xA r laov xapaXXrjXoypappov xapa( 3 spXr)xai xo AB 
ev yuvia xfj 0 x 6 ABM, fj saxiv Iar) xfj A- oxsp sSsi xoifjaai. 


t This can be achieved using Props. 1.3, 1.23, and 1.31. 

ps'. 

TA BoOsvxi sO'duypapnioi laov xapaXXrjXoypappov auax- 
1)0001)01 ev xfj badEiar) yorvia su'duypappq.i. 

Tilaxco xo psv Sodsv sO'duypapipiov xo ABTA, f) 8 s 
BoOsTaa yoivla sb'duypappoi; f] E- SsT 8 f) xo ABTA sirdu- 
ypappci laov xapaXXrjXoypappov auaxijaaadai ev xfj BoDslar) 
yorvia xfj E. 

’Exe^euxDm f) AB, xal auvsaxaxw xo ABA xpiywvcp 
laov xapaXXr)Xoypa(ipiov xo Z0 ev xfj 0x6 0KZ ywvia, rj 
saxiv iar) xfj E- xal xapap£pXr)ai)a> xapa xrjv H0 sODsIav xw 
ABr xpiyAvqi laov xapaXXr]Xoypapipiov xo HM ev xfj 0x6 
H0M ytovia, fj saxiv Iar) xfj E. xal exeI f) E ywvia Exaxspa 
xAv 0x6 0KZ, H0M saxiv Iar), xal ij 0x6 0KZ apa xfj 0x6 
H0M saxiv Iar). xoivf] xpoax£[ai)a> f) 0x6 K0H- al apa 
0x6 ZK0, K0H xalc; 0x6 K0H, H0M laai sialv. aXX’ ai 
0x6 ZK0, K0H 8 ualv opDau; laai siaiv xal ai 0x6 K0H, 
H0M apa 8 uo opi)aI<; laai siaiv. xpo<; 8 rj xivi sODsTa xfj H0 
xal xA xpoi; aOx^ arjpiEioi xA 0 80o sODsTai ai K0, 0M ptf) 
Exi xa aOxa pispr) xsipisvai xac; Ecps^fjc; yovia<; 80o opDalq 
laac; xoiouaiv ex’ sODsiai; apa saxiv f) K0 xfj 0M- xal 
ex si si<; xapaXXijXoui; xa<; KM, ZH eOtJeIo evexeoev f) 0H, 
ai svaXXa^ ycoviai ai 0x6 M0H, 0HZ laai dXXrjXau; siaiv. 
xoivf) xpoaxEiaDw f) 0x6 0HA- ai apa 0x6 M0H, 0HA xau; 
0x6 0HZ, 0HA laai siaiv. aXX’ ai 0x6 M0H, 0HA 80o 
opDalc laai siaiv xal ai 0x6 0HZ, 0HA apa 8 O 0 opDau; 
laai siaiv ex’ sODsiai; apa saxlv f] ZH xfj HA. xal sxsi f] 
ZK xfj 0H Iar) xs xal xapaXXr)Xoc; saxiv, aXXa xal f) 0H xfj 
MA, xal f] KZ apa xfj MA Iar) xs xal xapaXXrjXoq saxiv xal 


[Prop. 1.29]. Thus, (the sum of) BHG and GFE is less 
than two right-angles. And (straight-lines) produced to 
infinity from (internal angles whose sum is) less than two 
right-angles meet together [Post. 5]. Thus, being pro¬ 
duced, HB and FE will meet together. Let them have 
been produced, and let them meet together at K. And let 
KL have been drawn through point K parallel to either 
of EA or FH [Prop. 1.31]. And let HA and GB have 
been produced to points L and M (respectively). Thus, 
HLKF is a parallelogram, and HK its diagonal. And 
AG and ME (are) parallelograms, and LB and BF the 
so-called complements, about HK. Thus, LB is equal to 
BF [Prop. 1.43]. But, BF is equal to triangle C. Thus, 
LB is also equal to C. Also, since angle GBE is equal to 
ABM [Prop. 1.15], but GBE is equal to D, ABM is thus 
also equal to angle D. 

Thus, the parallelogram LB, equal to the given trian¬ 
gle C, has been applied to the given straight-line AB in 
the angle ABM, which is equal to D. (Which is) the very 
thing it was required to do. 


Proposition 45 

To construct a parallelogram equal to a given rectilin¬ 
ear figure in a given rectilinear angle. 

Let ABCD be the given rectilinear figure,! anc j the 
given rectilinear angle. So it is required to construct a 
parallelogram equal to the rectilinear figure ABCD in 
the given angle E. 

Let DB have been joined, and let the parallelogram 
FH, equal to the triangle ABD, have been constructed 
in the angle HKF, which is equal to E [Prop. 1.42], And 
let the parallelogram GM, equal to the triangle DBC, 
have been applied to the straight-line GH in the angle 
GHM, which is equal to E [Prop. 1.44]. And since angle 
E is equal to each of (angles) HKF and GHM, (an¬ 
gle) HKF is thus also equal to GHM. Let KHG have 
been added to both. Thus, (the sum of) FKH and KHG 
is equal to (the sum of) KHG and GHM. But, (the 
sum of) FKH and KHG is equal to two right-angles 
[Prop. 1.29]. Thus, (the sum of) KHG and GHM is 
also equal to two right-angles. So two straight-lines, KH 
and HM, not lying on the same side, make adjacent an¬ 
gles with some straight-line GH, at the point II on it, 
(whose sum is) equal to two right-angles. Thus, KH is 
straight-on to HM [Prop. 1.14]. And since the straight- 
line HG falls across the parallels KM and FG, the al¬ 
ternate angles MHG and HGF are equal to one another 
[Prop. 1.29]. Let HGL have been added to both. Thus, 
(the sum of) MHG and HGL is equal to (the sum of) 
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Exi^suyvuouaiv aura; subsidi al KM, ZA- xal at KM, ZA 
apa iaai te xal xapaXXrjXol Eiaiv xapaXXrjXoypappov apa 
eaxl to KZAM. xal sxsl laov ecttI to (jiev ABA Tplytovov 
tu Z0 xapaXXrjXoypappcp, to Be ABF tw HM, oXov apa 
to ABrA Euhuypappov oXcp tA KZAM xapaXXr)Xoypap(juu 

eaTiv ICTOV. 



TA apa BoOevti sO-duypdppw tA ABrA iaov xapaX- 
XrjXoypappov auvsaTaTai to KZAM ev ycovla Tfj 0x6 ZKM, 
fj ecttlv Tar] Tfj Bo-dsiar] Tfj E- oxsp eBsi xoifjaai. 


HGF and HGL. But, (the sum of) MHG and HGL is 
equal to two right-angles [Prop. 1.29]. Thus, (the sum of) 
HGF and HGL is also equal to two right-angles. Thus, 
FG is straight-on to GL [Prop. 1.14]. And since FI\ is 
equal and parallel to HG [Prop. 1.34], but also HG to 
ML [Prop. 1.34], KF is thus also equal and parallel to 
ML [Prop. 1.30]. And the straight-lines KM and FL 
join them. Thus, KM and FL are equal and parallel as 
well [Prop. 1.33]. Thus, KFLM is a parallelogram. And 
since triangle ABD is equal to parallelogram FH, and 
DBC to GM, the whole rectilinear figure ABCD is thus 
equal to the whole parallelogram KFLM. 

D 


A 


F 


K H M 

Thus, the parallelogram KFLM, equal to the given 
rectilinear figure ABCD, has been constructed in the an¬ 
gle FKM, which is equal to the given (angle) E. (Which 
is) the very thing it was required to do. 




t The proof is only given for a four-sided figure. However, the extension to many-sided figures is trivial. 


[19'. 

Axo Tfjc; Bo-dsiar); su-dsla; TExpaycovov dvaypatjiat. 

TUcttw f] BoDsTaa sO-dsla f] AB- Bs1 Sf] atto Tfjc; AB 
EuDslai; TSTpaytovov avaypatjiat. 

TTxilto Tfj AB suhsla onto too xpo; auTfj aqpEiou too 
A Ttpo; opild; f) Ar, xal xsurvlo Tfj AB lor) f] AA- xal Bid 
psv too A aqpElou Tfj AB TtapdXXrjXo; fjx'® 10 h AE, Bid 
Be too B arjpEiou Tfj AA xapaXXr)Xo<; fjxDo f) BE. xapaX- 
XrjXoypappov apa eotI to AAEB- iar] apa eotIv f) psv AB 
Tfj AE, f] Be AA Tfj BE. aXXa f) AB Tfj AA ectclv I'ar]- 
al TEaaaps; apa ai BA, AA, AE, EB icrai dXXijXai; elctlv 
iaoTtXsupov apa eotI to AAEB itapaXXr]X6ypappov. XEyco 
Bf), otl xal ophoyAviov. ekeI yap si; TtapaXXfjXouc; Ta; AB, 
AE EuDsla svETtEGEv rj AA, al apa 0x6 BAA, AAE ycovlai 
Buo ophaTc; i'aai siaiv. ophf) Be f) 0x6 BAA- op-df) apa xal 


Proposition 46 

To describe a square on a given straight-line. 

Let AB be the given straight-line. So it is required to 
describe a square on the straight-line AB. 

Let AC have been drawn at right-angles to the 
straight-line AB from the point A on it [Prop. 1.11], 
and let AD have been made equal to AB [Prop. 1.3]. 
And let DE have been drawn through point D parallel to 
AB [Prop. 1.31], and let BE have been drawn through 
point B parallel to AD [Prop. 1.31]. Thus, ADEB is a 
parallelogram. Therefore, AB is equal to DE, and AD to 
BE [Prop. 1.34]. But, AB is equal to AD. Thus, the four 
(sides) BA, AD, DE, and EB are equal to one another. 
Thus, the parallelogram ADEB is equilateral. So I say 
that (it is) also right-angled. For since the straight-line 
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f] 0x6 AAE. twv 8s xapaXXrjXoypappuv ycrpltov al axs- 
vavxlov xXsupal xs xal ywvlai laai aXXf|Xai<; sialv opi&rj apa 
xal sxaxspa tuv axsvavxlov tuv 0x6 ABE, BEA ycoviov 
opboyAviov apa Sail to AAEB. sSslx4r] Ss xal iaoxXsupov. 


r 


A E 


A B 

Tsxpaya>vov apa saxiv xal saxiv axo xrj<; AB sudslac; 
avaysypappivov oxsp sSsi xoifjaai. 

[A- 

’Ev xou; op-doyorvloic; xpiytovoic; to axo xfjc; xf)v opbqv 
ywvlav uxoxeivouar]c; xXsupa<; xsxpayovov iaov sax! xoic; 
axo xwv xf]v op'drjv ytovlav xspisxouaGv xXsupGv xs- 
xpaywvou;. 

"Eaxco xplytovov opdoycOviov xo ABT opDqv sx ov vf]v 
0x6 BAE ytovlav- Xsyo, oxi xo axo xrjc; BT xsxpdywvov 
iaov saxl xoic axo xwv BA, Ar xsxpaywvoK;. 

AvaysypacpOo yap axo psv xfjc Br xexpaytovov xo 
BAEr, axo Ss xwv BA, Ar xa HB, 0r, xal 8ia xou 
A oxoxspa xwv BA, TE xapaXXqXoi; r)x4w t A A- xal 
exsCeux'Swaav at AA, ZT. xal sxsl opbf] saxiv sxaxspa 
xwv 0x6 BAr, BAH ycovLov, xpo? 8f) xtvt sudsla xfj BA 
xal xo xpo? aOxfj arjpslw xA A Suo suflsTai at Ar, AH pf) 
sxl xa aOxa pspr) xslpsvai xac; ecpe^fjt; yorvlac; 8ualv op-dalc; 
iaa<; xoiouaiv sx’ su-Dslac; apa saxiv f) EA xfj AH. 8ia xa 
aOxa Sr) xal f] BA xfj A0 saxiv ex’ Euflslai;. xal sxsl tar] 
saxiv f] 0x6 ABr yovla xfj 0x6 ZBA- opbf] yap sxaxspa- 
xotvf) xpoaxstaDw f) 0x6 ABr- oXrj apa f) 0x6 ABA oXr] xfj 
0x6 ZBr saxiv tarj. xal sxsl tarj saxiv f] psv AB xfj Br, f] 
8s ZB xfj BA, 8uo 8f) al AB, BA 8uo xaTc; ZB, Br laai sialv 
sxaxspa sxaxspa- xal ywvla f) 0x6 ABA ywvla xfj 0x6 ZBr 
tar]- pdaic apa f] A A pdast xfj Zr [saxiv] iar), xal xo ABA 


AD falls across the parallels AB and DE, the (sum of 
the) angles BAD and ADE is equal to two right-angles 
[Prop. 1.29]. But BAD (is a) right-angle. Thus, ADE 
(is) also a right-angle. And for parallelogrammic figures, 
the opposite sides and angles are equal to one another 
[Prop. 1.34]. Thus, each of the opposite angles ABE 
and BED (are) also right-angles. Thus, ADEB is right- 
angled. And it was also shown (to be) equilateral. 

c 


D E 


A B 

Thus, (ADEB) is a square [Def. 1.22]. And it is de¬ 
scribed on the straight-line AB. (Which is) the very thing 
it was required to do. 

Proposition 47 

In right-angled triangles, the square on the side sub¬ 
tending the right-angle is equal to the (sum of the) 
squares on the sides containing the right-angle. 

Let ABC be a right-angled triangle having the angle 
BAC a right-angle. I say that the square on BC is equal 
to the (sum of the) squares on BA and AC. 

For let the square BDEC have been described on 
BC, and (the squares) GB and HC on AB and AC 
(respectively) [Prop. 1.46]. And let AL have been 
drawn through point A parallel to either of BD or CE 
[Prop. 1.31]. And let AD and EC have been joined. And 
since angles BAC and BAG are each right-angles, then 
two straight-lines AC and AG, not lying on the same 
side, make the adjacent angles with some straight-line 
BA, at the point A on it, (whose sum is) equal to two 
right-angles. Thus, CA is straight-on to AG [Prop. 1.14]. 
So, for the same (reasons), BA is also straight-on to AH. 
And since angle DBG is equal to FBA, for (they are) 
both right-angles, let ABC have been added to both. 
Thus, the whole (angle) DBA is equal to the whole (an¬ 
gle) FBC. And since DB is equal to BC, and FB to 
BA, the two (straight-lines) DB, BA are equal to the 
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xplywvov to ZBr xpiyAvcp saxlv ioov xal [saxi] xou psv 
ABA xpiyAvou SixAaaiov xo BA xapaAArjAoypappov paaiv 
xs yap xfjv auxfjv syouai xfjv BA xal sv xal; auxau; siai 
xapaAAr|Aoi<; xau; BA, AA - xou 8s ZBT xpiyAvou SixAaaiov 
xo HB xsxpaycovov pdoiv xs yap xaAiv xf)v auxf)v sxouai 
xr)v ZB xal sv xaXc; auxalc; siai xapaXX/jXoic xoiu; ZB, HT. 
[xa 8s xwv iowv SixAaaia laa aAAf|Aoi<; saxlv] ioov apa saxi 
xal xo BA 7TapaXXr)X6ypapi(iov xw HB xsxpayAvw. o(iolw<; 
8r) STU^suyvupievcov xov AE, BK Bsix^riasxai xal xo LA 
7iapaXXr]X6ypa(ipiov laov xA ©r xsxpayAvy oXov apa xo 
BAET xsxpayovov 8uol xoX<; HB, ©r xsxpayAvon; ioov 
saxlv. xal saxi xo (isv BAEr xsxpaywvov axo xrjc Br ava- 
ypacpsv, xa 8s HB, ©r axo xAv BA, Ar. xo apa axo xfjc 
Br xXsupa<; xsxpayovov laov saxi xoX<; axo xAv BA, Ar 
xAsupAv xsxpayAvon;. 


© 



’Ev apa xoX; opDoyojvlon; xpiyAvon; xo axo xfj<; xrjv 
6pi}f]v ywvlav uxoxsivouarjc; xXsupa; xsxpaywvov laov saxi 
xou; axo xAv xfjv op’dfjv [ywvlav] xspisxouaAv xXsupAv xs- 
xpayAvou;- oxsp s6si 8sl^ai. 

' The Greek text has “FB, BC”, which is obviously a mistake, 
t This is an additional common notion. 


two (straight-lines) CB, BF ,1 respectively. And angle 
DBA (is) equal to angle FBC. Thus, the base AD [is] 
equal to the base FC, and the triangle ABD is equal to 
the triangle FBC [Prop. 1.4]. And parallelogram BL 
[is] double (the area) of triangle ABD. For they have 
the same base, BD, and are between the same parallels, 
BD and AL [Prop. 1.41]. And square GB is double (the 
area) of triangle FBC. For again they have the same 
base, FB, and are between the same parallels, FB and 
GC [Prop. 1.41]. [And the doubles of equal things are 
equal to one another.] 1 Thus, the parallelogram BL is 
also equal to the square GB. So, similarly, AE and BI\ 
being joined, the parallelogram CL can be shown (to 
be) equal to the square HC. Thus, the whole square 
BDEC is equal to the (sum of the) two squares GB and 
HC. And the square BDEC is described on BC, and 
the (squares) GB and HC on BA and AC (respectively). 
Thus, the square on the side BC is equal to the (sum of 
the) squares on the sides BA and AC. 


H 



Thus, in right-angled triangles, the square on the 
side subtending the right-angle is equal to the (sum of 
the) squares on the sides surrounding the right-[angle]. 
(Which is) the very thing it was required to show. 
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FL 

’Eav xpiyAvou to ano piac; tuv itXeupAv xexpaywvov 
foov fj xoTc; an6 it5v XomAv xou xpiyAvou Buo TtXcupAv 
xexpayAvou;, fj TtEpiExopEvr) Y^Via. uko xwv Xoraov xou 
xpiyAvou 8uo TtXcupAv op'dfj Eaxiv. 



TpiyAvou yap xou ABr xo ano piac; xfjc; BT itXsupac; 
xsxpaycovov foov saxco xou; aito xwv BA, Ar itXsupAv xs- 
xpayAvoic Xsyo, oxi bpbf] saxiv f] uxo BAr ywvia. 

’Hx'dw yap axo xou A arjpsiou xfj AT suDsia npo<; opOac; 
fj A A xal xri<rdo:> xfj BA for] f) AA, xal snE^euxffo) fj AT. 
end for) saxlv fj A A xfj AB, foov sax! xal xo and xfjc; 
AA xExpayorvov xA and xfjc; AB xExpayAvw. xoivov xpo- 
axEiaba) xo axo xfjc; Ar xsxpaytovov xa apa axo xAv AA, 
Ar xExpaytovafoa sax! xofo axo xAv BA, Ar xsxpayAvoic;. 
aXXa xou; (iEv and xAv AA, AB foov saxl xo axo xfjc; Ar- 
opfffj yap saxiv f) Uxo AAr ywvia' xofo Be axo xAv BA, 
Ar foov saxl to axo xfjc; Br- uxoxsixai yap- xo apa axo 
xfjc; Ar xExpaywvov foov saxl xA axo xfjc; Br TExpayAvur 
Aaxs xal xXsupa f) Ar xfj Br saxiv for] - xal exeI for) Eaxiv 
fj AA xfj AB, xoivf] Bs f) Ar, Buo Bf) ai AA, Ar Buo xafo 
BA, AB foai siaiv xal (3aaic; fj Ar paasi xfj Br for) - ywvia 
apa fj uxo AAr ytovla xfj uxo BAr [saxiv] forj. op'dfj Be f) 
uxo AAr- opdfj apa xal f] uxo BAr. 

’Eav apa xpiyAvou xo axo piac; xAv xXsupAv xsxpaytovov 
foov fj xoTc; axo xAv XomAv xou xpiyAvou Buo xXsupAv 
xsxpayAvoic;, fj x£pisxo|iEvr) ywvia uxo xAv XomAv xou 
xpiyAvou Buo xXsupAv opdf] saxiv oxsp sSei 8slc;ai. 


Proposition 48 

If the square on one of the sides of a triangle is equal 
to the (sum of the) squares on the two remaining sides of 
the triangle then the angle contained by the two remain¬ 
ing sides of the triangle is a right-angle. 


C 



For let the square on one of the sides, BC, of triangle 
ABC be equal to the (sum of the) squares on the sides 
BA and AC. I say that angle BAG is a right-angle. 

For let AD have been drawn from point A at right- 
angles to the straight-line AC [Prop. 1.11], and let AD 
have been made equal to BA [Prop. 1.3], and let DC 
have been joined. Since DA is equal to AB, the square 
on DA is thus also equal to the square on ABJ Let the 
square on AC have been added to both. Thus, the (sum 
of the) squares on DA and AC is equal to the (sum of 
the) squares on BA and AC. But, the (square) on DC is 
equal to the (sum of the squares) on DA and AC. For an¬ 
gle DAC is a right-angle [Prop. 1.47]. But, the (square) 
on BC is equal to (sum of the squares) on BA and AC. 
For (that) was assumed. Thus, the square on DC is equal 
to the square on BC. So side DC is also equal to (side) 
BC. And since DA is equal to AB, and AC (is) com¬ 
mon, the two (straight-lines) DA, AC are equal to the 
two (straight-lines) BA, AC. And the base DC is equal 
to the base BC. Thus, angle DAC [is] equal to angle 
BAG [Prop. 1.8]. But DAC is a right-angle. Thus, BAG 
is also a right-angle. 

Thus, if the square on one of the sides of a triangle is 
equal to the (sum of the) squares on the remaining two 
sides of the triangle then the angle contained by the re¬ 
maining two sides of the triangle is a right-angle. (Which 
is) the very thing it was required to show. 


t 


Here, use is made of the additional common notion that the squares of equal things are themselves equal. Later on, the inverse notion is used. 
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"Opoi. 

a'. Ilav xapaXXrjXoypappov ophoyAviov xEpiExco'dai 
Xeyexai 0x6 8uo tov xfjv op’dfjv ytoviav xEpiEyouaov 
euOeiAv. 

P'. Ilavxoc; Se xapaXXrjXoypappou x^piou xAv tie pi xfjv 
Biapsxpov auxou xapaXXrjXoypappMv sv oxoiovouv auv xoi; 
SuctI xapaxXr)pApa 0 i yvAptov xaXEfo-dGX 

a'. 

’Eav S 01 8uo eOdelai, xprfdfj 8e f] sxspa auxAv etc; 00 a- 
Brjxoxouv xpfjpaxa, xo xEpiExopsvov op-doyAviov 0x6 xwv 
8uo eOOeiAv foov egxI xol; 0x6 xe xfj; axpfjxou xai sxaoxou 
xAv x(jr)paxwv x£pi£xo|i£voi; op-doywvioi;. 


A- 

B A E r 



’'Eaxcoaav 80o sO-dsTai al A, BT, xai xExprjoDw f) BT, 
A; exuxev, xaxa xa A, E arj^Ela- Xsyw, oxi xo 0x6 xov A, 
Br xEpi£xo(i£vov op-hoyAviov foov Eaxl xA xe 0x6 xAv A, 
BA xEpiExopivw opDoywvicp xai xA 0x6 xAv A, AE xai exi 
xA 0x6 xAv A, EE. 

"Hx'dto yap axo xou B xfj Br xpo; op-da; f) BZ, xai 
xsfo-dto xfj A for) f) BH, xai 8 ia psv xoo H xfj Br xapaXXr)Xo; 
fjx'Sw f] H0, Bia 8 e xAv A, E, T xfj BH xapaXXr]Xoi rjxifwaav 
al AK, EA, T0. 

Taov 8 f] saxi xo B0 xoT; BK, AA, E0. xai soxi xo 
psv B0 xo 0x6 xAv A, Br - xspi£)(£xai psv yap 0x6 xAv 
HB, Br, for) Be f) BH xfj A- xo 8 s BK xo 0x6 xAv A, BA- 
xspisxsxai psv yap 0x6 xAv HB, BA, for) 8 e f) BH xfj A. xo 
8 s AA xo 0x6 xAv A, AE- for) yap f) AK, xouxsoxiv f] BH, 
xfj A. xai exi opoiM; xo E0 xo 0x6 xAv A, EH xo apa 0x6 
xAv A, Br foov egxI xA xe 0x6 A, BA xai xA 0x6 A, AE 
xai exi xA 0x6 A, EK 

’Eav apa A 01 800 sO-dslai, xprydfj 8 s f) sxspa aOxAv si; 
O 0 a 8 r)xoxouv xprjpaxa, xo xEpiExopsvov op-doyAviov 0x6 
xAv 8 O 0 eODeiAv foov egxI xou; 0x6 xe xfj; axpfjxou xai 
sxaoxou xAv x(ir)paxwv xEpiExopsvoi; ophoycovioi;- oxsp 


Definitions 

1. Any rectangular parallelogram is said to be con¬ 
tained by the two straight-lines containing the right- 
angle. 

2. And in any parallelogrammic figure, let any one 
whatsoever of the parallelograms about its diagonal, 
(taken) with its two complements, be called a gnomon. 

Proposition D 

If there are two straight-lines, and one of them is cut 
into any number of pieces whatsoever, then the rectangle 
contained by the two straight-lines is equal to the (sum 
of the) rectangles contained by the uncut (straight-line), 
and every one of the pieces (of the cut straight-line). 

A- 

B DEC 





H 

K L 1 


Let A and BC be the two straight-lines, and let BC 
be cut, at random, at points D and E. I say that the rect¬ 
angle contained by A and BC is equal to the rectangle (s) 
contained by A and BD, by A and DE, and, finally, by A 
and EC. 

For let BF have been drawn from point B, at right- 
angles to BC [Prop. 1.11], and let BG be made equal 
to A [Prop. 1.3], and let GH have been drawn through 
(point) G, parallel to BC [Prop. 1.31], and let DK, EL, 
and CH have been drawn through (points) D, E, and C 
(respectively), parallel to BG [Prop. 1.31], 

So the (rectangle) BH is equal to the (rectangles) 
BK, DL, and EH. And BH is the (rectangle contained) 
by A and BC. For it is contained by GB and BC, and BG 
(is) equal to A. And BK (is) the (rectangle contained) by 
A and BD. For it is contained by GB and BD, and BG 
(is) equal to A. And DL (is) the (rectangle contained) by 
A and DE. For DK, that is to say BG [Prop. 1.34], (is) 
equal to A. Similarly, EH (is) also the (rectangle con¬ 
tained) by A and EC. Thus, the (rectangle contained) 
by A and BC is equal to the (rectangles contained) by A 
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e8ei BsT^ai. 


P- 

’Eav EU-dcIa ypappr] Tpiydfj, A<; etuxev, to 0x 6 Tfj<; 6\r\c, 
xai exaxepou twv T(ir)pon:wv xcpiExopEvov opdoyAviov faov 
ecra to axo xfjg oXr)<; TETpayAvcp. 


AT B 



A Z E 


EGOeux yap f) AB tet^oDco, Ac stuxev, xoctoc to T 
a7](i£iov Xsyo, oti to 0x6 tov AB, Br xEpiExopEvov 
ophoyAviov pisra tou 0x6 BA, Ar xEpiExopsvou opdo- 
yojviou faov ecttI tA axo Tfjc; AB TSTpayAvox 

AvayEypacpOo yap axo Tfj<; AB TETpaycnvov to AAEB, 
xai r]x^ w 5ia tou T oxoTspa tov AA, BE xapaXXr)Xo<; f] 

rz. 

’laov 8f] sgti to AE tou; AZ, TE. xai eoti to psv AE 
to axo Tfjc; AB TETpaywvov, to Se AZ to 0x6 tAv BA, 
AT xspiExo^Evov opdoyAviov xspiExexai psv yap 0x6 tAv 
AA, AT, i ar] 8e f) AA Tfj AB- to 8e TE to 0x6 tAv AB, 
Br- far) yap f) BE Tfj AB. to apa 0x6 tAv BA, Ar p£Ta 
tou 0x6 tAv AB, Br faov eoti tA axo Tfjc AB TETpayAvcn. 

’Eav apa Eudsla ypappf] Tprydfj, Ac etuxev, to 0x 6 Tfjc 
oXrjc xai Exaxspou tAv TprjpaTQv xEpLExopsvov opdoyAviov 
faov eoti tA axo Tfjc oXrjc TETpayAvtp- oxsp eSei 8sT^ai. 


and BD, by A and DE, and, finally, by A and EC. 

Thus, if there are two straight-lines, and one of them 
is cut into any number of pieces whatsoever, then the 
rectangle contained by the two straight-lines is equal 
to the (sum of the) rectangles contained by the uncut 
(straight-line), and every one of the pieces (of the cut 
straight-line). (Which is) the very thing it was required 
to show. 

...) = ab + ac + ad+ ■ ■ ■. 

Proposition 2 ) 

If a straight-line is cut at random then the (sum of 
the) rectangle(s) contained by the whole (straight-line), 
and each of the pieces (of the straight-line), is equal to 
the square on the whole. 

AC B 



D F E 


For let the straight-line AB have been cut, at random, 
at point C. I say that the rectangle contained by AB and 
BC, plus the rectangle contained by BA and AC, is equal 
to the square on AB. 

For let the square ADEB have been described on AB 
[Prop. 1.46], and let CF have been drawn through C, 
parallel to either of AD or BE [Prop. 1.31]. 

So the (square) AE is equal to the (rectangles) AF 
and CE. And AE is the square on AB. And AF (is) the 
rectangle contained by the (straight-lines) BA and AC. 
For it is contained by DA and AC, and AD (is) equal to 
AB. And CE (is) the (rectangle contained) by AB and 
BC. For BE (is) equal to AB. Thus, the (rectangle con¬ 
tained) by BA and AC, plus the (rectangle contained) by 
AB and BC, is equal to the square on AB. 

Thus, if a straight-line is cut at random then the (sum 
of the) rectangle (s) contained by the whole (straight- 
line), and each of the pieces (of the straight-line), is equal 
to the square on the whole. (Which is) the very thing it 
was required to show. 


t This proposition is a geometric version of the algebraic identity: a (b + c + d + 
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t This proposition is a geometric version of the algebraic identity: a b + 

y'- 

’Eav EubcTa ypappr] xpryOfj, A<; sruyEv, to 0x6 xfj<; oXr]<; 
xai evo<; twv xprjpaxwv xEpLExopcvov opifoyAviov Taov sail 
tA X£ 0x 6 XWV Tp.T)|jldTOiV 7tepL£)(0^£V63 opboywviu) XOtl TO 
axo xou xpo£ipr][ji£vou xp^paxoc; TExpayAvcp. 

AT B 


Z A E 

EOfteTa yap f) AB tex^o-Om, A<; ExuyEv, xaxa xo T- 
Xcyw, oxi xo 0x6 xov AB, BT xEpiExopcvov opboyAviov 
Taov saxi xo xs 0x6 xov AT, TB KEpLExopcvo.) opDoycuvicp 
pcxa xou axo xrjc BT xExpayAvou. 

Avaysypdfp'Ooi yap axo xfjc TB xExpayoivov xo TAEB, 
xai Sirjx'dw f) EA exi xo Z, xai 8ia xou A oxoxspa xov TA, 
BE xapaXXr)Xo<; r]xi)k> f] AZ. Taov 8rj saxi xo AE xou; AA, 
TE' xai saxi xo psv AE to 0x6 xov AB, Br TEpiEyopEvov 
opDoyAviov xspiExsxai pcv yap 0x6 xAv AB, BE, Tar] 8s rj 
BE xfj BT' xo Ss AA xo 0x6 xAv Ar, TB' Tar] yap f] Ar 
xfj TB- xo 8s AB xo axo xfjc; TB xsxpaycovov xo apa 0x6 
xAv AB, BT xspiExopcvov opOoyAviov Taov saxi xA 0x6 
xAv Ar, TB xspLExopiEvoi op'doycovitp pcxa xou axo xfj<; Br 
xsxpayAvou. 

’Eav apa EudsTa ypappr] xpr]4fj, A<; ETuyev, xo 0x6 xfjc 
o\r}Q xai evo<; xAv xp.r](idxov xspiExopsvov opDoyAviov Taov 
saxi tA xe 0x6 xAv xprjpaxov xEpiExopEvcp op'doycoviw xai 
xA axo xou xposiprjpEvou x(if]paTo<; xsxpayAvcp' oxsp e8ei 
O sT^ai. 


t This proposition is a geometric version of the algebraic identity: (a + 

5'. 

’Eav EudsTa ypappf) xptrydfj, A<; ETuyev, xo axo xfjc 
oXr}Q xExpaycovov Taov saxi xou; xs axo xAv xptr)(iaxa)v xs- 
xpayAvou; xai xA 81c; 0x6 xAv xpr)pax«v xspLExopEvo opOo- 


c = a 2 if a = b + c. 

Proposition 3^ 

If a straight-line is cut at random then the rectangle 
contained by the whole (straight-line), and one of the 
pieces (of the straight-line), is equal to the rectangle con¬ 
tained by (both of) the pieces, and the square on the 
aforementioned piece. 

AC B 


F D E 

For let the straight-line AB have been cut, at random, 
at (point) C. I say that the rectangle contained by AB 
and BC is equal to the rectangle contained by AC and 
CB, plus the square on BC. 

For let the square CDEB have been described on CB 
[Prop. 1.46], and let ED have been drawn through to 
F, and let AF have been drawn through A, parallel to 
either of CD or BE [Prop. 1.31], So the (rectangle) AE 
is equal to the (rectangle) AD and the (square) CE. And 
AE is the rectangle contained by AB and BC. For it is 
contained by AB and BE, and BE (is) equal to BC. And 
AD (is) the (rectangle contained) by AC and CB. For 
DC (is) equal to CB. And DB (is) the square on CB. 
Thus, the rectangle contained by AB and BC is equal to 
the rectangle contained by AC and CB, plus the square 
on BC. 

Thus, if a straight-line is cut at random then the rect¬ 
angle contained by the whole (straight-line), and one of 
the pieces (of the straight-line), is equal to the rectangle 
contained by (both of) the pieces, and the square on the 
aforementioned piece. (Which is) the very thing it was 
required to show. 

a = ab + a 2 . 

Proposition 4 t 

If a straight-line is cut at random then the square 
on the whole (straight-line) is equal to the (sum of the) 
squares on the pieces (of the straight-line), and twice the 
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ycovicp. 


a r b 



Eu'ilsi'a yap ypappf] f] AB TETpijchko, Ac ETuyev, xaxa 
to r. Xsya>, oti to duo xrjc AB TExpaywvov lctov ectt'l toTc 
ts axo twv Ar, TB TETpayAvoLC xal tA Sic 0x6 tAv Ar, 
FB xEpiExopsvcp opDoycovico. 

AvaysypacpDco yap axo xrjc AB TExpaywvov to AAEB, 
xal EKE^EUX'dw f] BA, xal 8ia psv tou F oxoxEpa tAv AA, 
EB xapaXXrjXoc fjxhw f| TZ, Sia Se tou H oxoxspa tAv AB, 
AE xapaXXr]Xoc rjxhw f] 0K. xal exeI xapaXXqXoc ecttlv f] 
FZ xfj AA, xal sic auxac EpxExxwxsv f) BA, f] sxxoc ywvla 
f) 0x6 THB iar) ectt'l xfj svtoc xal axEvavxlov Tfj 0x6 AAB. 
aXX’ f) 0x6 AAB xfj 0x6 ABA ecttiv for], exeI xal xXsupa f] 
BA T?j A A ecttiv for]* xal f) 0x6 THB apa ywvLa Tfj 0x6 HBr 
ecttiv for]* Actte xal xXsupa f] Br xXsupa Tfj TH ecttlv Yctt)' 
aXX’ f) psv TB Tfj HK ecttiv far), f) 6s EH Tfj KB- xal f] HK 
apa Tfj KB ecttiv lory iCToxXsupov apa ecttI to THKB. Xsyw 
8f), oti xal op-doyAviov. exeI yap xapaXXrjXoc ecttiv f] TH 
Tfj BK [xal sic auTac e^lxextwxev sODsTa f] TB] , ai apa 0x6 
KBr, HrB ywviai 8uo op-daTc eictiv loat. op-df) 8s f] 0x6 
KBr- op-df) apa xal f) 0x6 BrH- Actte xal a! axsvavTlov 
al 0x6 THK, HKB opDal eIctlv. op-doyAviov apa ecttI to 
THKB- EBElxHr) Se xal iCToxXsupov- TETpaywvov apa ecttlv 
xal ecttiv axo Tfjc TB. 8i.cc Ta aOTa 8f) xal to 0Z TETpaywvov 
ecttlv xal ecttlv axo Tfjc 0H, toutecttlv [axo] Tfjc Ar- Ta 
apa 0Z, Kr TETpaywva axo tAv Ar, TB elctlv. xal exeI 
lctov ecttI to AH tA HE, xal ecttl to AH to 0x6 tAv Ar, 
TB- lctt) yap f) Hr Tfj TB- xal to HE apa lctov ecttI tA 
0x6 Ar, TB- xa apa AH, HE loa ectt'l tA 81c 0x6 tAv 
Ar, TB. ecttl 8e xal Ta 0Z, TK TETpaywva axo tAv Ar, 
TB- xa apa TECToapa Ta 0Z, I’K, AH, HE Xaa. ecttI toTc te 
axo tAv Ar, TB TETpayAvoLC xal tA 81c 0x6 tAv Ar, TB 
x£pi£xo(i£vcp op-doywvlw. aXXa Ta 0Z, TK, AH, HE oXov 
ectt'l to AAEB, 6 Ecttlv axo xfjc AB TETpaywvov- to apa 
axo xfjc AB TETpaywvov lctov ectt'l toTc te axo tAv Ar, 
TB TETpayAvoLC xal tA 81c 0x6 tAv Ar, TB x£pi£xo(i£vcp 
op-doywviw. 

'Eav apa sODsla ypa(ip.f) Tpurydfj, Ac etuxev, to axo xfjc 


rectangle contained by the pieces. 



For let the straight-line AB have been cut, at random, 
at (point) C. I say that the square on AB is equal to 
the (sum of the) squares on AC and CB, and twice the 
rectangle contained by AC and CB. 

For let the square ADEB have been described on AB 
[Prop. 1.46], and let BD have been joined, and let CF 
have been drawn through C, parallel to either of AD or 
EB [Prop. 1.31], and let HK have been drawn through 
G, parallel to either of AB or DE [Prop. 1.31]. And since 
CF is parallel to AD, and BD has fallen across them, the 
external angle CGB is equal to the internal and opposite 
(angle) ADB [Prop. 1.29]. But, ADB is equal to ABD, 
since the side BA is also equal to AD [Prop. 1.5]. Thus, 
angle CGB is also equal to GBC. So the side BC is 
equal to the side CG [Prop. 1.6]. But, CB is equal to 
GK, and CG to KB [Prop. 1.34]. Thus, GK is also equal 
to KB. Thus, CGKB is equilateral. So I say that (it is) 
also right-angled. For since CG is parallel to BK [and the 
straight-line CB has fallen across them], the angles KBC 
and GCB are thus equal to two right-angles [Prop. 1.29]. 
But KBC (is) a right-angle. Thus, BCG (is) also a right- 
angle. So the opposite (angles) CGK and GKB are also 
right-angles [Prop. 1.34]. Thus, CGKB is right-angled. 
And it was also shown (to be) equilateral. Thus, it is a 
square. And it is on CB. So, for the same (reasons), 
HF is also a square. And it is on HG, that is to say [on] 
AC [Prop. 1.34]. Thus, the squares HF and KG are 
on AC and CB (respectively). And the (rectangle) AG 
is equal to the (rectangle) GE [Prop. 1.43]. And AG is 
the (rectangle contained) by AC and CB. For GC (is) 
equal to CB. Thus, GE is also equal to the (rectangle 
contained) by AC and CB. Thus, the (rectangles) AG 
and GE are equal to twice the (rectangle contained) by 
AC and CB. And HF and CK are the squares on AC 
and CB (respectively). Thus, the four (figures) HF, CK, 
AG, and GE are equal to the (sum of the) squares on 
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oXqc; xexpaywvov laov eaxl xolc; xe axo xfiv xprjpaxwv xe- AC and BC, and twice the rectangle contained by AC 
xpayAvou; xai xfi 81c; 0x6 xAv xpqpaxwv xepiexopevor opbo- and CB. But, the (figures) HF, CK, AG, and GE are 
ycovicp- oxep eoei oeicjai. (equivalent to) the whole of ADEB, which is the square 

on AB. Thus, the square on AB is equal to the (sum 
of the) squares on AC and CB, and twice the rectangle 
contained by AC and CB. 

Thus, if a straight-line is cut at random then the 
square on the whole (straight-line) is equal to the (sum 
of the) squares on the pieces (of the straight-line), and 
twice the rectangle contained by the pieces. (Which is) 
the very thing it was required to show. 

' This proposition is a geometric version of the algebraic identity: (a + ft) 2 = a 2 + b 2 + 2 ab. 


Z . 

’Eav eubela ypappf] xprjbfj sic; laa xai aviaa, xo 0x6 xAv 
aviawv xfjc; oXqc; xprjpdxcov xepiexopevov opboyAviov pexa 
xou axo xfjc; pexac;u xwv xopAv xexpayAvou laov eaxl xA 
axo xfjc; fjpiaelac; xexpayAvw. 


A r A B 



Eubela yap xic; f] AB xexpfjabw eic; pev laa xaxa xo 
F, eic; Be aviaa xaxa xo A' Xeyw, oxi xo 0x6 xdv AA, AB 
xepiexopevov opboyAviov pexa xou axo xfjc TA xexpayAvou 
laov eaxl xA axo xfjc; TB xexpayAvcp. 

Avayeypacpbco yap axo xfjc; TB xexpayorvov xo TEZB, 
xal exe^euxbor f] BE, xal 8ia pev xou A oxoxepa xAv EE, 
BZ xapaXXrjXoc; fjx^^ AH, 8ia 8e xou 0 oxoxepa xAv 
AB, EZ xapaXXqXoc; xaXiv fjxbw f) KM, xal xaXiv 8ia xou A 
oxoxepa xAv TA, BM xapaXXrjXoc; fjxbw f] AK. xal exeliaov 
eaxl xo T0 xapaxXqpcopa xA 0Z xapaxXqpApaxi, xoivov 
xpoaxeiabo xo AM - oXov apa xo TM oXw xA AZ laov 
eaxiv. aXXa xo TM xA AA laov eaxiv, exel xal f] AT xfj 
TB eaxiv Tary xal xo AA apa xA AZ laov eaxiv. xoivov 
xpoaxeiabo xo T0- 6Xov apa xo A0 xA MNS^ yvApovi 
laov eaxiv. aXXa xo A0 xo 0x6 xAv AA, AB eaxiv lar] 
yap f] A0 xfj AB' xai 6 MNS apa yvAporv laoc; eaxl xA 
0x6 AA, AB. xoivov xpoaxeiabw xo AH, 6 eaxiv laov xA 
axo xfjc; TA- 6 apa MNS yvAporv xai xo AH laa eaxl xA 
0x6 xAv AA, AB xepiexopevcr opboywvio xai xA axo xfjc; 


Proposition 5* 

If a straight-line is cut into equal and unequal (pieces) 
then the rectangle contained by the unequal pieces of the 
whole (straight-line), plus the square on the (difference) 
between the (equal and unequal) pieces, is equal to the 
square on half (of the straight-line). 



For let any straight-line AB have been cut—equally at 
C, and unequally at D. I say that the rectangle contained 
by AD and DB, plus the square on CD, is equal to the 
square on C5. 

For let the square CEFB have been described on CB 
[Prop. 1.46], and let BE have been joined, and let DG 
have been drawn through D, parallel to either of CE or 
BF [Prop. 1.31], and again let KM have been drawn 
through H, parallel to either of AB or EF [Prop. 1.31], 
and again let AK have been drawn through A, parallel to 
either of CL or BM [Prop. 1.31]. And since the comple¬ 
ment CH is equal to the complement HF [Prop. 1.43], 
let the (square) DM have been added to both. Thus, 
the whole (rectangle) CM is equal to the whole (rect¬ 
angle) DF. But, (rectangle) CM is equal to (rectangle) 
AL, since AC is also equal to CB [Prop. 1.36]. Thus, 
(rectangle) AL is also equal to (rectangle) DF. Let (rect¬ 
angle) CH have been added to both. Thus, the whole 
(rectangle) AH is equal to the gnomon NOP. But, AH 
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TA xExpayAvco. aXXa 6 MNS yvApcov xal xo AH oXov ectxI 
xo TEZB xcxpayovov, o sctxlv axo xrjc TB- xo apa 0x6 xov 
AA, AB xspLExopEvov opDoyAviov psxa xou axo xrjc TA 
xsxpayAvou Tctov ectxI xA axo xrjc TB xsxpayAvco. 

’Eav apa su-dsia ypappf] xprydfj sic Tea xal avioa, xo 0x6 
xAv aviowv xrjc okr \c xprjpaxcuv xspLExopEvov opboyAviov 
pcxa xou axo xrjc piexa^u xAv xopAv xsxpayAvou Tctov ectxI 
xA axo xrjc fjpiCTEiac xsxpayAvcu. oxsp eBei BsT^ai. 


is the (rectangle contained) by AD and DB. For DH 
(is) equal to DB. Thus, the gnomon NOP is also equal 
to the (rectangle contained) by AD and DB. Let LG, 
which is equal to the (square) on CD, have been added to 
both. Thus, the gnomon NOP and the (square) LG are 
equal to the rectangle contained by AD and DB, and the 
square on CD. But, the gnomon NOP and the (square) 
LG is (equivalent to) the whole square CEFB, which is 
on CB. Thus, the rectangle contained by AD and DB, 
plus the square on CD, is equal to the square on CB. 

Thus, if a straight-line is cut into equal and unequal 
(pieces) then the rectangle contained by the unequal 
pieces of the whole (straight-line), plus the square on the 
(difference) between the (equal and unequal) pieces, is 
equal to the square on half (of the straight-line). (Which 
is) the very thing it was required to show. 


t Note the (presumably mistaken) double use of the label M in the Greek text. 

t This proposition is a geometric version of the algebraic identity: a b + [(a + b)/2 — ft] 2 = [(a + 6)/2] 2 . 


’Eav euflsTa ypappf] xpirj'Ofj Blya, xpocrusHfj Be xic aOxfj 
EudsTa ex’ EUiiklac, xo 0x6 xrjc oArjc guv xfj xpooxEipcvr] xal 
xfj<; xpoox£ipEV7]<; xEpiExopsvov opdoyAviov pcxa xou axo 
xrjc f)pioeia<; xsxpayAvou Tctov saxi xA axo xrjc CTuyxEipEvrjc 
ex xe xrjc fj[HG£iac xal xrjc xpoaxEi(iEvr]c xsxpayAvu). 


A r BA 



EO-dsla yap xic f] AB xExp^aDoi Blya xaxa xo T or]pElov, 
xpooxslcrdM Be xic auxfj Eudsla ex’ su-dslac f) BA- Asycu, 
oxi xo uxo xAv AA, AB xEpiEyopsvov opboyAviov psxa 
xou axo xrjc TB xsxpayAvou laov ectxI xA axo xrjc TA xs- 
xpayAvto. 

’AvaysypaqAlcn yap axo xrjc TA xsxpaytovov xo FEZ A, 
xal EXE^Euyfla) r\ AE, xal Bia psv xou B arjpslou oxoxspa 
xAv EF, AZ xapaXXr]Xoc fjyOor f] BH, Bia Be xou 0 arjpslou 
oxoxspa xAv AB, EZ xapaXXr]Xoc fjyOor f) KM, xal exi Bia 
xou A oxoxspa xAv TA, AM xapaXXrjXoc fjxbco h AK. 

’ExeI ouv Tar) ectxIv f) Ar xfj FB, Tctov ectxI xal xo AA 


Proposition 6^ 

If a straight-line is cut in half, and any straight-line 
added to it straight-on, then the rectangle contained by 
the whole (straight-line) with the (straight-line) having 
being added, and the (straight-line) having being added, 
plus the square on half (of the original straight-line), is 
equal to the square on the sum of half (of the original 
straight-line) and the (straight-line) having been added. 



E G F 


For let any straight-line AB have been cut in half at 
point C, and let any straight-line BD have been added to 
it straight-on. I say that the rectangle contained by AD 
and DB, plus the square on CB, is equal to the square 
on CD. 

For let the square CEFD have been described on 
CD [Prop. 1.46], and let DE have been joined, and 
let BG have been drawn through point B, parallel to 
either of EC or DF [Prop. 1.31], and let KM have 
been drawn through point H, parallel to either of AB 
or EF [Prop. 1.31], and finally let AK have been drawn 
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tA T0. aAAa to T0 to 0Z foov egtiv. xal to AA apa to 
0Z egtlv foov. xoivov xpooxEiobw to TM - oXov apa to 
AM tA NSO yvApovi egtlv Taov. aXXa to AM egti to Otto 
tov AA, AB- for] yap sgtiv f] AM xfj AB- xal 6 NSO apa 
yvApcov foo; ecru. tA uxo tAv AA, AB [xEpiExopEvto opdo- 
ycovico]. xoivov xpooxEiGbo to AH, o sgtiv foov tA axo 
tt); Br TExpayAvcr to apa 0x6 tAv AA, AB xEpiEyopsvov 
opboyAviov piexa toO axo Tfj; TB xsxpayAvou foov soxl 
tA NSO yvApovi xal tA AH. aXXa 6 NSO yvApwv xal 
to AH oXov soxl to TEZA TExpdya>vov, o sgtiv axo Tfj; 
TA- to apa 0x6 tAv AA, AB xEpisyopsvov op-doyAviov 
p£xa toO axo Tfj; TB xsxpayAvou foov soxl tA axo Tfj; TA 
TETpayAvw. 

’Eav apa sODsTa ypappf] T(j.r) , df) Siya, xpooTsflfj 8s tic; 
auxfj su-dsTa sx’ su-dsia;, to 0x6 Tfj; oAr); guv Tfj xpo- 
oxEipEvr] xal Tfj; xpooxEipsvr]; xspLExopsvov opiloyAviov 
psxa tou axo xfjc; fjpioEia; TETpayAvou foov soxl tA axo 
Tfj; ouyxEipsvr]; sx ts Tfj; fjpioEia; xal Tfj; xpoaxsipEvr); 
TExpayAvcr oxsp sSei 8sTc;ai. 


through A, parallel to either of CL or DAI [Prop. 1.31]. 

Therefore, since AC is equal to CB, (rectangle) AL is 
also equal to (rectangle) CH [Prop. 1.36]. But, (rectan¬ 
gle) CH is equal to (rectangle) HF [Prop. 1.43], Thus, 
(rectangle) AL is also equal to (rectangle) HF. Let (rect¬ 
angle) CM have been added to both. Thus, the whole 
(rectangle) AM is equal to the gnomon NOP. But, AM 
is the (rectangle contained) by AD and DB. For DM is 
equal to DB. Thus, gnomon NOP is also equal to the 
[rectangle contained] by AD and DB. Let LG, which 
is equal to the square on BC, have been added to both. 
Thus, the rectangle contained by AD and DB, plus the 
square on CB, is equal to the gnomon NOP and the 
(square) LG. But the gnomon NOP and the (square) 
LG is (equivalent to) the whole square CEFD, which is 
on CD. Thus, the rectangle contained by AD and DB, 
plus the square on CB, is equal to the square on CD. 

Thus, if a straight-line is cut in half, and any straight- 
line added to it straight-on, then the rectangle contained 
by the whole (straight-line) with the (straight-line) hav¬ 
ing being added, and the (straight-line) having being 
added, plus the square on half (of the original straight- 
line), is equal to the square on the sum of half (of the 
original straight-line) and the (straight-line) having been 
added. (Which is) the very thing it was required to show. 


t This proposition is a geometric version of the algebraic identity: (2 a + b) b + a 2 = (a + b) 2 . 


c. 

’Eav su^sTa ypappf] xpiydfj, A; STuysv, to axo Tfj; oAr); 
xal to dtp’ evo; tAv Tprjpaxov xa ouvapcpoxspa TExpaywva 
foa soxl tA te 81; uxo Tfj; oAr); xal tou Eiprjpsvou xp^paxoc; 
xEpiExopsvco opOoyoivicp xal tA axo xou Aoixou xp^paxo; 
TExpayAvw. 

a r b 



Eu-dsla yap xi; f) AB T£Tpf)af>M, A; ETuyev, xaxa to T 
oTjpslov Asyo, otl xa axo tAv AB, BT TExpayovafoa soxl 
tA te 81 ; 0x6 tAv AB, BT xEpLExopEvcp opOoyowiw xal xA 


Proposition 7^ 

If a straight-line is cut at random then the sum of 
the squares on the whole (straight-line), and one of the 
pieces (of the straight-line), is equal to twice the rectan¬ 
gle contained by the whole, and the said piece, and the 
square on the remaining piece. 



For let any straight-line AB have been cut, at random, 
at point C. I say that the (sum of the) squares on AB and 
BC is equal to twice the rectangle contained by AB and 
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duo xfjg LA xsxpaywvw. 

AvayEypdip'dw yap axo xfjg AB xsxpaywvov xo AAEB - 
xal xaxayEypacp^w xo ayfjpa. 

’ExeI ouv laov saxi xo AH xw HE, xoivov xpoaxsiaOw 
xo rZ' oXov apa xo AZ oXw xw EE laov saxiv xa apa 
AZ, EE BixXaaia saxi xou AZ. aXXa xa AZ, TE 6 KAM 
saxi yvwpwv xal xo TZ xsxpaywvov 6 KAM apa yvwpwv 
xal xo rZ BixXaaia saxi xou AZ. saxi Be xou AZ BixXaaiov 
xal xo Big 0x6 xwv AB, BH lar] yap f\ BZ xfj BH 6 apa 
KAM yvwpwv xal xo EZ xsxpaywvov laov saxi xw Big 0x6 
xwv AB, Br. xoivov xpoaxsiaDw xo AH, 6 saxiv axo xfjg 
Ar xExpaywvov 6 apa KAM yvwpwv xal xa BH, HA 
xsxpaywva laa saxi xw xe Big 0x6 xwv AB, Br xspisyopsvw 
opboywvlw xal xw axo xfjg Ar xsxpaywvw. aXXa 6 KAM 
yvwpwv xal xa BH, HA xsxpaywva oXov saxi xo AAEB xal 
xo rZ, a saxiv axo xwv AB, Br xsxpaywva - xa apa axo xwv 
AB, Br xsxpaywva laa saxi xw [xe] Big 0x6 xwv AB, Br 
xspisyopsvw opOoyorviw psxa xou axo xfjg Ar xsxpaywvou. 

’Eav apa sudsla ypappf] x(j.r] , 0fj, wg sxuxev, xo axo 
xfjg oXrjg xal xo acp’ svog xwv xprjpaxwv xa auvapcpoxspa 
xsxpaywva laa saxi xw xe Big 0x6 xfjg oXrjg xal xou 
siprjpsvou xpijpaxog xspisyopsvw op-doywviw xal xw axo 
xou Xoixou xprjpaxog xsxpaywvw - oxsp sBsi Bslgai. 


t This proposition is a geometric version of the algebraic identity: (a + 

*)'• 

’Eav suds'ia ypappf] x(j.r)T>fj, wg sxuxev, xo xsxpaxig 0x6 
xfjg oXrjg xal svog xwv xprjpaxwv xspisxopsvov opOoywviov 
psxa xou axo xou Xoixou xprjpaxog xsxpaywvou laov saxi 
xw axo xe xfjg oXrjg xal xou siprjpsvou xprjpaxog wg axo 
piag avaypacpsvxi xsxpaywvw. 

Eudsla yap xig f) AB xsxpfjabw, wg exu^ev, xaxa xo 
r arjpsTov Xsyw, oxi xo xsxpaxig 0x6 xwv AB, Br xs- 
pisxopsvov opDoywviov psxa xou axo xfjg Ar xsxpaywvou 
laov saxi xw axo xfjg AB, Br wg axo piag avaypacpsvxi 
xsxpaywvw. 

’ExpspXrjabw yap ex’ sODsiag [xfj AB suOsTa] f] BA, 
xal xsiabw xfj TB lar] f) BA, xal avaysypacpllw axo xfjg 
A A xsxpaywvov xo AEZA, xal xaxaYEypacpDw BixXouv xo 
ayfjtia. 


BC, and the square on CA. 

For let the square ADEB have been described on AB 
[Prop. 1.46], and let the (rest of) the figure have been 
drawn. 

Therefore, since (rectangle) AG is equal to (rectan¬ 
gle) GE [Prop. 1.43], let the (square) CF have been 
added to both. Thus, the whole (rectangle) AF is equal 
to the whole (rectangle) CE. Thus, (rectangle) AF plus 
(rectangle) CE is double (rectangle) AF. But, (rectan¬ 
gle) AF plus (rectangle) CE is the gnomon KLM, and 
the square CF. Thus, the gnomon KLM, and the square 
CF, is double the (rectangle) AF. But double the (rect¬ 
angle) AF is also twice the (rectangle contained) by AB 
and BC. For BF (is) equal to BC. Thus, the gnomon 
KLM, and the square CF, are equal to twice the (rect¬ 
angle contained) by AB and BC. Let DG, which is 
the square on AC, have been added to both. Thus, the 
gnomon KLM, and the squares BC and CD, are equal 
to twice the rectangle contained by AB and BC, and the 
square on AC. But, the gnomon KLM and the squares 
BC and CD is (equivalent to) the whole of ADEB and 
CF, which are the squares on AB and BC (respectively). 
Thus, the (sum of the) squares on AB and BC is equal 
to twice the rectangle contained by AB and BC, and the 
square on AC. 

Thus, if a straight-line is cut at random then the sum 
of the squares on the whole (straight-line), and one of 
the pieces (of the straight-line), is equal to twice the rect¬ 
angle contained by the whole, and the said piece, and the 
square on the remaining piece. (Which is) the very thing 
it was required to show. 

2 + a 2 = 2 (a + b) a + b 2 . 

Proposition 8^ 

If a straight-line is cut at random then four times the 
rectangle contained by the whole (straight-line), and one 
of the pieces (of the straight-line), plus the square on the 
remaining piece, is equal to the square described on the 
whole and the former piece, as on one (complete straight- 
line). 

For let any straight-line AB have been cut, at random, 
at point C. I say that four times the rectangle contained 
by AB and BC, plus the square on AC, is equal to the 
square described on AB and BC, as on one (complete 
straight-line). 

For let BD have been produced in a straight-line 
[with the straight-line AB], and let BD be made equal 
to CB [Prop. 1.3], and let the square AEFD have been 
described on AD [Prop. 1.46], and let the (rest of the) 
figure have been drawn double. 
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A r B A 



’Etc! ouv ictt) eoxiv f) TB xfj BA, aXXa f] pev TB xfj HK 
eoxiv iar), f) Se BA xfj KN, xa! f] HK apa xfj KN eoxiv ior). 
8ia xa auxa 8f) xa! f] nP xfj PO eoxiv ior). xa! exei Iar) eoxiv 
f) Br xr] BA, f] 8e HK xfj KN, loov apa eoxi xa! xo pev 
PK xA KA, xo 5e HP xA PN. aXXa xo TK xA PN eoxiv 
loov xapaxXrjpApaxa yap xoO TO xapaXXrjXoypappou- xa! 
xo KA apa xA HP loov eoxiv xa xeooapa apa xa AK, TK, 
HP, PN 10 a aXXf|Xoi; eoxiv. xa xeooapa apa xexpaxXaoia 
eoxi xou TK. xaXiv exei ior) eax'iv f) TB xfj BA, aXXa f] pev 
BA xfj BK, xouxeoxi xfj TH Tor), f] 8e TB xfj HK, xouxeoxi 
xfj Hn, eoxiv ior), xa! f) TH apa xfj HH lor) eoxiv. xa! exei 
Ior) eax'iv f) pev TH xfj Hn, f) Be nP xfj PO, loov eox! xa! xo 
pev AH xA Mn, xo 8e nA xA PZ. aXXa xo Mn xA nA eoxiv 
loov xapaxXrpApaxa yap xou MA xapaXXr]Xoypappou- xa! 
xo AH apa xA PZ loov eoxiv xa xeooapa apa xa AH, Mn, 
nA, PZ laa aXXf|Xoi; eoxiv xa xeooapa apa xou AH eoxi 
xexpaxXaoia. eSeix^r) 8e xa! xa xeooapa xa TK, KA, HP, 
PN xou TK xexpaxXaoia- xa apa oxxA, a xepiexsi xov ETT 
yvAp.ova, xexpaxXaoia eoxi xou AK. xa! exe! xo AK xo 0x6 
xAv AB, BA eoxiv tor) yap f] BK xfj BA- xo apa xexpaxig 
uxo xAv AB, BA xexpaxAaoiov eoxi xou AK. e8eix , 8r] 8e 
xou AK xexpaxXaoio<; xa! 6 ETT yvAjiwv xo apa xexpaxu; 
0x6 xAv AB, BA loov eox! xA ETT yvA^iovi. xoivov xpo- 
oxeioDo xo S0, o eoxiv loov xA axo xfjc; AT xexpayAvcr- xo 
apa xexpaxu; 0x6 xAv AB, BA xepiexojievov opDoyAviov 
^iexa xou axo AT xexpayAvou loov eox! xA ETT yvAp.ovi 
xa! xA 50. aXXa 6 ETT yvA(iojv xa! xo 50 oAov eox! xo 
AEZA xexpaywvov, o eoxiv axo xfj; AA- xo apa xexpaxi; 
0x6 xAv AB, BA ^icxa xou axo AT loov eox! xA axo AA 
xexpayAvcp- tor) 8e f) BA xfj BT. xo apa xexpaxi; 0x6 xAv 
AB, BT xepiexojievov opDoyAviov (icxa xou axo AT xe¬ 
xpayAvou loov eox! xA axo xfj; AA, xouxeoxi xA axo xfj; 
AB xa! BT A; axo (iia; avaypacpevxi xexpayAvw. 

’Eav apa euDela ypa(ip.f) xpnrjDfj, A; exuxev, xo xexpaxi; 
0x6 xfj; oXr); xa! evo; xAv xp.r)[iaxwv xepiexopievov opDoyA- 
viov ^iexa xou axo xou Xoixou x^if))iaxo; xexpayAvou toou 



Therefore, since CB is equal to BD, but CB is equal 
to GI< [Prop. 1.34], and BD to KN [Prop. 1.34], GK is 
thus also equal to KN. So, for the same (reasons), QR is 
equal to RP. And since BC is equal to BD, and GK to 
KN, (square) GK is thus also equal to (square) KD, and 
(square) GR to (square) RN [Prop. 1.36]. But, (square) 
CK is equal to (square) RN. For (they are) comple¬ 
ments in the parallelogram CP [Prop. 1.43]. Thus, 
(square) KD is also equal to (square) GR. Thus, the 
four (squares) DK, CK, GR, and RN are equal to one 
another. Thus, the four (taken together) are quadruple 
(square) CK. Again, since CB is equal to BD, but BD 
(is) equal to BK — that is to say, CG — and CB is equal 
to GK — that is to say, GQ—CG is thus also equal to GQ. 
And since CG is equal to GQ, and QR to RP, (rectan¬ 
gle) AG is also equal to (rectangle) MQ, and (rectangle) 
QL to (rectangle) IIP [Prop. 1.36]. But, (rectangle) MQ 
is equal to (rectangle) QL. For (they are) complements 
in the parallelogram ML [Prop. 1.43]. Thus, (rectangle) 
AG is also equal to (rectangle) RF. Thus, the four (rect¬ 
angles) AG, MQ, QL, and RF are equal to one another. 
Thus, the four (taken together) are quadruple (rectan¬ 
gle) AG. And it was also shown that the four (squares) 
CK, KD, GR, and RN (taken together are) quadruple 
(square) CK. Thus, the eight (figures taken together), 
which comprise the gnomon STU, are quadruple (rect¬ 
angle) AK. And since AK is the (rectangle contained) 
by AB and BD, for BI\ (is) equal to BD, four times the 
(rectangle contained) by AB and BD is quadruple (rect¬ 
angle) AK. But the gnomon STU was also shown (to 
be equal to) quadruple (rectangle) AK. Thus, four times 
the (rectangle contained) by AB and BD is equal to the 
gnomon STU. Let OH, which is equal to the square on 
AC, have been added to both. Thus, four times the rect¬ 
angle contained by AB and BD, plus the square on AC, 
is equal to the gnomon STU, and the (square) OH. But, 
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£axl tw axo x£ xrjc oXrjc; xal xou EipqpEvou xpqpaxo:; A<; 
axo (iiac; avaypacpEvxi xexpayAvqr oxep eBsi BsTpai. 


t This proposition is a geometric version of the algebraic identity: 4 (a + 

’Eav cuDda ypappf) x(ir] , df) sic; foa xal avtoa, xa axo 
xAv avfowv xrjc; okr\z xprjpaxwv xcxpaywva BixXacna ectxi 
xou xe axo xfjc f](JUCT£[a<; xa! xou axo xrj<; psxa^u xAv xopAv 
xsxpayAvou. 


E 



Eulkla yap xu; fj AB x£xpf|CT , d« sic pev foa xaxa xo 
F, e!c Be aviaa xaxa xo A' Xsyto, oxi xa axo xAv AA, AB 
xExpaytova BixXacna ectxi xAv axo xAv Ar, TA xsxpayAvtov. 

“Hx’da) yap axo xou F xfj AB xpoc; opDac; f) TE, xal 
xsfoDco for) sxaxepa xAv Ar, TB, xa! exs^EUX'dwaav ai EA, 
EB, xal Bia psv xou A xfj Er xapaXXr)Xo<; fj^Dco f) AZ, Bia 
Be xou Z xfj AB f) ZH, xal Exe^EuyDa) f) AZ. xal exe! for] 
eaxlv f) Ar xfj TE, for) £ctx! xal f) uxo EAr ytovia xfj uxo 
AEF. xal exe! opDV) ectxiv f) xpoc; xA T, Xoixal apa al uxo 
EAr, AEr pia ophfj foai sicriv xal efoiv foac qpfosia apa 
ophrjc; ectxiv sxaxEpa xAv 0x6 TEA, TAE. 81a xa auxa Bf) 
xal Exaxspa xAv 0x6 TEB, EBr fjpfosia ectxiv ophfjc oXr] 
apa f) 0x6 AEB opDf) ectxiv. xal exe! f] 0x6 HEZ f)(j.LCTELcx 
ectxlv op'dfjg, opDf) Be f] 0x6 EHZ- for) yap ectxi xfj svxoc; xal 
axsvavxlov xfj 0x6 ETB- XoLxf] apa f) 0x6 EZH fjpfoEia ectxiv 


the gnomon STXJ and the (square) OH is (equivalent to) 
the whole square AEFD, which is on AD. Thus, four 
times the (rectangle contained) by AB and BD, plus the 
(square) on AC, is equal to the square on AD. And BD 
(is) equal to BC. Thus, four times the rectangle con¬ 
tained by AB and BC, plus the square on AC, is equal to 
the (square) on AD, that is to say the square described 
on AB and BC, as on one (complete straight-line). 

Thus, if a straight-line is cut at random then four times 
the rectangle contained by the whole (straight-line), and 
one of the pieces (of the straight-line), plus the square 
on the remaining piece, is equal to the square described 
on the whole and the former piece, as on one (complete 
straight-line). (Which is) the very thing it was required 
to show. 

b) a + b 2 = [(a + ft) + a] 2 . 

Proposition 9^ 

If a straight-line is cut into equal and unequal (pieces) 
then the (sum of the) squares on the unequal pieces of the 
whole (straight-line) is double the (sum of the) square 
on half (the straight-line) and (the square) on the (dif¬ 
ference) between the (equal and unequal) pieces. 


E 



A C D B 


For let any straight-line AB have been cut—equally at 
C, and unequally at D. I say that the (sum of the) squares 
on AD and DB is double the (sum of the squares) on AC 
and CD. 

For let CE have been drawn from (point) C, at right- 
angles to AB [Prop. 1.11], and let it be made equal to 
each of AC and CB [Prop. 1.3], and let EA and EB 
have been joined. And let DF have been drawn through 
(point) D, parallel to EC [Prop. 1.31], and (let) FG 
(have been drawn) through (point) F, (parallel) to AB 
[Prop. 1.31]. And let AF have been joined. And since 
AC is equal to CE, the angle EAC is also equal to the 
(angle) AEC [Prop. 1.5]. And since the (angle) at C is 
a right-angle, the (sum of the) remaining angles (of tri¬ 
angle AEC), EAC and AEC, is thus equal to one right- 
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opOrj;- for) apa [Saxiv] f) 0x6 HEZ ycnvia xfj 0x6 EZH- wax8 
xal xXsupa f) EH xfj HZ saxiv for). xaXiv sxsl f) xpo; xA B 
ycovla fjpfosia saxiv opOfj;, opbf) Be f) 0x6 ZAB- for) yap 
xaXiv saxl xfj svxo; xal axsvavxlov xfj 0x6 E1?B- Xoixf) apa 
f) 0x6 BZA qpfosia saxiv opbfj;- for) apa f] xpo; xo B yorvia 
xfj 0x6 AZB- Aaxs xal xXsupa f) ZA xXsupa xfj AB saxiv 
for), xal sxsl for) saxiv f) Ar xfj TE, foov saxl xal xo axo Ar 
xA axo TE - xa apa axo xAv Ar, TE xsxpaycnva BixXaaia 
saxi xou axo AT. xol; os axo xAv Ar, TE foov saxl xo axo 
xfj; EA xsxpaycnvov- opOf] yap f) 0x6 ArE ycovia- xo apa 
axo xrjc EA BixXaaiov saxi xou axo xfj; Ar. xaXiv, sxsl for) 
saxiv f) EH xfj HZ, foov xal xo axo xrjc; EH xA axo xfj; HZ- 
xa apa axo xAv EH, HZ xsxpaywva BixXaaia saxi xou axo 
xrjc HZ xsxpayAvou. xou; 5s axo xAv EH, HZ xsxpayAvou; 
foov saxl xo axo xfj; EZ xsxpaycnvov xo apa axo xfj; EZ 
xsxpaycovov BixXaaiov saxi xou axo xfj; HZ. for) 5s f) HZ 
xfj TA- xo apa axo xfj; EZ BixXaaiov saxi xou axo xfj; TA. 
saxi 6s xal xo axo xfj; EA BixXaaiov xou axo xfj; Ar- xa 
apa axo xAv AE, EZ xsxpaycnva BixXaaia saxi xAv axo xAv 
Ar, TA xsxpayAvcuv. xol; 5s axo xAv AE, EZ foov saxl 
xo axo xfj; AZ xsxpaywvov opdf] yap saxiv f) 0x6 AEZ 
yorvia- xo apa axo xfj; AZ xsxpaycrvov BixXaaiov saxi xAv 
axo xAv Ar, TA. xA 6s axo xfj; AZ foa xa axo xAv AA, 
AZ- opDf) yap f) xpo; xA A ycnvia- xa apa axo xAv AA, AZ 
BixXaaia saxi xAv axo xAv Ar, TA xsxpayAvcnv. for) 5s f) 
AZ xfj AB- xa apa axo xAv AA, AB xsxpaycuva BixXaaia 
saxi xAv axo xAv Ar, TA xsxpayAvtov. 

’Eav apa EudsTa ypappf] xprydfj si; foa xal aviaa, xa axo 
xAv avfocnv xfj; oXr); xpir)(idxcov xsxpaytova BixXaaia saxi 
xou xs axo xfj; fjpiiasia; xal xou axo xfj; (isxa^u xAv xopiAv 
xsxpayAvou- oxsp sBsi Bsl^ai. 


angle [Prop. 1.32]. And they are equal. Thus, (angles) 
CEA and CAE are each half a right-angle. So, for the 
same (reasons), (angles) CEB and EBC are also each 
half a right-angle. Thus, the whole (angle) AEB is a 
right-angle. And since GEF is half a right-angle, and 
EGF (is) a right-angle—for it is equal to the internal and 
opposite (angle) ECB [Prop. 1.29]—the remaining (an¬ 
gle) EFG is thus half a right-angle [Prop. 1.32]. Thus, 
angle GEF [is] equal to EFG. So the side EG is also 
equal to the (side) GF [Prop. 1.6], Again, since the an¬ 
gle at B is half a right-angle, and (angle) FDB (is) a 
right-angle—for again it is equal to the internal and op¬ 
posite (angle) ECB [Prop. 1.29]—the remaining (angle) 
BFD is half a right-angle [Prop. 1.32], Thus, the angle at 
B (is) equal to DFB. So the side FD is also equal to the 
side DB [Prop. 1.6]. And since AC is equal to CE, the 
(square) on AC (is) also equal to the (square) on CE. 
Thus, the (sum of the) squares on AC and CE is dou¬ 
ble the (square) on AC. And the square on EA is equal 
to the (sum of the) squares on AC and CE. For angle 
ACE (is) a right-angle [Prop. 1.47]. Thus, the (square) 
on EA is double the (square) on AC. Again, since EG 
is equal to GF, the (square) on EG (is) also equal to 
the (square) on GF. Thus, the (sum of the squares) on 
EG and GF is double the square on GF. And the square 
on EF is equal to the (sum of the) squares on EG and 
GF [Prop. 1.47]. Thus, the square on EF is double the 
(square) on GF. And GF (is) equal to CD [Prop. 1.34]. 
Thus, the (square) on EF is double the (square) on CD. 
And the (square) on EA is also double the (square) on 
AC. Thus, the (sum of the) squares on AE and EF is 
double the (sum of the) squares on AC and CD. And 
the square on AF is equal to the (sum of the squares) 
on AE and EF. For the angle AEF is a right-angle 
[Prop. 1.47]. Thus, the square on AF is double the (sum 
of the squares) on AC and CD. And the (sum of the 
squares) on AD and DF (is) equal to the (square) on 
AF. For the angle at D is a right-angle [Prop. 1.47]. 
Thus, the (sum of the squares) on AD and DF is double 
the (sum of the) squares on AC and CD. And DF (is) 
equal to DB. Thus, the (sum of the) squares on AD and 
DB is double the (sum of the) squares on AC and CD. 

Thus, if a straight-line is cut into equal and unequal 
(pieces) then the (sum of the) squares on the unequal 
pieces of the whole (straight-line) is double the (sum of 
the) square on half (the straight-line) and (the square) on 
the (difference) between the (equal and unequal) pieces. 
(Which is) the very thing it was required to show. 


t This proposition is a geometric version of the algebraic identity: a 2 + b 2 = 2[([a + b\/ 2) 2 + ([a + b\/2 — b) 2 ]. 
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i. 

’Eav eubela ypappf) xpTfdfj Si/a, xpoaxcdfj 8e xi; auxfj 
eubela ex’ codeia;, xo axo xfjc oXr); auv xfj xpoaxeipevrj 
xai xo axo xfj; xpoaxeipevr); xa auvapipoxepa xexpaywva 
8ixXaaia eaxi xou xe axo xfjc; qpiaeia; xal xou axo xfj; auy- 
xeipevr); ex xe xfj; qpiaeia; xal xfjc xpoaxeipevr); A; axo 
pia; avaypacpevxo; xexpayAvou. 


E Z 



EuDela yap xu; f] AB xexprja'dM 8ixa xaxa xo T, xpo- 
axelaDw Se xu; auxfj eu'Osia ex’ euDeia; f) BA- Xeyw, oxi xa 
axo xfiv AA, AB xexpaytova SixXaaia eaxi xAv axo xwv 
AT, TA xexpayAvorv. 

"Hx^ yap oto xou F aqpeiou xfj AB xp6; opUa; f) EE, 
xal xeiaDat iar) exaxepa xwv AT, TB, xal exe^eux^waav 
ai EA, EB- xal Sia pev xou E xfj AA xapaXXrjXoc; rj)(f>a> f] 
EZ, 8ia 8e xou A xfj EE xapaXXrjXo; f\x&u f) ZA. xal exel 
ei; xapaXXijXou; eubeia; xa; Er, ZA euDeTa xu; evexeaev 
f] EZ, al 0x6 TEZ, EZA apa Sualv op'dai; loai eiaiv ai 
apa 0x6 ZEB, EZA 8uo opbAv eXaaoove; eiaiv- ai 8e 
ax’ eXaoaovcov fj 8uo opDov ex[3aXX6p£vai aupxixxouaiv 
ai apa EB, ZA ex[3aXX6p£vai exi xa B, A pepr] aup- 
xeaouvxai. expepXqaflwoav xai aupxixxexcoaav xaxa xo H, 
xai exe^eux-do f] AH. xai exel iar] eaxlv f) Ar xfj TE, Tar] 
eaxi xai ywvia f] 0x6 EAr xfj 0x6 AEr- xai op-df) f) xpo; xco 
r- f]piaeia apa opflfj; [eaxiv] exaxepa xwv 0x6 EAr, AEr. 
8ia xa aOxa 8f] xai exaxepa xwv 0x6 TEB, EBr fjpiaeia eaxiv 
opbfj;- op-df) apa eaxlv f) 0x6 AEB. xai exel fjpiaeia opDfj; 
eaxiv f) 0x6 EBE, fpiaeia apa opDfj; xai f) 0x6 ABH. eaxi 
8e xai f] 0x6 BAH opf>f]- iar) yap eaxi xfj 0x6 ArE- evaXXaEj 
yap- Xoixf) apa f) 0x6 AHB qpioeia eaxiv op-dfj;- f] apa 0x6 
AHB xfj 0x6 ABH eaxiv iar]- oaxe xai xXeupa f) BA xXeupa 
xfj HA eaxiv iar). xaXiv, exel f] 0x6 EHZ qpiaeia eaxiv 
opbfj;, opdf) Se f) xpo; xo Z- iar) yap eaxi xfj axevavxiov xfj 
xpo; xo r- Xoixf) apa f) 0x6 ZEH qpiaeia eaxiv opbfj;- iar) 
apa f] 0x6 EHZ ywvia xfj 0x6 ZEH- waxe xai xXeupa f) HZ 
xXeupa xfj EZ eaxiv iar). xai exel [iar] eaxiv f] Er xfj EA], 
iaov eaxi [xai] xo axo xfj; Er xexpaywvov xo axo xfj; EA 


Proposition 10* 

If a straight-line is cut in half, and any straight-line 
added to it straight-on, then the sum of the square on 
the whole (straight-line) with the (straight-line) having 
been added, and the (square) on the (straight-line) hav¬ 
ing been added, is double the (sum of the square) on half 
(the straight-line), and the square described on the sum 
of half (the straight-line) and (straight-line) having been 
added, as on one (complete straight-line). 


E F 



(point) C, and let any straight-line BD have been added 
to it straight-on. I say that the (sum of the) squares on 
AD and DB is double the (sum of the) squares on AC 
and CD. 

For let CE have been drawn from point C, at right- 
angles to AB [Prop. 1.11], and let it be made equal to 
each of AC and CB [Prop. 1.3], and let EA and EB have 
been joined. And let EF have been drawn through E, 
parallel to AD [Prop. 1.31], and let FD have been drawn 
through D, parallel to CE [Prop. 1.31]. And since some 
straight-line EF falls across the parallel straight-lines EC 
and FD, the (internal angles) CEF and EFD are thus 
equal to two right-angles [Prop. 1.29]. Thus, FEB and 
EFD are less than two right-angles. And (straight-lines) 
produced from (internal angles whose sum is) less than 
two right-angles meet together [Post. 5]. Thus, being pro¬ 
duced in the direction of B and D, the (straight-lines) 
EB and FD will meet. Let them have been produced, 
and let them meet together at G, and let AG have been 
joined. And since AC is equal to CE, angle EAC is also 
equal to (angle) AEC [Prop. 1.5]. And the (angle) at 
C (is) a right-angle. Thus, EAC and AEC [are] each 
half a right-angle [Prop. 1.32], So, for the same (rea¬ 
sons), CEB and EBC are also each half a right-angle. 
Thus, (angle) AEB is a right-angle. And since EBC 
is half a right-angle, DBG (is) thus also half a right- 
angle [Prop. 1.15], And BDG is also a right-angle. For 
it is equal to DCE. For (they are) alternate (angles) 
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rExpayAvoy xa apa axo tov EF, FA xsxpayova 8ixAaaia 
eaxi toO axo xrjc FA xexpayAvou. xolc 8e axo xwv EF, FA 
laov eaxi xo axo xrjc EA- xo apa axo xrjc EA xexpaycovov 
8ixAaaiov eaxi xou axo xrjc; Ar xexpayAvou. xaXiv, exei iar] 
eaxiv f) ZH xfj EZ, laov eaxi xal xo axo xrjc; ZH xA axo xrjc 
ZE- xa apa axo xwv HZ, ZE SixAaaia eaxi xou axo xrjc EZ. 
xou; 8e axo xfiv HZ, ZE iaov eaxi xo axo xrjc EH- xo apa 
axo xrjc EH 8ixAaaiov eaxi xou axo xrjc; EZ. Tar] 8e f] EZ xfj 
TA- xo apa axo xrjc EH xexpdycnvov 8ixAaaiov eaxi xou axo 
xrjc TA. eSeixdr] Se xal xo axo xrjc; EA 8ixAaaiov xou axo 
xrjc Ar- xa apa axo xwv AE, EH xexpaycrva oixAaaia eaxi 
xwv axo xwv Ar, TA xexpayAvorv. xou; Se axo xAv AE, 
EH xexpayAvou; laov eaxi xo axo xrjc; AH xexpaywvov- xo 
apa axo xrjc; AH SixAaaiov eaxi xAv axo xAv Ar, TA. xA 
8e axo xrjc; AH laa eaxi xa axo xAv AA, AH- xa apa axo 
xAv AA, AH [xexpdywva] 8ixAaaia eaxi xAv axo xAv Ar, 
TA [xexpayAvcov]. iarj 8e f) AH xfj AB- xa apa axo xAv 
AA, AB [xexpayorva] 8ixAaaia eaxi xAv axo xAv Ar, TA 
xexpayAvcnv. 

’Eav apa eudeTa ypapijif) xjurj-df) Siya, xpoaxedfj 8e xic 
auxfj eu-dela ex’ eu-Deiac, xo axo xrjc; oAqc auv xfj xpo- 
axeipievr) xal xo axo xrjc xpoaxei(ievr)c; xa auvapupoxepa 
xexpaywva 8ixAaaia eaxi xou xe axo xrjc; fjpuaeiac; xal xou 
axo xrjc auyxei(ievr)<; ex xe xrjc; f)(iiaeia<; xal xrjc; xpo- 
axeipievr]c; A; axo (iiac; dvaypacpevxoc; xexpayAvou- oxep 
e8ei 8eT^ai. 


[Prop. 1.29]. Thus, the remaining (angle) DGB is half 
a right-angle. Thus, DGB is equal to DBG. So side BD 
is also equal to side GD [Prop. 1.6], Again, since EGF is 
half a right-angle, and the (angle) at F (is) a right-angle, 
for it is equal to the opposite (angle) at C [Prop. 1.34], 
the remaining (angle) FEG is thus half a right-angle. 
Thus, angle EGF (is) equal to FEG. So the side GF 
is also equal to the side EF [Prop. 1.6]. And since [EC 
is equal to CA] the square on EC is [also] equal to the 
square on CA. Thus, the (sum of the) squares on EC 
and CA is double the square on CA. And the (square) 
on EA is equal to the (sum of the squares) on EC and 
CA [Prop. 1.47]. Thus, the square on EA is double the 
square on AC. Again, since FG is equal to EF, the 
(square) on FG is also equal to the (square) on FE. 
Thus, the (sum of the squares) on GF and FE is dou¬ 
ble the (square) on EF. And the (square) on EG is equal 
to the (sum of the squares) on GF and FE [Prop. 1.47]. 
Thus, the (square) on EG is double the (square) on EF. 
And EF (is) equal to CD [Prop. 1.34]. Thus, the square 
on EG is double the (square) on CD. But it was also 
shown that the (square) on EA (is) double the (square) 
on AC. Thus, the (sum of the) squares on AE and EG is 
double the (sum of the) squares on AC and CD. And the 
square on AG is equal to the (sum of the) squares on AE 
and EG [Prop. 1.47]. Thus, the (square) on AG is double 
the (sum of the squares) on AC and CD. And the (sum 
of the squares) on AD and DG is equal to the (square) 
on AG [Prop. 1.47]. Thus, the (sum of the) [squares] on 
AD and DG is double the (sum of the) [squares] on AC 
and CD. And DG (is) equal to DB. Thus, the (sum of 
the) [squares] on AD and DB is double the (sum of the) 
squares on AC and CD. 

Thus, if a straight-line is cut in half, and any straight- 
line added to it straight-on, then the sum of the square 
on the whole (straight-line) with the (straight-line) hav¬ 
ing been added, and the (square) on the (straight-line) 
having been added, is double the (sum of the square) on 
half (the straight-line), and the square described on the 
sum of half (the straight-line) and (straight-line) having 
been added, as on one (complete straight-line). (Which 
is) the very thing it was required to show. 


t This proposition is a geometric version of the algebraic identity: (2 a + b) 2 + b 2 = 2 [a 2 + (a + ft) 2 ]. 

tot'. Proposition 11+ 

Tfjv 8of>eiaav eudeiav xerpeiv A axe xo uxo xrjc oXrjc; xal To cut a given straight-line such that the rectangle 
xou exepou xAv xprjpaxcov xopieyopevov opdoyAviov laov contained by the whole (straight-line), and one of the 
dvai xA axo xou Aoixou xprjpaxoc; xexpayAvcp. pieces (of the straight-line), is equal to the square on the 

remaining piece. 
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Z H 



’'Ecttm f) BoDclaa eO’dela f] AB- 8 a 8f] xf]v AB TspElv 
&ots to uno xfjc; oXrjc; xal tou Excpou tuv xprjpaxtov 
TTEpiEyopEvov opboyciviov laov clvai to airo tou Aoittou 
T p.r)(JaTO<; TETpaytovGr. 

AvaysypacpDco yap duo xfjc AB TExpayMvov xo ABAr, 
xal xExpirjaDw f) AT 8tya xaxa xo E arjpsTov, xal EHE^sux’dio 
f) BE, xal Stfix'Ow f) EA ettI xo Z, xal xsiabw xfj BE Tar) f) 
EZ, xal avayEypacpflG) Atto xfjc AZ xExpaytovov xo Z0, xal 
8if]X , 8w T) H0 STil xo K- XEyw, oxi f) AB xExprjxai xaxa xo 0, 
wctxe xo Oho xg>v AB, B0 uspiExopiEvov opOoytoviov laov 
ttoieIv xw and xfjc A0 xExpaywvw. 

’EheI yap sODsTa f) Ar xExprjxai 8(xa xaxa xo E, 
npoaxsixai 8s aOxfj f) ZA, xo apa Oho xov TZ, ZA tte- 
piEXoptsvov opDoyoviov (isxa xou airo xfjc AE xsxpaywvou 
laov saxl xw airo xfjc EZ xsxpaycOvw. !ar] 8s f) EZ xfj EB- 
xo apa Otto xov TZ, ZA ptsxa xou ano xfjc AE laov ectxI 
xo air6 EB. aXXa xo airo EB laa saxl xa airo xov BA, 
AE- opDf] yap f] irpoc xo A yovla- xo apa Otto xov TZ, 
ZA pisxa xou airo xfjc AE laov saxl xolc ano xov BA, AE. 
xoivov acprjpfja'do xo airo xfjc AE- Xoittov apa xo Otto xov 
TZ, ZA TTEpLE^optEvov op-doyoviov laov saxl xo ano xfjc AB 
xsxpayovo. xal saxi xo pisv Otto xov TZ, ZA xo ZK- larj 
yap f] AZ xfj ZH- xo 8e axo xfjc AB xo AA- xo apa ZK laov 
saxl to AA. xoivov aprpfia’do xo AK- Xonrov apa xo Z0 
xo 0A laov saxlv. xai saxi xo (isv 0A xo Otto xov AB, 
B0- larj yap f] AB xfj BA- xo 8e Z0 to and xfjc A0- xo 
apa Otto xov AB, B0 7rspiE)(6(iEvov opDoyoviov laov saxl 
xo airo 0A xsxpayovo. 

'H apa BoDslaa sO-dsIa f) AB x£x(ir)xai xaxa xo 0 oaxs 
xo Otto xov AB, B0 7TEpiE)(6pisvov opDoyoviov laov ttoieTv 
xo airo xfjc 0A xsxpayovo- oirsp e8ei noifjaai. 


F G 



Let AB be the given straight-line. So it is required to 
cut AB such that the rectangle contained by the whole 
(straight-line), and one of the pieces (of the straight- 
line), is equal to the square on the remaining piece. 

For let the square ABDC have been described on AB 
[Prop. 1.46], and let AC have been cut in half at point 
E [Prop. 1.10], and let BE have been joined. And let 
CA have been drawn through to (point) F, and let EF 
be made equal to BE [Prop. 1.3]. And let the square 
FH have been described on AF [Prop. 1.46], and let GH 
have been drawn through to (point) K. I say that AB has 
been cut at H such as to make the rectangle contained by 
AB and BH equal to the square on AH. 

For since the straight-line AC has been cut in half at 
E, and FA has been added to it, the rectangle contained 
by CF and FA, plus the square on AE, is thus equal to 
the square on EF [Prop. 2.6]. And EF (is) equal to EB. 
Thus, the (rectangle contained) by CF and FA, plus the 
(square) on AE, is equal to the (square) on EB. But, 
the (sum of the squares) on BA and AE is equal to the 
(square) on EB. For the angle at A (is) a right-angle 
[Prop. 1.47]. Thus, the (rectangle contained) by CF and 
FA, plus the (square) on AE, is equal to the (sum of 
the squares) on BA and AE. Let the square on AE have 
been subtracted from both. Thus, the remaining rectan¬ 
gle contained by CF and FA is equal to the square on 
AB. And FK is the (rectangle contained) by CF and 
FA. For AF (is) equal to FG. And AD (is) the (square) 
on AB. Thus, the (rectangle) FK is equal to the (square) 
AD. Let (rectangle) AK have been subtracted from both. 
Thus, the remaining (square) FH is equal to the (rectan¬ 
gle) HD. And HD is the (rectangle contained) by AB 
and BH. For AB (is) equal to BD. And FH (is) the 
(square) on AH. Thus, the rectangle contained by AB 


63 




ETOIXEKIN p'. 


ELEMENTS BOOK 2 


and BH is equal to the square on HA. 

Thus, the given straight-line AB has been cut at 
(point) H such as to make the rectangle contained by 
AB and BH equal to the square on HA. (Which is) the 
very thing it was required to do. 


t This manner of cutting a straight-line—so that the ratio of the whole to the larger piece is equal to the ratio of the larger to the smaller piece—is 
sometimes called the “Golden Section”. 


«P'- 

’Ev xolc appXuywvloic xpiyAvoic to onto xfjc xf)v 
appXclav ywvlav uxoTEivouarjc xXcupac xExpdytovov pei^ov 
eaxi xwv axo xwv xf]v appXclav ywvlav ttspisyouaov 
xXeupAv xExpayAvwv xA nspisyopevcp 8lc uxo xe piac xAv 
xspl xrjv appXElav ycovtav, scp’ fjv f] xoOetoc xixxsi, xal xfjc; 
axoXapPavopsvrjc sxxoc 0x6 xfjc; xabsTou xpoc xfj appXsia 
ytovia. 


B 



a a r 


’'Eaxco appXuyAviov xptyovov xo ABT appXslav E)(ov 
xf]v 0x6 BAT, xal fjxDw axo xou B arjpEiou exl xfjv FA 
sxpXiydslaav xadsxoc fj BA. Xsyw, oxi to axo xfjc; BT 
xExpaycovov pcli^ov saxi xwv axo xAv BA, AT xcxpayAvorv 
xA 5l<; dxo xAv FA, AA xEpiEyopEvcp opdoycovtor. 

’Exei yap sb-dsla f] TA xcxprjxai, Ac Exuysv, xaxa to A 
arjpslov, xo apa axo xfjc Ar laov saxl xolc axo xwv FA, 
AA xExpayAvoic xal xA 8lc 0x6 xwv FA, AA xEpiExopsvtp 
ophoytovltp. xoivov xpoaxEtaOor xo axo xfjc AB- xa apa 
axo xdv TA, AB laa ectxI xolc xe axo xAv FA, AA, AB xs- 
xpaywvotc xal xA 6lc 0x6 xAv FA, AA [xEpLEyopEvqr opdo- 
yorvico]. aXXa xolc pcv axo xAv TA, AB ictov soxl xo axo 
xfjc TB- opdf) yap f) xpoc xA A ywvta- xolc 8s axo xAv AA, 
AB urov to axo xfjc AB- xo apa axo xfjc TB xExpayorvov 
igov saxl xolc xe axo xAv FA, AB xcxpayAvoic xal xA 8lc 
0x6 xAv FA, AA xEpLsyopEvo op-doycovicp- Agxe xo axo xfjc 
TB xExpaytovov xAv axo xAv FA, AB xsxpayAvwv psl^ov 
saxi. xA 5lc 0x6 xAv FA, AA xEpiExopsvtp opdoycovlo. 

’Ev apa xolc appXuywvtoic xpiyAvotc to axo xfjc xf)v 
appXclav yovlav OxoTEivouarjc xXsupac XExpaywvov psli^ov 
egxl xAv axo xAv xf]v appXslav ycuvlav xEpiEyouaAv 


Proposition 12+ 

In obtuse-angled triangles, the square on the side sub¬ 
tending the obtuse angle is greater than the (sum of the) 
squares on the sides containing the obtuse angle by twice 
the (rectangle) contained by one of the sides around the 
obtuse angle, to which a perpendicular (straight-line) 
falls, and the (straight-line) cut off outside (the triangle) 
by the perpendicular (straight-line) towards the obtuse 
angle. 


B 



DA C 


Let ABC be an obtuse-angled triangle, having the an¬ 
gle BAC obtuse. And let BD be drawn from point B, 
perpendicular to CA produced [Prop. 1.12]. I say that 
the square on BC is greater than the (sum of the) squares 
on BA and AC, by twice the rectangle contained by CA 
and AD. 

For since the straight-line CD has been cut, at ran¬ 
dom, at point A, the (square) on DC is thus equal to 
the (sum of the) squares on CA and AD, and twice the 
rectangle contained by CA and AD [Prop. 2.4]. Let the 
(square) on DB have been added to both. Thus, the (sum 
of the squares) on CD and DB is equal to the (sum of 
the) squares on CA, AD, and DB, and twice the [rect¬ 
angle contained] by CA and AD. But, the (square) on 
CB is equal to the (sum of the squares) on CD and DB. 
For the angle at D (is) a right-angle [Prop. 1.47]. And 
the (square) on AB (is) equal to the (sum of the squares) 
on AD and DB [Prop. 1.47]. Thus, the square on CB 
is equal to the (sum of the) squares on CA and AB, and 
twice the rectangle contained by CA and AD. So the 
square on CB is greater than the (sum of the) squares on 
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xXcupAv xExpayAvwv to xEpixopEvo.) Sic uxo xe piai; xAv 
xspl TT)v appXslav ycovlav, scp’ fjv f] xaOsxoc; xCxxei, xal xfjc; 
dxoXa(jpavo(iEvr)<; sxxoc; Otto xfj<; xahsxou xpoq xfj ap[3XEia 
ywvia- oxsp e5si 8eI^oci. 


CA and AB by twice the rectangle contained by C A and 
AD. 

Thus, in obtuse-angled triangles, the square on the 
side subtending the obtuse angle is greater than the (sum 
of the) squares on the sides containing the obtuse an¬ 
gle by twice the (rectangle) contained by one of the 
sides around the obtuse angle, to which a perpendicu¬ 
lar (straight-line) falls, and the (straight-line) cut off out¬ 
side (the triangle) by the perpendicular (straight-line) to¬ 
wards the obtuse angle. (Which is) the very thing it was 
required to show. 


t This proposition is equivalent to the well-known cosine formula: BC 2 = AB 2 + AC 2 — 2 AB AC cos BAC, since cos BAC = — AD/AB. 


iy'. 

’Ev xou; oJjuywvioic; xpiyAvou; xo axo xfjc; xqv ocqElav 
ytnvlccv uxoxsivouorjc; xXsupai; xcxpdyovov sXaxxov egxi 
xwv axo xAv xqv ocqslav ytoviav xEpisyouGAv xXsupAv xs- 
xpayAvtov xA TTEpiEyopEvcp 81c; Otto xe piaq xbv Ttepl xf]v 
o^Elav ytovlav, scp’ fjv f) xahExoc; xlxxsi, xal xfjc; axoXapPa- 
vopsvrjc; svxoc; Otto xfjc; xahsxou xpoq xfj o^Eia ywvia. 


A 



BAT 


’'Eaxcn oc;uyAvi.ov xpiycovov xo ABT o^slav £)(ov xfjv 
xpoc; xA B ytoviav, xal fjxhco axo xou A orjpriou Era xf]v 
BT xahsxoc; fj AA- Xsyw, oxl xo axo xfjc AT xsxpaywvov 
sXaxxov soxi xAv axo xbv TB, BA xsxpayAvcrv xb 81c; 0x6 
xbv TB, BA xEpiExopsvw ophoycovlor. 

’Exei yap su-dsTa f) TB xExprpai., Ac; sxuysv, xaxa xo 
A, xa apa axo xAv TB, BA xsxpaywva iaa saxl xA xs 
8 lc; 0x6 xAv TB, BA x£pi£)(op£Vfc> ophoycovtor xal xA axo 
xfjc AT xExpayAvcp. xoivov xpooxEiahw xo axo xfjc AA 
xExpaywvov xa apa axo xAv TB, BA, AA xsxpaywva iaa 
saxl xA xs 8lc 0x6 xAv TB, BA KspLExopEvc.) opOoyorviw 
xal xou; axo xAv A A, AT xsxpayAvioq. aXXa xoic; pcv axo 
xAv BA, AA laov xo axo xfjc AB- ophf) yap f] xpoc; xA A 
ycovia- xoic; 8 e axo xAv A A, AT laov xo axo xfjc AT- xa 
apa axo xAv TB, BA iaa saxl xA xs axo xfjc AT xal xA 8lc 
0x6 xAv TB, BA- Agxe povov xo axo xfjc; AT sXaxxov egxi 


Proposition 13* 

In acute-angled triangles, the square on the side sub¬ 
tending the acute angle is less than the (sum of the) 
squares on the sides containing the acute angle by twice 
the (rectangle) contained by one of the sides around the 
acute angle, to which a perpendicular (straight-line) falls, 
and the (straight-line) cut off inside (the triangle) by the 
perpendicular (straight-line) towards the acute angle. 


A 



Let ABC be an acute-angled triangle, having the an¬ 
gle at (point) B acute. And let AD have been drawn from 
point A, perpendicular to BC [Prop. 1.12]. I say that the 
square on AC is less than the (sum of the) squares on 
CB and BA, by twice the rectangle contained by CB and 
BD. 

For since the straight-line CB has been cut, at ran¬ 
dom, at (point) D, the (sum of the) squares on CB and 
BD is thus equal to twice the rectangle contained by CB 
and BD, and the square on DC [Prop. 2.7]. Let the 
square on DA have been added to both. Thus, the (sum 
of the) squares on CB, BD, and DA is equal to twice 
the rectangle contained by CB and BD, and the (sum of 
the) squares on AD and DC. But, the (square) on AB 
(is) equal to the (sum of the squares) on BD and DA. 
For the angle at (point) D is a right-angle [Prop. 1.47]. 
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twv duo twv TB, BA xexpayAvtov xA 5l<; 0x6 twv TB, BA 
xepi£)(op£vcp ophoymvup. 

’Ev apa xou; o^uytoviou; xpiyAvoiq xo axo xfjc xqv oljeiav 
yarnav uxoxeivouarjc xXeupac xexpaywvov eXaxxov eaxi 
xfiv axo xAv xrjv oljeiav ytovlav xspiexouaAv xXeupAv xe- 
xpayAvtov xA xEpiEx o FE v 4 ) Sic 0x6 xe piac xov xspl xf]v 
oc;sTav ywvlav, ecp’ fjv f\ xahexoc xlxxei, xal xfjc axoXapPa- 
vopevrjc evxoc 0x6 xfjc; xahexou xpoc xfj ol;£ia ywvlqc oxsp 
eSei. Bsdjat. 


And the (square) on AC (is) equal to the (sum of the 
squares) on AD and DC [Prop. 1.47]. Thus, the (sum of 
the squares) on CB and BA is equal to the (square) on 
AC, and twice the (rectangle contained) by CB and BD. 
So the (square) on AC alone is less than the (sum of the) 
squares on CB and BA by twice the rectangle contained 
by CB and BD. 

Thus, in acute-angled triangles, the square on the side 
subtending the acute angle is less than the (sum of the) 
squares on the sides containing the acute angle by twice 
the (rectangle) contained by one of the sides around the 
acute angle, to which a perpendicular (straight-line) falls, 
and the (straight-line) cut off inside (the triangle) by 
the perpendicular (straight-line) towards the acute angle. 
(Which is) the very thing it was required to show. 


t This proposition is equivalent to the well-known cosine formula: AC 2 = AB 2 + BC 2 — 2 AB BC cos ABC, since cos ABC = BD/AB. 


i6'. 

TA Bohevxi eu , duypdppq> iaov xExpaytovov auaxqaac- 

hai. 



’'Eaxw xo Bohev eu'duypappov xo A- 8 eT Sr) xp A 
eu'duypappco iaov xsxpaywvov auaxyjaaa'dai. 

Euveaxaxw yap xp A eu'duypappm iaov xapaXXrjXo- 
ypappov ophoyAviov xo BA - ei psv ouv far) eaxlv f] BE 
xfj EA, ysyovoc av eh] xo exi.xax'dsv. auveaxaxai yap xA 
A eu'duypappcp Iaov xexpaywvov xo BA' ei 6e ou, pia xAv 
BE, EA psKjcov saxiv. eaxw pdijjcqv f) BE, xal exf3ef3Xr)crv)Q 
exl xo Z, xal xeiaho xfj EA I'ar] f) EZ, xal xexpqa'dw f] BZ 
8ixa xaxa xo H, xal xevxpcp xA H, oiaaxqpaxi 8e evl xAv 
HB, HZ qpixuxXiov yeypacphco xo B0Z, xal expepXqcrdco f) 
AE exl xo 0, xal exe^euxhco f) H0. 

’Exel ouv cuhela f) BZ xexprjxai eiq pev I'aa xaxa xo H, eiq 
8e aviaa xaxa xo E, xo apa uxo xAv BE, EZ xepieyopevov 
ophoyAviov pexa xou axo xfjc EH xexpayAvou Iaov eaxl 
xA axo xfjc HZ xexpayAvcp. larj 8e f] HZ xfj H0- xo apa 
0x6 xAv BE, EZ pexa xou axo xfjc HE Iaov eaxl xA axo 
xfjc H0. xA 5e axo xfjc H0 i'aa eaxl xa axo xAv 0E, EH 


Proposition 14 

To construct a square equal to a given rectilinear fig¬ 
ure. 



Let A be the given rectilinear figure. So it is required 
to construct a square equal to the rectilinear figure A. 

For let the right-angled parallelogram BD, equal to 
the rectilinear figure A, have been constructed [Prop. 
1.45]. Therefore, if BE is equal to ED then that (which) 
was prescribed has taken place. For the square BD, equal 
to the rectilinear figure A, has been constructed. And if 
not, then one of the (straight-lines) BE or ED is greater 
(than the other). Let BE be greater, and let it have 
been produced to F, and let EF be made equal to ED 
[Prop. 1.3]. And let BE have been cut in half at (point) 
G [Prop. 1.10], And, with center G, and radius one of 
the (straight-lines) GB or GF, let the semi-circle BHF 
have been drawn. And let DE have been produced to H, 
and let GH have been joined. 

Therefore, since the straight-line BF has been cut— 
equally at G, and unequally at E —the rectangle con- 
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TExpayova - to apa 0x6 tAv BE, EZ p£xa toO axo HE laa 
Sail xou; axo twv 0E, EH. xoivov acprjprjcrdco to axo xfj<; HE 
TExpaycovov Xotxov apa to 0x6 twv BE, EZ 7i£pi£)(6(ji£vov 
opDoyAviov Ictov ectt'i tA duo xr)<; E0 TExpayAvw. aXXa to 
0x6 xwv BE, EZ to BA screw Tar] yap rj EZ xfj EA - to 
apa BA xapaXXrjXoypappov Ictov ectt'i tA axo xrjc 0E te- 
xpayAvw. Ictov 8e to BA xA A EU’duypajip.w. xal to A apa 
EU’duypajip.ov Ictov ectt'i tA axo xfj<; E0 avaypacpr]CTO(i£vcp 
TExpayAvw. 

TA apa BoDevti EUiDuypdpiptcp xA A ictov TExpaywvov 
CTUVECTxaxat to axo xfjc; E0 dvaypacpr)CTO(i£vov ox£p e8el 
xoifjCTat. 


tained by BE and EF, plus the square on EG, is thus 
equal to the square on GF [Prop. 2.5]. And GF (is) equal 
to GH. Thus, the (rectangle contained) by BE and EF, 
plus the (square) on GE, is equal to the (square) on GH. 
And the (sum of the) squares on HE and EG is equal to 
the (square) on GH [Prop. 1.47]. Thus, the (rectangle 
contained) by BE and EF, plus the (square) on GE, is 
equal to the (sum of the squares) on HE and EG. Let 
the square on GE have been taken from both. Thus, the 
remaining rectangle contained by BE and EF is equal to 
the square on EH. But, BD is the (rectangle contained) 
by BE and EF. For EF (is) equal to ED. Thus, the par¬ 
allelogram BD is equal to the square on HE. And BD 
(is) equal to the rectilinear figure A. Thus, the rectilin¬ 
ear figure A is also equal to the square (which) can be 
described on EH. 

Thus, a square—(namely), that (which) can be de¬ 
scribed on EH —has been constructed, equal to the given 
rectilinear figure A. (Which is) the very thing it was re¬ 
quired to do. 
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"Open. 

a'. Tctoi. xuxXoi eiaiv, fiv ai 8ia(iexpoi i'aai Eiaiv, f\ Sv ai 
ex xcSv xsvxpcov laai Eiaiv. 

P'. EuOsTa xuxXou EcpaxTEaflai Xsysxai, fjxic; axxopsvr) 
xou xuxXou xal ExPaXXopsvr] ou xspvEi xov xuxXov. 

y'. KuxXoi scpaxTEaDai aXXrjXwv Xsyovxai oixive<; axxo- 
pEvoi aXXyjXwv ou xEpvouaiv aXXrjXou<;. 

S'. ’Ev xuxXcp i aov axEysiv axo tou xsvxpou eu^eloa 
Xsyovxai, oxav ai axo tou xsvxpou ex’ auxai; xadsxoi 
ayopsvai i'aai Saiv. 

e'. MeT^ov 8s axeyeiv Xsysxai, sep’ fjv f) (isii(o:>v xadsxoc; 
xixTei. 

9'. Tprjpa xuxXou saxi to xspLExopsvov axfjpa uxo tc 
suOsiai; xai xuxXou xspicpspsiai;. 

C- Tprjpaxoc; 8s ywvia saxiv f) xspisxopsvr] 0x6 xs 
suflsiai; xai xuxXou xspicpspsiai;. 

r)'. ’Ev xpr)(iaxi Ss ywvia eaxiv, oxav sxi xrjc; xspi- 
cpepeiac; xou Tpf|(iaxoc; Xr)q>Ti>fj xi arjpsTov xai ax’ auxou exi 
xa xepaxa xfjc eufieiac, fj saxi pdaic xou xprjpaxoc;, sxi- 
^euxiDoaiv sufls'iai, f) xspisxopsvr] ycovia 0x6 xwv sxii(su- 
X'deiacbv suflsicbv. 

f>'. "Oxav 8s ai xspisxouaai xf)v ywviav sudsTai axo- 
Xapipdvwai TLva xepi.fpepei.av, ex’ exeivrjc Xsysxai pspqxsvai 
f) ycovia. 

1 '. Topsuc; 8s xuxXou eaxiv, oxav xpoc xp xsvxpcb xou 
xuxXou auaxabfj ywvia, xo xspisxopsvov axfjpa 0x6 xe xwv 
xfjv yoviav xepieyouawv sudsicSv xai xfjc axoXapPavopsvrjc; 
Ox’ auxebv xepicpepeiac. 

ia'. "Optoia x(if]ptaxa xuxXcov eaxi xa 8sxopsva ywviac 
iaac, fj ev ole ai ywviai laai aXXfjXaic eiaiv. 


a'. 

Tou 8of)evxoc xuxXou xo xevxpov supslv. 

’iEaxa) 6 5 oi 8 eic xuxXoc 6 ABH 8sT Sf] xou ABT xuxXou 
xo xevxpov supslv. 

AifjX'Ocj xic sic auxov, (be STuyev, eO'de'ia f) AB, xai 
xexp.fjai}w Siya xaxa xo A arjiieiov, xai axo xou A xfj AB 
xpoc op-Sac fjxifw f) AT xai oifjx'do exi xo E, xai xexfjmjafico 
f) TE 8ixa xaxa xo Z- Xsyco, oxi xo Z xevxpov eaxi xou ABr 
[xuxXou]. 

Mf) yap, aXX’ ei 8uvaxov, saxco xo H, xai exeCeux'dwaav 
ai HA, HA, HB. xai exei ’iarj eaxiv f] AA xfj AB, xoivf) 8s f) 
AH, 860 5 f] ai AA, AH 860 xaic HA, AB i'aai eiaiv sxaxspa 
sxaxspa- xai pdaic f) HA pdaei xfj HB eaxiv tar)- ex xsvxpou 
yap - ywvia apa f] 0 x 6 AAH yorvia xfj 0 x 6 HAB iar] eaxiv. 


Definitions 

1. Equal circles are (circles) whose diameters are 
equal, or whose (distances) from the centers (to the cir¬ 
cumferences) are equal (i.e., whose radii are equal). 

2. A straight-line said to touch a circle is any (straight- 
line) which, meeting the circle and being produced, does 
not cut the circle. 

3. Circles said to touch one another are any (circles) 
which, meeting one another, do not cut one another. 

4. In a circle, straight-lines are said to be equally far 
from the center when the perpendiculars drawn to them 
from the center are equal. 

5. And (that straight-line) is said to be further (from 
the center) on which the greater perpendicular falls 
(from the center). 

6. A segment of a circle is the figure contained by a 
straight-line and a circumference of a circle. 

7. And the angle of a segment is that contained by a 
straight-line and a circumference of a circle. 

8. And the angle in a segment is the angle contained 
by the joined straight-lines, when any point is taken on 
the circumference of a segment, and straight-lines are 
joined from it to the ends of the straight-line which is 
the base of the segment. 

9. And when the straight-lines containing an angle 
cut off some circumference, the angle is said to stand 
upon that (circumference). 

10. And a sector of a circle is the figure contained by 
the straight-lines surrounding an angle, and the circum¬ 
ference cut off by them, when the angle is constructed at 
the center of a circle. 

11. Similar segments of circles are those accepting 
equal angles, or in which the angles are equal to one an¬ 
other. 

Proposition 1 

To find the center of a given circle. 

Let ABC be the given circle. So it is required to find 
the center of circle ABC. 

Let some straight-line AB have been drawn through 
(ABC), at random, and let (AB) have been cut in half at 
point D [Prop. 1.9]. And let DC have been drawn from 
D, at right-angles to AB [Prop. 1.11], And let (CD) have 
been drawn through to E. And let CE have been cut in 
half at F [Prop. 1.9]. I say that (point) F is the center of 
the [circle] ABC. 

For (if) not then, if possible, let G (be the center of the 
circle), and let GA, GD, and GB have been joined. And 
since AD is equal to DB, and DG (is) common, the two 
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oxav 8e eudsia ex’ euDelav axa-delaa xac; ecpe^fjc; ywvlac; 
I'aac aXXyjXaic; xoifj, opDf) exaxepa xa>v latov ytoviAv eaxiv- 
opbf] apa eaxiv f] 0x6 HAB. eaxl Se xal f| 0x6 ZAB opbry 
Tar) apa f] 0x6 ZAB xfj 0x6 HAB, f] pel^tov xfj eXaxxovi- 
oxep eaxiv a8uvaxov. oOx apa xo H xevxpov eaxl xou ABr 
xuxXou. opolwc; 8f] Bel^opiev, oxi ou8’ aXXo xi xXfjv xou Z. 


r 



To Z apa aripeTov xevxpov eaxl xou ABT [xuxXou]. 

riopiapa. 

’Ex 8rj xouxou cpavepov, oxi eav ev xuxX« euHela xic 
euOelav xiva Slya xal xpoc; opbac; xepivr), exl xfjc; xepvouarjc; 
eaxl xo xevxpov xou xuxXou. — oxep eSei xoifjaai. 


' The Greek text has “GD, DB”, which is obviously a mistake. 

P'* 

’Eav xuxXou exl xfjc xepupepeia? Xrjcp'dfj 8uo xuyovxa 
arjpeia, f) exl xa arjpela exi^euyvupevr) eODeTa evxoc; xeaelxai 
xou xuxXou. 

’'Eaxco xuxXoc; 6 ABr, xal exl xfjc; xepicpepelac; aOxou 
£iXfjcpi[)co 8uo xuyovxa aTjpela xa A, B- Xeyto, oxl f) axo 
xou A exl xo B exi^euyvupevr) eODela evxoc; xeaelxai xou 
xuxXou. 

Mf) yap, aXX’ el Suvaxov, xixxexco exxoc; Ac; f) AEB, xal 
eiXrjcpf>a> xo xevxpov xou ABT xuxXou, xal eaxco xo A, xal 
exeCeuy-dwaav al AA, AB, xal 8ir]x , t)w f] AZE. 

’Exel ouv I'arj eaxiv f] A A xfj AB, Xar\ apa xal yorvla f) 
0x6 AAE xfj 0x6 ABE- xal exel xpiyAvou xou AAE pla 


(straight-lines) AD, DG are equal to the two (straight¬ 
lines) BD, DGj respectively. And the base GA is equal 
to the base GB. For (they are both) radii. Thus, angle 
ADG is equal to angle GDB [Prop. 1.8]. And when a 
straight-line stood upon (another) straight-line make ad¬ 
jacent angles (which are) equal to one another, each of 
the equal angles is a right-angle [Def. 1.10], Thus, GDB 
is a right-angle. And FDB is also a right-angle. Thus, 
FDB (is) equal to GDB, the greater to the lesser. The 
very thing is impossible. Thus, (point) G is not the center 
of the circle ABC. So, similarly, we can show that neither 
is any other (point) except F. 


C 



Thus, point F is the center of the [circle] ABC. 

Corollary 

So, from this, (it is) manifest that if any straight-line 
in a circle cuts any (other) straight-line in half, and at 
right-angles, then the center of the circle is on the for¬ 
mer (straight-line). — (Which is) the very thing it was 
required to do. 


Proposition 2 

If two points are taken at random on the circumfer¬ 
ence of a circle then the straight-line joining the points 
will fall inside the circle. 

Let ABC be a circle, and let two points A and B have 
been taken at random on its circumference. I say that the 
straight-line joining A to B will fall inside the circle. 

For (if) not then, if possible, let it fall outside (the 
circle), like AEB (in the figure). And let the center of 
the circle ABC have been found [Prop. 3.1], and let it be 
(at point) D. And let DA and DB have been joined, and 
let DFE have been drawn through. 

Therefore, since DA is equal to DB, the angle DAE 
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xXcupa TipoasxpspXrjxaL f] AEB, piei^wv apa f| uxo AEB 
yorvia xfjc; 0 Tib AAE. for) be f] bno AAE xfj bno ABE- 
pei^cov apa f] bno AEB xfjc; 0x6 ABE. 0x6 Be xfjv psiifova 
yorvlav f] psl£a>v xXsupa Oxoxsivei- psii^tov apa f] AB xrjc 
AE. for] Be f] AB xfj AZ. psKcov apa f] AZ xfjc AE f] 
eXaxxov xfjc; psiifovoc;- oxsp saxiv aBuvaxov. oOx apa rj 
axo xoO A sxl xo B Exiijjsuyvupsvr] subsla exxoc; xsasTxai 
xou xuxXou. opoiwc; Bf] Bei^opev, oxi oOBe ex’ auxfjc; xfjc; 
xepicpepeia<;- svxoc; apa. 



’Eav apa xuxXou sxl xfjc; xepicpepe(a<; Xrjcp-Of] Buo xuyovxa 
arjpEla, f] sxl xa arjpEla sxi^Euyvupsvr] eu-dela svxoc; xeaelxai 
xou xuxXou- oxsp eBei Bsfoai. 


(is) thus also equal to DBE [Prop. 1.5]. And since in tri¬ 
angle DAE the one side, AEB, has been produced, an¬ 
gle DEB (is) thus greater than DAE [Prop. 1.16]. And 
DAE (is) equal to DBE [Prop. 1.5], Thus, DEB (is) 
greater than DBE. And the greater angle is subtended 
by the greater side [Prop. 1.19]. Thus, DB (is) greater 
than DE. And DB (is) equal to DF. Thus, DF (is) 
greater than DE, the lesser than the greater. The very 
thing is impossible. Thus, the straight-line joining A to 
B will not fall outside the circle. So, similarly, we can 
show that neither (will it fall) on the circumference itself. 
Thus, (it will fall) inside (the circle). 



Thus, if two points are taken at random on the cir¬ 
cumference of a circle then the straight-line joining the 
points will fall inside the circle. (Which is) the very thing 
it was required to show. 


Y'- 

’Eav ev xuxXcp EObsla xic Bia xou xsvxpou sObElav xiva 
pi] Bia xou xsvxpou Biya xspvic], xal xpoc opbac aOxfjv xepvei- 
xa! eav xpoc opbac; auxrjv xspvr], xal Siya auxfjv xspvEi. 

’Tfoxw xuxXoc 6 ABT, xa! ev aOxcp subsld xic Bia xou 
xsvxpou f] TA subslav xiva prj Bia xou xsvxpou xf]v AB Biya 
xspvExu xaxa xo Z aTjpsfov- Xsyw, oxi xal xpoc opbac; auxrjv 
xspvsi. 

EiXrjcpbco yap xo xsvxpov xou ABT xuxXou, xal eoxto 
to E, xal sxE^Euybwaav al EA, EB. 

Kal sxsl for] saxiv f] AZ xfj ZB, xoivf] Be f) ZE, Buo Bualv 
foai [siaiv]- xal pdau; f] EA (3aasi xfj EB for]- ytovia apa f] 
0x6 AZE ytovia xfj 0x6 BZE for] saxiv. oxav Be sObsla ex’ 
sObslav axabsfoa xac scps^fjc ya>viac foac aXXijXaic xoifj, 
opbf] sxaxspa xwv foov yorviwv saxiv sxaxspa apa xbv 
0x6 AZE, BZE opbf] saxiv. f] TA apa Bia xou xsvxpou 
ouaa xfjv AB pf) Bia xou xsvxpou ouaav Biya xspvouaa xal 
xpoc opbac; xspvsi. 


Proposition 3 

In a circle, if any straight-line through the center cuts 
in half any straight-line not through the center then it 
also cuts it at right-angles. And (conversely) if it cuts it 
at right-angles then it also cuts it in half. 

Let ABC be a circle, and, within it, let some straight- 
line through the center, CD, cut in half some straight-line 
not through the center, AB, at the point F. I say that 
(CD) also cuts (AB) at right-angles. 

For let the center of the circle ABC have been found 
[Prop. 3.1], and let it be (at point) E, and let EA and 
EB have been joined. 

And since AF is equal to FB, and FE (is) common, 
two (sides of triangle AFE) [are] equal to two (sides of 
triangle BFE). And the base EA (is) equal to the base 
EB. Thus, angle AFE is equal to angle BFE [Prop. 1.8]. 
And when a straight-line stood upon (another) straight- 
line makes adjacent angles (which are) equal to one an¬ 
other, each of the equal angles is a right-angle [Def. 1.10]. 
Thus, AFE and BFE are each right-angles. Thus, the 
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A 


AXXd or] f] TA xf]v AB xpo? 6p-da<; tejjivetco- Xcyw, oxi 
xal 81)(a auxfjv xspvsi, xouxsaxiv, oti. for] Eaxlv f] AZ xfj ZB. 

Twv yap auxaiv xaxaaxEuaa-dEvxMv, exeI for] saxlv f] 
EA xfj EB, for] saxl xal yorvia f] 0x6 EAZ xfj 0x6 EBZ. 
saxl os xal op-df) f] 0x6 AZE opdfj xfj 0x6 BZE for]- 8uo 
apa xpiywva saxi EAZ, EZB xa<; 8uo yorv(a<; 8ual ywvlau; 
foac; Eyovxa xal (iiav xXsopav pia xXsopa forjv xoivfjv auxwv 
xf]v EZ oxoxslvooaav 0x6 piav xwv foorv ywviwv- xal xa<; 
Xoixac; apa xAsupac; xafo Xoixafo xXsopafo foac; £<;£i- for] apa 
f] AZ xfj ZB. 

’Eav apa ev xuxAw sO-dcla xic; Bia too xsvxpoo sO-dsTav 
xiva pf] Bia too xsvxpoo Biya xEpvr], xal xpoc; op-dac; aOxrjv 
TEpvsr xal sav xpoc; op-dac; aOxrjv xEpvr], xal 8iya aOxrjv 
TEpvsr ox£p e8ei 8sTc;ai. 


6 '. 

’Eav ev xoxXw Buo su-dElai xspvwaiv dXXr^Xac; pf) 8la too 
xsvxpoo ouaai, oO xspvouaiv aAAf]Aa<; 8[ya. 

Tfoxw xuxAoc; 6 ABrA, xal sv auxw 80o su-dslai al AT, 
BA xspvExwaav aXAfjAac; xaxa to E pf] 8ia too xsvxpoo 
ooaai- Xsyo, oxi oo xspvouaiv aAAf]Aac; 8ixa. 

El yap 8ovaxov, TspvExwoav aXAijAac; Oiya wax e forjv 
slvai xfjv psv AE xfj El 1 , xfjv 8e BE xfj EA- xal siAficp'dw to 
xsvxpov too ABrA xuxAou, xal saxw xo Z, xal sxs^sux-dw 
f] ZE. 

’Exsl oov su-dsla xig Sia too xsvxpoo f] ZE Eudslav xiva 
pf] 8ia too xsvxpoo xfjv Ar 8iya xspvsi, xal xpoc; opdac; 
aOxrjv xspvEi- opdfj apa saxlv f] 0x6 ZEA- xaAiv, exeI su-dsla 
xic; f] ZE su-dsTav xiva xfjv BA 8iya xspvsi, xal xpoc; opdac; 
aOxrjv xspvsi" opdfj apa f] 0x6 ZEB. EBsiydr] 8s xal f] 0x6 
ZEA op-df]- for] apa f] 0x6 ZEA xfj 0x6 ZEB f] sXaxxwv xfj 


(straight-line) CD, which is through the center and cuts 
in half the (straight-line) AB, which is not through the 
center, also cuts ( AB ) at right-angles. 


c 



D 


And so let CD cut AB at right-angles. I say that it 
also cuts ( AB ) in half. That is to say, that AF is equal to 
FB. 

For, with the same construction, since EA is equal 
to EB, angle EAF is also equal to EBF [Prop. 1.5]. 
And the right-angle AFE is also equal to the right-angle 
BFE. Thus, EAF and EFB are two triangles having 
two angles equal to two angles, and one side equal to 
one side—(namely), their common (side) EF, subtend¬ 
ing one of the equal angles. Thus, they will also have the 
remaining sides equal to the (corresponding) remaining 
sides [Prop. 1.26]. Thus, AF (is) equal to FB. 

Thus, in a circle, if any straight-line through the cen¬ 
ter cuts in half any straight-line not through the center 
then it also cuts it at right-angles. And (conversely) if it 
cuts it at right-angles then it also cuts it in half. (Which 
is) the very thing it was required to show. 

Proposition 4 

In a circle, if two straight-lines, which are not through 
the center, cut one another then they do not cut one an¬ 
other in half. 

Let ABCD be a circle, and within it, let two straight¬ 
lines, AC and BD, which are not through the center, cut 
one another at (point) E. I say that they do not cut one 
another in half. 

For, if possible, let them cut one another in half, such 
that AE is equal to EC, and BE to ED. And let the 
center of the circle ABCD have been found [Prop. 3.1], 
and let it be (at point) F, and let FE have been joined. 

Therefore, since some straight-line through the center, 
FE, cuts in half some straight-line not through the cen¬ 
ter, AC, it also cuts it at right-angles [Prop. 3.3]. Thus, 
FEA is a right-angle. Again, since some straight-line FE 
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(idi^ovr oxcp saxlv aSuvaxov. oux apa ai Ar, BA xspvouaiv 
aAAf|Aac; Slya. 



’Eav apa ev xuxAw Suo eudsiai xepvoraiv aXX^Xai; pf] 8la 
xou xevxpou ouaai, oU xspvouaiv aXXr)Xa<; 8iya• oitep e8ei 
8sTl;ai. 

s'. 

’Eav Suo xuxXoi xepvtoaiv aAAf|Aou<;, oux eaxai auxAv 
xo auxo xevxpov. 



Auo yap xuxXoi oi ABr, TAH xepvexwaav aAAf|Aou<; 
xaxa xa B, T arjpeTa. Xeyco, oxi oux eaxai auxAv xo auxo 
xevxpov. 

EE yap 8uvaxov, eaxat xo E, xal ene^eux^w f) ET, xal 
Birix'dw f] EZH, Ac; exuyev. xal eitel xo E arjpelov xevxpov 
eaxl xou ABr xuxXou, Tar) eaxiv f) Er xfj EZ. xaXiv, exel xo 
E arjpelov xevxpov eaxl xou TAH xuxXou, lar) eaxiv f] Er 
xfj EH- eAeixifr] 8e f] Er xal xfj EZ Tary xal f) EZ apa xfj EH 
eaxiv Tar] f) eAaaauv xfj peKovc oxep eaxiv a8uvaxov. oux 
apa xo E ar)[ieTov xevxpov eaxl xAv ABr, TAH xuxXwv. 

’Eav apa 8uo xuxXoi xepvwaiv aXArjAouc;, oux eaxiv 


cuts in half some straight-line BD, it also cuts it at right- 
angles [Prop. 3.3]. Thus, FEB (is) a right-angle. But 
FEA was also shown (to be) a right-angle. Thus, FEA 
(is) equal to FEB, the lesser to the greater. The very 
thing is impossible. Thus, AC and BD do not cut one 
another in half. 



Thus, in a circle, if two straight-lines, which are not 
through the center, cut one another then they do not cut 
one another in half. (Which is) the very thing it was re¬ 
quired to show. 

Proposition 5 

If two circles cut one another then they will not have 
the same center. 



For let the two circles ABC and CDG cut one another 
at points B and C. I say that they will not have the same 
center. 

For, if possible, let E be (the common center), and 
let EC have been joined, and let EFG have been drawn 
through (the two circles), at random. And since point 
E is the center of the circle ABC, EC is equal to EF. 
Again, since point E is the center of the circle CDG, EC 
is equal to EG. But EC was also shown (to be) equal 
to EF. Thus, EF is also equal to EG, the lesser to the 
greater. The very thing is impossible. Thus, point E is not 
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auxotv to auxo xevxpov- oxep eSei 


9'. 

’Eav 8 uo xuxXoi ecpaxTUVTai aXXrjXuv, oux eaxai auxAv 
to auxo xevxpov. 



Auo yap xuxXoi ol ABr, TAE ecpaxxeabMaav aXXfjXtov 
xaxa to F arjpeTov Xeyw, oxi oux eaxai auxAv to auxo 
xevxpov. 

Ei yap Suvaxov, eoxo to Z, xal ejieCeux'dw fj Zr, xal 
Birjxfko, Ac exuyev, fj ZEB. 

Tkei ouv to Z arjpdov xevxpov eaxl xou ABr xuxXou, 
Tar] eaxlv f) ZT xfj ZB. xaXiv, end to Z arjpdov xevxpov 
eaxl xou TAE xuxXou, for) eaxlv f) Zr xfj ZE. eSeixDr] Se fj 
Zr xfj ZB for)' xod f) ZE apa xfj ZB eaxiv for), f) eXaxxcrv 
t?) (ieiifovL- oxep eaxlv aSuvaxov. oux apa to Z arjpdov 
xevxpov eaxl xAv ABr, TAE xuxXov. 

’Eav apa 860 xuxXoi ecpdxxovxai aXXfjXov, oux eaxai 
auxAv xo auxo xevxpov onep eSei 8 dc;ai. 


c. 

’Eav xuxXou era, xfjc 8 iapexpou Xrjcpbfj xi ar)pefov, o pf] 
eaxi xevxpov xou xuxXou, ano 8 e xou arjpeiou xpoc xov 
xuxXov xpoaniiiTwaiv eMelai xivec, peyfoxr) pev eaxai, ecp’ 
fjc to xevxpov, eXayfoxr) 8 e f) Xoixf), xAv 8 e aXXov del f) 
eyyiov xfjc 81a xou xevxpou xfjc dftAxepov peii(o:>v eaxlv, 
860 Se povov foai axo xou arjpdou xpoaxeaouvxai xpoc 
xov xuxXov ecp’ exaxepa xfjc eXaylaTr)<;. 


the (common) center of the circles ABC and CDG. 

Thus, if two circles cut one another then they will not 
have the same center. (Which is) the very thing it was 
required to show. 

Proposition 6 

If two circles touch one another then they will not 
have the same center. 



For let the two circles ABC and CDE touch one an¬ 
other at point C. I say that they will not have the same 
center. 

For, if possible, let F be (the common center), and 
let FC have been joined, and let FEB have been drawn 
through (the two circles), at random. 

Therefore, since point F is the center of the circle 
ABC, FC is equal to FB. Again, since point F is the 
center of the circle CDE, FC is equal to FE. But FC 
was shown (to be) equal to FB. Thus, FE is also equal 
to FB, the lesser to the greater. The very thing is impos¬ 
sible. Thus, point F is not the (common) center of the 
circles ABC and CDE. 

Thus, if two circles touch one another then they will 
not have the same center. (Which is) the very thing it was 
required to show. 

Proposition 7 

If some point, which is not the center of the circle, 
is taken on the diameter of a circle, and some straight¬ 
lines radiate from the point towards the (circumference 
of the) circle, then the greatest (straight-line) will be that 
on which the center (lies), and the least the remainder 
(of the same diameter). And for the others, a (straight- 
line) nearer^ to the (straight-line) through the center is 
always greater than a (straight-line) further away. And 
only two equal (straight-lines) will radiate from the point 
towards the (circumference of the) circle, (one) on each 
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’'Ecttco xuxXo<; 6 ABTA, Siapsxpoc; 8s auxou saxa> f] AA, 
xal £Til xfjc AA siXf^ila) xi arjpslov to Z, o pf| saxi. xsvxpov 
xou xuxXou, xsvxpov 8s xou xuxXou saxco to E, xal axo xou 
Z jtpo<; xov ABTA xuxXov xpoaxtxxsxMaav subsTal tivec at 
ZB, Zr, ZH- Xsyw, oxt psytaxr] psv saxiv f] ZA, eXa^taxir) 
8s f) ZA, xwv os aXXcov fj psv ZB xfjc Zr ptst^cov, f] 8s Zr 
xfjc; ZH. 

’Exs£su)cda>aav yap at BE, TE, HE. xal sxsl xavxo<; 
xpiyAvou at 8uo xXsupal xfj<; XoLxfjc; ps[£ovs<; siaiv, at apa 
EB, EZ xfj<; BZ pisKovsc statv. tar] 8s fj AE xfj BE [at apa 
BE, EZ laai stal xfj AZ]- psKcov apa f] AZ xfjc BZ. xaXiv, 
sxsl Tar] saxlv fj BE xfj TE, xotvf) 8s fj ZE, Suo Sfj at BE, 
EZ 8uol xal<; TE, EZ laai statv. aXXa xal ywvta fj uxo BEZ 
yoyvtat; xfjc uxo TEZ psiCcov pdatc apa fj BZ pdascoc xfjc 
rZ ptst^wv saxtv. 8ia xa auxa 8f) xal f) TZ xfjc ZH ptst^wv 
saxtv. 

ndXtv, sxsl at HZ, ZE xfjc EH ptst^ovsc statv, tar) 8s f) 
EH xfj EA, at apa HZ, ZE xfjc EA ptst^ovsc statv. xotvf] 
acprjpfja'dw f] EZ- Xotxf] apa f] HZ Xotxfjc xfjc ZA psti^tov 
saxtv. psytaxr] psv apa fj ZA, sXaxtaxrj 8s f] ZA, pst^wv 8s 
fj psv ZB xfjc ZE, fj 8s Zr xfjc ZH. 

Asyw, oxt xal axo xou Z arjpstou 8uo povov taat xpo- 
axsaouvxat xpoc xov ABrA xuxXov scp’ sxaxspa xfjc ZA 
sXa)(taxr]c. auvsaxdxw yap xpoc xfj EZ substa xal xA xpoc 
auxfj arjpstcp xA E xfj 0x6 HEZ ycovta tar] fj 0x6 ZE©, xal 
Exs^suxitki) f] Z0. sxsl ouv tar] saxlv fj HE xfj E0, xotvf] 
8s fj EZ, 80o 8f] at HE, EZ 8ual xalc 0E, EZ Taat statv 
xal ywvta f] 0x6 HEZ ywvta xfj 0x6 0EZ tar]- pdatc apa 
f] ZH pdast xfj Z0 tar] saxtv. Xsyo 8f], oxt xfj ZH aXXrj 
ior] ou xpoaxsaslxat xpoc xov xuxXov axo xou Z arjpstou. 
si yap Suvaxov, xpoaxtxxsxo f] ZK. xal sxsl f] ZK xfj ZH 
tar] saxtv, aXXa f] Z0 xfj ZH [tar] saxtv], xal f] ZK apa xfj 
Z0 saxtv tar], f] syytov xfjc Ota xou xsvxpou xfj axAxspov 
tar]- oxsp aSuvaxov. oOx apa axo xou Z aqpstou sxspa xtc 


(side) of the least (straight-line). 



Let ABCD be a circle, and let AD be its diameter, and 
let some point F, which is not the center of the circle, 
have been taken on AD. Let E be the center of the circle. 
And let some straight-lines, FB, FC, and FG, radiate 
from F towards (the circumference of) circle ABCD. I 
say that FA is the greatest (straight-line), FD the least, 
and of the others, FB (is) greater than FC, and FC than 
FG. 

For let BE, CE, and GE have been joined. And since 
for every triangle (any) two sides are greater than the 
remaining (side) [Prop. 1.20], EB and EF is thus greater 
than BF. And AE (is) equal to BE [thus, BE and EF 
is equal to AF\. Thus, AF (is) greater than BF. Again, 
since BE is equal to CE, and FE (is) common, the two 
(straight-lines) BE, EF are equal to the two (straight¬ 
lines) CE, EF (respectively). But, angle BEF (is) also 
greater than angle CEF} Thus, the base BF is greater 
than the base CF. Thus, the base BF is greater than the 
base CF [Prop. 1.24]. So, for the same (reasons), CF is 
also greater than FG. 

Again, since CF and FE are greater than EG 
[Prop. 1.20], and EG (is) equal to ED, GF and FE 
are thus greater than ED. Let EF have been taken from 
both. Thus, the remainder GF is greater than the re¬ 
mainder FD. Thus, FA (is) the greatest (straight-line), 
FD the least, and FB (is) greater than FC, and FC than 
FG. 

I also say that from point F only two equal (straight¬ 
lines) will radiate towards (the circumference of) circle 
ABCD, (one) on each (side) of the least (straight-line) 
FD. For let the (angle) FEB, equal to angle CEF, have 
been constructed on the straight-line EF, at the point E 
on it [Prop. 1.23], and let FH have been joined. There¬ 
fore, since GE is equal to EH, and EF (is) common, 
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xpooxsoslxai xpoc; xov xuxXov for) xfj HZ- pia apa povr]. 

’Eav apa xuxXou era xrjc; Siapsxpou Xrjcp-Of) xi arjpsfov, 
6 (ir) Eoxi xsvxpov xou xuxXou, axo 8s xou oqpsiou xpoc; 
xov xuxXov xpooxixxoroiv suOsTai xivsc;, psyfoxr] psv soxai, 
scp’ fjc; xo xsvxpov, sXayfoxr] 8s f) Xoixr], xuv 8s aXXorv asl f) 
syyiov xfjc; Sla xou xsvxpou xfjc; axwxspov (jieifov soxiv, 8uo 
8s povov foai axo xou auxou aqpsiou xpooxsoouvxai xpoc; 
xov xuxXov scp’ sxaxspa xfjc; sXayfoxqc;' oxsp sSsi BsT^ai. 


t Presumably, in an angular sense, 
t This is not proved, except by reference to the figure. 

r \- 

’Eav xuxXou XrjcpDfj xi orjpslov exxo?, axo 8s xou 
or)(i£iou xpoc; xov xuxXov BiayDSfoiv suOslai xivsc;, 5v pia 
psv Sia xou xsvxpou, al 8s Xoixai, (!><; sxuysv, xt5v psv xpoc; 
xf]v xoiXtjv xspicpspsiav xpooxixxouowv suOsicbv psyfoxr] 
psv soxiv f) 8ia xou xsvxpou, xwv 8s aXXtov asl f) syyiov xfjc 
8ia xou xsvxpou xfjc axtoxspov psKcov soxiv, xov 8s xpoc 
xf]v xupxf)v xspicpspsiav xpooxixxouoov suOsiCiv sXayfoxr) 
psv soxiv f) psxa^u xou xs oqpsiou xal xfjc 8iapsxpou, xov 
8s aXXov asl f] syyiov xfjc sXayiaxrjc xfjc axoxspov soxiv 
sXaxxov, 8uo 8s povov foai axo xou orjpsiou xpooxsoouvxai 
xpoc tov xuxXov scp’ sxaxspa xfjc sXayfoxrjc- 

’Tfoxo xuxXoc 6 ABT, xal xou ABr siXfjcp-do xi oripsfov 
sxxoc xo A, xal ax’ auxou Bifjy-doroav suOsTai xivsc al AA, 
AE, AZ, AT, eoxo 8s f] AA 8ia xou xsvxpou. Xsyo, 
oxi xov psv xpoc xf]v AEZr xoiXqv xspicpspsiav xpooxi- 
xxouoov suOsiov psyfoxq psv soxiv f] 8ia xou xsvxpou f) 
AA, psKov os f) psv AE xfjc AZ f) 8s AZ xfjc Ar, xov 
8s xpoc xf]v 0AKH xupxf]v xspicpspsiav xpooxixxouoov 
suflsiov sXayfoxr) psv soxiv f] AH f) psxac;u xou oqpsiou xal 
xfjc Siapsxpou xfjc AH, asl 8s f) syyiov xfjc AH sXayfoxr]c 
sXaxxov soxl xfjc axoxspov, fj psv AK xfjc AA, f] 8s AA 


the two (straight-lines) GE, EF are equal to the two 
(straight-lines) HE, EF (respectively). And angle GEF 
(is) equal to angle HEF. Thus, the base FG is equal to 
the base FH [Prop. 1.4]. So I say that another (straight- 
line) equal to FG will not radiate towards (the circumfer¬ 
ence of) the circle from point F. For, if possible, let FK 
(so) radiate. And since FK is equal to FG, but FH [is 
equal] to FG, FK is thus also equal to FH, the nearer 
to the (straight-line) through the center equal to the fur¬ 
ther away. The very thing (is) impossible. Thus, another 
(straight-line) equal to GF will not radiate from the point 
F towards (the circumference of) the circle. Thus, (there 
is) only one (such straight-line). 

Thus, if some point, which is not the center of the 
circle, is taken on the diameter of a circle, and some 
straight-lines radiate from the point towards the (circum¬ 
ference of the) circle, then the greatest (straight-line) 
will be that on which the center (lies), and the least 
the remainder (of the same diameter). And for the oth¬ 
ers, a (straight-line) nearer to the (straight-line) through 
the center is always greater than a (straight-line) further 
away. And only two equal (straight-lines) will radiate 
from the same point towards the (circumference of the) 
circle, (one) on each (side) of the least (straight-line). 
(Which is) the very thing it was required to show. 


Proposition 8 

If some point is taken outside a circle, and some 
straight-lines are drawn from the point to the (circum¬ 
ference of the) circle, one of which (passes) through 
the center, the remainder (being) random, then for the 
straight-lines radiating towards the concave (part of the) 
circumference, the greatest is that (passing) through the 
center. For the others, a (straight-line) nearer^ to the 
(straight-line) through the center is always greater than 
one further away. For the straight-lines radiating towards 
the convex (part of the) circumference, the least is that 
between the point and the diameter. For the others, a 
(straight-line) nearer to the least (straight-line) is always 
less than one further away. And only two equal (straight¬ 
lines) will radiate from the point towards the (circum¬ 
ference of the) circle, (one) on each (side) of the least 
(straight-line). 

Let ABC be a circle, and let some point D have been 
taken outside ABC, and from it let some straight-lines, 
DA, DE, DF, and DC, have been drawn through (the 
circle), and let DA be through the center. I say that for 
the straight-lines radiating towards the concave (part of 
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Tfjc A0. 


A 



EiXfjcp'da) yap to xcvxpov xou ABr xuxXou xai saxo to 
M- xal exe^eu/dcoaav ai ME, MZ, Mr, MK, MA, M0. 

Kai exel tar) ecttiv f) AM xfj EM, xoivf] xpoaxcia-dco f) 
MA- f] apa AA lot) saxi Talc EM, MA. aXX’ ai EM, MA 
Tfjc EA pcii^ovEc elaiv xai f) AA apa Tfjc EA pEi^tov eotiv. 
xaAiv, £7i£i Tar] eotiv f) ME xfj MZ, xoivf] 8 e f] MA, ai EM, 
MA apa xa1c ZM, MA Taai sioiv xai ywvia f] 0x6 EMA 
yoviac Tfjc 0x6 ZMA pEii^wv eotiv. paaic apa f] EA paascoc 
Tfjc ZA pEi^crv eotiv opoicoc Bf] BEi^opcv, oti xai rj ZA Tfjc 
TA p£ii(a>v eotiv pEyiaxr] pcv apa f) AA, pcKcov 5s f] pcv 
AE Tfjc AZ, fj Be AZ Tfjc Ar. 

Kai ex si ai MK, KA Tfjc MA psKovsc sioiv, Tar] Be f) 
MH xfj MK, Xoixf] apa f] KA Xoixfjc Tfjc HA pcKorv eotiv- 
oote f) HA xfjc KA eXoittwv eotiv xai exeI xpiyAvou tou 
MAA sxl piac xAv xXsupAv Tfjc MA BOo suOsTai svxoc 
auvEaxadqaav ai MK, KA, ai apa MK, KA xAv MA, AA 
eXoittovec sioiv Tor] Be f] MK xfj MA- Xoixf] apa f] AK 
Xoixfjc xfjc AA sXaxxtov eotiv. opoiwc Bf] Bsi^opsv, oti 
xai f] AA xfjc A0 eXocttcov eotiv- sXaxiaxr) psv apa f] AH, 
eXoittov Be fj psv AK xfjc A A f] Be A A xfjc A0. 

Asya), oti xai BOo povov Toai axo xou A aqpsiou 
xpooxEoouvxai xpoc xov xuxXov scp’ Exdxspa xfjc AH 
£Xaxioxr]c- ouvEoxaxw xpoc xfj MA sO-dsia xai xA xpoc 
auxfj aqpEiw xA M xfj 0x6 KMA ywvia Tor] ycrvia f] 0x6 
AMB, xai EXECeOxTiw f] AB. xai sxsi Tor] saxlv f] MK xfj 
MB, xoivf] Be f] MA, BOo Bf] ai KM, MA BOo xaTc BM, MA 


the) circumference, AEFC, the greatest is the one (pass¬ 
ing) through the center, (namely) AD, and (that) DE (is) 
greater than DF, and DF than DC. For the straight-lines 
radiating towards the convex (part of the) circumference, 
HLKG, the least is the one between the point and the di¬ 
ameter AG, (namely) DG, and a (straight-line) nearer to 
the least (straight-line) DG is always less than one far¬ 
ther away, (so that) DK (is less) than DL, and DL than 
than DH. 

D 



For let the center of the circle have been found 
[Prop. 3.1], and let it be (at point) M [Prop. 3.1]. And let 
ME, MF, MC, MK, ML, and MH have been joined. 

And since AM is equal to EM, let MD have been 
added to both. Thus, AD is equal to EM and MD. But, 
EM and MD is greater than ED [Prop. 1.20]. Thus, 
AD is also greater than ED. Again, since ME is equal 
to MF, and AID (is) common, the (straight-lines) EM, 
MD are thus equal to FM, MD. And angle EMD is 
greater than angle FMD} Thus, the base ED is greater 
than the base FD [Prop. 1.24]. So, similarly, we can 
show that FD is also greater than CD. Thus, AD (is) the 
greatest (straight-line), and DE (is) greater than DF, 
and DF than DC. 

And since AIK and KD is greater than AID [Prop. 
1.20], and MG (is) equal to AIK, the remainder KD 
is thus greater than the remainder GD. So GD is less 
than KD. And since in triangle AILD, the two inter¬ 
nal straight-lines MK and KD were constructed on one 
of the sides, AID, then AIK and KD are thus less than 
AIL and LD [Prop. 1.21], And AIK (is) equal to AIL. 
Thus, the remainder DK is less than the remainder DL. 
So, similarly, we can show that DL is also less than DH. 
Thus, DG (is) the least (straight-line), and DK (is) less 
than DL, and DL than DH. 

I also say that only two equal (straight-lines) will radi- 
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Taai eialv exaxepa exaxepoe xal ywvla f] 0x6 KMA ywvla 
xfj 0x6 BMA Tar] - pdai^ apa f] AK (3aaei xfj AB Tar] eaxiv. 
Xeyat [Brj], oxl xfj AK cOdela aXXr] Tarj oO xpoaxeaelxai 
xpoc; tov xuxXov axo tou A arjpelou. el yap Buvaxov, xpo- 
axixxexw xal eax or f] AN. exel ouv f] AK xfj AN eaxiv Tar], 
aXX’ f] AK xfj AB eaxiv Tar], xal f] AB apa xfj AN eaxiv 
Tar], f] eyyiov xfjc AH eXaylaxr]c; xrj axAxepov [eaxiv] Tary 
oxep aBuvaxov eBelydr]. oOx apa xXelouc; fj 8uo Taai xpoc; 
xov ABr xuxXov axo xou A arjpelou ecp’ exaxepa xrjc; AH 
eXaxlaxr]c; xpoaxeaouvxai. 

’Eav apa xuxXou Xr]cp-0fj xi ar^elov exxoc, axo Be xou 
aqpelou xpoc; xov xuxXov BiayhAaiv eODeTal xivec, Av pla 
pev Bia xou xevxpou al oe Xoixal, A<; exuyev, xAv piev xpoc; 
xf]v xolXrjv xepicpepeiav xpoaxixxouaAv euOeiAv peylaxr] 
pev eaxiv f] Bia xou xevxou, xAv oe aXXwv del f] eyyiov xfjc; 
Bia xou xevxpou xfjc; axAxepov peKorv eaxiv, xAv Be xpoc; 
xf]v xupxrjv xepicpepeiav xpoaxixxouaAv eODeiAv eXaylaxr) 
pev eaxiv f] pexalju xou xe arjpelou xal xfjc Biapexpou, xAv 
Be aXXwv del f] eyyiov xfjc eXaylaxrjc; xfjc axAxepov eaxiv 
eXaxxwv, Buo Be povov Taai axo xou arjpelou xpoaxeaouvxai 
xpoc; xov xuxXov ecp’ exaxepa xfjc eXaylaxr]c;- oxep eBei 
8eTl;ai. 


f Presumably, in an angular sense, 
f This is not proved, except by reference to the figure. 

{)'. 

’Eav xuxXou XrjcpOfj xi ar)peTov evxoi;, axo Oe xou 
arjpelou xpoc; xov xuxXov xpoaxlxxorai xXelouc; fj Buo Taai 
eudelai, xo XrjcpOev aqpeTov xevxpov eaxl xou xuxXou. 

TTlaxco xuxXoc; 6 ABr, evxoc; Be auxou arjpieTov xo A, xal 
axo xou A xpoc; xov ABr xuxXov xpoaxixxextoaav xXelouc; 
fj Buo Taai eudelai al AA, AB, AT- Xeyco, oxi xo A arjpelov 
xevxpov eaxl xou ABF xuxXou. 


ate from point D towards (the circumference of) the cir¬ 
cle, (one) on each (side) on the least (straight-line), DG. 
Let the angle DMB, equal to angle KMD, have been 
constructed on the straight-line MD, at the point M on 
it [Prop. 1.23], and let DB have been joined. And since 
MK is equal to MB, and MD (is) common, the two 
(straight-lines) KM, MD are equal to the two (straight¬ 
lines) BM, MD, respectively. And angle KMD (is) 
equal to angle BMD. Thus, the base DK is equal to the 
base DB [Prop. 1.4]. [So] I say that another (straight- 
line) equal to DK will not radiate towards the (circum¬ 
ference of the) circle from point D. For, if possible, let 
(such a straight-line) radiate, and let it be DN. There¬ 
fore, since DK is equal to DN, but DK is equal to DB, 
then DB is thus also equal to DN, (so that) a (straight- 
line) nearer to the least (straight-line) DG [is] equal to 
one further away. The very thing was shown (to be) im¬ 
possible. Thus, not more than two equal (straight-lines) 
will radiate towards (the circumference of) circle ABC 
from point D, (one) on each side of the least (straight- 
line) DG. 

Thus, if some point is taken outside a circle, and some 
straight-lines are drawn from the point to the (circumfer¬ 
ence of the) circle, one of which (passes) through the cen¬ 
ter, the remainder (being) random, then for the straight¬ 
lines radiating towards the concave (part of the) circum¬ 
ference, the greatest is that (passing) through the center. 
For the others, a (straight-line) nearer to the (straight- 
line) through the center is always greater than one fur¬ 
ther away. For the straight-lines radiating towards the 
convex (part of the) circumference, the least is that be¬ 
tween the point and the diameter. For the others, a 
(straight-line) nearer to the least (straight-line) is always 
less than one further away. And only two equal (straight¬ 
lines) will radiate from the point towards the (circum¬ 
ference of the) circle, (one) on each (side) of the least 
(straight-line). (Which is) the very thing it was required 
to show. 


Proposition 9 

If some point is taken inside a circle, and more than 
two equal straight-lines radiate from the point towards 
the (circumference of the) circle, then the point taken is 
the center of the circle. 

Let ABC be a circle, and D a point inside it, and let 
more than two equal straight-lines, DA, DB, and DC, ra¬ 
diate from D towards (the circumference of) circle ABC. 
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’Ex£^£uxi)a>aav yap ai AB, BT xal xExpqaOwaav 
8ixa xaxa xa E, Z aqpEla, xal ExiCEUxObfoai ai EA, ZA 
SiqxOcooav eAi xa H, K, 0, A arjpEla. 

’ExeI ouv for] saxlv f] AE Tfj EB, xoivr) os r) EA, 8uo 
Sr] ai AE, EA 8uo xalc; BE, EA foai sfoiv xal f3aai<; f] AA 
pdasi xfj AB for]- yorvia apa f] uxo AEA ywvia xfj 0x6 BEA 
for] saxlv opDf] apa exaxepa xAv 0x6 AEA, BEA yorviAv f] 
HK apa xfjv AB xspvsi Olya xal xpoc; ophac;. xal sxsl, sav 
ev xOxXo suOsTa xu; sODsTav xLva 8ixa xe xal xpoc; opOac; 
xEptvr], sxl xfjc; xspvouarjc; saxl xo xsvxpov xou xuxXou, sxl 
xfji; HK apa saxl xo xsvxpov xou xuxXou. 8ia xa auxa Sq xal 
sxl xfj<; 0A saxi xo xsvxpov xou ABr xuxXou. xal ouSsv 
sxspov xoivov syouaiv ai HK, 0A suOsTai fj xo A arjpsfov 
xo A apa arjpsfov xsvxpov saxl xou ABT xuxXou. 

’Eav apa xuxXou XrjcpDf] xl aqpsfov svxoc;, axo 8s xou 
aqpslou xpoc; xov xuxXov xpoaxlxxcoai xXslouc; fj 8uo foai 
sudslai, xo XrjcpOsv arjpsfov xsvxpov saxl xou xuxXou' oxsp 
s8si 8sTl;ai. 


l\ 

KuxXog xuxXov oO xspvsi xaxa xXsiova arjpsla fj Suo. 

Ei yap 8uvaxov, xuxXog 6 ABT xuxXov xov AEZ 
xspvsxa> xaxa xXsiova arjpsla fj 8uo xa B, H, Z, 0, xal 
Exi^suydsfoai ai B0, BH Slya xspvsahoraav xaxa xa K, A 
arjiisTa- xal axo xAv K, A xafo B0, BH xpoc; ophac; axUsfoai 
ai KF, AM 8irjxDa>aav sxl xa A, E arista. 


I say that point D is the center of circle ABC. 



For let AB and BC have been joined, and (then) 
have been cut in half at points E and F (respectively) 
[Prop. 1.10]. And ED and FD being joined, let them 
have been drawn through to points G, K, H, and L. 

Therefore, since AE is equal to EB, and ED (is) com¬ 
mon, the two (straight-lines) AE, ED are equal to the 
two (straight-lines) BE, ED (respectively). And the base 
DA (is) equal to the base DB. Thus, angle AED is equal 
to angle BED [Prop. 1.8]. Thus, angles AED and BED 
(are) each right-angles [Def. 1.10]. Thus, GK cuts AB in 
half, and at right-angles. And since, if some straight-line 
in a circle cuts some (other) straight-line in half, and at 
right-angles, then the center of the circle is on the former 
(straight-line) [Prop. 3.1 corn], the center of the circle is 
thus on GK. So, for the same (reasons), the center of 
circle ABC is also on HL. And the straight-lines GK and 
HL have no common (point) other than point D. Thus, 
point D is the center of circle ABC. 

Thus, if some point is taken inside a circle, and more 
than two equal straight-lines radiate from the point to¬ 
wards the (circumference of the) circle, then the point 
taken is the center of the circle. (Which is) the very thing 
it was required to show. 

Proposition 10 

A circle does not cut a(nother) circle at more than two 
points. 

For, if possible, let the circle ABC cut the circle DEF 
at more than two points, B, G, F, and H. And BH and 
BG being joined, let them (then) have been cut in half 
at points K and L (respectively). And KC and LM be¬ 
ing drawn at right-angles to BH and BG from K and 
L (respectively) [Prop. 1.11], let them (then) have been 
drawn through to points A and E (respectively). 
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’Exri ouv ev xuxXtp x£> ABr eubela tic f] AT eube'iav 
xiva xr)v B0 Blya xal xpoc opiSdc xepveL, era xfjc Ar apa 
eaxl to xevxpov xou ABr xuxXou. xaXiv, exel ev xuxXco xfi 
auxA xo ABr eubeTa xic f) NS eubeTav TLva xrjv BH Blya 
xal xpoc opDac xepvei, era xfjc NS apa eaxl to xevxpov 
xou ABr xuxXou. eBelx'dr) Be xal exl xfjc Ar, xal xax’ 
ouBev aupPaXXouaiv ai Ar, NS eubelai fj xaxa xo O- xo 
O apa aripielov xevxpov eaxl xou ABr xuxXou. opo[o:><; Sr) 
Belcfopev, oxl xal xou AEZ xuxXou xevxpov eaxl to O' Buo 
apa xuxXorv xepvovxov aXXfjXouc xwv ABr, AEZ xo auxo 
eaxL xevxpov xo O- oxep eaxlv aSuvaxov. 

Oux apa xuxXoc xuxXov xepvei xaxa xXelova arjpeTa fj 
Buo- oxep eSei Befoai. 


ia'. 

’Eav Buo xuxXoi ecpaxxcuvxaL aXXijXwv evxoc, xal XrjcpAfj 
auxAv xa xevxpa, f) era xa xevxpa auxAv exiCcuyvopevr) 
eubela xal exPaXXopevr) era xfjv auvacprjv xeaelxaL xAv 
xuxXorv. 

Auo yap xuxXoi oi ABr, AAE ecpajixeaDwaav aXXfjXcov 
evxoc xaxa to A ar)|ieIov, xal elXrjcpAca xou pev ABr xuxXou 
xevxpov to Z, xou Be AAE xo H- Xeyto, oxl f] axo xou H era 
to Z exi^euyvupievr) eubela ex|3aXXo|ievr) exl xo A xeaelxai. 

Mf] yap, aXX’ el Buvaxov, xixxexo Ac f) ZH0, xal 
exe£eu)cdioaav al AZ, AH. 

’Exel ouv ai AH, HZ xfjc ZA, xouxeaxi xfjc Z0, pelifovec; 
eiaiv, xoivf) acpripyjaDco f) ZH- Xoixf] apa f) AH Xoixfjc xfjc 
H0 pel^wv eaxiv. lar) Be f) AH xfj HA- xal f) HA apa 
xfjc H0 ptei^wv eaxlv f) eXaxxorv xfjc pei£ovo<;- oxep eaxlv 
aBuvaxov oux apa f] axo xou Z exl xo H exiCeuyvupevr) 
euDela exxoc xeaelxai- xaxa xo A apa exl xfjc auvacpfjc 
xeaeTxai. 



Therefore, since in circle ABC some straight-line 
AC cuts some (other) straight-line BH in half, and at 
right-angles, the center of circle ABC is thus on AC 
[Prop. 3.1 corr.]. Again, since in the same circle ABC 
some straight-line NO cuts some (other straight-line) BG 
in half, and at right-angles, the center of circle ABC is 
thus on NO [Prop. 3.1 corr.]. And it was also shown (to 
be) on AC. And the straight-lines AC and NO meet at 
no other (point) than P. Thus, point P is the center of 
circle ABC. So, similarly, we can show that P is also the 
center of circle DEF. Thus, two circles cutting one an¬ 
other, ABC and DEF, have the same center P. The very 
thing is impossible [Prop. 3.5]. 

Thus, a circle does not cut a(nother) circle at more 
than two points. (Which is) the very thing it was required 
to show. 


Proposition 11 

If two circles touch one another internally, and their 
centers are found, then the straight-line joining their cen¬ 
ters, being produced, will fall upon the point of union of 
the circles. 

For let two circles, ABC and ADE, touch one another 
internally at point A, and let the center F of circle ABC 
have been found [Prop. 3.1], and (the center) G of (cir¬ 
cle) ADE [Prop. 3.1]. I say that the straight-line joining 
G to F, being produced, will fall on A. 

For (if) not then, if possible, let it fall like FGH (in 
the figure), and let AF and AG have been joined. 

Therefore, since AG and GF is greater than FA, that 
is to say FH [Prop. 1.20], let FG have been taken from 
both. Thus, the remainder AG is greater than the re¬ 
mainder GH. And AG (is) equal to CD. Thus, CD is 
also greater than GH, the lesser than the greater. The 
very thing is impossible. Thus, the straight-line joining F 
to G will not fall outside (one circle but inside the other). 
Thus, it will fall upon the point of union (of the circles) 
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’Eav apa 8uo xuxXoi Ecparcxwvxai aXXf)Xa>v evxoi [xal 
Xrjcp'dfj auxAv xa xsvxpa], f) etc! xa xsvxpa auxwv etci^su- 
yvupsvr) EuDsTa [xal ExpaXXopEvr]] etc! xf)v auvacpfjv Ttsaslxai 
x«v xuxAcov oTCEp e8ei bsl^ai. 

*P'- 

’Eav Suo xuxXoi scpaTCXtovxai aXXrjXwv exxoc;, f] etc! xa 
xsvxpa auxAv ETU^EuyvupEvr] 8ia xfjg ETiacpfjc; sAsuGExai. 

B 



Auo yap xuxXoi o! ABr, AAE scpaTCXsa'dwaav aAAfjAcov 
exxoc; xaxa xo A arjpslov, xa! siX^cp'dw xou pcv ABr 
xsvxpov xo Z, xou 8s AAE xo H- Xsyw, oxi f) auo xou 
Z etc! xo H ETCiCeuyvujiEvr) suhsla Sia xfjc; xaxa xo A ETiacpfjc; 
sAsuGExai. 

Mrj yap, aXX’ si 8uvaxov, £p)(echko Ac; f) ZTAH, xa! 
ETCsCeux'Swaav a! AZ, AH. 

’Etce! ouv xo Z aripslov xsvxpov sox! xou ABr xuxXou, 
Tar] eox'iv f] ZA xfj Zr. TCaAtv, etce! xo H ar^sTov xsvxpov 
sax! xou AAE xuxXou, Tar] saxlv rj HA xfj HA. sSsixhr] 


at point A. 


H 



Thus, if two circles touch one another internally, [and 
their centers are found], then the straight-line joining 
their centers, [being produced], will fall upon the point 
of union of the circles. (Which is) the very thing it was 
required to show. 

Proposition 12 

If two circles touch one another externally then the 
(straight-line) joining their centers will go through the 
point of union. 


B 



For let two circles, ABC and ADE, touch one an¬ 
other externally at point A, and let the center F of ABC 
have been found [Prop. 3.1], and (the center) G of ADE 
[Prop. 3.1]. I say that the straight-line joining F to G will 
go through the point of union at A. 

For (if) not then, if possible, let it go like FCDG (in 
the figure), and let AF and AG have been joined. 

Therefore, since point F is the center of circle ABC, 
FA is equal to FC. Again, since point G is the center of 
circle ADE, GA is equal to GD. And FA was also shown 
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Be xal f) ZA xfj ZT iar)- a! apa ZA, AH xau; Zr, HA iaai 
elalv- &axe o Xrj fj ZH xfiv ZA, AH eaxlv aXXa xod 

eXaxxatv oxep eaxlv aBuvaxov. oux apa f) axo xou Z exl 
xo H exii^euYvupevr) eu-Defa Bia xfjg xaxa xo A exacpfjc; oux 
eXeuaexai- 81 ’ auxfjc; apa. 

’Eav apa Suo xuxXoi ecpaxxuvxai aXXf)Xa>v exxoc;, f) exl 
xa xevxpa auxwv exi^euYvupevr] [euheTa] Bia xfj? exacpfjc; 
eXeuaexai- oxep e 8 et bsTpai. 


iy'. 

KuxXog xuxXou oux ecpaxxexai xaxa xXelova ar^ela fj 
xafP ev, eav xe evxoc; eav xe exxoc; ecpaxxrjxai. 



El y«P Buvaxov, xuxXoc; 6 ABTA xuxXou xou EBZA 
ecpaxxea-dto xpoxepov evxoc; xaxa xXelova a^pela rj ev xa A, 
B. 

Kal eiXrjcp'Oco xou pev ABrA xuxXou xevxpov xo H, xou 
Be EBZA xo 0. 

'H apa axo xou H ex! xo 0 exi^euYvujievr] ex! xa B, 
A xeaelxai. xixxexto cbc; f] BH0A. xal exel xo H aripeTov 
xevxpov eaxl xou ABrA xuxXou, Tar) eaxlv f] BH xfj HA- 
pel^tov apa fj BH xfjc; 0A- xoXXw apa peli^tov fj B0 xfjc 0A. 
xaXiv, exel xo 0 arjpielov xevxpov eaxl xou EBZA xuxXou, 
Tar] eaxlv fj B0 xfj 0A- eBelx'hr] Be auxfjc; xal xoXXcp piel^wv 
oxep aBuvaxov oux apa xuxXoc; xuxXou ecpaxxexai evxoc 
xaxa xXelova arjpiela fj ev. 

Aeyw 8rj, oxi ouBe exxoc;. 

El Y&p Buvaxov, xuxXoc 6 ArK xuxXou xou ABrA 
ecpaxxea-dM exxoc; xaxa xXelova arjpeTa fj ev xa A, T, xal 

exe^eux-dw f] Ar. 

Tilxel ouv xuxXwv xwv ABrA, ArK e’lXrjxxai exl xfjc 
xepicpepelac exaxepou Suo xuyovxa arjpe'ia xa A, T, f) era, 
xa arjpeTa exi^euYvupevr) eu-defa evxoc; exaxepou xeaelxai- 
aXXa xou pev ABrA evxoc; exeaev, xou Be ArK exxoc;- 
oxep axoxov oux apa xuxXoc; xuxXou ecpaxxexai exxoc; xaxa 
xXelova arjpeTa fj ev. eBelyDr) Be, oxi ouBe evxoc;. 


(to be) equal to FC. Thus, the (straight-lines) FA and 
AG are equal to the (straight-lines) FC and GD. So the 
whole of FG is greater than FA and AG. But, (it is) also 
less [Prop. 1.20]. The very thing is impossible. Thus, the 
straight-line joining F to G cannot not go through the 
point of union at A. Thus, (it will go) through it. 

Thus, if two circles touch one another externally then 
the [straight-line] joining their centers will go through 
the point of union. (Which is) the very thing it was re¬ 
quired to show. 

Proposition 13 

A circle does not touch a(nother) circle at more than 
one point, whether they touch internally or externally. 



For, if possible, let circle ABDC 1 touch circle EBFD — 
first of all, internally—at more than one point, D and B. 

And let the center G of circle ABDC have been found 
[Prop. 3.1], and (the center) FI of EBFD [Prop. 3.1]. 

Thus, the (straight-line) joining G and H will fall on 
B and D [Prop. 3.11]. Let it fall like BGHD (in the 
figure). And since point G is the center of circle ABDC, 
BG is equal to GD. Thus, BG (is) greater than HD. 
Thus, BFl (is) much greater than FID. Again, since point 
FI is the center of circle EBFD, BFl is equal to HD. 
But it was also shown (to be) much greater than it. The 
very thing (is) impossible. Thus, a circle does not touch 
a(nother) circle internally at more than one point. 

So, I say that neither (does it touch) externally (at 
more than one point). 

For, if possible, let circle ACK touch circle ABDC 
externally at more than one point, A and C. And let AC 
have been joined. 

Therefore, since two points, A and C, have been taken 
at random on the circumference of each of the circles 
ABDC and ACK, the straight-line joining the points will 
fall inside each (circle) [Prop. 3.2]. But, it fell inside 
ABDC, and outside ACK [Def. 3.3]. The very thing 
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KuxXoc; apa xuxXou oux ecpaxxexai xaxa xXeiova aqpela 
fj [xafF] ev, eav xe evxcx; eav xe exxoc; ecpaxxrjxai.- oxep e8ei 
SeT<;at. 


t The Greek text has “ ABCD ”, which is obviously a mistake. 

l8'. 

’Ev xuxXcp ai Taai sO'deiba T gov axeyouaiv axo xou 
xevxpou, xai ai Taov axexouaai axo xou xevxpou Taai 
aXXrjXau; eialv. 



’'Eaxco xuxXo<; 6 ABrA, xai ev auxA ioai euOelai eaxo- 
aav ai AB, TA- Xeyto, oxi ai AB, TA Taov axeyouaiv axo 
xou xevxpou. 

EiX^cpiSw yap xo xevxov xou ABrA xuxXou xai eaxco xo 
E, xai axo xou E era xa<; AB, TA xaTlsxoi qy-doraav ai EZ, 
EH, xai exeCeux'Swaav ai AE, ET. 

’Exel ouv eudeTa xu; Sla xou xevxpou f) EZ eOhelav xiva 
pf) Sid xou xevxpou xrjv AB xpo<; op'dac; xeptvei, xai Sixa 
auxrjv xepivei. iar) apa f) AZ x^ ZB- SixXfj apa f) AB xfj<; 
AZ. Sia xa auxa 5f) xai yj TA xfjc; TH eaxi SixXfj- xai eaxiv 
Tar] f] AB xfj TA- Tar] apa xai f] AZ xfj TH. xai exei Tar] eaxiv 
f] AE xfj ET, Taov xai xo axo xfj<; AE xo axo xfjg ET. aXXa 
xo (iev axo xfjg AE Taa xa axo xAv AZ, EZ- op-df] yap f] 
xpoi; xA Z ywvia• xA Se axo xrjc ET Taa xa axo xAv EH, HT- 
op-df] yap f] xpoc xA H ywvia- xa apa axo xAv AZ, ZE Taa 
eaxi xolc; axo xAv TH, HE, 6v xo axo xfjg AZ Taov eaxi xA 
axo xfjc; TH- Tar] yap eaxiv f) AZ xfj TH- Xoixov apa xo axo 
xfjc; ZE xA axo xfjg EH Taov eaxiv Tar] apa f) EZ xfj EH. ev 
Se xuxXw Taov axeyeiv axo xou xevxpou eu-delai Xeyovxai, 
oxav ai axo xou xevxpou ex’ auxac; xotdexoi ayopievai Taai 
Aaiv ai apa AB, TA Taov axeyouaiv axo xou xevxpou. 

’AXXa Sf] ai AB, TA eu-delai Taov axeyexoraav axo xou 
xevxpou, xouxeaxiv Tar] eaxw f] EZ xfj EH. Xeyw, oxi Tar] 
eaxi xai f] AB xfj TA. 


(is) absurd. Thus, a circle does not touch a(nother) circle 
externally at more than one point. And it was shown that 
neither (does it) internally. 

Thus, a circle does not touch a(nother) circle at more 
than one point, whether they touch internally or exter¬ 
nally (Which is) the very thing it was required to show. 


Proposition 14 

In a circle, equal straight-lines are equally far from the 
center, and (straight-lines) which are equally far from the 
center are equal to one another. 



Let ABDC t be a circle, and let AB and CD be equal 
straight-lines within it. I say that AB and CD are equally 
far from the center. 

For let the center of circle ABDC have been found 
[Prop. 3.1], and let it be (at) E. And let EF and EG 
have been drawn from (point) E, perpendicular to AB 
and CD (respectively) [Prop. 1.12]. And let AE and EC 
have been joined. 

Therefore, since some straight-line, EF, through the 
center (of the circle), cuts some (other) straight-line, AB, 
not through the center, at right-angles, it also cuts it in 
half [Prop. 3.3]. Thus, AF (is) equal to FB. Thus, AB 
(is) double AF. So, for the same (reasons), CD is also 
double CG. And AB is equal to CD. Thus, AF (is) 
also equal to CG. And since AE is equal to EC, the 
(square) on AE (is) also equal to the (square) on EC. 
But, the (sum of the squares) on AF and EF (is) equal 
to the (square) on AE. For the angle at F (is) a right- 
angle [Prop. 1.47]. And the (sum of the squares) on EG 
and GC (is) equal to the (square) on EC. For the angle 
at G (is) a right-angle [Prop. 1.47]. Thus, the (sum of 
the squares) on AF and FE is equal to the (sum of the 
squares) on CG and GE, of which the (square) on AF 
is equal to the (square) on CG. For AF is equal to CG. 
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T£>v yap auxwv xaxaaxeuaaDEvxcdv o(joiw<; Sei^opisv, 
oti 8 ixXfj eaxiv fj ytev AB xfjc; AZ, f) 8e TA xfjc; TH- xal site! 
far) eaxiv f) AE xfj FE, Iaov eaxl xo axo xfjc; AE x£> axo 
xfjc; FE - aXXa xoi pev axo xfjc; AE laa eaxl xa axo xfiiv EZ, 
ZA, xc5 5e axo xfjc; TE laa xa axo xwv EH, Hr. xa apa axo 
xov EZ, ZA laa eaxl xoic; axo xwv EH, HT - Sv xo axo xfj<; 
EZ xw axo xfjc; EH eaxiv Iaov Xar\ yap f| EZ xfj EH' Xoixov 
apa xo axo xfjc; AZ Iaov eaxl xw axo xfjc; TH- lar] apa f] AZ 
xfj TH- xa[ eaxi xfjc pev AZ 5ixXfj f] AB, xfjc 8e FH SixXfj 
f] FA- lar] apa f] AB xfj FA. 

’Ev xuxXcp apa al laai euOelai Iaov axeyouaiv axo 
xou xevxpou, xal ai Iaov axeyouaai axo xou xevxpou laai 
aXXfjXaic; eialv oxep e5ei 8el^ai. 


t The Greek text has “ABCD”, which is obviously a mistake. 

is'. 

’Ev xuxXw peyiaxr] pev f] 8iapexpo<;, xwv 8e aXXwv del 
f] eyyiov xou xevxpou xfjc axAxepov pei^wv eaxiv. 

’'Eaxco xuxXoc 6 ABrA, Siapexpoc; 8e auxou eaxrn f) AA, 
xevxpov 8e xo E, xal eyyiov piev xfjc AA 8 iapiexpou eaxrn f) 
Br, axAxepov 8e f] ZH- Xeyco, oxi pieyiaxr) piev eaxiv fj AA, 
piei^wv 8e f) Br xfjc ZH. 

’'Hx'Dcoaav yap axo xou E xevxpou exl xac Br, ZH 
xaHexoi al E@, EK. xal exel eyyiov piev xou xevxpou eaxiv 
f) Br, axAxepov 8e f] ZH, piel^wv apa f) EK xfjc E0. xeiaDo 
xfj E0 larj f] EA, xal 8ia xou A xfj EK xpoc opDac aydelaa 
fj AM Si^xDw exl xo N, xal exeCeuxDwaav al ME, EN, ZE, 
EH. 

Kal exel lar] eaxiv f] E0 xfj EA, lar) eaxl xal f] Br xfj 
MN. xaXiv, exel larj eaxiv f) piev AE xfj EM, fj 8e EA xfj 
EN, f] apa AA xaTc ME, EN larj eaxiv. aXX’ al piev ME, EN 
xfjc MN piel^ovec elaiv [xal f] AA xfjc MN pieli^ov eaxiv], 
lar] 8e f] MN xfj Br- f] AA apa xfjc Br pieKwv eaxiv. xal 
exel 8uo al ME, EN 8uo xalc ZE, EH laai elalv, xal yorvla 
f] uxo MEN ywvlac xfjc 0x6 ZEH piel^wv [eaxiv], pdaic apa 


Thus, the remaining (square) on FE is equal to the (re¬ 
maining square) on EG. Thus, EF (is) equal to EG. And 
straight-lines in a circle are said to be equally far from 
the center when perpendicular (straight-lines) which are 
drawn to them from the center are equal [Def. 3.4]. Thus, 
AB and CD are equally far from the center. 

So, let the straight-lines AB and CD be equally far 
from the center. That is to say, let EF be equal to EG. I 
say that AB is also equal to CD. 

For, with the same construction, we can, similarly, 
show that AB is double AF, and CD (double) CG. And 
since AE is equal to CE, the (square) on AE is equal to 
the (square) on CE. But, the (sum of the squares) on 
EF and FA is equal to the (square) on AE [Prop. 1.47]. 
And the (sum of the squares) on EG and GC (is) equal 
to the (square) on CE [Prop. 1.47]. Thus, the (sum of 
the squares) on EF and FA is equal to the (sum of the 
squares) on EG and GC, of which the (square) on EF is 
equal to the (square) on EG. For EF (is) equal to EG. 
Thus, the remaining (square) on AF is equal to the (re¬ 
maining square) on CG. Thus, AF (is) equal to CG. And 
AB is double AF, and CD double CG. Thus, AB (is) 
equal to CD. 

Thus, in a circle, equal straight-lines are equally far 
from the center, and (straight-lines) which are equally far 
from the center are equal to one another. (Which is) the 
very thing it was required to show. 


Proposition 15 

In a circle, a diameter (is) the greatest (straight-line), 
and for the others, a (straight-line) nearer to the center 
is always greater than one further away. 

Let ABCD be a circle, and let AD be its diameter, 
and E (its) center. And let BG be nearer to the diameter 
AD,t and FG further away. I say that AD is the greatest 
(straight-line), and BC (is) greater than FG. 

For let EH and EK have been drawn from the cen¬ 
ter E, at right-angles to BC and FG (respectively) 
[Prop. 1.12]. And since BC is nearer to the center, 
and FG further away, EK (is) thus greater than EH 
[Def. 3.5], Let EL be made equal to EH [Prop. 1.3]. 
And LM being drawn through L, at right-angles to EK 
[Prop. 1.11], let it have been drawn through to N. And 
let ME, EN, FE, and EG have been joined. 

And since EH is equal to EL, BC is also equal to 
AIN [Prop. 3.14]. Again, since AE is equal to EM, and 
ED to EN, AD is thus equal to Al E and EN. But, ME 
and EN is greater than MN [Prop. 1.20] [also AD is 
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f) MN f3daeoc xrjc ZH pcl^tov eaxiv. aXXa f) MN xfj Br 
eBeix'dr) ’lar) [xal f) Br xrjc ZH eaxlv]. peylaxr) pev 

apa fj AA 8iapexpoc, pel^tov 5e f] Br xrjc ZH. 



’Ev xuxXor apa peylaxr] pev Eaxiv f) 8 iapexpoc, xuv 8 s 
aXXwv del fj syyiov xou xevxpou xrjc axAxspov peKorv eaxlv 
oxep e 8 ei 8 el^ai. 


greater than MN], and AIN (is) equal to BC. Thus, AD 
is greater than BC. And since the two (straight-lines) 
ME, EN are equal to the two (straight-lines) FE, EG 
(respectively), and angle MEN [is] greater than angle 
FEG,$ the base MN is thus greater than the base EG 
[Prop. 1.24]. But, MN was shown (to be) equal to BC 
[(so) BC is also greater than FG]. Thus, the diameter 
AD (is) the greatest (straight-line), and BC (is) greater 
than FG. 



Thus, in a circle, a diameter (is) the greatest (straight- 
line), and for the others, a (straight-line) nearer to the 
center is always greater than one further away. (Which 
is) the very thing it was required to show. 


t Euclid should have said “to the center”, rather than ”to the diameter AD”, since BC, AD and FG are not necessarily parallel, 
t This is not proved, except by reference to the figure. 


it'. 

'H xfj Siapexpcp xou xuxXou xpoc ophac ax’ axpac 
ayopevr] exxoc xeaelxai xou xuxXou, xod sic xov pexalju 
xoxov xrjc xe Euhdocc xal xrjc Ttepvpepelac exepa eudsla ou 
TtapepxEaeTxai, xal f] p£v xou fjpixuxXlou yovla omaarjc 
ytoviac o^dac euhuypappou pclilAv Eaxiv, f) 8e Xoltut) 
sXaxxtov. 

’'Eaxcu xuxXoc 6 ABT xcpl xcvxpov xo A xal Biapcxpov 
xf]v AB- Xeyu, oxi f) aito xou A xfj AB xpoc ophac ax’ 
axpac ayopevr] exxoc xsaslxai xou xuxXou. 

Mf) yap, aXX’ si 8uvaxov, xixxexco evxoc Ac f] TA, xal 
EXE^Euydco f) AT. 

’ExeI tar) eaxlv f) AA xrj AT, iar) eaxl xal ytuvla f] uxo 
AAT ywvla xrj 0x6 ATA. ophf] 8e f) 0x6 AAT- ophf) apa 
xal f] 0x6 ATA' xpiyAvou 8f) xou ATA al Buo ycrvlai al 
0x6 AAT, ATA 8uo ophalc ’laai e’lalv oxsp Eaxiv aSuvaxov. 
oOx apa i] axo xou A arjpslou xfj BA xpoc ophac ayopevr] 
evxoc xsaslxai xou xuxXou. opolurc 6f) BeTJjopev, oxi ou8’ 
Exl xrjc xEpupEpslac exxoc apa. 


Proposition 16 

A (straight-line) drawn at right-angles to the diameter 
of a circle, from its end, will fall outside the circle. And 
another straight-line cannot be inserted into the space be¬ 
tween the (aforementioned) straight-line and the circum¬ 
ference. And the angle of the semi-circle is greater than 
any acute rectilinear angle whatsoever, and the remain¬ 
ing (angle is) less (than any acute rectilinear angle). 

Let ABC be a circle around the center D and the di¬ 
ameter AB. I say that the (straight-line) drawn from A, 
at right-angles to AB [Prop 1.11], from its end, will fall 
outside the circle. 

For (if) not then, if possible, let it fall inside, like CA 
(in the figure), and let DC have been joined. 

Since DA is equal to DC, angle DAC is also equal 
to angle ACD [Prop. 1.5]. And DAC (is) a right-angle. 
Thus, ACD (is) also a right-angle. So, in triangle ACD, 
the two angles DAC and ACD are equal to two right- 
angles. The very thing is impossible [Prop. 1.17]. Thus, 
the (straight-line) drawn from point A, at right-angles 
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nixxcxw ok f] AE- Xeyto Sfj, oxi sic; xov p£xac;u xoxov 
xfjc ts AE cOflsiac; xai xfjc; T0A uspicpspsiac; Excpa sufkTa 
ou xapEpxEasIxai. 

Ei yap Suvaxov, xapspxixxcxco ok f] ZA, xal fjx'Sw axo 
xou A arjpEiou sxl xfjv ZA xakxoc f) AH. xai exeI opHr] 
ecttlv f) 0x6 AHA, sXaxxcov 8s op-dfjc f] 0x6 AAH, ps^wv 
apa f) A A xfjc; AH. for) Ss f] A A xfj A0- psi^orv apa f) A0 
xfjc; AH, f) sXaxxcov xfjc; psiifovoc oxsp saxiv aSuvaxov. oOx 
apa sic; xov psxal;b xoxov xfjc; xe su-dsiat; xai xfjc; xEpupEpsiac; 
Exspa sO-dsTa xapspxEaElxai. 

Asyw, oxi xai f) psv xou fjpixuxAtau ycovia f) xEpLExopsvr] 
0x6 xe xfjc; BA sinkiac; xai xfjc; T0A xspicpEpEiac; axaarjc; 
yorviac; o^siac; su'duypdppou pEii^wv saxiv, f) 8s Xoixf) f) xs- 
piEXopsvr] 0x6 xe xfjc T0A xEpicpEpsiac xai xfjc AE EU-kia? 
axaar]c ycoviac; o^eiac suOuypappou sXaxxov saxiv. 

Ei yap egxi xic yorvia suDuypappoc; p£i<(a>v psv xfjc 
xspiExo^Evrjc 0x6 xe xfjc BA sOikiac; xai xfjc T0A xcpi- 
cpepEiac, sXaxxwv Ss xfjc x£pi£xo(i£vr)c 0x6 xe xfjc T0A 
xspicpspEiac; xai xfjc AE sOiDsiac, eic xov psxa^O xoxov xfjc 
xe T0A xspicpEpEiac xai xfjc AE sOikiac suikla xapsp- 
xsaslxai, fjxic xoiijasi pciifova pcv xfjc xEpiExojiEvrjc 0x6 
xe xfjc BA sOikiac xai xfjc T0A xspicpEpEiac; 0x6 sufkiAv 
xspiExojiEvrjv, sAaxxova 8e xfjc xEpiExopEvrjc; 0x6 xe xfjc 
T0A xspicpEpEiac xai xfjc AE sOikiac;. oO xapcpxixxEi 8e- 
oOx apa xfjc xEpiExojiEvrjc yorviac 0x6 xe xfjc BA sOikiac 
xai xfjc T0A xspicpEpEiac saxai psi^cov o^sla 0x6 sOfkiwv 
x£pi£xo(i£vr), o08e pf)v sAaxxoiv xfjc xspisxopiEvrjc 0x6 xe 
xfjc T0A xspicpspEiac xai xfjc AE sOikiac. 


to BA, will not fall inside the circle. So, similarly, we 
can show that neither (will it fall) on the circumference. 
Thus, (it will fall) outside (the circle). 


B 



Let it fall like AE (in the figure). So, I say that another 
straight-line cannot be inserted into the space between 
the straight-line AE and the circumference CHA. 

For, if possible, let it be inserted like FA (in the fig¬ 
ure), and let DG have been drawn from point D, perpen¬ 
dicular to FA [Prop. 1.12]. And since AGD is a right- 
angle, and DAG (is) less than a right-angle, AD (is) 
thus greater than DG [Prop. 1.19]. And DA (is) equal 
to DH. Thus, DH (is) greater than DG, the lesser than 
the greater. The very thing is impossible. Thus, another 
straight-line cannot be inserted into the space between 
the straight-line (AE) and the circumference. 

And I also say that the semi-circular angle contained 
by the straight-line BA and the circumference CHA is 
greater than any acute rectilinear angle whatsoever, and 
the remaining (angle) contained by the circumference 
CHA and the straight-line AE is less than any acute rec¬ 
tilinear angle whatsoever. 

For if any rectilinear angle is greater than the (an¬ 
gle) contained by the straight-line BA and the circum¬ 
ference CHA, or less than the (angle) contained by the 
circumference CHA and the straight-line AE, then a 
straight-line can be inserted into the space between the 
circumference CHA and the straight-line AE —anything 
which will make (an angle) contained by straight-lines 
greater than the angle contained by the straight-line BA 
and the circumference CHA, or less than the (angle) 
contained by the circumference CHA and the straight- 
line AE. But (such a straight-line) cannot be inserted. 
Thus, an acute (angle) contained by straight-lines cannot 
be greater than the angle contained by the straight-line 
BA and the circumference CHA, neither (can it be) less 
than the (angle) contained by the circumference CHA 
and the straight-line AE. 
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Ilopiapa. 

’Ex Sf] xouxou cpavcpov, oxi f] xfj oiapcxpw xou xuxXou 
xpoc; op-dac; ax’ axpac; ayopEvr) Ecpaxxcxai xou xuxXou 
[xal oxi cu-dcla xuxXou xafF ev povov scpaxxsxai orjpElov, 
£xsi8fjxsp xal f] xaxa Suo auxA oupPaXXouoa svxoc; auxou 
xlxxouoa sSEix-ib]]' oxsp eSsi 6el^ai. 


Corollary 

So, from this, (it is) manifest that a (straight-line) 
drawn at right-angles to the diameter of a circle, from 
its extremity, touches the circle [and that the straight-line 
touches the circle at a single point, inasmuch as it was 
also shown that a (straight-line) meeting (the circle) at 
two (points) falls inside it [Prop. 3.2] ]. (Which is) the 
very thing it was required to show. 


c. 


Proposition 17 


’Axo xou SoOevxoc; orjpslou xou SoOsvxoc; xuxXou scpa- 
xxopsvrjv suOslav ypappfjv ayayslv. 

A 


To draw a straight-line touching a given circle from a 
given point. 


A 



’'Eoxco xo pcv So-dsv arjpetov xo A, 6 6s 8of>d<; xuxXo<; 
6 BTA- 8sT Srj axo xou A orjpEiou xou BTA xuxXou scpa- 
xxopevrjv su-dsTav ypappfjv ayaysiv. 

ElX/icpOw yap xo xsvxpov xou xuxXou xo E, xal 
exsCeuxDw f] AE, xal xcvxpw pcv xA E Siaoxf|paxi 8s xA 
EA xuxXo<; ysypacpilw 6 AZH, xal axo xou A xfj EA xpo? 
op-don; f]xfla) f] AZ, xal sxsCeuxilwaav al EZ, AB- Xsyw, 
oxi axo xou A arjpsiou xou BTA xuxXou Ecpaxxopsvr] fjxxai 
f) AB. 

’Exd yap xo E xsvxpov soxl xAv BTA, AZH xuxXwv, 
Tor] apa egxIv f] pcv EA xfj EZ, f) os EA xfj EB- Suo 8f) 
al AE, EB 8uo xal; ZE, EA I'oai Etatv xal ywvlav xoivf]v 
xEpiEyouoi xf]v xpo; xA E- pdoi; apa f] AZ pdosi xfj AB 
Tar] egxiv, xal xo AEZ xplycovov xA EBA xpiyAvw igov 
saxlv, xal al Xoixal ywvlai xal; XoixaT; yoovlai;- Tor] apa f] 
uxo EAZ xfj uxo EBA. op-df] 8 e f] 0x6 EAZ- op-Of] apa xal f] 
0x6 EBA. xal egxlv f] EB ex xou xsvxpou- f] 8s xfj Siapsxpw 
xou xuxXou xpo; opda; ax’ axpa; ayopsvr] Ecpdxxcxai xou 
xuxXou- f] AB apa scpaxxsxai xou BTA xuxXou. 

Axo xou apa 8odsvxo; oyjpslou xou A xou 8o-dsvxo; 
xuxXou xou BTA Ecpaxxopsvr] sudsla ypappf] fjxxai f] AB- 
oxsp e8ei xoifjoai. 


Let A be the given point, and BCD the given circle. 
So it is required to draw a straight-line touching circle 
BCD from point A. 

For let the center E of the circle have been found 
[Prop. 3.1], and let AE have been joined. And let (the 
circle) AFC have been drawn with center E and radius 
EA. And let DF have been drawn from from (point) D, 
at right-angles to EA [Prop. 1.11]. And let EF and AB 
have been joined. I say that the (straight-line) AB has 
been drawn from point A touching circle BCD. 

For since E is the center of circles BCD and AFC, 
EA is thus equal to EF, and ED to EB. So the two 
(straight-lines) AE, EB are equal to the two (straight¬ 
lines) FE, ED (respectively). And they contain a com¬ 
mon angle at E. Thus, the base DF is equal to the 
base AB, and triangle DEF is equal to triangle EBA, 
and the remaining angles (are equal) to the (corre¬ 
sponding) remaining angles [Prop. 1.4]. Thus, (angle) 
EDF (is) equal to EBA. And EDF (is) a right-angle. 
Thus, EBA (is) also a right-angle. And EB is a ra¬ 
dius. And a (straight-line) drawn at right-angles to the 
diameter of a circle, from its extremity, touches the circle 
[Prop. 3.16 corr.]. Thus, AB touches circle BCD. 

Thus, the straight-line AB has been drawn touching 
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irf. 

’Eav xuxXou ecpaxxrjxai xu; eudsia, axo 8s xou xevxpou 
exl tt)v acprjv exi£eu)(f)fj xu; eu-dela, f] exiCeuxOclaa xaOexoc; 
eaxai era. xf)v ecpaxxopevqv. 



KuxXou yap xou ABr ecpaxxeafko xic; euOeTa f) AE xaxa 
xo T ar)peTov, xal eiXrjcpfku xo xevxpov xou ABT xuxXou xo 
Z, xal axo xou Z era xo T exe£eu)(f)u> h ZT- Xeyw, oxi f] Zr 
xadexoc; eaxiv era xf]v AE. 

El yap axo xou Z era xrjv AE xaOexoi; rj ZH. 

’Exel ouv f] uxo ZHr ywvla opbrj eaxiv, oc;eTa apa eaxiv 
f) 0x6 ZTH- 0x6 8e xrjv peKova ywviav f) pei£u>v xXeupa 
Oxoxeiver peiCcov apa f\ ZT xfj<; ZH- iar] 5e f] ZT xfj ZB- 
peli^wv apa xal f] ZB xfjc; ZH f) eXaxxwv xrjc peKovoc;- oxep 
eaxiv a8uvaxov. oux apa fj ZH xddexoc; eaxiv exl xrjv AE. 
opoiox 8f] 8eTc;opev, oxi ou5’ aXXr) xic xXfjv xfj<; Zr- f] Zr 
apa xddexoc; eaxiv exl xrjv AE. 

’Eav apa xuxXou ecpaxxqxai xic euDela, axo 8e xou 
xevxpou exl xf|v acprjv exi^eu^-df] xu; euDela, f) exi^eux'Selaa 
xddexoc; eaxai exl xf]v ecpaxxopevrjv oxep eoei 8eT^ai. 


if)'. 

’Eav xuxXou ecpaxxiqxai xic; euDela, axo 8e xfjc; acprjv xfj 
ecpaxxopevr) xpoc; 6pf)a<; [ytoviac;] euffela ypappq axflfj, exl 
xfjc dyfleiaqc; eaxai xo xevxpov xou xuxXou. 

KuxXou yap xou ABr ecpaxxeafko xu; euOela f] AE xaxa 
xo r ar)(ieTov, xal axo xou T xfj AE xpoc; 6pf)a<; fjxi)u> f] 
FA- Xeyo, oxi exl xfjc Ar eaxi xo xevxpov xou xuxXou. 


the given circle BCD from the given point A. (Which is) 
the very thing it was required to do. 

Proposition 18 

If some straight-line touches a circle, and some 
(other) straight-line is joined from the center (of the cir¬ 
cle) to the point of contact, then the (straight-line) so 
joined will be perpendicular to the tangent. 



For let some straight-line DE touch the circle ABC at 
point C, and let the center F of circle ABC have been 
found [Prop. 3.1], and let FC have been joined from F 
to C. I say that FC is perpendicular to DE. 

For if not, let FG have been drawn from F, perpen¬ 
dicular to DE [Prop. 1.12], 

Therefore, since angle FGC is a right-angle, (angle) 
FCG is thus acute [Prop. 1.17]. And the greater angle is 
subtended by the greater side [Prop. 1.19]. Thus, FC (is) 
greater than FG. And FC (is) equal to FB. Thus, FB 
(is) also greater than FG, the lesser than the greater. The 
very thing is impossible. Thus, FG is not perpendicular to 
DE. So, similarly, we can show that neither (is) any other 
(straight-line) except FC. Thus, FC is perpendicular to 
DE. 

Thus, if some straight-line touches a circle, and some 
(other) straight-line is joined from the center (of the cir¬ 
cle) to the point of contact, then the (straight-line) so 
joined will be perpendicular to the tangent. (Which is) 
the very thing it was required to show. 

Proposition 19 

If some straight-line touches a circle, and a straight- 
line is drawn from the point of contact, at right-[angles] 
to the tangent, then the center (of the circle) will be on 
the (straight-line) so drawn. 

For let some straight-line DE touch the circle ABC at 
point C. And let CA have been drawn from C, at right- 
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A 



Mr) yap, aXX’ ei Suvaxov, ecrno to Z, xal exe^euxfho f) 

rz. 

’Exel [ouv] xuxXou tou ABT ecpaxTETal Tig eu-dela f) AE, 
axo 8e tou xevTpou exl ttjv acprjv exeiljeuxTai f] Zr, f] ZT apa 
xa-dexog eaxiv exl ttjv AE- op-df) apa ecttIv f] 0x6 ZTE. ecttI 
Se xal f) 0x6 AFE op-df]- Tar) apa ecttIv f) 0x6 ZFE Tfj 0x6 
ArE f) eXaTTWv Tfj peiC^ovi- oxep ecttIv aSuva tov. oux apa 
to Z xevTpov ecttI tou ABr xuxXou. opotag 8f] 8ell;opev, 
oti o08’ aXXo tl xXrjv exl Tfjg Ar. 

’Eav apa xuxXou scpaxTrjTai Tig eudeTa, axo 8e Tfjg acpfjg 
Tfj ecpaxTopevr) xpog opDag euDeTa ypappf] a/Df], exl Tfjg 
ax'dsMrjg eoxai to xevxpov tou xuxXou- oxep e8ei 8eTl;ai. 


X. 

’Ev xuxXtp f) xpog tA xevTpcp ytovla 8ixXaa[wv ecttI Tfjg 
xpog Tfj xepicpepela, OTav Tfjv aOTfjv xepicpepeiav pdoiv e^u>- 
aiv ai ytovlai. 

’'Ecttco xuxXog 6 ABr, xal xpog (rev tA xevTptp auTou 
ywvia ecttm f] 0x6 BEr, xpog 8e Tfj xepicpepela f) 0x6 BAr, 
eXETwaav 8e ttjv aOxfjv xepicpepeiav pdoiv xfjv Br- Xeyw, 
oti 8ixXaaicrv ecttIv f) 0x6 BEr ywvla Tfjg 0x6 BAr. 

’ExiCeux'Os'icra yap f] AE 8if)X'8w exl to Z. 

’Exel ouv Tar] ecttIv f) EA Tfj EB, Tar] xal ywvla f) 0x6 
EAB Tfj 0x6 EBA- al apa 0x6 EAB, EBA ywvlai Tfjg 0x6 
EAB SixXaaioug eioiv. Tor] 8e f) 0x6 BEZ xaTg 0x6 EAB, 
EBA- xal f] 0x6 BEZ apa Tfjg 0x6 EAB eoti 8ixXfj. 8ia Ta 
auxa 8f] xal f) 0x6 ZEr Tfjg 0x6 EAr ectti 8ixXfj. oXrj apa 
f) 0x6 BEr oXrjg Tfjg 0x6 BAr eoti 8ixXfj. 


angles to DE [Prop. 1.11]. I say that the center of the 
circle is on AC. 


A 



circle), and let CF have been joined. 

[Therefore], since some straight-line DE touches the 
circle ABC, and FC has been joined from the center to 
the point of contact, FC is thus perpendicular to DE 
[Prop. 3.18]. Thus, FCE is a right-angle. And ACE 
is also a right-angle. Thus, FCE is equal to ACE, the 
lesser to the greater. The very thing is impossible. Thus, 
F is not the center of circle ABC. So, similarly, we can 
show that neither is any (point) other (than one) on AC. 

Thus, if some straight-line touches a circle, and a straight- 
line is drawn from the point of contact, at right-angles to 
the tangent, then the center (of the circle) will be on the 
(straight-line) so drawn. (Which is) the very thing it was 
required to show. 

Proposition 20 

In a circle, the angle at the center is double that at the 
circumference, when the angles have the same circumfer¬ 
ence base. 

Let ABC be a circle, and let BEC be an angle at its 
center, and BAC (one) at (its) circumference. And let 
them have the same circumference base BC. I say that 
angle BEC is double (angle) BAC. 

For being joined, let AE have been drawn through to 
F. 

Therefore, since EA is equal to EB, angle EAB (is) 
also equal to EBA [Prop. 1.5]. Thus, angle EAB and 
EBA is double (angle) EAB. And BEF (is) equal to 
EAB and EBA [Prop. 1.32]. Thus, BEF is also double 

EAB. So, for the same (reasons), FEC is also double 

EAC. Thus, the whole (angle) BEC is double the whole 
(angle) BAC. 
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KexXaadw 5f) xaXiv, xal eaxw exspa ywvia fj 0x6 BAr, 
xal ETaCsux'OsLaa fj AE expepX^a'do era. to H. opolax; 8rj 
Oei^opev, oxi BixXrj eaxiv f) 0x6 HEr ytovia xrjc; 0x6 EAr, 
Sv f) 0x6 HEB 8 ixXfj eaxi xfj<; 0x6 EAB- Xoixr) apa f\ 0x6 
BEr oixXfj eaxi xr)<; 0x6 BAr. 

’Ev xuxXcp apa f) xpo<; xo xevxpw yovla oixXaaiow eaxi 
xrjc; xpo<; xfj xepicpepeia, oxav xrjv aOxf]v xepicpepeiav pdaiv 
cyoraiv [ai ycmai]- oxep e8ei 8eTc;ai. 


Xod. 

’Ev xuxXtp ai ev xA aOxA Tpfjpaxi ywviai laai aXXf|Xaic; 
eiaiv. 



’'Eaxw xvxXoc; 6 ABrA, xal ev xA aOxA xpr)paxi xA 
BAEA ytoviai eaxwaav ai 0x6 BAA, BEA- Xeyw, oxi ai 
0x6 BAA, BEA ywviai laai aXXf|Xai<; eiaiv. 

EiX^cpiSw yap xou ABrA xuxXou to xevxpov, xai eaxw 
to Z, xai exe^euxDwaav ai BZ, ZA. 

Kai exei f) pev 0x6 BZA ytovia xpoc; xA xevxpcp eaxiv, f] 
8e 0x6 BAA xpo<; xfj xepicpepeia, xai eyouai xrjv a0xf]v xe¬ 
picpepeiav pdaiv xrjv BrA, t] apa 0x6 BZA yorvia 8ixXaaio:>v 
eaxi xfjc; 0x6 BAA. oia xa aOxa 8rj rj 0x6 BZA xai xfj<; 0x6 



So let another (straight-line) have been inflected, and 
let there be another angle, BDC. And DE being joined, 
let it have been produced to G. So, similarly, we can show 
that angle GEC is double EDC, of which GEB is double 
EDB. Thus, the remaining (angle) BEG is double the 
(remaining angle) BDC. 

Thus, in a circle, the angle at the center is double that 
at the circumference, when [the angles] have the same 
circumference base. (Which is) the very thing it was re¬ 
quired to show. 

Proposition 21 

In a circle, angles in the same segment are equal to 
one another. 



Let ABCD be a circle, and let BAD and BED be 
angles in the same segment BAED. I say that angles 
BAD and BED are equal to one another. 

For let the center of circle ABCD have been found 
[Prop. 3.1], and let it be (at point) F. And let BF and 
FD have been joined. 

And since angle BFD is at the center, and BAD at 
the circumference, and they have the same circumference 
base BCD, angle BFD is thus double BAD [Prop. 3.20]. 
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BEA eaxi SixXaltov for) apa f] uxo BAA xfj 0x6 BEA. 

’Ev xuxXw apa ai ev xA auxA xpf|[raxi ywviai foai 
aXXf)Xai<; eiaiv- oxep eSei 8efoai. 


x(3'. 


Tuv ev xofo xuxXok; xexpaxXeupwv ai axevavxlov ycovlai 
Suaiv op-daic; foai efoiv. 



’'Eaxo xuxXoc; 6 ABrA, xai ev auxA xexpaxXeupov eaxa> 
xo ABrA- Xeyo, oxi ai axevavxlov ycovlai Suaiv op-dafo foai. 
efoiv. 

’Exe^euy-dwaav ai Ar, BA. 

’Exei ouv xavxo<; xpiyAvou ai xpefo ycovlai Suaiv op-dafo 
foai eiaiv, xou ABT apa xpiyAvou ai xpefo ywvlai ai 0x6 
TAB, ABr, BEA 8 uaiv op-dafo foai efoiv. for] 8e f) pev 0x6 
TAB xfj 0x6 BAr- ev yap xA auxA xprjpaxl eiai xA BAAT- 
f) 8e 0x6 ArB xfj 0x6 AAB- ev yap xA auxA xpf]paxl eiai 
xA AATB- oXrj apa f] 0x6 AAr xafo 0x6 BAT, ATB for) 
eaxlv. xoivf) xpoaxelaba) f] 0x6 ABr- ai apa 0x6 ABr, 
BAr, ArB xafo 0x6 ABr, AAr foai efoiv. aXX’ ai 0x6 
ABr, BAr, ArB Suaiv op-dafo foai efoiv. xai ai 0x6 ABr, 
AAr apa Suaiv op-Safo foai efoiv. opolox 8f] Sedfopev, oxi 
xai ai 0x6 BAA, ArB ycrviai Suaiv op-dafo iaai eiaiv. 

TAv apa ev xou; xuxXoi; xexpaxXeupov ai axevavxlov 
yorviai Suaiv opifafo foai eiaiv- oxep eSei Sei^ai. 


xy'. 

’Exi xrj; auxrjc; eubelac; Suo xpf]paxa xuxXov opoia xai 
aviaa ou auaxa-difaexai exi xa auxa peprj. 

Ei yap Suvaxov, exi xfj<; aOxfj; eObelac; xfj; AB Suo 
xpfjpaxa xuxXov opoia xai aviaa auveaxaxo exi xa auxa 
pepr] xa ArB, AAB, xai Sifjxbo f) ArA, xai exe^euy-dwaav 


So, for the same (reasons), BED is also double BED. 
Thus, BAD (is) equal to BED. 

Thus, in a circle, angles in the same segment are equal 
to one another. (Which is) the very thing it was required 
to show. 


Proposition 22 

For quadrilaterals within circles, the (sum of the) op¬ 
posite angles is equal to two right-angles. 



Let ABCD be a circle, and let ABCD be a quadrilat¬ 
eral within it. I say that the (sum of the) opposite angles 
is equal to two right-angles. 

Let AC and BD have been joined. 

Therefore, since the three angles of any triangle are 
equal to two right-angles [Prop. 1.32], the three angles 
CAB, ABC, and BCA of triangle ABC are thus equal 
to two right-angles. And CAB (is) equal to BDC. For 
they are in the same segment BADC [Prop. 3.21], And 
ACB (is equal) to ADB. For they are in the same seg¬ 
ment ADCB [Prop. 3.21]. Thus, the whole of ADC is 
equal to BAC and ACB. Let ABC have been added to 
both. Thus, ABC, BAC, and ACB are equal to ABC 
and ADC. But, ABC, BAC, and ACB are equal to two 
right-angles. Thus, ABC and ADC are also equal to two 
right-angles. Similarly, we can show that angles BAD 
and DCB are also equal to two right-angles. 

Thus, for quadrilaterals within circles, the (sum of 
the) opposite angles is equal to two right-angles. (Which 
is) the very thing it was required to show. 

Proposition 23 

Two similar and unequal segments of circles cannot be 
constructed on the same side of the same straight-line. 

For, if possible, let the two similar and unequal seg¬ 
ments of circles, ACB and ADB, have been constructed 
on the same side of the same straight-line AB. And let 
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at TB, AB. 



’Exsl ouv opoi.6v saxi to ArB xpfjpa x<S AAB xpyjpaxi, 
opoia 8s xpijpaxa xuxXcov saxl xa 8s)(6psva ywvlac faac, 
Xar\ apa saxlv f) 0x6 ArB ywvla xfj 0x6 AAB f] sxxoc xfj 
svxoc oxsp saxlv aSuvaxov. 

OOx apa sxl xfjc; auxfjc sOOslac 8uo xpyjpaxa xuxXwv 
opoia xal aviaa auaxaD^CTexai sxl xa auxa pispry oxsp s8si 
Ssl^ai. 


ACD have been drawn through (the segments), and let 
CB and DB have been joined. 



Therefore, since segment ACB is similar to segment 
ADB, and similar segments of circles are those accept¬ 
ing equal angles [Def. 3.11], angle ACB is thus equal 
to ADB, the external to the internal. The very thing is 
impossible [Prop. 1.16]. 

Thus, two similar and unequal segments of circles 
cannot be constructed on the same side of the same 
straight-line. 


xo'. 


Proposition 24 



Similar segments of circles on equal straight-lines are 
equal to one another. 


E 




’'Eaxcoaav yap sxl ia«v sudsicSv xwv AB, TA opoia 
xpfjpaxa xuxXcov xa AEB, TZA- Xsyo, oxi Taov saxl xo 
AEB xpfjpa xw TZA xpijpaxL. 

’EcpappoC^opsvou yap xou AEB xpfjpaxoc sxl xo TZA xal 
xiUspEvou xou psv A arjpslou sxl xo T xfjc 8s AB suDslac 
sxl xfjv TA, scpappoasi xal xo B arjpsfov sxl xo A arjpsfov 
8ia xo larjv slvai xfjv AB xfj TA- xfjc 8s AB sxl xfjv TA scpap- 
poaaarjc scpappoasi xal xo AEB xpfjpa sxl xo TZA. si yap 
fj AB suDsTa sxl xqv TA scpappoasi, xo 8s AEB xpfjpa sxl 
xo TZA pf) scpappoasi, fjxoi svxoc auxou xsaslxai fj sxxoc 
fj xapaXXaJjsi, wc to THA, xal xuxXoc xuxXov xspvsi xaxa 
xXslova aqpsla fj 8uo' oxsp saxlv aSuvaxov. oux apa sepap- 
po^opsvqc xfjc AB suflslac sxl xfjv TA oux scpappoasi xal 



For let AEB and CFD be similar segments of circles 
on the equal straight-lines AB and CD (respectively). I 
say that segment AEB is equal to segment CFD. 

For if the segment AEB is applied to the segment 
CFD, and point A is placed on (point) C, and the 
straight-line AB on CD, then point B will also coincide 
with point D, on account of AB being equal to CD. And 
if AB coincides with CD then the segment AEB will also 
coincide with CFD. For if the straight-line AB coincides 
with CD, and the segment AEB does not coincide with 
CFD, then it will surely either fall inside it, outside (it)4 
or it will miss like CCD (in the figure), and a circle (will) 
cut (another) circle at more than two points. The very 
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to AEB Tpfjpa era, to rZA- ecpappoaei apa, xai laov ainA 
eaTai. 

Ta apa exi lacov euheiAv opoia TprjpaTa xuxXmv iaa 
aXXijXou; sotiv oxep e8ei 6e“i<;ai. 


thing is impossible [Prop. 3.10]. Thus, if the straight-line 
AB is applied to CD, the segment AEB cannot not also 
coincide with CFD. Thus, it will coincide, and will be 
equal to it [C.N. 4]. 

Thus, similar segments of circles on equal straight¬ 
lines are equal to one another. (Which is) the very thing 
it was required to show. 


t Both this possibility, and the previous one, are precluded by Prop. 3.23. 


X£ 


Proposition 25 


KuxXou TpijpaToc; 6ohevTo<; itpoaavaypaij/ai tov xuxXov, 
ouitep soti Tpfjpa. 


A 




A 



’'Ecjtco to Bohev Tpfjpa xuxXou to ABT- obi 8f) tou ABT 
TpfjpaToc; itpoaavaypajiai tov xuxXov, ouitep eaTi Tpfjpa. 

TeTpijaho yap f] AT Biya xaTa to A, xai fjxhM aito tou 
A CTrjpeiou Tfj AT xpoi; ophac f] AB, xal eite^euydo f) AB- 
f) uitb ABA ycovla apa Tfj<; uito BAA f]Toi peK«v eaTiv f] 
Tar] fj eXaTTWv. 

’'Eotco xpoTcpov peKoiv, xai auveaTorau xpoc; Tfj BA 
euheia xai to itpo<; auTfj arjpeiw to A Tfj uito ABA ywvia 
iar] f] uito BAE, xai 6if)x-dt> fj AB eni to E, xai eiteCeux'dw 
f) ET. eitei ouv iar) caav f) uito ABE yorvia Tfj uito BAE, 
iar] apa earl xai f) EB euhela Tfj EA. xai eitei iar] eaTiv f) 
AA Tfj AT, xoivf] 8e f] AE, 8uo 8f] ai AA, AE 8uo Tai<; 
TA, AE iaai eiaiv exaTepa exaTepa- xai ywvia f) uito AAE 
yorvia Tfj Uito TAE cotlv iarj- ophf] yap exaTepa- pdai.<; apa 
f) AE pdaei t^ TE eaav iar]. aXXa f] AE Tfj BE eBeixhr] 
iar]- xai f] BE apa Tfj TE eaTLv iar]- ai Tpeii; apa ai AE, EB, 
ET iaai aXXrjXau; eiaiv 6 apa xevTpo tw E 8i.aaTf)paTi 8e 
evi tAv AE, EB, ET xuxXo<; ypa(popevo<; fj^ei xai 6ia tAv 
XoutAv arjpeiwv xai eaTai itpoaavayeypappevoc;. xuxXou 
apa TprjpaToc; BohevToc; itpoaavayeypaitTai. 6 xuxXoc;. xai 
BfjXov, A<; to ABT Tpfjpa eXaTTov eaTtv fjpLXUxXiou 6ia to 
to E xevTpov exTo<; auTou Tuyxaveiv. 

'Opoiwi; [8e] xav fj f] uito ABA ycovia iar) Tfj uito BAA, 
Tfjc; AA iarj<; yevopevr)<; exaTepa tAv BA, AT ai Tpeu; ai 
AA, AB, AT iaai aXXijXau; eaovTai, xai eaTai to A xevTpov 
tou itpoaavaiteitXr]pwpevou xuxXou, xai BrjXaof] eaTai to 
ABr fjpixuxXiov. 

’Eav 6e f] uito ABA eXocrtorv fj Tfj<; uito BAA, xai au- 
aTrjaApe-da itpoc; Tfj BA euheia xai tA itpoc; auTfj ar]peior 


For a given segment of a circle, to complete the circle, 
the very one of which it is a segment. 



Let ABC be the given segment of a circle. So it is re¬ 
quired to complete the circle for segment ABC, the very 
one of which it is a segment. 

For let AC have been cut in half at (point) D 
[Prop. 1.10], and let DB have been drawn from point 
D, at right-angles to AC [Prop. 1.11]. And let AB have 
been joined. Thus, angle ABD is surely either greater 
than, equal to, or less than (angle) BAD. 

First of all, let it be greater. And let (angle) BAE, 
equal to angle ABD, have been constructed on the 
straight-line BA, at the point A on it [Prop. 1.23], And 
let DB have been drawn through to E, and let EC have 
been joined. Therefore, since angle ABE is equal to 
BAE, the straight-line EB is thus also equal to EA 
[Prop. 1.6]. And since AD is equal to DC, and DE (is) 
common, the two (straight-lines) AD, DE are equal to 
the two (straight-lines) CD, DE, respectively. And angle 
ADE is equal to angle CDE. For each (is) a right-angle. 
Thus, the base AE is equal to the base CE [Prop. 1.4]. 
But, AE was shown (to be) equal to BE. Thus, BE is 
also equal to CE. Thus, the three (straight-lines) AE, 
EB, and EC are equal to one another. Thus, if a cir¬ 
cle is drawn with center E, and radius one of AE, EB, 
or EC, it will also go through the remaining points (of 
the segment), and the (associated circle) will have been 
completed [Prop. 3.9]. Thus, a circle has been completed 
from the given segment of a circle. And (it is) clear that 
the segment ABC is less than a semi-circle, because the 
center E happens to lie outside it. 
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to A Tfj 0x6 ABA yovia forjv, evtoc tou ABr xpijpaxoc; 
xsaaxai to XEvxpov era xfjc; AB, xai eaxai 8r]Xa8r) to ABr 
xpfjpa peiifov f)pixuxXiou. 

KuxXou apa x|if]paToc; 8of>Evxo<; xpoaavaysypaxxai 6 
xuxXoc onep e8ei xoifjaai. 


XT'. 

’Ev toic; laoic; xuxXou; ai foai ytoviai era Tacov nepupe- 
psiwv peprjxaoiv, eav xs xpoc; xofo xevxpou; eav xe xpoc; 
xau; xepicpepeiav; Sen peprjxulai. 




’'Eaxwaav fool xuxXoi oi ABr, AEZ xod ev auxofo foai 
yovioa eaxwaav xpoc; pev xou; xevxpou; ai 6x6 BHr, E@Z, 
xpog 8e Tau; xepicpepelau; ai Guo BAP, EAZ- Xeyo, oxi for] 
eaxiv rj BKr xepupepeia xfj EAZ xepupepeia. 

’Exe^euyduaav yap ai Br, EZ. 

Kai exel fool eiaiv oi ABr, AEZ xuxXoi, foai eiaiv ai 
ex xSv xevxpov 6uo 8f) ai BH, HE 8uo xalc E0, 0Z foai- 
xai yovia f) xpoc; xS H yovia xfj xpog xS 0 for)- (3aau; apa 
f) Br pdoei xfj EZ cgtlv for), xai exei for] eaxiv f] xpo<; xS 
A yovia xfj xpoc; xS A, opoiov apa eaxi xo BAE xprjpa xS 
EAZ xpf]paTi- xai eiaiv era iaov eudeiAv [xSv Br, EZ]- xa 
Se era Taov eudeiSv opoia xpijpaxa xuxXov iaa aXXfjXou; 
eaxiv laov apa to BAr xprjpa xS EAZ. eaxi 8e xai oXog 6 
ABr xuxXo<; oXo xS AEZ xuxXo fooc Xoixf) apa rj BKr 
xepupepeia xfj EAZ xepupepeia eaxiv for). 

’Ev apa xofo foou; xuxXou; ai Iaai yoviai era laov xepi- 
cpepeiov pepr)xaaiv, eav xe xpoc; xou; xevxpou; eav xe xpoc; 
xafo xepupepeiac; oai pep^xulai- oxep eSei 5elc;ai. 


[And], similarly, even if angle ABD is equal to BAD, 
(since) AD becomes equal to each of BD [Prop. 1.6] and 
DC, the three (straight-lines) DA, DB, and DC will be 
equal to one another. And point D will be the center 
of the completed circle. And ABC' will manifestly be a 
semi-circle. 

And if ABD is less than BAD, and we construct (an¬ 
gle BAE ), equal to angle ABD, on the straight-line BA, 
at the point A on it [Prop. 1.23], then the center will fall 
on DB, inside the segment ABC. And segment ABC will 
manifestly be greater than a semi-circle. 

Thus, a circle has been completed from the given seg¬ 
ment of a circle. (Which is) the very thing it was required 
to do. 

Proposition 26 

In equal circles, equal angles stand upon equal cir¬ 
cumferences whether they are standing at the center or 
at the circumference. 




Let ABC and DEF be equal circles, and within them 
let BGC and EHF be equal angles at the center, and 
BAC and EDF (equal angles) at the circumference. I 
say that circumference BKC is equal to circumference 
ELF. 

For let BC and EF have been joined. 

And since circles ABC and DEF are equal, their radii 
are equal. So the two (straight-lines) BG, GC (are) equal 
to the two (straight-lines) EH, HF (respectively). And 
the angle at G (is) equal to the angle at H. Thus, the base 
BC is equal to the base EF [Prop. 1.4]. And since the 
angle at A is equal to the (angle) at D, the segment BAC 
is thus similar to the segment EDF [Def. 3.11]. And 
they are on equal straight-lines [BC and EF], And simi¬ 
lar segments of circles on equal straight-lines are equal to 
one another [Prop. 3.24]. Thus, segment BAC is equal to 
(segment) EDF. And the whole circle ABC is also equal 
to the whole circle DEF. Thus, the remaining circum¬ 
ference BKC is equal to the (remaining) circumference 
ELF. 

Thus, in equal circles, equal angles stand upon equal 
circumferences, whether they are standing at the center 
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xC- 

’Ev xofa foou; xuxXoic; ai exi fotov xcpicpEpEiAv pEprjxuiai 
ywviai foai aXXfjXau; siaiv, sav xs xpoc; xo’t'c xcvxpoic 6av xe 
xpoc; xafa xspicpspsiaic; Sai pEprjxuiai. 




’Ev yap fame xuxXoic; xou; ABr, AEZ exi Tawv xspi- 
cpspsiAv xAv Br, EZ xpoc; (i£v xoic; H, 0 xsvxpoic; ytoviai 
PePqxsxwaav ai uxo BHT, E0Z, xpoc; Ss xaic; xEpicpspEiaic; 
ai 0x6 BAP, EAZ- Xsyw, oxi f) pev 0x6 BHT ytovia xfj 0x6 
E0Z saxiv far), fj Ss 0x6 BAP xfj 0x6 EAZ egxiv for]. 

Ei yap avi.aoe egxiv f] 0x6 BHr xfj 0x6 E0Z, pia auxAv 
pEii^Mv egxiv. saxto psKorv f) 0x6 BHr, xai guvegxoixo 
xpoc; xfj BH st/dsia xai xA xpoc; aOxfj ar)(i£i« xA H xfj 0x6 
E0Z ywvia far] f] 0x6 BHK- ai 8e foai ycoviai sxi fawv 
xspicpspEiAv psprjxaaiv, oxav xpoe xoic; xsvxpou; Saiv far] 
apa f] BK xspicpspEia xfj EZ xspicpspEia. aXXa f] EZ xfj Br 
egxiv far]' xai f] BK apa xfj Br egxlv far] f] sXaxxcov xfj 
psiijjovr oxsp saxiv aSuvaxov. oOx apa aviooe sgxlv f] 0x6 
BHr ywvia xfj 0x6 E0Z- far] apa. xai egxi xfje psv 0x6 
BHr fjpfosia f] xpo<; xA A, xfjc Ss 0x6 E0Z fjpfosia f] xpoc 
xA A- far] apa xai f) xpoc xA A yorvia xfj xpoc xA A. 

’Ev apa xoic iaoic; xuxXoic ai sxi fawv xEpi.cpEpEi.Av ps- 
Pr]xutai ywviai foai aXXijXaic siaiv, sav xe xpoc xoic xsvxpoic; 
sav xe xpoc talc xEpicpspEiaie Aai pspr]xuiai' oxsp e8ei Osi^ai. 


XT]'. 

’Ev xoic faoic xuxXoic ai faai eMsIai faac xEpicpspsiac 
acpaipouai xfjv psv (isi^ova xfj psi^ovi xf]v Ss sXaxxova xfj 
sXaxxovi. 

TfaxMaav fooi xuxXoi oi ABr, AEZ, xai ev xoic; xuxXoic 
faai sufisiai saxoraav ai AB, AE xac; pev ArB, AZE xspi- 
cpspEiac pisi^ovac acpaipouaai xac 86 AHB, A0E sXaxxovac 
Xsyw, oxi f] psv ArB psi^wv xspicpepsia for] eaxi xfj AZE 
psi^ovi xspicpspEia f] 8s AHB sXaxxcov xspicpspsia xfj A0E. 


or at the circumference. (Which is) the very thing which 
it was required to show. 

Proposition 27 

In equal circles, angles standing upon equal circum¬ 
ferences are equal to one another, whether they are 
standing at the center or at the circumference. 




For let the angles BGC and EHF at the centers G 
and H, and the (angles) BAC and EDF at the circum¬ 
ferences, stand upon the equal circumferences BC and 
EF, in the equal circles ABC and DEF (respectively). I 
say that angle BGC is equal to (angle) EHF, and BAC 
is equal to EDF. 

For if BGC is unequal to EHF, one of them is greater. 
Let BGC be greater, and let the (angle) BGK, equal to 
angle EHF, have been constructed on the straight-line 
BG, at the point G on it [Prop. 1.23]. But equal angles 
(in equal circles) stand upon equal circumferences, when 
they are at the centers [Prop. 3.26]. Thus, circumference 
BK (is) equal to circumference EF. But, EF is equal 
to BC. Thus, BI\ is also equal to BC, the lesser to the 
greater. The very thing is impossible. Thus, angle BGC 
is not unequal to EHF. Thus, (it is) equal. And the 
(angle) at A is half BGC, and the (angle) at D half EHF 
[Prop. 3.20]. Thus, the angle at A (is) also equal to the 
(angle) at D. 

Thus, in equal circles, angles standing upon equal cir¬ 
cumferences are equal to one another, whether they are 
standing at the center or at the circumference. (Which is) 
the very thing it was required to show. 

Proposition 28 

In equal circles, equal straight-lines cut off equal cir¬ 
cumferences, the greater (circumference being equal) to 
the greater, and the lesser to the lesser. 

Let ABC and DEF be equal circles, and let AB 
and DE be equal straight-lines in these circles, cutting 
off the greater circumferences ACB and DFE, and the 
lesser (circumferences) ACB and DHE (respectively). I 
say that the greater circumference ACB is equal to the 
greater circumference DFE, and the lesser circumfer- 
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r z 



H 0 


EtXricp'da) yap xa xcvxpa xwv xuxXorv xa K, A, xal 
exe^euxAtdaav at AK, KB, AA, AE. 

Kai sxri fooi xuxXoi siaiv, foai rial xal al ex xAv 
xevxpcov 8uo 8f) al AK, KB 8 ua! xau; AA, AE laai riaiv 
xal pdaic; f) AB pdaei xfj AE for) - ywvla apa f\ 0x6 AKB 
ycovla xfj 0x6 AAE for] eaxlv. al Se foai ywvlai exl X atov 
xepicpepeiAv peprjxaaiv, oxav xpo<; xolc; xevxpou; Saiv far] 
apa f| AHB xepicpepeia xfj A0E. eaxl 8e xal okoc, 6 ABr 
xuxXoc; oXw xA AEZ xuxXcp looc,- xal Xoixf] apa fj ArB 
xepupepeia Xoixfj xfj AZE xspicpepela for) eaxlv. 

’Ev apa xofo foou; xuxXoic; al foai eOAelai foa<; xe- 
picpepelat; acpatpouai xfjv (iev (iel^ova xfj piel^ovi xf)v 8e 
eXaxxova xfj eXaxxovi- oxep e8ei 8el^ai. 


x'd'. 

’Ev xolc; fooic; xuxXou; xag foac; xepupepelac; foai eOAelai 
Oxoxelvouaiv. 

A A 



’'Eaxwaav foot xuxXoi ol ABr, AEZ, xal ev aOxoTi; foai 
xepiipepeiai axeiXijcpAwoav al BHr, E0Z, xal exe£eu)(Auoav 
al Br, EZ eulklai' Xeyw, oxi for) eaxlv f) BT xfj EZ. 

ElX^cpiSw yap xa xevxpa xAv xuxXorv, xal eaxw xa K, 
A, xal exe^euxAwaav al BK, KT, EA, AZ. 

Kal exelfor) eaxlv f] BHr xepicpepeia xfj E0Z xepicpepela, 


ence AGB to (the lesser) DHE. 


C F 



G H 


For let the centers of the circles, K and L, have been 
found [Prop. 3.1], and let AI\, KB, DL, and LE have 
been joined. 

And since ( ABC and DEF ) are equal circles, their 
radii are also equal [Def. 3.1]. So the two (straight¬ 
lines) AK, I\B are equal to the two (straight-lines) DL, 
LE (respectively). And the base AB (is) equal to the 
base DE. Thus, angle AKB is equal to angle DLE 
[Prop. 1.8]. And equal angles stand upon equal circum¬ 
ferences, when they are at the centers [Prop. 3.26]. Thus, 
circumference AGB (is) equal to DHE. And the whole 
circle ABC is also equal to the whole circle DEF. Thus, 
the remaining circumference AGB is also equal to the 
remaining circumference DFE. 

Thus, in equal circles, equal straight-lines cut off 
equal circumferences, the greater (circumference being 
equal) to the greater, and the lesser to the lesser. (Which 
is) the very thing it was required to show. 

Proposition 29 


In equal circles, equal straight-lines subtend equal cir¬ 
cumferences. 

A D 



G H 


Let ABC and DEF be equal circles, and within them 
let the equal circumferences BGC and EHF have been 
cut off. And let the straight-lines BC and EF have been 
joined. I say that BC is equal to EF. 

For let the centers of the circles have been found 
[Prop. 3.1], and let them be (at) K and L. And let BK, 
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for) ecru xai ytovia f] Guo BKT xfj Guo EAZ. xai euel fooi 
eialv oi ABr, AEZ xuxXoi, foai etai xod ai ex xAv xevxpcov 
Suo Sr) ai BK, Kr Sued xai’c EA, AZ foai eicdv xai ytoviac; 
foac uepieyouaiv pdaic apa f) BE f3aaei xfj EZ for) eaxiv 
’Ev apa xou; foou; xuxXou; xa<; foac; itepupepeiac; foai 
euidelai Guoxeivouoiv ouep eSei Sei^ai. 


X'. 

Tf)v Sobefoav xepupepeiav Siya xepelv. 

A 



a r b 


Tfoxw f) Sodefoa uepicpepeia f) AAB- Set Sr) xqv AAB 
uepicpepeiav Siya xeptelv. 

’Eue^euyAw f) AB, xai xex^rjeniko Siya xaxa xo F, xai 
duo xou T arjpeiou xfj AB eGAeia upo<; op-da<; fjxAw f) TA, 
xai eue^euyAwaav ai AA, AB. 

Kai euei for) eaxiv f) Ar xfj TB, xoivf) Se f) TA, Suo 
6f) ai Ar, TA Suai xau; Br, FA foai eiaiv xai ytovia f) 
Guo ArA ywvia xfj Guo BrA for)' opiff) yap exaxepa- pdau; 
apa f) AA pdaei xfj AB for) eaxiv. ai Se foai eubelai foac; 
uepiipepeiac; aipaipouai xf)v pev pelifova xfj peiifovi xf)v Se 
eXaxxova xfj eXaxxow xai eaxiv exaxepa xAv AA, AB ue- 
pupepeiAv eXaxxtov fjpixuxXlou- for) apa f) AA uepiipepeia xfj 
AB uepiipepeia. 

'H apa SoAefoa uepiipepeia Siya xexprjxai xaxa xo A 
arjpiefov ouep eSei uoifjaai. 


Xa'. 

’Ev xuxXtp f) pev ev xA fjpixuxXiw ywvia opbf) eaxiv, f) Se 
ev xA peiifovi xpqpaxi eXaxxwv op'dfjg, f) Se ev xA eXaxxovi 
xpqpaxi peKorv opArjc;' xai era f] pev xou peiifovoc; xpqpaxoc; 
ywvia peii(uv eaxiv opArjc;, f] Se xou eXaxxovoc; xpqpaxoc; 
ywvia eXaxxwv opArjc;. 


KC, EL, and LF have been joined. 

And since the circumference BGC is equal to the cir¬ 
cumference EHF, the angle BKC is also equal to (an¬ 
gle) ELF [Prop. 3.27]. And since the circles ABC and 
DEF are equal, their radii are also equal [Def. 3.1], So 
the two (straight-lines) BK, KC are equal to the two 
(straight-lines) EL, LF (respectively). And they contain 
equal angles. Thus, the base BC is equal to the base EF 
[Prop. 1.4]. 

Thus, in equal circles, equal straight-lines subtend 
equal circumferences. (Which is) the very thing it was 
required to show. 

Proposition 30 

To cut a given circumference in half. 

D 


A C B 

Let ADB be the given circumference. So it is required 
to cut circumference ADB in half. 

Let AB have been joined, and let it have been cut in 
half at (point) C [Prop. 1.10]. And let CD have been 
drawn from point C, at right-angles to AB [Prop. 1.11]. 
And let AD, and DB have been joined. 

And since AC is equal to CB, and CD (is) com¬ 
mon, the two (straight-lines) AC, CD are equal to the 
two (straight-lines) BC, CD (respectively). And angle 
ACD (is) equal to angle BCD. For (they are) each right- 
angles. Thus, the base AD is equal to the base DB 
[Prop. 1.4]. And equal straight-lines cut off equal circum¬ 
ferences, the greater (circumference being equal) to the 
greater, and the lesser to the lesser [Prop. 1.28]. And the 
circumferences AD and DB are each less than a semi¬ 
circle. Thus, circumference AD (is) equal to circumfer¬ 
ence DB. 

Thus, the given circumference has been cut in half at 
point D. (Which is) the very thing it was required to do. 

Proposition 31 

In a circle, the angle in a semi-circle is a right-angle, 
and that in a greater segment (is) less than a right-angle, 
and that in a lesser segment (is) greater than a right- 
angle. And, further, the angle of a segment greater (than 
a semi-circle) is greater than a right-angle, and the an- 
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TEcttco xuxXoi; 6 ABrA, Bidpexpoi; Be auTou egtco fj BT, 
xevxpov Be to E, xai exe^eu^waav at BA, Ar, AA, AT- 
Xeyw, oti f) pev ev to BAT fjpixuxXlw yorvla f) Otto BAr 
6 pDf] egtiv, f] Be ev to ABr pelifovi tou qpixuxXlou xpijpaTL 
yojvla f) uxo ABr eXaTTWv sgtIv opDfjc;, f] Be ev to AAr 
eXaTTOVL xou fjpixuxXlou TpyjpaTi ywvla f] 0 x 6 AAr pet^wv 
ecrciv op-drjt;. 

’Exe^euxiDw f) AE, xai Bifjxffo) fj BA exl to Z. 

Kal exel for] sgtIv f] BE Tfj EA, for] ecrri. xai yovla f] 
0x6 ABE Tfj 0x6 BAE. xaXiv, exel for] cotlv f] TE Tfj EA, 
for] eoTt xai f] 0x6 ArE Tfj 0x6 EAE- oXr] apa f] 0x6 BAr 
Bual xafo 0x6 ABr, ArB for] sgtIv. egtI Be xai f] 0x6 ZAr 
cxtoc; too ABr xpiyAvou Boat Tafo 0x6 ABr, ArB ycovlau; 
for]' for] apa xai f] 0x6 BAr ywvla Tfj 0x6 ZAr- opdf] apa 
exaxepa- f] apa ev to BAr f]pixuxXl« yorvla f] 0x6 BAr 
opDf] caw. 

Kal exel too ABr Tplyorvoo Boo yorvlai al 0x6 ABr, 
BAr Boo opOAv eXaTTovec efoiv, opDf] Be f] 0x6 BAr, 
eXaTTWv apa opdfji; egtiv f] 0x6 ABr ywvla- xai cgtiv ev 
to ABr pclijovi too fjpixuxXlou TpujpaTL. 

Kal exel ev xuxXcp TETpdxXcupov sgti to ABrA, tAv Be 
ev toT<; xoxXok; TCTpaxXeuporv al axevavTiov ycovlai Buolv 
opDafo foai efoiv [al apa 0x6 ABr, AAr ywvlai Boolv opOau; 
foa<; efoiv], xai cgtiv f] 0x6 ABr sXcxttwv op'dfjc Xoixf] apa 
f] 0x6 AAr ywvla pel^wv op'dfjc cgtiv xai cgtiv ev tA AAr 
eXaTTOVL too fjpixuxXlou TpyjpaTL. 

Aeyo, otl xai f] (lev too pslifovoi; TprjpaToc; yovla f] xe- 
pLexopevr) 0x6 [tc] xfjc ABr xepicpepelai; xai Tfjc Ar eOdelai; 
pelijov egtIv opdfjc, f) Be too sXolttovoc; TpfjpaToc; yovla f] 
xepiexofievr) 0 x 6 [tc] xfjc AA[r] xepicpepelai; xai Tfjc Ar 
eOdelai; cXoittov egtiv opdfjc- xai cgtiv auTodev cpavepov. 
exel yap f] 0x6 tAv BA, Ar eOdeiAv opdf] cgtiv, f] apa 
0x6 Tfjc ABr xepicpepelai; xai Tfjc Ar eOdelai; xspLExopsvr] 
pel^ov egtiv opdfjc- xaXiv, exel f] 0x6 tAv Ar, AZ eudeiAv 
opdf] egtiv, f] apa 0x6 Tfjc EA eudelai; xai Tfjc AA[r] xepi- 


gle of a segment less (than a semi-circle) is less than a 
right-angle. 



Let ABCD be a circle, and let BC be its diameter, and 
E its center. And let BA, AC, AD, and DC have been 
joined. I say that the angle BAG in the semi-circle BAG 
is a right-angle, and the angle ABC in the segment ABC, 
(which is) greater than a semi-circle, is less than a right- 
angle, and the angle ADC in the segment ADC, (which 
is) less than a semi-circle, is greater than a right-angle. 

Let AE have been joined, and let BA have been 
drawn through to F. 

And since BE is equal to EA, angle ABE is also 
equal to BAE [Prop. 1.5]. Again, since CE is equal to 
EA, ACE is also equal to CAE [Prop. 1.5]. Thus, the 
whole (angle) BAG is equal to the two (angles) ABC 
and ACB. And FAC, (which is) external to triangle 
ABC, is also equal to the two angles ABC and ACB 
[Prop. 1.32], Thus, angle BAC (is) also equal to FAC. 
Thus, (they are) each right-angles. [Def. 1.10], Thus, the 
angle BAC in the semi-circle BAC is a right-angle. 

And since the two angles ABC and BAC of trian¬ 
gle ABC are less than two right-angles [Prop. 1.17], and 
BAC is a right-angle, angle ABC is thus less than a right- 
angle. And it is in segment ABC, (which is) greater than 
a semi-circle. 

And since ABCD is a quadrilateral within a circle, 
and for quadrilaterals within circles the (sum of the) op¬ 
posite angles is equal to two right-angles [Prop. 3.22] 
[angles ABC and ADC are thus equal to two right- 
angles], and (angle) ABC is less than a right-angle. The 
remaining angle ADC is thus greater than a right-angle. 
And it is in segment ADC, (which is) less than a semi¬ 
circle. 

I also say that the angle of the greater segment, 
(namely) that contained by the circumference ABC and 
the straight-line AC, is greater than a right-angle. And 
the angle of the lesser segment, (namely) that contained 
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(pspslac; TTspisyopEvr] sXaxxorv saxlv bphfjc;. 

’Ev xuxXw apa f) psv ev t£S f]pixuxXlcp ytovla 6piL>rj saxiv, 
f] 8s sv to psl([ovi xprjpaxL sXaxxwv op'dfjc, f) 8s sv to 
eXocxxovl [xpif](jiaTi] pslCcov opdfjc xal 'em f] psv xou psl([ovoc; 
T[if](jiaTO(; [y^ovloc] pslCcov [saxlv] opdfjc, fj 8s tou sXaxxovoc; 
x(jo](jiaxo<: [ytovla] sXaxTtov opdfjc oirsp sSsi Sslljai. 


xpx 

’Eav xuxXou ecpaxxrjxoci xic sudela, Atto 8s xfjc acpfjc; etc 
xov xuxXov Btaydf) xu; sudsla xspvouaa xov xuxXov, a<; 
iroisl ywviac 7rpo<; xfj scpaTrxopsvr], laai saovxai xaT<; sv tou; 
svaXXac; tou xuxXou xpfjpaai ycovlau;. 


A 



KuxXou yap xou ABrA scpaxxsadw tic sudsla f] EZ 
xaxa to B arjpslov, xal axo xou B arjpslou 8i.f]xdw tic 
sudsla sic tov ABTA xuxXov xspvouaa auxov f) BA. Xsya>, 
oxi ac ttoieT ycovlac f] BA psxa xfjc EZ s<pa7TTopisvr]c, taac 
saovxai xalc ev tou; svaXXaS] xpri|iaai xou xuxXou ywvlaic, 
xouxsaxiv, oxi f) psv Otto ZB A ycovla iar) saxl xfj sv xw BAA 
x(ar|(iaxi auviaxapisvr) ywvla, f) 8s utto EBA ywvla Iar] saxl 
xfj sv xo ArB xpfjpaxi auviaxapsvr] ytovla. 

’Hydro yap axo xou B xfj EZ xpoc opdac f] BA, xal 
slXfjcpdo ski xfjc BA TTspicpspslac xuyov arjjiElov xo T, xal 
Exs^suydtoaav al AA, Ar, TB. 

Kal sttsI xuxXou xou ABrA scpaxxsxal xic sudsla f) EZ 


by the circumference AD[C] and the straight-line AC, is 
less than a right-angle. And this is immediately apparent. 
For since the (angle contained by) the two straight-lines 
BA and AC is a right-angle, the (angle) contained by 
the circumference ABC and the straight-line AC is thus 
greater than a right-angle. Again, since the (angle con¬ 
tained by) the straight-lines AC and AF is a right-angle, 
the (angle) contained by the circumference AD[C\ and 
the straight-line CA is thus less than a right-angle. 

Thus, in a circle, the angle in a semi-circle is a right- 
angle, and that in a greater segment (is) less than a 
right-angle, and that in a lesser [segment] (is) greater 
than a right-angle. And, further, the [angle] of a seg¬ 
ment greater (than a semi-circle) [is] greater than a right- 
angle, and the [angle] of a segment less (than a semi¬ 
circle) is less than a right-angle. (Which is) the very thing 
it was required to show. 

Proposition 32 

If some straight-line touches a circle, and some 
(other) straight-line is drawn across, from the point of 
contact into the circle, cutting the circle (in two), then 
those angles the (straight-line) makes with the tangent 
will be equal to the angles in the alternate segments of 
the circle. 


A 



For let some straight-line EF touch the circle ABCD 
at the point B, and let some (other) straight-line BD 
have been drawn from point B into the circle ABCD, 
cutting it (in two). I say that the angles BD makes with 
the tangent EF will be equal to the angles in the alter¬ 
nate segments of the circle. That is to say, that angle 
FBD is equal to the angle constructed in segment BAD, 
and angle EBD is equal to the angle constructed in seg¬ 
ment DCB. 

For let BA have been drawn from B, at right-angles 
to EF [Prop. 1.11]. And let the point C have been taken 
at random on the circumference BD. And let AD, DC, 
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xaxa to B, xal duo Tfjc acpfjc; fjxxai xfj ecpaxxopevr] xpoc; 
opdac; f) BA, era xfjc; BA apa to xevxpov eaxl xou ABrA 
xuxXou. f) BA apa 8idpex6<; eaxi xou ABTA xuxXou- f) apa 
0x6 AAB yorvia ev f)pixuxX[a> ouaa dpi}/] eaxiv. Xoixal apa 
ai 0x6 BAA, ABA pia opdrj I'aai eiaiv. eaxl 8e xal f] 0x6 
ABZ opdfj- f] apa 0x6 ABZ for) eaxl xau; 0x6 BAA, ABA. 
xoivf] acprjpfp'dto f) 0x6 ABA- Xoixf] apa f) 0x6 ABZ ycrvia 
iar] eaxl xfj ev xA evaXXa^ xprjpaxi xou xuxXou ywvta xfj 
0x6 BAA. xal exel ev xuxXtp xexpaxXeupov eaxi xo ABTA, 
ai axevavxlov aOxou ywviai Sualv opda'ic; I'aai eiaiv. e’lal Se 
xal ai 0x6 ABZ, ABE Sualv opiate; i'aai- ai apa 0x6 ABZ, 
ABE xdi<; 0x6 BAA, BrA laai eiaiv, Av f] 0x6 BAA xfj 0x6 
ABZ eBeixUr) Tar]- Xoixf) apa f) 0x6 ABE xfj ev xA evaXXa^ 
xou xuxXou xpfjpaxi xA ArB xfj 0x6 ArB ywvia eaxiv iar). 

’Eav apa xuxXou eipaxxrjxai tic; euDela, axo Se xfjc; atcpfjc 
eic xov xuxXov 8iayf)fj xic; eudela xepvouaa xov xuxXov, a<; 
xoiei ywviac; xpoc; xfj ecpaxxopevr), iaai eaovxai xaic; ev toic; 
evaXXa^ xou xuxXou xprjpaai yatviaic;- oxep e8ei 8ei^ai. 


and CB have been joined. 

And since some straight-line EF touches the circle 
ABCD at point B, and BA has been drawn from the 
point of contact, at right-angles to the tangent, the center 
of circle ABCD is thus on BA [Prop. 3.19]. Thus, BA 
is a diameter of circle ABCD. Thus, angle ADB, being 
in a semi-circle, is a right-angle [Prop. 3.31]. Thus, the 
remaining angles (of triangle ADB ) BAD and ABD are 
equal to one right-angle [Prop. 1.32]. And ABF is also a 
right-angle. Thus, ABF is equal to BAD and ABD. Let 
ABD have been subtracted from both. Thus, the remain¬ 
ing angle DBF is equal to the angle BAD in the alternate 
segment of the circle. And since ABCD is a quadrilateral 
in a circle, (the sum of) its opposite angles is equal to 
two right-angles [Prop. 3.22]. And DBF and DBE is 
also equal to two right-angles [Prop. 1.13]. Thus, DBF 
and DBE is equal to BAD and BCD, of which BAD 
was shown (to be) equal to DBF. Thus, the remaining 
(angle) DBE is equal to the angle DCB in the alternate 
segment DCB of the circle. 

Thus, if some straight-line touches a circle, and some 
(other) straight-line is drawn across, from the point of 
contact into the circle, cutting the circle (in two), then 
those angles the (straight-line) makes with the tangent 
will be equal to the angles in the alternate segments of 
the circle. (Which is) the very thing it was required to 
show. 


Ay'. Proposition 33 

’Exl xfjc; Sodeiarjc; eOdeiac; ypajjai xpfjpa xuxXou Seyope- To draw a segment of a circle, accepting an angle 
vov yovlav Tarjv xfj Sodeiar] ywvia eOduypappw. equal to a given rectilinear angle, on a given straight-line. 



’'Eaxco f) OodeTaa cOdela f] AB, f) 8e 8odeTaa yorvia Let AB be the given straight-line, and C the given 
euduypappoc; f] xpoc; xA E- Set 8f) exl xfjc; Sodeiarjc; eudeiac; rectilinear angle. So it is required to draw a segment 
xfjc; AB ypac]>ai xpfjpa xuxXou Seyopevov ytoviav iar]v xfj of a circle, accepting an angle equal to C, on the given 
xpoc; xA E. straight-line AB. 

'H 8f) xpoc; xA E [ytovia] fjxoi o^eta eaxiv fj opdf) fj So the [angle] C is surely either acute, a right-angle, 
dp(3XeIa- eaxto xpoxepov o^ela, xal A<; exl xfjc; xpAxrjc; xa- or obtuse. First of all, let it be acute. And, as in the first 
xaypacpfjc; auveaxaxto xpoc; xfj AB eudeia xal xA A ar)peicp diagram (from the left), let (angle) BAD, equal to angle 
xfj xpoc; tA T ytovia iar) f) uxo BAA- o^ela apa eaxl xal f] C, have been constructed on the straight-line AB, at the 
0x6 BAA. fj^dto xfj AA xpoc; opda<; f] AE, xal x£xpf)ada> point A (on it) [Prop. 1.23]. Thus, BAD is also acute. Let 
fj AB 8lya xaxa to Z, xal axo xou Z arjpelou xfj AB AE have been drawn, at right-angles to DA [Prop. 1.11]. 
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xpo<; opdac; f) ZH, xal exs^su/Oco f) HB. 

Kal sxsl lat) saxiv f) AZ xfj ZB, xoivf) 8s f) ZH, Suo 8f] 
ai AZ, ZH 8uo xal; BZ, ZH laai sialv xal ywvla f] uxo 
AZH [ywvla] xfj 0x6 BZH lat)- (3aai<; apa f) AH f3aasi xfj 
BH lat] saxiv. 6 apa xsvxpw psv xo H Siaaxfjpaxi 8s xo 
HA xuxAck; ypacpopsvog rjc;£i xal 8ia xou B. Ysypacptlw xal 
screw 6 ABE, xal sxsCsuxbw fj EB. sxsl ouv ax’ axpa? xfj<; 
AE 8iapsxpou axo xou A xfj AE xpoc; op-dac; saxiv f] AA, 
f) A A apa scpaxxsxai xou ABE xuxXou- sxsl ouv xuxXou 
xou ABE scpaxxsxai xiq sudsTa f] AA, xal axo xfjc; xaxa xo 
A acpfjc; sic; xov ABE xuxXov 8ifjxxal xu; sudsla f) AB, f) 
apa Uxo AAB yoovla lay) saxl xfj sv xo svaXXal; xou xuxXou 
xpfjpaxi ywvla xfj Uxo AEB. aXX’ f] 0x6 AAB xfj xpoc; xA F 
saxLv lay)- xal f] xpoc xA I’ apa ywvla lay) saxl xfj 0x6 AEB. 

’Exl xfjc; Sodslaqc; apa sudslac; xfjc; AB xpfjpa xuxAou 
ysypaxxai xo AEB Bsyopsvov ywvlav xf]v 0x6 AEB I'arjv 
xfj Sodslay] xfj xpoc xo T. 

AAXa 8f) opdf] saxw f) xpoc xo T- xal 8sov xaXiv saxw 
sxl xfjc AB ypacjiai xpfjpa xuxXou Bsyopcvov ywvlav laqv xfj 
xpoc to r opdfj [ywvla]. auvsaxaxw [xaXiv] xfj xpoc xo T 
opdfj ywvla lay] f) 0x6 BAA, (be ex £l 8suxspac xaxa- 

Ypa(pfjc, xal xsxpfjadw f] AB 8lya xaxa xo Z, xal xsvxpw xo 
Z, 8iaaxrjpaxi 8s oxoxspw xAv ZA, ZB, xuxAoe ysypacpOw 
6 AEB. 

’Ecpaxxsxai apa f) AA sudsla xou ABE xuxXou 8ia xo 
opDfjv slvai xf)v xpoc xA A ywvlav. xal lar) saxiv f] 0x6 
BAA ywvla xfj sv xo AEB xpqpaxL- opdf] yap xal auxf) sv 
f]fuxuxXiw ouaa. aXXa xal f) 0x6 BAA xfj xpoc xo T Tar] 
saxiv. xal f] sv xo AEB apa Xar\ saxl xfj xpoc xo E. 

Tsypaxxai apa xaXiv sxl xfjc AB xpfjpa xuxXou xo AEB 
8sx6(isvov ywvlav laqv xfj xpoc xA T. 

AAXa 8f) f) xpoc xA T apf3Xs'ia saxw xal auvsaxaxo 
aOxfj Tar) xpoc xfj AB sudsla xal xo A ayjpslw f] 0x6 BAA, 
Ac ex £l £7I l ^ xplxr)C xaxaYpaepfjc, xal xfj AA xpoc opdac; 
rjxdw f] AE, xal xsxpyjaOw xaXiv f] AB 8lya xaxa xo Z, xal 
xfj AB xpoc opDac yjxxlw f) ZH, xal Exs^suy-dw f) HB. 

Kal sxsl xaXiv lay) saxiv f) AZ xfj ZB, xal xoivf] f] ZH, 
8uo 8f) al AZ, ZH Suo xalc BZ, ZH laai sialv- xal ywvla f) 
0x6 AZH ywvla xfj 0x6 BZH lay)- pdaic apa f) AH pdasi 
xfj BH lay] saxiv- 6 apa xsvxpw )isv xo H 8i.aaxy)(iaxi 8s xw 
HA xuxAoe Ypaxpo^vo? xal 8ia xou B. spxea-doi Ac 6 
AEB. xal sxsl xfj AE 8ia(isxpw ax’ axpae xpoc opDae saxiv 
f) A A, yj A A apa scpaxxsxai xou AEB xuxAou. xal axo xfjc 
xaxa xo A sxacpfje 8ifjxxai f) AB- f) apa 0x6 BAA ycWia. 
lay] saxl xfj sv xA svaXXa^ xou xuxXou x)iy)piaxi xA A0B 
auviaxa)xsvy) y^vla. aXX’ f) 0x6 BAA y^vla xfj xpoc xA T 
lay] saxiv. xal f] sv xA A0B apa xp.f)(iaxi lay] saxl xfj 

xpoc tA r. 

’Exl xfjc apa SoDslayjc sODslac xfjc AB Y£YP a7 xxai x)xfj(ia 
xuxXou xo A0B 8sx6(isvov ywvlav layjv xfj xpoc xA T- oxsp 
s8si xoifjaai. 


And let AB have been cut in half at F [Prop. 1.10]. And 
let FG have been drawn from point F, at right-angles to 
AB [Prop. 1.11]. And let GB have been joined. 

And since AF is equal to FB, and FG (is) common, 
the two (straight-lines) AF, FG are equal to the two 
(straight-lines) BF, FG (respectively). And angle AFG 
(is) equal to [angle] BFG. Thus, the base AG is equal to 
the base BG [Prop. 1.4]. Thus, the circle drawn with 
center G, and radius GA, will also go through B (as 
well as A). Let it have been drawn, and let it be (de¬ 
noted) ABE. And let EB have been joined. Therefore, 
since AD is at the extremity of diameter AE, (namely, 
point) A, at right-angles to AE, the (straight-line) AD 
thus touches the circle ABE [Prop. 3.16 corn]. There¬ 
fore, since some straight-line AD touches the circle ABE, 
and some (other) straight-line AB has been drawn across 
from the point of contact A into circle ABE, angle DAB 
is thus equal to the angle AEB in the alternate segment 
of the circle [Prop. 3.32]. But, DAB is equal to C. Thus, 
angle C is also equal to AEB. 

Thus, a segment AEB of a circle, accepting the angle 
AEB (which is) equal to the given (angle) C, has been 
drawn on the given straight-line AB. 

And so let C be a right-angle. And let it again be 
necessary to draw a segment of a circle on AB, accepting 
an angle equal to the right-[angle] C. Let the (angle) 
BAD [again] have been constructed, equal to the right- 
angle C [Prop. 1.23], as in the second diagram (from the 
left). And let AB have been cut in half at F [Prop. 1.10]. 
And let the circle AEB have been drawn with center F, 
and radius either FA or FB. 

Thus, the straight-line AD touches the circle ABE, on 
account of the angle at A being a right-angle [Prop. 3.16 
corr.]. And angle BAD is equal to the angle in segment 
AEB. For (the latter angle), being in a semi-circle, is also 
a right-angle [Prop. 3.31], But, BAD is also equal to C. 
Thus, the (angle) in (segment) AEB is also equal to C. 

Thus, a segment AEB of a circle, accepting an angle 
equal to C, has again been drawn on AB. 

And so let (angle) C be obtuse. And let (angle) BAD, 
equal to (C), have been constructed on the straight-line 
AB, at the point A (on it) [Prop. 1.23], as in the third 
diagram (from the left). And let AE have been drawn, at 
right-angles to AD [Prop. 1.11]. And let AB have again 
been cut in half at F [Prop. 1.10]. And let FG have been 
drawn, at right-angles to AB [Prop. 1.10]. And let GB 
have been joined. 

And again, since AF is equal to FB, and FG (is) 
common, the two (straight-lines) AF, FG are equal to 
the two (straight-lines) BF, FG (respectively). And an¬ 
gle AFG (is) equal to angle BFG. Thus, the base AG is 
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v Ecrao 6 ooiklc xuxXoc 6 ABT, f) 8s BobElaa ycovla 
sui)uypa(i[j.oc fj xpo<; to A- Set Bf) axo tou ABT xuxXou 
xprjpa acpeXelv BcyopEvov ycnvlav farjv Tfj Bobslar] yoivla 
EU'duypappcp Tfj xpoc; xA A. 

"Hx'dto tou ABr EcpaxxopEvr] f) EZ xaxa to B arjpElov, 
xal auvsaxdxw xpoc; xfj ZB suDsla xal xA xpoc; auxfj arjpELO 
xA B xfj xpoc; xA A ycovla Tar] f) 0x6 ZBT. 

’Exsl ouv xuxXou xou ABT Ecpaxxsxai xtc subETa f) EZ, 
xal axo xfji; xaxa to B sxacpfjc; Btrjxxai f) BT, fj 0x6 ZBT apa 
yojvia larj saxl xfj sv xA BAr evaXXa^ x(if]ftaxi. auviaxapisvr) 
yojvia. aXX’ f] 0x6 ZBr xfj xpog xA A eaxiv lar) - xal f) ev 
xA BAr apa x(if]p.axi far) eaxl xfj xpoc; xA A [yojvla]. 

Axo xou BoDevtoi; apa xuxXou xou ABr x^fj^ia a(pf]pr)xai 
xo BAr 8£x6(i£vov ywvlav larjv xfj BoDslar] ywvia EuDuypoqi- 
ftw xfj xpoc; xA A- oxEp e8ei. xoifjoai. 


equal to the base BG [Prop. 1.4]. Thus, a circle of center 
G, and radius GA, being drawn, will also go through B 
(as well as A ). Let it go like AEB (in the third diagram 
from the left). And since AD is at right-angles to the di¬ 
ameter AE, at its extremity, AD thus touches circle AEB 
[Prop. 3.16 corr.]. And AB has been drawn across (the 
circle) from the point of contact A. Thus, angle BAD is 
equal to the angle constructed in the alternate segment 
AHB of the circle [Prop. 3.32], But, angle BAD is equal 
to C. Thus, the angle in segment AHB is also equal to 
C. 

Thus, a segment AHB of a circle, accepting an angle 
equal to C, has been drawn on the given straight-line AB. 
(Which is) the very thing it was required to do. 

Proposition 34 

To cut off a segment, accepting an angle equal to a 
given rectilinear angle, from a given circle. 




Let ABC be the given circle, and D the given rectilin¬ 
ear angle. So it is required to cut off a segment, accepting 
an angle equal to the given rectilinear angle D, from the 
given circle ABC. 

Let EF have been drawn touching ABC at point Bj 
And let (angle) FBC, equal to angle D, have been con¬ 
structed on the straight-line FB, at the point B on it 
[Prop. 1.23], 

Therefore, since some straight-line EF touches the 
circle ABC, and BC has been drawn across (the circle) 
from the point of contact B, angle FBC is thus equal 
to the angle constructed in the alternate segment BAG 
[Prop. 1.32]. But, FBC is equal to D. Thus, the (angle) 
in the segment BAC is also equal to [angle] D. 

Thus, the segment BAC, accepting an angle equal to 
the given rectilinear angle D, has been cut off from the 
given circle ABC. (Which is) the very thing it was re¬ 
quired to do. 


t 


Presumably, by finding the center of ABC [Prop. 3.1], drawing a straight-line between the center and point B, and then drawing EF through 
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point B, at right-angles to the aforementioned straight-line [Prop. 1.11]. 


Xs'. 


’Eav ev xuxXw 5uo EuDsTai Tspvwoiv aXXijXai;, to Oho 
tov Tfjc piac TprjpaTOv HEpiExopsvov opdoyoviov Igov sail 
to uito tov Tfjc ETEpac Tpr)paT«v nspisxopEvo opdoyovlo. 



’Ev yap xuxXo to ABrA 60o su-dslai al AT, BA 
T£[iv£TOCTav aXXijXac xaTa to E Grjpslov- Xsyo, oti to Oho 
tov AE, Er it£pi£xo[i£vov opdoyoviov Igov sgt'i to uito 
tov AE, EB 7t£pi£xo[i£vo op'doyovLO. 

El [i£v ouv al Ar, BA 8ia tou XEVTpou eIgIv octte to E 
XEVTpov eTvcci tou ABrA xuxXou, cpavspov, oti. laov ougov 
tov AE, Er, AE, EB xal to Oho tov AE, Er HEpiExbpsvov 
op-doyoviov Igov egti to Oho tov AE, EB HEpiExopsvo 
dpdoyovlo. 

Mr] EGToaav Sf) al Ar, AB 8ia tou XEVTpou, xal 
ciXfjip-do to XEVTpov tou ABrA, xal egto to Z, xal onto 
tou Z Era Tac Ar, AB su-dslac xddsTOi rjxdoaav ZH, 
Z0, xal ETtsCeux'tloaav al ZB, Zr, ZE. 

Kal sheI suDda tic Oia tou XEVTpou f] HZ Eu-dslav Tiva 
[if] oia tou XEVTpou ttqv Ar npoc opOac tejivei, xal 8lxa 
auTTjv te[ivei‘ lor] apa f] AH Tjj Hr. eheI ouv su^ETa f] Ar 
T£T[ir]Tai eiz [isv !aa xaTa to H, eu; 8e aviaa xaTa to E, to 
apa Oho tov AE, Er 7t£pi£xo[i£vov opDoyoviov [ietG tou 
onto Tfj<; EH TETpayovou laov egtI to aito Tfjc Hr- [xoivov] 
TtpoaxslaDo to onto Tfjc HZ- to apa uito tov AE, Er (i£Ta 
tov Gtio tov HE, HZ igov egti toTc dito tov I’H, HZ. aXXa 
toTc [isv onto tov EH, HZ laov egti to onto Tfjc ZE, toIc 
8e aito tov TH, HZ Toov egtI to aito Tfjc ZP to apa Otto 
tov AE, Er [i£Ta tou onto t^c ZE laov egti to onto Tfjc 
Zr. larj os f] Zr Tfj ZB- to apa Uito tov AE, Er (iSTa tou 
aito Tfjc EZ igov eotI to aito Tfjc ZB. 8ia Ta auTa Sf) xal 
to Oho tov AE, EB [i£Ta tou aito Tfjc ZE Igov egtI to onto 
Tfjc ZB. eBstx^H Se xal to Oho tov AE, Er [i£Ta tou aito 
Tfjc ZE Igov to aito Tfjc ZB- to apa uito tov AE, Er (i£Ta 
tou onto Tfjc ZE Igov egti to uito tov AE, EB [i£Ta tou 
onto Tfjc ZE. xoivov acpfjpyjo-do to onto Tfjc ZE- XoiTtov apa 
to ujto tov AE, Er 7tEpi£xo[i£vov opDoyoviov Igov egtI to 
Oho tov AE, EB 7t£pi£xo(i£vo opDoyovlo. 

’Eav apa sv xuxXo su-dslai 8uo te[ivooiv aXXrjXac, to 
uito tov Tfjc [iiac T[ir][jidTOv 7t£pi£xo[i£vov op-doyoviov Igov 


Proposition 35 

If two straight-lines in a circle cut one another then 
the rectangle contained by the pieces of one is equal to 
the rectangle contained by the pieces of the other. 




For let the two straight-lines AC and BD, in the circle 
ABCD, cut one another at point E. I say that the rect¬ 
angle contained by AE and EC is equal to the rectangle 
contained by DE and EB. 

In fact, if AC and BD are through the center (as in 
the first diagram from the left), so that E is the center of 
circle ABCD, then (it is) clear that, AE, EC, DE, and 
EB being equal, the rectangle contained by AE and EC 
is also equal to the rectangle contained by DE and EB. 

So let AC and DB not be though the center (as in 
the second diagram from the left), and let the center of 
ABCD have been found [Prop. 3.1], and let it be (at) F. 
And let FG and FH have been drawn from F, perpen¬ 
dicular to the straight-lines AC and DB (respectively) 
[Prop. 1.12], And let EB, FC, and FE have been joined. 

And since some straight-line, GF, through the center, 
cuts at right-angles some (other) straight-line, AC, not 
through the center, then it also cuts it in half [Prop. 3.3]. 
Thus, AG (is) equal to GC. Therefore, since the straight- 
line AC is cut equally at G, and unequally at E, the 
rectangle contained by AE and EC plus the square on 
EG is thus equal to the (square) on GC [Prop. 2.5], Let 
the (square) on GF have been added [to both]. Thus, 
the (rectangle contained) by AE and EC plus the (sum 
of the squares) on GE and GF is equal to the (sum of 
the squares) on CG and GF. But, the (square) on FE 
is equal to the (sum of the squares) on EG and GF 
[Prop. 1.47], and the (square) on FC is equal to the (sum 
of the squares) on CG and GF [Prop. 1.47]. Thus, the 
(rectangle contained) by AE and EC plus the (square) 
on FE is equal to the (square) on FC. And FC (is) 
equal to FB. Thus, the (rectangle contained) by AE 
and EC plus the (square) on FE is equal to the (square) 
on FB. So, for the same (reasons), the (rectangle con¬ 
tained) by DE and EB plus the (square) on FE is equal 
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eotI xco 0x6 xtov xfjc; sxcpac; xprjpdxwv xEpiEyopievw opOo- 
yorvicr oxsp EOEi Bel^ai. 


A-?'. 

’Eav xuxXou XrjcpOfj xi aqpElov sxxoc;, xal ax’ aUxou 
xpo<; xov xuxXov xpoaxixxcoCTi Buo EudsTai, xal f] pisv auxwv 
xsptvr) xov xuxXov, f] 86 scpdxxrjxai, saxai xo 0x6 okr\<z xfjc; 
x£pvouar]<; xal xfjc; sxxoc; axoXa(iPavo|i£vr]c; psxa^u xou xs 
arjpsiou xal xfjc; xupxfjc; xEpupspstac; laov xA axo xfjc; scpa- 
xxopiEvrjc; XExpayAvcp. 




KuxXou yap xou ABr siXqcp'dw xi arjpslov sxxoc; xo A, 
xal axo xou A xpoc; xov ABT xuxXov xpoaxixxsxoaav 80o 
Eudslai ai AT[A], AB- xal f] (isv ALA xejivexw xov ABr 
xuxXov, f] Be BA EcpaxxEa-dor Xsyo, oxi xo 0x6 xov AA, 
Ar xspiExopiEvov opDoyoviov laov saxl xo axo xfjc; AB 
xsxpayovo. 

'H apa [A]EA fjxoL Bta xou xsvxpou saxlv fj ou. saxo 
xpoxspov 8ia xou xsvxpou, xal ectxo xo Z xsvxpov xou ABr 
xuxXou, xal EXE^suyiilo f] ZB- opflf) apa saxlv f) 0x6 ZBA. 
xal exeI Euflela f) AB 5[ya xExpir)xai xaxa xo Z, xpoaxsixai 
Be auxf) f) BA, xo apa 0x6 xov AA, Ar (isxd xou axo xfjc; 
Zr laov saxl xo axo xfjc; ZA. for) 8s f] Zr xfj ZB- xo apa 
0x6 xov AA, Ar piexa xou axo xfjc; ZB laov saxl xo axo 
xf)<; ZA. xo Be axo xfjc; ZA laa saxl xa axo xov ZB, BA- 
xo apa 0x6 xov AA, Ar piexa xou axo xfjc; ZB laov saxl 
xolc; axo xov ZB, BA. xoivov acpr)pf|a , do xo axo xfjc; ZB- 
Xoixov apa xo 0x6 xov AA, Ar laov 6axl xo axo xfjc; AB 


to the (square) on FB. And the (rectangle contained) 
by AE and EC plus the (square) on FE was also shown 
(to be) equal to the (square) on FB. Thus, the (rect¬ 
angle contained) by AE and EC plus the (square) on 
FE is equal to the (rectangle contained) by DE and EB 
plus the (square) on FE. Let the (square) on FE have 
been taken from both. Thus, the remaining rectangle con¬ 
tained by AE and EC is equal to the rectangle contained 
by DE and EB. 

Thus, if two straight-lines in a circle cut one another 
then the rectangle contained by the pieces of one is equal 
to the rectangle contained by the pieces of the other. 
(Which is) the very thing it was required to show. 

Proposition 36 

If some point is taken outside a circle, and two 
straight-lines radiate from it towards the circle, and (one) 
of them cuts the circle, and the (other) touches (it), then 
the (rectangle contained) by the whole (straight-line) 
cutting (the circle), and the (part of it) cut off outside 
(the circle), between the point and the convex circumfer¬ 
ence, will be equal to the square on the tangent (line). 



ABC, and let two straight-lines, DC[A\ and DB, radi¬ 
ate from D towards circle ABC. And let DC A cut circle 
ABC, and let BD touch (it). I say that the rectangle 
contained by AD and DC is equal to the square on DB. 

[D]CA is surely either through the center, or not. Let 
it first of all be through the center, and let F be the cen¬ 
ter of circle ABC, and let FB have been joined. Thus, 
(angle) FBD is a right-angle [Prop. 3.18]. And since 
straight-line AC is cut in half at F, let CD have been 
added to it. Thus, the (rectangle contained) by AD and 
DC plus the (square) on FC is equal to the (square) on 
FD [Prop. 2.6]. And FC (is) equal to FB. Thus, the 
(rectangle contained) by AD and DC plus the (square) 
on FB is equal to the (square) on FD. And the (square) 
on FD is equal to the (sum of the squares) on FB and 
BD [Prop. 1.47]. Thus, the (rectangle contained) by AD 
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ecpaxxopiviqc. 

’AAAa 6f) f) ArA [if] eaxto Sia xou xevxpou xou ABr 
xuxXou, xal etXfjfp'Ocii xo xevxpov xo E, xal axo xou E era 
xfjv Ar xadexo<; f]X'd« f) EZ, xal exei^euxfkoaav ai EB, EE, 
EA- opDf] apa eaxiv f] uxo EBA. xal exel euflela xic 8ia xou 
xevxpou f) EZ euDelav xiva [if] Sia xou xevxpou xf]v Ar xpoc; 
6pbac; xepvei, xal 8ixa auxf]v xepver f] AZ apa xfj Zr eaxiv 
Tar], xal exel cOdela f] AT xexprjxai 8iya xaxa xo Z arjpelov, 
xpoaxeixai 8e auxfj f] TA, xo apa uxo xwv AA, Ar pexa xou 
axo xfjc; Zr laov eaxl xA axo xfjc; ZA. xoivov xpoaxeiaDw 
xo axo xfj<; ZE' xo apa uxo xAv AA, Ar pexa xAv axo xAv 
rZ, ZE laov eaxl xolc; axo xAv ZA, ZE. xolc; Se axo xAv 
rZ, ZE laov eaxl xo axo xfjc; EE op’df] yap [eaxiv] f] uxo 
EZr [ycovia] - xolc; 8e axo xAv AZ, ZE laov eaxl xo axo xfjc; 
EA' xo apa uxo xAv AA, Ar pexa xou axo xfjc; Er laov 
eaxl xA axo xfjc; EA. lar] 8e f] EE xf] EB- xo apa 0x6 xAv 
AA, Ar pexa xou axo xfjc; EB laov eaxl xA axo xfjc; EA. 
xA 8e axo xfjc; EA laa eaxl xa axo xAv EB, BA- opOf] yap 
f] 0x6 EBA ywvla' xo apa 0x6 xAv AA, Ar pexa xou axo 
xfjc; EB laov eaxl xolc; axo xAv EB, BA. xoivov acpr]pf|a , d« 
xo axo xfjc; EB' Aoixov apa xo 0x6 xAv AA, Ar laov eaxl 
xA axo xfjc; AB. 

’Eav apa xuxXou ArjcpDfj xi arj^elov exxoc;, xal ax’ aOxou 
xpoc; xov xuxAov xpoaxixxwai 5uo euDelai, xal f] pev aOxAv 
xeptvr] xov xuxAov, f] oe ecpaxxrjxai, eaxai xo 0x6 oArjc; xfjc; 
xe^tvouarjc; xal xfjc; exxoc; axoAa[iPavo[ievr]c; [iexa^O xou xe 
arjjieiou xal xfjc; xupxfjc; xepicpepeiac; laov xA axo xfjc; ecpa- 
xxo[i£vr]c; xexpayAva)- oxep e8ei 8eTc;ai. 


XC. 

’Eav xuxXou XrjcpDfj xi arjpielov exxoc;, axo 8e xou 
arjjieiou xpoc; xov xuxXov xpoaxixxwai 8uo eOUelai, xal 
f) (iev aOxAv xejxvr] xov xuxXov, f] 8e xpoaxixxr], fj 8e xo 
0x6 [xfjc;] oXr]c; xfjc; xe(ivouar]c; xal xfjc; exxoc; axoXapipa- 


and DC plus the (square) on FB is equal to the (sum 
of the squares) on FB and BD. Let the (square) on 
FB have been subtracted from both. Thus, the remain¬ 
ing (rectangle contained) by AD and DC is equal to the 
(square) on the tangent DB. 

And so let DC A not be through the center of cir¬ 
cle ABC, and let the center E have been found, and 
let EF have been drawn from E, perpendicular to AC 
[Prop. 1.12]. And let EB, EC, and ED have been joined. 
(Angle) EBD (is) thus a right-angle [Prop. 3.18]. And 
since some straight-line, EF, through the center, cuts 
some (other) straight-line, AC, not through the center, 
at right-angles, it also cuts it in half [Prop. 3.3], Thus, 
AF is equal to FC. And since the straight-line AC is cut 
in half at point F, let CD have been added to it. Thus, the 
(rectangle contained) by AD and DC plus the (square) 
on FC is equal to the (square) on FD [Prop. 2.6]. Let 
the (square) on FE have been added to both. Thus, the 
(rectangle contained) by AD and DC plus the (sum of 
the squares) on CF and FE is equal to the (sum of the 
squares) on FD and FE. But the (square) on EC is equal 
to the (sum of the squares) on CF and FE. For [angle] 
EFC [is] a right-angle [Prop. 1.47]. And the (square) 
on ED is equal to the (sum of the squares) on DF and 
FE [Prop. 1.47]. Thus, the (rectangle contained) by AD 
and DC plus the (square) on EC is equal to the (square) 
on ED. And EC (is) equal to EB. Thus, the (rectan¬ 
gle contained) by AD and DC plus the (square) on EB 
is equal to the (square) on ED. And the (sum of the 
squares) on EB and BD is equal to the (square) on ED. 
For EBD (is) a right-angle [Prop. 1.47]. Thus, the (rect¬ 
angle contained) by AD and DC plus the (square) on 
EB is equal to the (sum of the squares) on EB and BD. 
Let the (square) on EB have been subtracted from both. 
Thus, the remaining (rectangle contained) by AD and 
DC is equal to the (square) on BD. 

Thus, if some point is taken outside a circle, and two 
straight-lines radiate from it towards the circle, and (one) 
of them cuts the circle, and (the other) touches (it), then 
the (rectangle contained) by the whole (straight-line) 
cutting (the circle), and the (part of it) cut off outside 
(the circle), between the point and the convex circumfer¬ 
ence, will be equal to the square on the tangent (line). 
(Which is) the very thing it was required to show. 

Proposition 37 

If some point is taken outside a circle, and two 
straight-lines radiate from the point towards the circle, 
and one of them cuts the circle, and the (other) meets 
(it), and the (rectangle contained) by the whole (straight- 
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vopcvr)<; pcxac;u xou xe cttjpeIou xal xfjc xupxfjc xspicpspElac 
Ictov xA axo xfjc xpocnuxxouCTrjc, f| xpoaxmxouaoc Ecpajjsxai 
xou xuxXou. 



KuxXou yap xou ABr siXf^ilM xl arpslov exxoc xo A, 
xal axo xou A xpoc xov ABT xuxXov xpoaxixxsxwaav Buo 
sudsTai al ALA, AB, xal f] psv ALA xspvExo xov xuxXov, f) 
8s AB xpoaxixxsxo, ectxo 8s xo 0x6 xAv AA, AT Ictov xA 
axo xfjc; AB. Xsyw, oxi f] AB scpaxxsxai xou ABr xuxXou. 

’Tixllw yap xou ABT scpaxxopEvr] f] AE, xal EiXfjcpflo xo 
xsvxpov xou ABr xuxXou, xal saxat xo Z, xal sxe^sux'dtoaav 
al ZE, ZB, ZA. f] apa 0x6 ZEA opdf| ectxiv. xal sxsl f) AE 
Ecpaxxsxai xou ABr xuxXou, xspivsi 8s f) ABA, xo apa 0x6 
xAv AA, Ar Ictov ectxI xA axo xfjc; AE. fjv 8s xal xo 0x6 
xAv AA, Ar laov xA axo xfjc; AB' xo apa axo xfjc; AE 
Ictov ectxI xA axo xfjc; AB- far] apa f] AE xfj AB. ectxI 8s 
xal fj ZE xfj ZB far] - Buo 8f] al AE, EZ Buo xalc AB, BZ 
foai slctlv* xal pdoic; aOxAv xoivf] f] ZA' ywvla apa f] 0x6 
AEZ ytovla xfj 0x6 ABZ ectxiv for). opDf] 8e f] 0x6 AEZ- 
opDf] apa xal f] 0x6 ABZ. xal ectxiv f) ZB sxpaXXopiEvr] 
BiajiExpoc;' f] 8e xfj BiajiExpw xou xuxXou xpoc; opDac; ax’ 
axpac; ayopiEvr] Ecpaxxsxai xou xuxXou' f] AB apa Ecpaxxsxai 
xou ABr xuxXou. opiolwc; 8f] BsiyDfiCTExai, xav xo xsvxpov 
exI xfjc; Ar xuyyavr]. 

’Eav apa xuxXou Xrjcpflfj xi CTrjpislov exxoc;, axo 8e xou 
CTTjpiELOu xpoc; xov xuxXov xpoCTXtxxtOCTi 8uo EOflslai, xal f] 
[isv aOxAv xEjivr] xov xuxXov, f] 8 e xpoCTxlxxrj, fj 8e xo 0x6 
oky]<z xfjc; xEpivouCTTQc; xal xfjc; exxo<; axoXap.pavop.Evr]c; (isxa^u 
xou xe CTTjpiElou xal xfjc; xupxfjc; xEpupEpslac; Ictov xA axo 
xfjc; xpoCTXixxouCTT]c;, f) xpooxlxxouCTa scpacjjsxai xou xuxXou- 
oxsp e8ei Bsl^ai. 


line) cutting (the circle), and the (part of it) cut off out¬ 
side (the circle), between the point and the convex cir¬ 
cumference, is equal to the (square) on the (straight-line) 
meeting (the circle), then the (straight-line) meeting (the 
circle) will touch the circle. 



For let some point D have been taken outside circle 
ABC, and let two straight-lines, DC A and DB, radiate 
from D towards circle ABC, and let DC A cut the circle, 
and let DB meet (the circle). And let the (rectangle con¬ 
tained) by AD and DC be equal to the (square) on DB. 
I say that DB touches circle ABC. 

For let DE have been drawn touching ABC [Prop. 
3.17], and let the center of the circle ABC have been 
found, and let it be (at) F. And let FE, FB, and FD 
have been joined. (Angle) FED is thus a right-angle 
[Prop. 3.18]. And since DE touches circle ABC, and 
DC A cuts (it), the (rectangle contained) by AD and DC 
is thus equal to the (square) on DE [Prop. 3.36]. And the 
(rectangle contained) by AD and DC was also equal to 
the (square) on DB. Thus, the (square) on DE is equal 
to the (square) on DB. Thus, DE (is) equal to DB. And 
FE is also equal to FB. So the two (straight-lines) DE, 
EF are equal to the two (straight-lines) DB, BF (re¬ 
spectively) . And their base, FD, is common. Thus, angle 
DEF is equal to angle DBF [Prop. 1.8]. And DEF (is) 
a right-angle. Thus, DBF (is) also a right-angle. And 
FB produced is a diameter, And a (straight-line) drawn 
at right-angles to a diameter of a circle, at its extremity, 
touches the circle [Prop. 3.16 corn]. Thus, DB touches 
circle ABC. Similarly, (the same thing) can be shown, 
even if the center happens to be on AC. 

Thus, if some point is taken outside a circle, and two 
straight-lines radiate from the point towards the circle, 
and one of them cuts the circle, and the (other) meets 
(it), and the (rectangle contained) by the whole (straight- 
line) cutting (the circle), and the (part of it) cut off out¬ 
side (the circle), between the point and the convex cir¬ 
cumference, is equal to the (square) on the (straight-line) 
meeting (the circle), then the (straight-line) meeting (the 
circle) will touch the circle. (Which is) the very thing it 
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was required to show. 


108 




ELEMENTS BOOK 4 


Construction of Rectilinear Figures In and 

Around Circles 


109 



ETOIXEIfiN 6'. 


ELEMENTS BOOK 4 


"Open. 

a'. Eyrjpa subuYpappov eic, ayfjpa subuYpappov SYYP&p- 
sabai XsYexai, oxav sxaaxr] x£Sv tou SyyP ck P°1 jL£vou oyfjpax- 
o<z ywviwv sxaaxrjc; TtXsupac; tou, sic; 5 EYYP« c p£t a L obtxrjxai. 

P'. E)(fjpa bpoicoc; Ttspl a)(fjpa nspiYpacpsabai Xsyexai, 
oxav sxaaxrj xXsupa tou xspiYpacpopsvou sxaaxrjc; Y^viac; 
tou, itspl 6 TtEprfpacpsxai, aTCxrjxai. 

y'. E)(fjpa subuypappov sic; xuxXov SYYpdcpecrdai XEyexai, 
oxav sxaaxrj Y w 4a tou SYYP a( pop.svou axxrjTai xfjc; xou 
xuxXou itspicpspsiac;. 

5'. Eyfjpa 8s subuYpappov 7I£ P l xbxXov itspiYpacps- 
abai XsYexai, oxav sxaaxrj itXsupa xou 7tspi.Ypcxcpop.Evou 
scpaitxrjxai xfjc; xou xuxXou itspicpspsiac;. 

s'. KuxXoc; 8s sic; ayfjpa opoitoc; SYYpcxcpeCT’dai XsyExai, 
oxav fj xou xuxXou itspicpspsia sxaaxrjc; TtXsupac; xou, sic; o 
EYYpcxcpexai, aitxrjxai. 

t'. KuxXoc; 8s itspi CTX'nt JL0C rcepiYpacpsabai XsyExai, oxav 
rj xou xuxXou itspicpspsia sxaaxrjc; Y^viac; xou, Ttspl o 7ts- 
piYpacpsxai, aitxrjxai. 

C- EubsTa sic; xuxXov svappo((sabai XsYexai, oxav xa 
itspaxa auxfjc; sitl xfjc; itspicpspsiac; fj xou xuxXou. 


a'. 

Eic; tov Sobsvxa xuxXov xfj Sobsiaij subsia pf) psi^ovi 
ouarj xfjc; xou xuxXou 8iapsxpou larjv subslav svappoaai. 

A 


Definitions 

1. A rectilinear figure is said to be inscribed in 
a(nother) rectilinear figure when the respective angles 
of the inscribed figure touch the respective sides of the 
(figure) in which it is inscribed. 

2. And, similarly, a (rectilinear) figure is said to be cir¬ 
cumscribed about a(nother rectilinear) figure when the 
respective sides of the circumscribed (figure) touch the 
respective angles of the (figure) about which it is circum¬ 
scribed. 

3. A rectilinear figure is said to be inscribed in a cir¬ 
cle when each angle of the inscribed (figure) touches the 
circumference of the circle. 

4. And a rectilinear figure is said to be circumscribed 
about a circle when each side of the circumscribed (fig¬ 
ure) touches the circumference of the circle. 

5. And, similarly, a circle is said to be inscribed in a 
(rectilinear) figure when the circumference of the circle 
touches each side of the (figure) in which it is inscribed. 

6. And a circle is said to be circumscribed about a 
rectilinear (figure) when the circumference of the circle 
touches each angle of the (figure) about which it is cir¬ 
cumscribed. 

7. A straight-line is said to be inserted into a circle 
when its extemities are on the circumference of the circle. 

Proposition 1 

To insert a straight-line equal to a given straight-line 
into a circle, (the latter straight-line) not being greater 
than the diameter of the circle. 

D 



’'Eaxw 6 Sobsl<; xuxXoc; 6 ABT, fj 8s SobsTaa subsia pfj 
psii^wv xfjc; xou xuxXou 8iapsxpou f) A. 8sT 8f) sic; tov ABT 
xuxXov xfj A subsia larjv subslav svappoaai. 

TTybcu xou ABT xuxXou 8iapsxpo<; f] BIX si psv ouv Tar] 
saxlv fj BT xfj A, yeyovoz av sir) to STUxaybsv svfjppoaxai 



Let ABC be the given circle, and D the given straight- 
line (which is) not greater than the diameter of the cir¬ 
cle. So it is required to insert a straight-line, equal to the 
straight-line D, into the circle ABC. 

Let a diameter BC of circle ABC have been drawn.! 
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yap si c, xov ABr xuxXov xfj A sOOsiafor) f] Br. si Ss psi^uv 
saxiv f) Br xfj<; A, xsfo-dw xfj A for) f) TE, xal xsvxpqr 
xA T Siaaxrjpaxi Ss xA TE xuxXo<; ysypacpiko 6 EAZ, xal 
sxs£s6)(4m T) TA. 

’Exsl ouv xo T arjpsfov xsvxpov saxl xou EAZ xuxXou, 
far) saxiv fj FA xfj TE. aXXa xfj A f) TE saxiv Xarf xal f) A 
apa xfj FA saxiv for). 

Eic; apa xov SoOsvxa xuxXov xov ABr xfj 8o4siar) sudsia 
xfj A for) svfjppoaxai f) FA- oxsp s8si xoifjaai. 


Therefore, if BC is equal to D then that (which) was 
prescribed has taken place. For the (straight-line) BC, 
equal to the straight-line D, has been inserted into the 
circle ABC. And if BC is greater than D then let CE be 
made equal to D [Prop. 1.3], and let the circle EAF have 
been drawn with center C and radius CE. And let CM 
have been joined. 

Therefore, since the point C is the center of circle 
EAF, CA is equal to CE. But, CE is equal to D. Thus, 
D is also equal to CA. 

Thus, CA, equal to the given straight-line D, has been 
inserted into the given circle ABC. (Which is) the very 
thing it was required to do. 


f Presumably, by finding the center of the circle [Prop. 3.1], and then drawing a line through it. 


P- 

Eic; xov SoOsvxa xuxXov xA 8o4svxi xpiyAvtp iaoyAviov 
xplycovov syypatjiai.. 




Tfoxto 6 SoOslc; xuxXo<; 6 ABT, xo 8s 6o4sv xpiycovov 
xo AEZ- 8sT Sf] si<; tov ABT xuxXov xfi AEZ xpiywvcp 
iaoyAviov xpiywvov syypajiai. 

’TlxOco xou ABT xuxXou scpaxxopsvr) f) H0 xaxa xo A, 
xal auvsaxaxco xpoc xfj A0 sOOsia xal xfi xpoc auxfj or)psiw 
xo A xfj 0x6 AEZ ycovia for) f] 0x6 0Ar, xpoc 8s xfj AH 
s04sia xal xA xpoc aOxfj arjpsicp xA A xfj 0x6 AZE [y«via] 
for) f) 0x6 HAB, xal Exs^suy-dto f) Br. 

’Exsl ouv xuxXou xou ABr scpaxxsxai xtc su4sTa f) A0, 
xal axo xfjc xaxa xo A sxacpfjc sic tov xuxXov 8ifjxtai suOsTa 
f) Ar, f) apa 0x6 0Ar for) sati xfj sv xA svaXXa^ xou xuxXou 
xprjpaxi ywvia xfj 0x6 ABr. aXX’ f) 0x6 0Ar xfj 0x6 AEZ 
saxiv for)- xal f] 0x6 ABr apa yorvia xfj 0x6 AEZ saxiv 
Tar). 8ia xa aOxa 8f) xal f) 0x6 ArB xfj 0x6 AZE saxiv 
for)- xal Xoixf) apa f) 0x6 BAr Xoixfj xfj 0x6 EAZ saxiv Tar) 
[iaoyAviov apa saxl xo ABr xpiycuvov xA AEZ xpiyAvcr, 
xal syysypaxxai sic tov ABr xuxXov]. 

Eic tov SoOsvxa apa xuxXov xA SoOsvxi xpiyAvco 
iaoyAviov xpiyovov syysypaxxai- oxsp s8si xoifjaai. 


Proposition 2 

To inscribe a triangle, equiangular with a given trian¬ 
gle, in a given circle. 


Let ABC be the given circle, and DEF the given tri¬ 
angle. So it is required to inscribe a triangle, equiangular 
with triangle DEF, in circle ABC. 

Let GH have been drawn touching circle ABC at Ad 
And let (angle) HAC, equal to angle DEF, have been 
constructed on the straight-line AH at the point A on it, 
and (angle) GAB, equal to [angle] DFE, on the straight- 
line AG at the point A on it [Prop. 1.23]. And let BC 
have been joined. 

Therefore, since some straight-line AH touches the 
circle ABC, and the straight-line AC has been drawn 
across (the circle) from the point of contact A, (angle) 
HAC is thus equal to the angle ABC in the alternate 
segment of the circle [Prop. 3.32]. But, HAC is equal to 
DEF. Thus, angle ABC is also equal to DEF. So, for the 
same (reasons), ACB is also equal to DFE. Thus, the re¬ 
maining (angle) BAC is equal to the remaining (angle) 
EDF [Prop. 1.32], [Thus, triangle ABC is equiangu¬ 
lar with triangle DEF, and has been inscribed in circle 


E 
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t See the footnote to Prop. 3.34. 


Y- 

lisp! xov SohEvxa xuxXov to SoDevxi. xpiyAvco fooyAviov 
xplywvov 7tepiypa4»ai. 



Tfoxa) 6 Sobslt; xuxXo<; 6 ABT, xo 8 e SoOev xpiy tovov 
xo AEZ- oei 8f) xepl xov ABr xuxXov xA AEZ xpiyAvcp 
fooyAviov xptyovov xspiypaijiai. 

’ExpspXrjO'dw fj EZ scp’ sxaxspa xa pspr) xaxa xa H, 0 
arjpEla, xa! siXficp-dw xou ABr xuxXou xsvxpov xo K, xa! 
8if)xi)u>, &<; Exuyev, su-dcla f] KB, xa! auvsaxaxor xpo<; xfj 
KB EU-dcia xa! xp xpo<; auxfj or)p£i« xA K xfj psv 0x6 AEH 
ycovia for) f] 0x6 BKA, xfj 8s 0x6 AZ0 for) f] 0x6 BKT, xa! 
8ia xAv A, B, T orjpsiow ijy-dojoav ecpaxxojjievai xou ABr 
xuxXou a! A AM, MBN, NBA. 

Ka! exd ecpaxxovxai xou ABr xuxXou a! AM, MN, NA 
xaxa xa A, B, T ar^sTa, axo 8s xou K xsvxpou stu xa A, B, 
r arjfjieTa exe^euyjjievai Eiaiv a! KA, KB, KB, opbal apa siaiv 
a! xpo<; xou; A, B, T ar)[r£ioi<; ycoviai. xa! site! xou AMBK 
xexpaxXeupou a! xsaaapsc; yoviai xcxpaaiv opiSafo foai siaiv, 
£X£t8f)X£p xa! eic; 8uo xpiyova SiaipcTxai xo AMBK, xai siaiv 
op-da! a! 0x6 KAM, KBM ycoviat, Xoixa! apa a! 0x6 AKB, 
AMB 8ua!v opdau; foai Eiaiv. Eta! 8e xa! a! 0x6 AEH, 
AEZ 8ua!v opiDafo foai- a! apa 0x6 AKB, AMB xafo 0x6 
AEH, AEZ foai Eiaiv, 6v f) 0x6 AKB xfj 0x6 AEH saxiv 
for)- Xotxf) apa f) 0x6 AMB Xoixfj xfj 0x6 AEZ eoxiv for), 
opoiax; Sr) Ssix-df]a£xai, oxi xa! f) 0x6 ANB xfj 0x6 AZE 
saxiv for)- xa! Xoixf] apa f) 0x6 MAN [Xomfj] xfj 0x6 EAZ 
saxiv for). fooyAviov apa eox! xo AMN xpiywvov xA AEZ 
xpiyAvoy xa! xEptyEypaxxai x£p! xov ABr xuxXov. 

n£p! xov So-dsvxa apa xuxXov xA So-dsvxi xpiyAvco 
fooyAviov xpiyorvov xEptyEypaxxar ox£p eSei xoifjaai. 


ABC]. 

Thus, a triangle, equiangular with the given triangle, 
has been inscribed in the given circle. (Which is) the very 
thing it was required to do. 


Proposition 3 

To circumscribe a triangle, equiangular with a given 
triangle, about a given circle. 



Let ABC be the given circle, and DBF the given tri¬ 
angle. So it is required to circumscribe a triangle, equian¬ 
gular with triangle DEF, about circle ABC. 

Let EF have been produced in each direction to 
points G and H. And let the center K of circle ABC 
have been found [Prop. 3.1], And let the straight-line 
KB have been drawn, at random, across {ABC). And 
let (angle) BKA, equal to angle DEG, have been con¬ 
structed on the straight-line KB at the point K on it, 
and (angle) BKC, equal to DFH [Prop. 1.23]. And let 
the (straight-lines) LAAI, Ad BN, and NCL have been 
drawn through the points A, B, and C (respectively), 
touching the circle ABC." 1 

And since LAI, MN, and NL touch circle ABC at 
points A, B, and C (respectively), and KA, KB, and 
KC are joined from the center K to points A, B, and 
C (respectively), the angles at points A, B, and C are 
thus right-angles [Prop. 3.18]. And since the (sum of the) 
four angles of quadrilateral AMBK is equal to four right- 
angles, inasmuch as AAIBK (can) also (be) divided into 
two triangles [Prop. 1.32], and angles KAM and KBM 
are (both) right-angles, the (sum of the) remaining (an¬ 
gles), AKB and AMB, is thus equal to two right-angles. 
And DEG and DEF is also equal to two right-angles 
[Prop. 1.13]. Thus, AKB and AMB is equal to DEG 
and DEF, of which AKB is equal to DEG. Thus, the re¬ 
mainder AAIB is equal to the remainder DEF. So, sim¬ 
ilarly, it can be shown that LNB is also equal to DFE. 
Thus, the remaining (angle) AILN is also equal to the 
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t See the footnote to Prop. 3.34. 

8 '. 

Etc; to 8o4ev xpiycovov xuxXov syYpa^ai. 

A 



’'Eaxcu to SoOev xpiywvov to ABT- SsT Sf] sic; to ABr 
xpiycuvov xuxXov EyYpat|;ai.. 

TeT[xr)af)coCTav at 0x6 ABr, ArB ycuviai 8iya Talg BA, 
TA sOOEiaig, xai aupf3aXXETa>aav aXXqXaig xaxa to A 
arjpsfov, xat fjydMaav axo tou A ext Tag AB, Br, LA 
su-Mag xa-dsToi al AE, AZ, AH. 

Kal exeI Tar) scttIv rj 0x6 ABA ytovia Tfj 0x6 FBA, 
ectti 8s xat ophf) f) 0x6 BEA opDfj xfj 0x6 BZA far], 8uo 
8f] xpiyorva ectti Ta EBA, ZBA Tag Suo ycoviag xalg 8ual 
ycuviaig foag Eyovxa xat piav xXsupav pita xXsupa foqv xf)v 
OxoTEtvouaav 0x6 piav tAv tatov ycuviAv xotvfjv auxAv xf)v 
BA- xat Tag Xotxag apa xXsupag Talg Xotxalg xXsupalg taag 
e^ouctiv for) apa f) AE xfj AZ. 8ta Ta auxa 8f) xat f) AH 
Tfj AZ EctTtv for), al Tpslg apa suDsTai al AE, AZ, AH 
foat aXXfjXatg statv 6 apa xsvxpA tA A xat 8taoTf]p.aTi svl 
tAv E, Z, H xuxXog ypacpopsvog rjgst xat 8ta tAv XotxAv 
ar)p.£[tov xat scpacJjSTai tAv AB, BE, LA suOsiAv 8ta to 
opDag slvat Tag xpog xolg E, Z, H ar)|iEioig ytoviag. st yap 
TEjisI auxag, soTat f) Tfj Biapsxpw tou xuxXou xpog op-dag 
ax’ axpag ayopsvr) svxog xtxTouoa tou xuxXou- oxsp axo- 
xov ESsix-dr)- oOx apa 6 XEvxptp xA A SiaoTfjptaTt Se svl tAv 
E, Z, H ypacpopsvog xuxXog TEpsl Tag AB, Br, TA suDsiag- 
scpa^Exai apa aOxAv, xat Eoxat 6 xuxXog ^yysypappEvog slg 
to ABr xpiycovov. £YYEypa<p4 w Ag 6 ZHE. 

Etg apa to 8o4ev xpiytovov to ABr xuxXog EYYEypaxxai 
6 EZH- oxsp eSsi xotfjoat. 


[remaining] (angle) EDF [Prop. 1.32]. Thus, triangle 
LAIN is equiangular with triangle DEF. And it has been 
drawn around circle ABC. 

Thus, a triangle, equiangular with the given triangle, 
has been circumscribed about the given circle. (Which is) 
the very thing it was required to do. 


Proposition 4 



Let ABC be the given triangle. So it is required to 
inscribe a circle in triangle ABC. 

Let the angles ABC and ACB have been cut in half by 
the straight-lines BD and CD (respectively) [Prop. 1.9], 
and let them meet one another at point D, and let DE, 
DF, and DC have been drawn from point D, perpendic¬ 
ular to the straight-lines AB, BC, and CA (respectively) 
[Prop. 1.12]. 

And since angle ABD is equal to CBD, and the right- 
angle BED is also equal to the right-angle BFD, EBD 
and FBD are thus two triangles having two angles equal 
to two angles, and one side equal to one side—the (one) 
subtending one of the equal angles (which is) common to 
the (triangles)—(namely), BD. Thus, they will also have 
the remaining sides equal to the (corresponding) remain¬ 
ing sides [Prop. 1.26]. Thus, DE (is) equal to DF. So, 
for the same (reasons), DC is also equal to DF. Thus, 
the three straight-lines DE, DF, and DC are equal to 
one another. Thus, the circle drawn with center D, and 
radius one of E, F, or C, ' will also go through the re¬ 
maining points, and will touch the straight-lines AB, BC, 
and CA, on account of the angles at E, F, and G being 
right-angles. For if it cuts (one of) them then it will be 
a (straight-line) drawn at right-angles to a diameter of 
the circle, from its extremity, falling inside the circle. The 
very thing was shown (to be) absurd [Prop. 3.16]. Thus, 
the circle drawn with center D, and radius one of E, F, 
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or G, does not cut the straight-lines AB, BC, and CA. 
Thus, it will touch them and will be the circle inscribed 
in triangle ABC. Let it have been (so) inscribed, like 
FGE (in the figure). 

Thus, the circle EFG has been inscribed in the given 
triangle ABC. (Which is) the very thing it was required 
to do. 

t Here, and in the following propositions, it is understood that the radius is actually one of DE, DF, or DG. 


s'. 


Tkp! to 8o4ev Tptycovov xuxAov x£piypac[>ai. 



’'Ecrcco to 8o4ev Tpiycrvov to ABT- 8eT Be xspl to BoHev 
T piywvov to ABT xuxAov xspiyp<4i|>ai. 

TETqqahcoCTav at AB, AT suOslai 8[ya xaxa Ta A, E 
ar)[ieia, xal duo tAv A, E ar)pEia>v Talc; AB, AT xpoc; opbac; 
fjX'bMcrav at AZ, EZ- aupxEoouvTai 8f) f)Toi evtoc; tou ABT 
TpiyAvou f\ sxl Tfjc BT su-dslac; fj extoc; Trjc; BT. 

SupxixTETGroav xpoTEpov evtoc; xaTa to Z, xal sxe^euxD- 
wct av at ZB, ZT, ZA. xal cxsl lor] ecttIv f) AA Tfj AB, xoivf) 
8e xal xpoc; op-dac; f) AZ, pdaic; apa f) AZ pdoEi Tfj ZB egtiv 
tar], opoiw<; 8f) Bei^opev, oti xal f) TZ Tfj AZ sgtlv lor]- 
Aote xal f] ZB Tfj ZT ecttiv lory at TpcTc; apa at ZA, ZB, ZT 
loai aAAf)Aai<; siotv. 6 apa xsvTpcp to Z BiaoTiqpaTi 8s svl 
tov A, B, T xuxAoc; ypacpopsvoc; fj^si xal 8ia twv Xoixwv 
ar]p.EUOv, xal ECTTai xEpiyEypapjiEvoc; 6 xuxAoc; xspl to ABT 
Tptycovov. TEpiyEypacphco (!><; 6 ABT. 

AAAa 8f] at AZ, EZ auqxtxTETwaav Ext xfjc; BT Eudstai; 
xaxa to Z, Ac; sysi Ext Tfj<; BsuTEpac xaxaypacpfjc;, xal 
exeCeuxOco f) AZ. o^ioiwc; 8f) 8e[^o^ev, oti to Z CTqqElov 
xsvTpov egtI tou xspl to ABT Tptycovov xspLypacpojiEvou 
xuxAou. 

AAAa 8f] at AZ, EZ ou|ixi.xT£TMoav extoc; tou ABT 
TpLyovou xaTa to Z xaAiv, Ac; sxst ex! Tfjc; TptTrjc; xaTa- 
ypacpfjc;, xat EXE^EUxUoraav at AZ, BZ, TZ. xal exeI xaAtv 
Tar] egtIv f] A A t^ AB, xoivf) 8 e xal xpoc; ophac; fj AZ, panic; 
apa f] AZ pdosi Tfj BZ egtiv larj. o|iotw<; 8f] Ost^oqEv, oti 
xal f] TZ t^ AZ egtiv for) - Agte xal f) BZ Tfj ZT egtiv far)- 
6 apa [xaAiv] XEVTpw tA Z 8iaGTf]qaTi 8 e svl tAv ZA, ZB, 
ZT xuxAoc; ypacpoqEvoc; fj^Ei xal 8ia tAv AoixAv orj^Eiorv, 
xal EGTai xspiyEypajiqEvoc; xspl to ABT Tptywvov. 

EEepl to BoOev apa Tptycovov xuxAoc; xspiysypaxTar 
oxsp e8ei xoifjoai. 


Proposition 5 


To circumscribe a circle about a given triangle. 



Let ABC be the given triangle. So it is required to 
circumscribe a circle about the given triangle ABC. 

Let the straight-lines AB and AC have been cut in 
half at points D and E (respectively) [Prop. 1.10]. And 
let DF and EF have been drawn from points D and E, 
at right-angles to AB and AC (respectively) [Prop. 1.11]. 
So ( DF and EF ) will surely either meet inside triangle 
ABC, on the straight-line BC, or beyond BC. 

Let them, first of all, meet inside (triangle ABC ) at 
(point) F, and let FB, FC, and FA have been joined. 
And since AD is equal to DB, and DF is common and 
at right-angles, the base AF is thus equal to the base FB 
[Prop. 1.4]. So, similarly, we can show that CF is also 
equal to AF. So that FB is also equal to FC. Thus, the 
three (straight-lines) FA, FB, and FC are equal to one 
another. Thus, the circle drawn with center F, and radius 
one of A, B, or C, will also go through the remaining 
points. And the circle will have been circumscribed about 
triangle ABC. Let it have been (so) circumscribed, like 
ABC (in the first diagram from the left). 

And so, let DF and EF meet on the straight-line 
BC at (point) F, like in the second diagram (from the 
left). And let AF have been joined. So, similarly, we can 
show that point F is the center of the circle circumscribed 
about triangle ABC. 

And so, let DF and EF meet outside triangle ABC, 
again at (point) F, like in the third diagram (from the 
left). And let AF, BF, and CF have been joined. And, 
again, since AD is equal to DB, and DF is common and 
at right-angles, the base AF is thus equal to the base BF 
[Prop. 1.4]. So, similarly, we can show that CF is also 
equal to AF. So that BF is also equal to FC. Thus, 


114 




ETOIXEIfiN 8'. 


ELEMENTS BOOK 4 


[again] the circle drawn with center F, and radius one 
of FA, FB, and FC, will also go through the remaining 
points. And it will have been circumscribed about trian¬ 
gle ABC. 

Thus, a circle has been circumscribed about the given 
triangle. (Which is) the very thing it was required to do. 


9'. 

Etc; xov Oohcvxa xuxAov TETpdywvov eyypaijjai. 



’'Eotm f] SoDdc xuxAo<; 6 ABTA- 8sT 8rj etc; xov ABTA 
xuxAov xexpaytovov Eyypaijiai. 

"HyilMaav xou ABTA xuxAou 860 8iapexpoi xpoc; ophac; 
aAAr|Aai<; at AT, BA, xat Exe^EU/Ocoaav at AB, BT, TA, 
AA. 

Kal sxri lay) saxlv f] BE xfj EA' xevxpov yap xo E - xoivrj 
8e xal xpoc; opDac; f\ EA, ( 3 aaic; apa f\ AB ( 3 aaei xjj AA Tar] 
eaxtv. Sia xa auxa 8f) xal exaxepa xwv BT, TA exaxepa 
xdv AB, AA far) eaxtv taoxAeupov apa eaxt xo ABTA 
xexpaxAeupov. Aeyw 8rj, 6x1 xat opDoyAviov. ex el yap f) 
BA eudela Suxpexpoc; eaxi xou ABTA xuxAou, fjpixuxAiov 
apa eaxt xo BAA' opUf) apa f) 0 x 6 BAA ycovta. 61a xa 
auxa 8f) xat exaaxr) xdv 0 x 6 ABT, BTA, TAA opUf] eaxiv- 
opDoywviov apa eaxt xo ABTA xexpaxAeupov. eSetxhr] 8e 
xal EaoxAeupov xexpaytovov apa eaxtv. xat eyyeypaxxai etc 
xov ABTA xuxAov. 

Etc; apa xov Sohevxa xuxAov xexpaywvov eyyeypaxxai 
xo ABTA- oxep e8ei xoifjaai. 


Proposition 6 

To inscribe a square in a given circle. 



c 


Let ABCD be the given circle. So it is required to 
inscribe a square in circle ABCD. 

Let two diameters of circle ABCD, AC and BD, have 
been drawn at right-angles to one another.! And let AB, 
BC, CD, and DA have been joined. 

And since BE is equal to ED, for E (is) the center 
(of the circle), and EA is common and at right-angles, 
the base AB is thus equal to the base AD [Prop. 1.4]. 
So, for the same (reasons), each of BC and CD is equal 
to each of AB and AD. Thus, the quadrilateral ABCD 
is equilateral. So I say that (it is) also right-angled. For 
since the straight-line BD is a diameter of circle ABCD, 
BAD is thus a semi-circle. Thus, angle BAD (is) a right- 
angle [Prop. 3.31]. So, for the same (reasons), (angles) 
ABC, BCD, and CD A are also each right-angles. Thus, 
the quadrilateral ABCD is right-angled. And it was also 
shown (to be) equilateral. Thus, it is a square [Def. 1.22]. 
And it has been inscribed in circle ABCD. 

Thus, the square ABCD has been inscribed in the 
given circle. (Which is) the very thing it was required 
to do. 


t Presumably, by finding the center of the circle [Prop. 3.1], drawing a line through it, and then drawing a second line through it, at right-angles 
to the first [Prop. 1.11]. 


c. 


IIspl xov Sohsvxa xuxAov xcxpayovov xepiypatjiai. 


Proposition 7 

To circumscribe a square about a given circle. 
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’'Eaxco 6 Sohsic; xuxaoc 6 ABTA- Set Bf] xspi xov ABrA 
xuxXov xsxpaytovov xspiypacjjai. 

H A Z 



’'Hx'dwaav T ou ABrA xuxXou 8uo Biapsxpoi xpoc; ophac; 
aAAf]Aai<; ai AT, BA, xai 8ia xcov A, B, T, A aqpsicov yjxhcn- 
aav scpaxxopsvai xou ABTA xuxXou ai ZH, H0, 0K, KZ. 

"Etc! ouv scpaxxsxai rj ZH xou ABrA xuxXou, axo 8s 
xou E xsvxpou sxi xfjv xaxa xo A sxacpfjv sxs^suxxai f) 
EA, ai apa xpo<; xo A ycnviai ophai siaiv. 8ia xa auxa 
8 f) xal ai xpoc; xoic; B, T, A afpsiou; ycoviai op-dai siaiv. 
xai sxsi op-Df] saxiv f) uxo AEB ycnvia, saxi Ss 6 p 4 f] xal f) 
uxo EBH, xapaXXr]Xoc; apa saxiv fj H0 xfj Ar. 8 ia xa auxa 
8 r) xai f) Ar xfj ZK saxi xapdXXrjXoi;. waxs xai f] H0 xfj 
ZK saxi xapaXXr)Xo<;. 6(jioiw<; 8f] Ssi^o^sv, oxi xai sxaxspa 
xov HZ, 0K xfj BEA saxi xapaXXr)Xo<;. xapaXXr]Xoypa^a 
apa saxi xa HK, Hr, AK, ZB, BIT iarj apa saxiv f) (isv 
HZ xfj 0K, f] 8s H0 xfj ZK. xai sxsi iarj saxiv f) Ar xfj 
BA, aXXa xai f) (isv Ar sxaxspa xwv H0, ZK, f) 8s BA 
sxaxspa xwv HZ, 0K saxiv Tar] [xai sxaxspa apa xwv H0, 
ZK sxaxspa x&v HZ, 0K saxiv Tar]], iaoxXsupov apa saxi xo 
ZH0K xsxpdxXsupov. Xsyw 8fj, oxi xai opDoycuviov. sxsi 
yap xapaXXrjXoypa^iov saxi xo HBEA, xai saxiv 6 p 4 f] f] 
0 x 6 AEB, opDf] apa xai f] 0 x 6 AHB. o^oiax; 8f] Bsi^o^isv, 
oxi xai ai xpoc; xolc 0, K, Z ycuviai opDai siaiv. opDoycuviov 
apa saxi xo ZH0K. sSsixDr] 8 s xai iaoxXsupov xsxpaywvov 
apa saxiv. xai xspiysypaxxai xspi xov ABrA xuxXov. 

nspi xov Soilsvxa apa xuxXov xsxpaywvov xspiysypaxxai- 
oxsp s8si xoifjaai. 


Let ABCD be the given circle. So it is required to 
circumscribe a square about circle ABCD. 



Let two diameters of circle ABCD, AC and BD, have 
been drawn at right-angles to one another.! And let FG, 
GH, HK, and KF have been drawn through points A, 
B, C, and D (respectively), touching circle ABCD 4 

Therefore, since FG touches circle ABCD, and EA 
has been joined from the center E to the point of contact 
A, the angles at A are thus right-angles [Prop. 3.18], So, 
for the same (reasons), the angles at points B, C, and 
D are also right-angles. And since angle AEB is a right- 
angle, and EBG is also a right-angle, GH is thus parallel 
to AC [Prop. 1.29]. So, for the same (reasons), AC is 
also parallel to FK. So that GH is also parallel to FK 
[Prop. 1.30]. So, similarly, we can show that GF and 
HK are each parallel to BED. Thus, GK, GC, AK, FB, 
and BK are (all) parallelograms. Thus, GF is equal to 
HK, and GH to FK [Prop. 1.34]. And since AC is equal 
to BD, but AC (is) also (equal) to each of GH and FK, 
and BD is equal to each of GF and HK [Prop. 1.34] 
[and each of GH and FK is thus equal to each of GF 
and IT A"], the quadrilateral FGHK is thus equilateral. 
So I say that (it is) also right-angled. For since GBEA 
is a parallelogram, and AEB is a right-angle, AGB is 
thus also a right-angle [Prop. 1.34]. So, similarly, we can 
show that the angles at H, K, and F are also right-angles. 
Thus, FGHK is right-angled. And it was also shown (to 
be) equilateral. Thus, it is a square [Def. 1.22]. And it 
has been circumscribed about circle ABCD. 

Thus, a square has been circumscribed about the 
given circle. (Which is) the very thing it was required 
to do. 


' See the footnote to the previous proposition, 
t See the footnote to Prop. 3.34. 
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*)'• 

Etc; to 8o4ev xExpdywvov xuxXov Eyypdcjxxu 
’'Ecttw to BoDev TETpaywvov to ABrA. 8sl 8i] sic; to 
ABrA xExpaywvov xuxXov eyypdtjiai. 


A E A 



TETji^a'dw sxaxspa xAv AA, AB Siya xaxa xa E, Z 
arjp.s'ia, xal 8ia psv xoO E oxoxspa xAv AB, TA xapaXXrjXoc; 
fjx4cL> 6 E@, 8ia Ss tou Z oxoxspa xAv AA, BT xapaXXr]Xo<; 
fjx’dto f) ZK- xapaXXrjXoypappov apa saxlv sxaaxov xAv 
AK, KB, A0, 0A, AH, Hr, BH, HA, xal at axsvavxlov 
auxAv xXsupal 8r)Xovoxi foai [siaiv]. xal sxsl 1'arj saxlv f) 
A A xfj AB, xat saxi xrj<; psv A A qpfosia f] AE, xrj<; 8e AB 
qpfoEta f] AZ, lar] apa xal f] AE xfj AZ- Aaxs xal at axs- 
vavxtov for] apa xal f] ZH xfj HE. opofox; 8f] Bst^opEv, oxi 
xal sxaxspa xAv H0, HK sxaxspa xAv ZH, HE £axi.v fory 
at xsaaapsc; apa at HE, HZ, H0, HK foai aXXf)Xai.(; [statv]. 
6 apa xsvxpcr psv xA H 8taaxf)paxi 8s svl xAv E, Z, 0, K 
xuxXoc; ypacpopsvoc; fj^ei xal 8ta xAv XoixAv aqpEuw xal 
Ecpa^Exai xAv AB, BT, TA, A A euDeiAv 8ta xo ophac; sTvai 
xac; xpoc; toTc; E, Z, 0, K ytovtac;- st yap TEpsl 6 xuxXoc; xac; 
AB, BE, FA, AA, f] xfj 8ia(iExpcp tou xuxXou xpoc; op'dac; 
ax’ axpac; ayopsvr) evtoc; xsaslxai xou xuxXou- oxsp axoxov 
E8Etx’dr). oux apa 6 XEvxptp xA H Siaaxfjpaxi Bs evI xAv E, 
Z, 0, K xuxXo<; ypacpopEvoc ispsT xac AB, BF, TA, AA 
EU-hslac;. Ecpdcjjsxai apa auxAv xal saxai EyyEypappsvoc; sic 
to ABrA xExpaywvov. 

Etc apa to BoOev xsxpaywvov xuxXoc; EyyEypaxxar 
oxsp e8ei xoifjaai. 


4'. 

nspl xo BoDev xExpaywvov xuxXov xspiypa^ai. 

’'Eaxco xo SoOev xExpayorvov to ABrA- 8sl 8f] xspl to 
ABrA xExpayorvov xuxXov xspiypa^ai. 


Proposition 8 

To inscribe a circle in a given square. 

Let the given square be ABCD. So it is required to 
inscribe a circle in square ABCD. 



B H C 


Let AD and AB each have been cut in half at points E 
and F (respectively) [Prop. 1.10]. And let EH have been 
drawn through E, parallel to either of AB or CD, and let 
FK have been drawn through F, parallel to either of AD 
or BC [Prop. 1.31]. Thus, AK, KB, AH, HD, AG, GC, 
BG, and GD are each parallelograms, and their opposite 
sides [are] manifestly equal [Prop. 1.34]. And since AD 
is equal to AB, and AE is half of AD, and AF half of 
AB, AE (is) thus also equal to AF. So that the opposite 
(sides are) also (equal). Thus, FG (is) also equal to GE. 
So, similarly, we can also show that each of GH and GK 
is equal to each of FG and GE. Thus, the four (straight¬ 
lines) GE, GF, GH, and GK [are] equal to one another. 
Thus, the circle drawn with center G, and radius one of 
E, F, H, or K, will also go through the remaining points. 
And it will touch the straight-lines AB, BC, CD, and 
DA, on account of the angles at E, F, H, and I\ being 
right-angles. For if the circle cuts AB, BC, CD, or DA, 
then a (straight-line) drawn at right-angles to a diameter 
of the circle, from its extremity, will fall inside the circle. 
The very thing was shown (to be) absurd [Prop. 3.16]. 
Thus, the circle drawn with center G, and radius one of 
E, F, H, or K, does not cut the straight-lines AB, BC, 
CD, or DA. Thus, it will touch them, and will have been 
inscribed in the square ABCD. 

Thus, a circle has been inscribed in the given square. 
(Which is) the very thing it was required to do. 

Proposition 9 

To circumscribe a circle about a given square. 

Let ABCD be the given square. So it is required to 
circumscribe a circle about square ABCD. 


117 




ETOIXEIfiN 8'. 


ELEMENTS BOOK 4 


’EraCsux'OsTaai yap a 'i Ar, BA xEpvExwaav aAAf]Aac; 
xaxa to E. 


A 



Kal site! Tar] saxlv f) AA xfj AB, xoivf) Se fj Ar, 8uo 
8f] ai AA, Ar Sual toi; BA, Ar foai statv xal pdai; f) 
Ar pdasi xfj Br fory ywvla apa f) (mo AAr yorvia xfj (mo 
BAr for] saxiv f] apa (mo AAB ywvia 8[ya TExprjxai (mo 
xfj; Ar. opoiom Srj 8sic;op£v, oxi xal sxdaxr) xAv (mo ABr, 
BrA, TAA 8(ya xsxprixai (mo xAv Ar, AB su-dsiAv. xal 
eueI for] saxlv f] (mo AAB ywvia xfj (mo ABr, xai saxi 
xfj; (jiev (mo AAB fjpfosia f] 0x6 EAB, xfj; Se (mo ABr 
fpfocia f] (mo EBA, xal f] (mo EAB apa xfj utxo EBA saxiv 
fory waxe xal rcAsupa f] EA xfj EB saxiv lar]. opoiw; Srj 
8sic;op£v, oxi xal sxaxspa xAv EA, EB [sOOsiAv] sxaxspa 
xAv Er, EA for] saxiv. al xscaaps; apa a'l EA, EB, Er, 
EA foai aAXfjAai<; siaiv. 6 apa xsvxpo xA E xal BiaaxqpaxL 
svl xAv A, B, r, A xuxAo; ypacpopsvo; rj^si xal 8ia xAv 
XomAv arjfisiwv xal saxai TtspiysypappEvoc; rxspl xo ABrA 
xsxpaywvov. Ttspiysypacp'dw Ac; 6 ABrA. 

IIspl to SoOev apa xsxpaywvov xuxAo; xspiysypaKxar 
oiisp s8si Koifjaai. 


/ 

l. 

TaoaxsAs; xpiywvov auaT-rpaaflai syov sxaxspav xAv 
itpo; xfj pdasi ywviAv 8mAaaiova xfj; XoiTtfj;. 

’ExxsfoDw xi; su-dsla f] AB, xal x£xpf|a , dw xaxa xo 
r arjpsfov, Aaxs xo (mo xAv AB, Br TispiExopEvov 
opDoyAviov foov slvai xA omo xfj; EA xsxpayAvM- xal 
xsvxpw xA A xal 8iaaxf](jiaxi xA AB xuxAo; ysypacpOw 
6 BAE, xal sv^pfioaOw si; xov BAE xuxXov xfj Ar sirdsia 
(if| p£i<(ovi ouarj xfj; xou BAE xuxXou Siapsxpou for) suDsTa 
f] BA- xal ETisCeux'dwaav al AA, Ar, xal Ttspiysypacp-dw 
ns pi xo ArA xpiywvov xuxAo; 6 ArA. 



And since DA is equal to AB, and AC (is) common, 
the two (straight-lines) DA, AC are thus equal to the two 
(straight-lines) BA, AC. And the base DC (is) equal to 
the base BC. Thus, angle DAC is equal to angle BAG 
[Prop. 1.8]. Thus, the angle DAB has been cut in half 
by AC. So, similarly, we can show that ABC, BCD, and 
CD A have each been cut in half by the straight-lines AC 
and DB. And since angle DAB is equal to ABC, and 
EAB is half of DAB, and EBA half of ABC, EAB is 
thus also equal to EBA. So that side EA is also equal 
to EB [Prop. 1.6]. So, similarly, we can show that each 
of the [straight-lines] EA and EB are also equal to each 
of EC and ED. Thus, the four (straight-lines) EA, EB, 
EC, and ED are equal to one another. Thus, the circle 
drawn with center E, and radius one of A, B, C, or D, 
will also go through the remaining points, and will have 
been circumscribed about the square ABCD. Let it have 
been (so) circumscribed, like ABCD (in the figure). 

Thus, a circle has been circumscribed about the given 
square. (Which is) the very thing it was required to do. 


Proposition 10 

To construct an isosceles triangle having each of the 
angles at the base double the remaining (angle). 

Let some straight-line AB be taken, and let it have 
been cut at point C so that the rectangle contained by 
AB and BC is equal to the square on CA [Prop. 2.11]. 
And let the circle BDE have been drawn with center A, 
and radius AB. And let the straight-line BD, equal to 
the straight-line AC, being not greater than the diame¬ 
ter of circle BDE, have been inserted into circle BDE 
[Prop. 4.1]. And let AD and DC have been joined. And 
let the circle ACD have been circumscribed about trian¬ 
gle ACD [Prop. 4.5], 
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Kal £7i si to uxo tc5v AB, Br loom ecttI tA omo xfjc; 
AT, lctt) 8s f) Ar xfj BA, to apa 0x6 twv AB, Br loom 
ecttI tA axo xrj<; BA. xal exeI xuxXou tou ArA sTXrjxxal ti 
ar)p.£iov extoc; to B, xal axo tou B xpo<; xov ArA xuxXov 
xpoCTXsxxAxaCTi Suo su-dslai al BA, BA, xal f] psv auxAv 
XEpVEl, f) 8s XpOCTxlxTEt, xal SCTTL TO UXO TWV AB, Br ICTOV 
tA and xfj<; BA, f] BA apa Ecpaxxsxai tou ArA xuxXou. exeI 
ouv EcpaxxExai [iEv f) BA, axo 8e xfjc xaxa to A Exacprjc; 
Sirjxxai f] Ar, f) apa 0x6 BAr ywvia for) ecttI xfj sv tA 
svaXXa^ tou xuxXou xp^paxi ytovla xfj uxo AAr. exeI ouv 
Tar] ecttIv fj 0x6 BAr xfj 0x6 AAr, xoivf] xpocrxEurdo fj 
0x6 rAA- 6Xr) apa f] 0x6 BAA Tar] ecttI SuctI xaT<; 0x6 TAA, 
AAr. aXXa xaTc; 0x6 TAA, AAr lorj ecttIv yj exto<; f) 0x6 
BrA- xal fj 0x6 BAA apa for] ecttI tt] 0x6 BrA. aXXa f) 
0x6 BAA xfj 0x6 TBA ecttiv for], exeI xal xXsupa rj AA 
xfj AB ecttlv for]- Acres xal Yj 0x6 ABA xfj 0x6 BrA ecttiv 
for], al xpsfo apa al 0x6 BAA, ABA, BBA foai aXXr]Xai.<; 
eictiv. xal exeI for] ecttiv f] 0x6 ABr yo^vla xfj 0x6 BrA, 
for] ecttI xal xXsupa f] BA xXsupa xfj Ar. aXXa f] BA xfj 
BA OxoxELxai for]- xal f] BA apa xfj TA ecttiv for]- Actte xal 
yoivla f] 0x6 TAA ywvla xfj 0x6 AAr ecttiv for]- al apa 
0x6 TAA, AAr xfjc 0x6 AAr eIcti SixXacrloui;. for] 8e f] 
0x6 BrA xafo 0x6 TAA, AAr- xal f] 0x6 BrA apa xfjc 0x6 
BAA ectxi 8ixAfj. for] 8s rj 0x6 BrA sxaxspa xwv 0x6 BAA, 
ABA- xal sxaxspa apa xuv 0x6 BAA, ABA xfjc 0x6 AAB 
ectxi. SixXfj. 

’IctoctxeXec apa xplywvov CTUVEaxaxai xo ABA E)(ov 
sxaxspav xwv xpo<; xrj AB pdcrsi yo^viAv 8i.xXaCTlova xrjc 
Xoixfjc' oxsp e8ei xoifjCTai. 


la'. 

El<; xov So-dEvxa xuxXov xsvxaywvov fooxXsupov xe xal 



And since the (rectangle contained) by AB and BC 
is equal to the (square) on AC, and AC (is) equal to 
BD, the (rectangle contained) by AB and BC is thus 
equal to the (square) on BD. And since some point B 
has been taken outside of circle ACD, and two straight¬ 
lines BA and BD have radiated from B towards the cir¬ 
cle ACD, and (one) of them cuts (the circle), and (the 
other) meets (the circle), and the (rectangle contained) 
by AB and BC is equal to the (square) on BD, BD thus 
touches circle ACD [Prop. 3.37]. Therefore, since BD 
touches (the circle), and DC has been drawn across (the 
circle) from the point of contact D, the angle 13DC is 
thus equal to the angle DAC in the alternate segment of 
the circle [Prop. 3.32]. Therefore, since BDC is equal 
to DAC, let CD A have been added to both. Thus, the 
whole of BDA is equal to the two (angles) CD A and 
DAC. But, the external (angle) BCD is equal to CD A 
and DAC [Prop. 1.32]. Thus, BDA is also equal to 
BCD. But, BDA is equal to CBD, since the side AD is 
also equal to AB [Prop. 1.5]. So that DBA is also equal 
to BCD. Thus, the three (angles) BDA, DBA, and BCD 
are equal to one another. And since angle DBC is equal 
to BCD, side BD is also equal to side DC [Prop. 1.6]. 
But, BD was assumed (to be) equal to CA. Thus, CA 
is also equal to CD. So that angle CD A is also equal to 
angle DAC [Prop. 1.5]. Thus, CD A and DAC is double 
DAC. But BCD (is) equal to CD A and DAC. Thus, 
BCD is also double CAD. And BCD (is) equal to to 
each of BDA and DBA. Thus, BDA and DBA are each 
double DAB. 

Thus, the isosceles triangle ABD has been con¬ 
structed having each of the angles at the base BD double 
the remaining (angle). (Which is) the very thing it was 
required to do. 


Proposition 11 

To inscribe an equilateral and equiangular pentagon 
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’'Ecttco 6 ooilsic xuxXoi; 6 ABTAE- 8sT Srj sic xov 
ABrAE xuxXov xsvxayuvov iaoxXsupov xs xai iaoyAviov 
syypatjjai. 

’ExxEiahor xpiywvov iooaxeXsc xo ZH0 SixXaaiova 
syov cxaxspav xAv xpoc xoic H, 0 ywviAv xfjc xpoc xA Z, 
xai syysypacp'dw sic xov ABTAE xuxXov xA ZH0 xpiyAvcp 
iaoyAviov xpiyuvov xo ArA, Aaxs xfj psv xpog xA Z ywvia 
Tar]v slvai xfjv uxo TAA, sxaxspav 8s xAv xpoc xoic; H, 0 
Tarjv sxaxspa xAv uxo ArA, TAA- xai sxaxspa apa xAv 
uxo ArA, TAA xfjc 0x6 TAA saxi 8ixXfj. xsxpriahM 8f) 
sxaxspa xAv 0x6 ATA, TAA Slya 0x6 sxaxspac xAv TE, 
AB suhsiAv, xai sxs^sOx'dwaav ai AB, BT, AE, EA. 

’Exsi ouv sxaxspa xAv 0x6 ATA, TAA ytoviAv Si- 
xXaaicrv saxi xfjc 0x6 TAA, xai xsxpr)(isvai sial Slya 0x6 
xAv TE, AB suhsiAv, at xsvxs apa ywviai ai 0x6 AAr, 
ATE, ETA, TAB, BAA Iaai aXXrjXau; siaiv. al 8s iaai 
ywviai sxi latov xspicpspsiAv f3sf3f)xaaiv ai xsvxs apa xs- 
picpspsiai ai AB, BT, EA, AE, EA iaai aXXrjXau; siaiv. 0x6 
8s xac ’iaac xspupspsiac Iaai suhsiai uxoxsivouaiv ai xsvxs 
apa EuHsiai ai AB, BT, EA, AE, EA iaai aXXf]Xaic siaiv- 
iaoxXsupov apa saxl xo ABTAE xsvxaytovov. Xsyto 8f], 
oxi xai iaoyAviov. sxsi yap f] AB xspicpspsia xfj AE xs¬ 
picpspsia saxiv i'ar), xoivf) xpoaxsiaffw f) BTA- oXr] apa f] 
ABTA xspicpspia okr\ xfj EATB xspicpspsia saxiv i'ar]. xai 
f3s|3r]xsv sxi psv xfjc ABTA xspupspsiac ywvia f] 0x6 AEA, 
sxl 8s xfjc EATB xspiipspsiac ywvia f] 0x6 BAE- xai f] 0x6 
BAE apa ytovia xfj 0x6 AEA saxiv iar]. Sia xa auxa 8f] 
xai sxaaxr] xAv 0x6 ABT, BTA, EAE ywviAv sxaxspa xAv 
0x6 BAE, AEA saxiv lay]- iaoyAviov apa saxl xo ABTAE 
xsvxaywvov. sSsi)(4r] 8s xai iaoxXsupov. 

Eic apa xov Sohsvxa xuxXov xsvxaytovov iaoxXsupov xs 
xai iaoyAviov syysypaxxai- oxsp sSsi xoifjaai. 


tfi'. 


Ilspi xov 8of)svxa xuxXov xsvxaywvov iaoxXsupov xs 
xai iaoyAviov xspiypacjiai. 


in a given circle. 

A 



F 



Let ABODE be the given circle. So it is required to 
inscribed an equilateral and equiangular pentagon in cir¬ 
cle ABODE. 

Let the the isosceles triangle FGH be set up hav¬ 
ing each of the angles at G and // double the (angle) 
at F [Prop. 4.10], And let triangle ACD, equiangular 
to FGH, have been inscribed in circle ABODE, such 
that CAD is equal to the angle at F, and the (angles) 
at G and H (are) equal to ACD and CD A, respectively 
[Prop. 4.2]. Thus, ACD and CD A are each double 
CAD. So let ACD and CD A have been cut in half by 
the straight-lines CE and DB, respectively [Prop. 1.9]. 
And let AB, BC, DE and EA have been joined. 

Therefore, since angles ACD and CD A are each dou¬ 
ble CAD, and are cut in half by the straight-lines CE and 
DB, the five angles DAC, ACE, ECD, CDB, and BDA 
are thus equal to one another. And equal angles stand 
upon equal circumferences [Prop. 3.26]. Thus, the five 
circumferences AB, BC, CD, DE, and EA are equal to 
one another [Prop. 3.29]. Thus, the pentagon ABODE 
is equilateral. So I say that (it is) also equiangular. For 
since the circumference AB is equal to the circumfer¬ 
ence DE, let BCD have been added to both. Thus, the 
whole circumference ABCD is equal to the whole cir¬ 
cumference EDCB. And the angle AED stands upon 
circumference ABCD, and angle BAE upon circumfer¬ 
ence EDCB. Thus, angle BAE is also equal to AED 
[Prop. 3.27]. So, for the same (reasons), each of the an¬ 
gles ABC, BCD, and CDE is also equal to each of BAE 
and AED. Thus, pentagon ABODE is equiangular. And 
it was also shown (to be) equilateral. 

Thus, an equilateral and equiangular pentagon has 
been inscribed in the given circle. (Which is) the very 
thing it was required to do. 


Proposition 12 

To circumscribe an equilateral and equiangular pen¬ 
tagon about a given circle. 
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H 



"Ecttco 6 Oo-Oslt; xu xkoc , 6 ABTAE- 8 eI 8 s xspl xov 
ABrAE xuxAov xEvxaywvov iaoxAcupov xe xal iaoyAviov 
xspiypaijiai. 

Nevo^ctiJoj xou SyyEypappsvou xsvxayAvou xAv ywviAv 
ar)(i£la xa A, B, T, A, E, Aaxc laac slvai xac AB, BT, 
TA, AE, EA xEpicpspEiac- xal Sia xAv A, B, T, A, E 
xou xuxXou Ecpaxxopcvai al H0, 0K, KA, AM, 
MH, xal EiXfjcp-do xou ABTAE xuxXou xcvxpov xo Z, xal 
eTisCeux'dwaav al ZB, ZK, Zr, ZA, ZA. 

Kal exeI f) psv KA su-dsla scpaxxsxai xou ABTAE xaxa 
xo T, axo 8s xou Z xsvxpou sxl xrjv xaxa xo T sxacpfjv 
Exs^Euxxai f] ZT, f) ZT apa xadsxoc saxiv sxl xrjv KA- opdf] 
apa saxiv sxaxspa xAv xpoc xA T ywviAv. Sia xa auxa 8rj 
xal al xpoc xolc B, A arjpsioic ywvlai opdai siaiv. xal sxsl 
op-df] saxiv f] 0x6 ZTK yovia, xo apa axo xfjc ZK laov saxl 
xolc axo xAv ZT, TK. 8ia xa auxa 8r) xal xolc; axo xAv ZB, 
BK laov saxl xo axo xfj<; ZK- Aaxs xa axo xAv ZT, TK 
xol<; axo xAv ZB, BK saxiv laa, Sv xo axo xfjc ZT xA axo 
xfjc ZB saxiv laov- Aoixov apa xo axo xfjc TK xA axo xfjc 
BK saxiv laov. lar] apa f) BK xfj TK. xal sxsl lar] saxiv 
f] ZB x^ ZT, xal xoivf] f) ZK, 8uo Sf] al BZ, ZK 8ual xalc 
TZ, ZK laai Eialv xal [3daic f) BK pdasi xfj TK [saxiv] larj- 
ywvia apa f] pisv 0x6 BZK [ywvia] xfj 0x6 KZT saxiv larj- 
f) 8e 0x6 BKZ xfj 0x6 ZKT- OixAfj apa f] pisv 0x6 BZT xfjc 
0x6 KZT, f) 8s 0x6 BKT xfjc 0x6 ZKT. 8ia xa auxa 8f] xal 
fj pi£v 0x6 TZA xfjc 0x6 TZA saxi 8ixAfj, fj 8e 0x6 AAT 
xfjc 0x6 ZAT. xal exeI lar] saxiv f] BT xspicpspEia xfj TA, 
lar] saxl xal ywvia f] 0x6 BZT xfj 0x6 TZA. xal saxiv f] 
pi£v 0x6 BZT xfjc 0x6 KZT 8ixAfj, f] 8 e 0x6 AZT xfjc 0x6 
AZT- lar] apa xal f] 0x6 KZT xfj 0x6 AZT- saxl Ss xal f] 
0x6 ZTK ywvia xfj 0x6 ZTA larj. 80o 8f] xpiywva saxi xa 
ZKT, ZAT xac 80o ywviac xalc 6ual ywviaic laac sxovxa 
xal (Jiav xAsupav (Jia xAsupa lar]v xoivf]v auxAv xrjv ZT- 
xal xac Aoixac apa xAsupac xalc Aoixalc xAsupalc laac e^ei 
xal xfjv Aoixf]v ywviav xfj Aoixfj ywvia- larj apa f] pisv KT 
sO-Osla xfj TA, f) 8s 0x6 ZKT ywvia xfj 0x6 ZAT. xal sxsl lar] 
saxiv f] KT xfj TA, 8ixAfj apa f] KA xfjc KT. 8ia xa auxa 8f) 
8 £ix r dfja£xai xal f] 0K xfjc BK 8ixAfj. xai saxiv f) BK xfj KT 
lar]- xal f] 0K apa xfj KA saxiv lar]. opioiwc 8f) SEixDfiaExai 


G 



Let ABODE be the given circle. So it is required 
to circumscribe an equilateral and equiangular pentagon 
about circle ABODE. 

Let A, B, C, D, and E have been conceived as the an¬ 
gular points of a pentagon having been inscribed (in cir¬ 
cle ABODE ) [Prop. 3.11], such that the circumferences 
AB, BC, CD, DE, and EA are equal. And let OH, HK, 
KL, LAI, and MG have been drawn through (points) A, 
B, C, D, and E (respectively), touching the circle.! And 
let the center F of the circle ABODE have been found 
[Prop. 3.1]. And let FB, FK, FC, FL, and FD have 
been joined. 

And since the straight-line KL touches (circle) ABODE 
at C, and FC has been joined from the center F to the 
point of contact C, FC is thus perpendicular to KL 
[Prop. 3.18]. Thus, each of the angles at C is a right- 
angle. So, for the same (reasons), the angles at B and 
D are also right-angles. And since angle FCK is a right- 
angle, the (square) on FK is thus equal to the (sum of 
the squares) on FC and CK [Prop. 1.47]. So, for the 
same (reasons), the (square) on FK is also equal to the 
(sum of the squares) on FB and BK. So that the (sum 
of the squares) on FC and CK is equal to the (sum of 
the squares) on FB and BK, of which the (square) on 
FC is equal to the (square) on FB. Thus, the remain¬ 
ing (square) on CK is equal to the remaining (square) 
on BK. Thus, BK (is) equal to CK. And since FB is 
equal to FC, and FK (is) common, the two (straight¬ 
lines) BF, FK are equal to the two (straight-lines) CF, 
FK. And the base BK [is] equal to the base CK. Thus, 
angle BFK is equal to [angle] KFC [Prop. 1.8]. And 
BKF (is equal) to FKC [Prop. 1.8]. Thus, BFC (is) 
double KFC, and BKC (is double) FKC. So, for the 
same (reasons), CFD is also double CFL, and DLC (is 
also double) FLC. And since circumference BC is equal 
to CD, angle BFC is also equal to CFD [Prop. 3.27]. 
And BFC is double KFC, and DFC (is double) LFC. 
Thus, KFC is also equal to LFC. And angle FCK is also 
equal to FCL. So, FKC and FLC are two triangles hav- 
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xal Exaaxr] xAv 0H, HM, MA Exaxcpa tmv 0K, KA i'ary 
iaonXeupov apa sail to H0KAM xEvxaytovov. Xcyco 6rj, 
oxi xal IcroyAvLov. sxd yap for) eoxlv f] 0x6 ZKT ycovla xfj 
0x6 ZAr, xal s5e(xAr) xfj<; psv 0x6 ZKT oixXfj f) 0x6 0KA, 
xfjc 8s 0x6 ZAr 5ixXfj rj 0x6 KAM, xal fj 0x6 0KA apa 
xfj 0x6 KAM ectxiv lor), opoloK 8rj SstyflfiCTSTai xal exaoxr] 
xwv 0x6 K0H, 0HM, HMA exaxepa xwv 0x6 0KA, KAM 
Tory al xevxe apa ycovlai al 0x6 H0K, 0KA, KAM, AMH, 
MH0 I'aai aXXrjXau; eiaiv. IcroyAviov apa sctxI xo H0KAM 
xEvxaywvov. ESslybr) 66 xal laoxXeupov, xal xepiyeypaxxai 
xepl xov ABTAE xuxXov. 

[IIspl xov SobEvxa apa xuxXov xEvxaytovov iCTOxXeupov 
xe xal icjoyAviov xspiysypaxxai] • oxsp e5si xoifjaai. 


t See the footnote to Prop. 3.34. 

iy'. 

Etc; to 8o4ev xsvxayorvov, 6 saxiv laoxXEupov xe xal 
iCToycoviov, xoxXov syypacjjai. 

A 



TUaxa) xo BoAev xsvxay wvov iCTOxXsupov xe xal Eaoytovi- 
ov xo ABrAE- 8eT 8f) ei<; xo ABrAE xsvxayovov xuxXov 
Eyypatjiai.. 

Texio^ctAo yap sxaxspa xov 0x6 BrA, TAE ycovtov 
8lya 0x6 Exaxspac; xAv TZ, AZ sOAeiAv xal axo xou Z 
arj^Eiou, xa-d’ 5 CTU^PaXXooaiv aXXrjXau; al TZ, AZ sO^sTat, 
EXE^EUX'dtoaav al ZB, ZA, ZE sO^slai. xal exeI tar) ectxIv 


ing two angles equal to two angles, and one side equal 
to one side, (namely) their common (side) FC. Thus, 
they will also have the remaining sides equal to the (cor¬ 
responding) remaining sides, and the remaining angle to 
the remaining angle [Prop. 1.26]. Thus, the straight-line 
KC (is) equal to CL, and the angle FKC to FLC. And 
since KC is equal to CL, KL (is) thus double KC. So, 
for the same (reasons), it can be shown that HK (is) also 
double BK. And BK is equal to KC. Thus, HK is also 
equal to KL. So, similarly, each of HG, CM, and ML 
can also be shown (to be) equal to each of HK and KL. 
Thus, pentagon GHKLM is equilateral. So I say that 
(it is) also equiangular. For since angle FKC is equal to 
FLC, and HKL was shown (to be) double FKC, and 
KLM double FLC, HKL is thus also equal to KLM. 
So, similarly, each of KHG, HGM, and GML can also 
be shown (to be) equal to each of HKL and KLM. Thus, 
the five angles GHK, HKL, KLM, LMG, and MGH 
are equal to one another. Thus, the pentagon GHKLM 
is equiangular. And it was also shown (to be) equilateral, 
and has been circumscribed about circle ABCDE. 

[Thus, an equilateral and equiangular pentagon has 
been circumscribed about the given circle]. (Which is) 
the very thing it was required to do. 


Proposition 13 

To inscribe a circle in a given pentagon, which is equi¬ 
lateral and equiangular. 

A 



Let ABCDE be the given equilateral and equiangular 
pentagon. So it is required to inscribe a circle in pentagon 

ABCDE. 

For let angles BCD and CDE have each been cut 
in half by each of the straight-lines CF and DF (re¬ 
spectively) [Prop. 1.9]. And from the point F, at which 
the straight-lines CF and DF meet one another, let the 
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f) Br Tfj rA, xoivf) 8s f) FZ, Buo 8f) ai Br, FZ 8ual Talc; 
Ar, rZ foai siaiv xal ytovla f) Gtio BrZ ytovla Tfj Gtio 
ArZ [saxiv] laiy pdai<; apa f) BZ pdasi Tfj AZ saxiv for), 
xal to BrZ xpiywvov to ArZ xpiyovq.) saxiv laov, xal ai 
Xouial ywviai xafo XoiTiaic; ywviau; foai saovxai, Gcp’ ac; ai 
foai TiXsupal UTioxsivouaiv for) apa f) Gtio TBZ ywvia Tfj 
Guo TAZ. xal etisI OiTiXf) screw f) Gtio TAE xrj<; Gtio TAZ, 
for) 8s f) psv Gtio TAE Tfj Gtio ABr, fj 8s Gtio TAZ Tfj Gtio 
TBZ, xal f) Gtio TBA apa xrjc; Gtio TBZ saxi 8LTcXfj- for) 
apa f] Otio ABZ ywvia Tfj 6x6 ZBH f) apa 6x6 ABF ywvia 
8iya TST(ir)Tai Guo xfj<; BZ sG4sia<;. opoiwc; 8f] BsiybrjasTai, 
oti xal sxaxspa tov 6x6 BAE, AEA 6iya TExpryuai 6x6 
sxaxspac; tov ZA, ZE eGOsimv. rjxbuaav 8f) and xou Z 
arjpsiou sxl Tag AB, Br, TA, AE, EA sG4sia<; xadsToi 
ai ZH, Z0, ZK, ZA, ZM. xal sxsl for) screw f] 0x6 0rZ 
yorvia xfj 0x6 KrZ, saxl 8s xal op4f) f) 6x6 Z0r [opflfj] 
xfj Gtio ZKr for), SCo 8f) xpiyorva saxi xa Z0r, ZKr xa<; 
Buo ywviac; Bual ywviaic; foag sxovxa xal piav xXsupav pia 
xXsupa iar)v xowfjv aOxaiv xf)v Zr Oxoxsivouaav Gtio (iiav 
tov foov yoviov xal xa<; Xoixac; apa xXsupai; xafo Xoixafo 
xXsupau; foac; s^sr for) apa f) Z0 xdOsxoc; xf) ZK xadsTcp. 
opoiatc; 8f) SEixfbjasxai, oxi xal sxaaxr) tov ZA, ZM, ZH 
sxaxspa xdv Z0, ZK for) saxiv ai xsvxs apa sGUsIai ai ZH, 
Z0, ZK, ZA, ZM foai aXXnjXaic; siaiv. 6 apa xsvxpo to Z 
Biaaxfjpaxi 8s svi xdv H, 0, K, A, M xuxXog ypaepopsvoc; 
fj^si xal 8ia xdv Xoitiov arjpisiov xal scpdcjisxai xdv AB, Br, 
TA, AE, EA sGDsidv 8ia to opDac; slvai xag xpoc; xofo H, 
0, K, A, M arjpsioic; yoviai;. si yap oGx scpaijjsxai aGxdv, 
aXXa Tspisl aOxa<;, auppfjasxai xf)v xfj Biapsxpcp xou xuxXou 
Tipoc; opDac; an’ axpac; ayopsvrjv svxoc; tiititew xou xuxXou• 
oxsp axoxov sSsixfb). oGx apa 6 xsvxpo to Z Biaaxijpaxi 8s 
svi xdv H, 0, K, A, M ar)psla>v ypaepopsvoc xuxXoc xspst 
xac; AB, Br, TA, AE, EA sODsiac - scpacjiExai apa aGxdv. 
ysypaepDo Ac 6 H0KAM. 

Etc apa to SoDsv nsvxayovov, o saxiv iaoxXsupov xs 
xal iaoydviov, xuxXoc syyEypanxai- onsp s8si noifjaai. 


l8'. 

nspi to Boflsv nsvxdyovov, o saxiv iaonXsupov xs xal 
iaoydviov, xuxXov nspiypa^ai. 

TfoTO to 8o4sv nsvxayovov, 6 saxiv iaonXsupov xs xal 


straight-lines FB, FA, and FE have been joined. And 
since BC is equal to CD, and CF (is) common, the two 
(straight-lines) BC, CF are equal to the two (straight¬ 
lines) DC, CF. And angle BCF [is] equal to angle 
DCF. Thus, the base BF is equal to the base DF, and 
triangle BCF is equal to triangle DCF, and the remain¬ 
ing angles will be equal to the (corresponding) remain¬ 
ing angles which the equal sides subtend [Prop. 1.4]. 
Thus, angle CBF (is) equal to CDF. And since CDE 
is double CDF, and CDE (is) equal to ABC, and CDF 
to CBF, CBA is thus also double CBF. Thus, angle 
ABF is equal to FBC. Thus, angle ABC has been cut 
in half by the straight-line BF. So, similarly, it can be 
shown that BAE and AED have been cut in half by the 
straight-lines FA and FE, respectively. So let FG, FH, 
FK, FL, and FM have been drawn from point F, per¬ 
pendicular to the straight-lines AB, BC, CD, DE, and 
EA (respectively) [Prop. 1.12]. And since angle HCF 
is equal to I\CF, and the right-angle FHC is also equal 
to the [right-angle] FKC, FHC and FKC are two tri¬ 
angles having two angles equal to two angles, and one 
side equal to one side, (namely) their common (side) FC, 
subtending one of the equal angles. Thus, they will also 
have the remaining sides equal to the (corresponding) 
remaining sides [Prop. 1.26]. Thus, the perpendicular 
FH (is) equal to the perpendicular FK. So, similarly, it 
can be shown that FL, FM, and FG are each equal to 
each of FH and FK. Thus, the five straight-lines FG, 
FH, FK, FL, and FM are equal to one another. Thus, 
the circle drawn with center F, and radius one of G, H, 
K, L, or M, will also go through the remaining points, 
and will touch the straight-lines AB, BC, CD, DE, and 
EA, on account of the angles at points G, H, K, L, and 
M being right-angles. For if it does not touch them, but 
cuts them, it follows that a (straight-line) drawn at right- 
angles to the diameter of the circle, from its extremity, 
falls inside the circle. The very thing was shown (to be) 
absurd [Prop. 3.16]. Thus, the circle drawn with center 
F, and radius one of G, H, K, L, or AI, does not cut 
the straight-lines AB, BC, CD, DE, or EA. Thus, it will 
touch them. Let it have been drawn, like GHKLAI (in 
the figure). 

Thus, a circle has been inscribed in the given pen¬ 
tagon which is equilateral and equiangular. (Which is) 
the very thing it was required to do. 

Proposition 14 

To circumscribe a circle about a given pentagon which 
is equilateral and equiangular. 

Let ABCDE be the given pentagon which is equilat- 
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iaoyAviov, to ABTAE- oei Sr] uepl to ABTAE nEVTayorvov 
xuxXov itEpiypajjai. 


A 



TETpyja-dw 5f] sxarspa tuv utco BrA, TAE ytoviAv 
8lxa Oko sxaTEpa<; tAv TZ, AZ, xai. aito tou Z aqpslou, 
xad’ 5 aup|3aXXouaiv al sOiMba, etu Ta B, A, E oqpEla 
ETE^EUX'dwaav sudstai al ZB, ZA, ZE. opolwc; 8f) tA upo 
toutou 8Eix4r]CT£Tai, oti xai ExaoTY) tAv utco TBA, BAE, 
AEA ytoviAv 8lxoc TSTprjTai utco sxacmrjc; tAv ZB, ZA, ZE 
sudsiAv. xai eh si far) ectt'iv f] uto BrA ywvla Tjj uito EAE, 
xai eoti Trjc psv U7io BTA f](ilasia q Giro ZTA, Trjg 8 s utio 
TAE qplasia f| bizo TAZ, xai f) Guo ZTA apa tt) Giro ZAr 
egt tv iar)' Agte xai itXsupa f] ZT xXsupa tt) ZA eotiv tar), 
opolwc; 8rj 8Eixdf|CTSTai, oti xai Exacrur] tAv ZB, ZA, ZE 
sxaTEpa tAv ZT, ZA eotiv iar]' ai tievte apa siydsTai al 
ZA, ZB, ZT, ZA, ZE taat aXXrjXau; sialv. 6 apa xsvTpw 
tA Z xai 8taaTT]p.aTi svi tAv ZA, ZB, ZE, ZA, ZE xuxXog 
ypacpopsvoc; fj^Et xai Sia tAv XoutAv arjpslcov xai scruai tce- 
piysypappEvoc;. 7iEpiYEypd(p4w xai sotm 6 ABrAE. 

Ilspi apa to Sodsv nEVTaywvov, o saw iaoitXEupov te 
xai iaoyAviov, xuxXog TtspiyEypaTiTai' ousp s8si itoiqaai. 


is'. 

Etc; tov 8o4EVTa xuxXov s^aytovov laonXEupov te xai 
IaoyAviov Eyypacjiat. 

TIcttw 6 SoiSeI; xuxXoc; 6 ABTAEZ- osi 8f) sic tov 
ABrAEZ xuxXov Ec;aywvov looxXEupov te xai iaoyAvtov 
Eyypacjiat. 

tou ABrAEZ xuxXou 8iap£Tpoi; f] AA, xai 
siXrjcpdo to xcvTpov tou xuxXou to H, xai XEVTpw psv 
tA A 8iaoTr)paTi 8s tA AH xuxXo<; yEypacpOw 6 EHr0, 
xai ETU^suxiMaai at EH, TH 8ir)x4waav Era Ta B, Z aruMa, 
xai ETsCeux'dwcrav ai AB, Br, TA, AE, EZ, ZA- Xsyw, oti 


eral and equiangular. So it is required to circumscribe a 
circle about the pentagon ABODE. 


A 



So let angles BCD and ODE have been cut in half by 
the (straight-lines) CF and DF, respectively [Prop. 1.9]. 
And let the straight-lines FB, FA, and FE have been 
joined from point F, at which the straight-lines meet, 
to the points B, A, and E (respectively). So, similarly, 
to the (proposition) before this (one), it can be shown 
that angles CBA, BAE, and AED have also been cut 
in half by the straight-lines FB, FA, and FE, respec¬ 
tively. And since angle BCD is equal to CDE, and FCD 
is half of BCD, and CDF half of CDE, FCD is thus 
also equal to FDC. So that side FC is also equal to side 
FD [Prop. 1.6]. So, similarly, it can be shown that FB, 
FA, and FE are also each equal to each of FC and FD. 
Thus, the five straight-lines FA, FB, FC, FD, and FE 
are equal to one another. Thus, the circle drawn with 
center F, and radius one of FA, FB, FC, FD, or FE, 
will also go through the remaining points, and will have 
been circumscribed. Let it have been (so) circumscribed, 
and let it be ABODE. 

Thus, a circle has been circumscribed about the given 
pentagon, which is equilateral and equiangular. (Which 
is) the very thing it was required to do. 

Proposition 15 

To inscribe an equilateral and equiangular hexagon in 
a given circle. 

Let ABCDEF be the given circle. So it is required to 
inscribe an equilateral and equiangular hexagon in circle 

ABCDEF. 

Let the diameter AD of circle ABCDEF have been 
drawn,t and let the center G of the circle have been 
found [Prop. 3.1]. And let the circle EGCH have been 
drawn, with center D, and radius DG. And EG and CG 
being joined, let them have been drawn across (the cir- 
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to ABrAEZ E^ayuvov iaoxXsupov te saxi xa! iaoyAviov. 


© 



’Exe! yap to H arjpEfov xsvcpov exit! tou ABTAEZ 
xuxXou, lor) eaxlv f) HE Tfj HA. xaXiv, exe! to A arjpsfov 
xsvTpov eot! tou Hr© xuxXou, for] saw f] AE Tfj AH. 
aXX’ f) HE Tfj HA E8sixi)r] for]- xa! f] HE apa Tfj EA for] 
EOTLv* iaoxXsupov apa eot! to EHA xpiyorvov- xa! a! xpsu; 
apa auTou yorviai a! 0x6 EHA, HAE, AEH foai aXXf)Xai<; 
siaiv, £x£i8fjx£p tAv iaoaxsXAv xpiyovorv a! xpo<; Tfj f3aa£i 
yorviai foai aXXrjXaii; siaiv xa! siaiv a! xpsu; tou xpiyAvou 
yorviai 8ua!v opdau; foai.- f] apa uxo EHA ywvia xpixov eot! 
8uo opOAv. 6poior<; 8f) BsixilfiaETai xa! f] 0x6 AHT xpixov 
80o opOAv. xa! exe! f] TH su-dsla ex! ttjv EB axa-dsfoa tck; 
scpsijfjc; ywviac; xa<; 0x6 EHT, THB Suaiv op-dafo foa<; xoieI, 
xa! Xoixf] apa f] 0x6 THB Tpixov eot! 80o opOAv a! apa 
0x6 EHA, AHT, THB ytoviaifoai aXXijXau; siaiv- Acts xa! 
a! xaxa xopucpqv auxafo a! 0x6 BHA, AHZ, ZHE foai siaiv 
[xafo 0x6 EHA, AHr, THB]. a! §<; apa ywviai a! 0x6 EHA, 
AHT, THB, BHA, AHZ, ZHE foai aXXf)Xai<; siaiv. ai 8s 
foai ywviai ex! focov xEpicpspsiAv psprjxaaiv ai sc; apa xs- 
picpspsiai a! AB, Br, TA, AE, EZ, ZA foai aXXrjXaic; siaiv. 
0x6 8e Tac; foac; xEpicpEpsiac; ai foai suikTai OxoteIvouoiv 
a! §5 apa sO-dsTai foai aXXijXaic; siaiv iaoxXsupov apa sax! 
to ABTAEZ s^aywvov. Xsyw 8rj, oti xa! iaoyAviov. exe! 
yap for] sax'iv f] ZA xEpicpspsia Tfj EA xEpicpspsia, xoivf] 
xpoaxsia-do f] ABTA xspicpspsia- oXq apa f] ZABTA oXrj 
Tfj EATBA saxiv for]- xa! PePiqxev ex! psv xfjc; ZABTA 
xspicpspsiac; f) 0x6 ZEA ywvia, ex! 8s Tfjc EATBA xspi- 
ipspeiac f] 0x6 AZE yorvia- for] apa f] 0x6 AZE yorvia Tfj 
0x6 AEZ. opoiox; 8f] BsixOrjaETai, oti xa! a! Xoixal ywviai 
tou ABTAEZ s<;ayAvou xaxa (iiav foai sia'iv sxaTEpa tAv 
0x6 AZE, ZEA yorviAv- iaoyAviov apa eot! to ABTAEZ 
s^aycovov. sSsix-dr] 8s xa! iaoxXsupov xa! syysypaxxai sic; 
tov ABTAEZ xuxXov. 

Eic; apa tov BoDsvTa xuxXov s^aywvov iaoxXsupov te 


cle) to points B and F (respectively). And let AB, BC, 
CD, DE, EF, and FA have been joined. I say that the 
hexagon ABCDEF is equilateral and equiangular. 


H 



For since point G is the center of circle ABCDEF, 
GE is equal to CD. Again, since point D is the cen¬ 
ter of circle GCH, DE is equal to DC. But, GE was 
shown (to be) equal to CD. Thus, GE is also equal to 
ED. Thus, triangle EGD is equilateral. Thus, its three 
angles EGD, GDE, and DEG are also equal to one an¬ 
other, inasmuch as the angles at the base of isosceles tri¬ 
angles are equal to one another [Prop. 1.5]. And the 
three angles of the triangle are equal to two right-angles 
[Prop. 1.32]. Thus, angle EGD is one third of two right- 
angles. So, similarly, DGC can also be shown (to be) 
one third of two right-angles. And since the straight-line 
CG, standing on EB, makes adjacent angles EGC and 
CGB equal to two right-angles [Prop. 1.13], the remain¬ 
ing angle CGB is thus also one third of two right-angles. 
Thus, angles EGD, DGC, and CGB are equal to one an¬ 
other. And hence the (angles) opposite to them BGA, 
AGF, and FGE are also equal [to EGD, DGC, and 
CGB (respectively)] [Prop. 1.15]. Thus, the six angles 
EGD, DGC, CGB, BGA, AGF, and FGE are equal 
to one another. And equal angles stand on equal cir¬ 
cumferences [Prop. 3.26]. Thus, the six circumferences 
AB, BC, CD, DE, EF, and FA are equal to one an¬ 
other. And equal circumferences are subtended by equal 
straight-lines [Prop. 3.29]. Thus, the six straight-lines 
{AB, BC, CD, DE, EF, and FA) are equal to one 
another. Thus, hexagon ABCDEF is equilateral. So, 
I say that (it is) also equiangular. For since circumfer¬ 
ence FA is equal to circumference ED, let circumference 
ABCD have been added to both. Thus, the whole of 
FABCD is equal to the whole of EDCBA. And angle 
FED stands on circumference FABCD, and angle AFE 
on circumference EDCBA. Thus, angle AFE is equal 
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xai iaoyAviov eyyeYpaTCxai’ §Ksp e8si KOifjaai. 


Ilopiapa. 

’Ex 8f) xouxou cpavepov, oxi f) xou Ec^ayAvou xXsupa Tar] 
sou xrj ex xou xevxpou xou xuxXou. 

'Opoltoc; 8e xolg era xou xevxayAvou eav 8ia x&v xaxa 
xov xuxXov Siaipeaewv ecpaxxopevat; xou xuxXou ayaywpev, 
xepiypacpf|aexai Kepi xov xuxXov e^aycovov iaoxXeupov 
xe xai iaoyAviov axoXouf>a>c; xol<; era xou xevxayAvou 
eiprjpevou;. xod exi Sia xfiv opohov xou; era xou xevxayAvou 
eiprjpevou; e’lc; xo 8oflev e^aywvov xuxXov eyypac|>optev xe 
xai xepiypd^opiev oKep e8ei xoirjaai. 

i See the footnote to Prop. 4.6. 

If'. 

Etc; xov SoOevxa xuxXov Kevxexai8exdytovov iaoxXeupov 
xe xai laoycoviov eyypa^ai. 

A 



Tlaxa> 6 SoOelt; xuxXo? 6 ABTA- 8eT 5f] etc; xov ABrA 
xuxXov KevxexaiSexaycovov iaoxXeupov xe xai iaoyAviov 
eyypatjiat. 

’Eyyeypacp'dw e’lc; xov ABrA xuxXov xpiyAvou pev iao- 
xXeupou xou etc; auxov eyypacpopevou xXeupa f] Ar, xev- 
xayAvou 8e iaoxXeupou t\ AB - oiwv apa eaxlv 6 ABrA 
xuxXou latov xpyjpaxcuv 8exaxevxe, xoiouxcov f] pev ABr 
xepicpepeia xpixov ouaa xou xuxXou eaxai xevxe, rj Se AB 
xepicpepeia xepxov ouaa xou xuxXou eaxai xpicov Xoixf] apa 


to DEF [Prop. 3.27]. Similarly, it can also be shown 
that the remaining angles of hexagon ABC DEF are in¬ 
dividually equal to each of the angles AFE and FED. 
Thus, hexagon ABC DEF is equiangular. And it was also 
shown (to be) equilateral. And it has been inscribed in 
circle ABCDE. 

Thus, an equilateral and equiangular hexagon has 
been inscribed in the given circle. (Which is) the very 
thing it was required to do. 

Corollary 

So, from this, (it is) manifest that a side of the 
hexagon is equal to the radius of the circle. 

And similarly to a pentagon, if we draw tangents 
to the circle through the (sixfold) divisions of the (cir¬ 
cumference of the) circle, an equilateral and equiangu¬ 
lar hexagon can be circumscribed about the circle, analo¬ 
gously to the aforementioned pentagon. And, further, by 
(means) similar to the aforementioned pentagon, we can 
inscribe and circumscribe a circle in (and about) a given 
hexagon. (Which is) the very thing it was required to do. 


Proposition 16 

To inscribe an equilateral and equiangular fifteen¬ 
sided figure in a given circle. 

A 



Let ABCD be the given circle. So it is required to in¬ 
scribe an equilateral and equiangular fifteen-sided figure 
in circle ABCD. 

Let the side AC of an equilateral triangle inscribed 
in (the circle) [Prop. 4.2], and (the side) AB of an (in¬ 
scribed) equilateral pentagon [Prop. 4.11], have been in¬ 
scribed in circle ABCD. Thus, just as the circle ABCD 
is (made up) of fifteen equal pieces, the circumference 
ABC, being a third of the circle, will be (made up) of five 
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f) Br xAv Ictwv Suo. x£T(ir|a'0oj /] Br 8(ya xaxa to E- 
exaxepa apa xAv BE, Er xepicpepeiAv xevTExai8exax6v eaxi 
xou ABrA xuxXou. 

’Eav apa em^eu^avxec; xac; BE, Er laac; auxalc; xaxa xo 
Guveyec; euDeiac; evappoawpev etc xov ABrA[E] xuxXov, 
eaxai etc auxov Eyyeypappevov xevxexaiBexaycovov laoxXeu- 
pov xe xai iaoyAviov oxep e8ei xoirjaai. 

'Opioitoc 8s xou; exl xou xevxayAvou eav 8ia xAv 
xaxa xov xuxXov Siaipeaecov ecpaxxopevac; xou xuxXou 
ayayorpev, xepLypa(pf|aExai xepl xov xuxXov xevxexai- 
Sexaywvov laoxXeupov xe xai iaoyAviov. exi Se 8ia 
xAv ojjoiwv toTc exl xou xevxayAvou Bei^eorv xai eic xo 
Soilev x£vxexai8exdy«vov xuxXov eyypatjiopev xe xai xe- 
piypaijiopev oxep eSei xoirjaai. 


such (pieces), and the circumference AB, being a fifth of 
the circle, will be (made up) of three. Thus, the remain¬ 
der BC (will be made up) of two equal (pieces). Let (cir¬ 
cumference) BC have been cut in half at E [Prop. 3.30]. 
Thus, each of the circumferences BE and EC is one fif¬ 
teenth of the circle ABODE. 

Thus, if, joining BE and EC, we continuously in¬ 
sert straight-lines equal to them into circle ABCD[E] 
[Prop. 4.1], then an equilateral and equiangular fifteen¬ 
sided figure will have been inserted into (the circle). 
(Which is) the very thing it was required to do. 

And similarly to the pentagon, if we draw tangents to 
the circle through the (fifteenfold) divisions of the (cir¬ 
cumference of the) circle, we can circumscribe an equilat¬ 
eral and equiangular fifteen-sided figure about the circle. 
And, further, through similar proofs to the pentagon, we 
can also inscribe and circumscribe a circle in (and about) 
a given fifteen-sided figure. (Which is) the very thing it 
was required to do. 
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^The theory of proportion set out in this book is generally attributed to Eudoxus of Cnidus. The novel feature of this theory is its ability to deal 
with irrational magnitudes, which had hitherto been a major stumbling block for Greek mathematicians. Throughout the footnotes in this book, 
a, 0, 7 , etc., denote general (possibly irrational) magnitudes, whereas m, n, l, etc., denote positive integers. 
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"Opoi. 

a'. Mcpoc; eaxl (iEyEfloc; [isys'Oouc to cXaaaov tou 
pEii^ovoc;, oxav xaxapExprj to piel^ov. 

P'. noXXaxXaaiov Se to pETCov tou sXaxTovoc;, oxav xa- 
xapETpfjxai uxo tou eXAttovoi;. 

y'. Aoyoc; saxl Buo pEysOAv opoyEvwv f) xaxa xrp 
XixoTTjTa xoia axeau;. 

8'. Aoyov e^eiv xpoc; aXXrjXa (isyEflr) XsyETat, a Buvaxai 
xoXXaxXaaia^opsva aXXr]X«v uxspEXEiv. 

s'. ’Ev to aux 6 Xoyw psysflr] XsyETai. slvai. xpwxov 
xpoc; SsuxEpov xal xplxov xpoc; TExapxov, oxav xa tou 
xp 6 xou xou xpixou laaxu; xoXXaxXaaia x 6 v xou SsuxEpou 
xal TExapxou iadxic xoXXaxXaaltov xaff oxoiovouv xoXXa- 
xXaCTiaapov ExaxEpov sxaxspou fj apa OxEpEXT] fj apa laa fj 
fj apa sXXEixyj XrjcpdEVTa xaxaXXrjXa. 

9'. Ta Be tov auxov sxovxa Xoyov psYEdr] avaXoyov 
xaXslcrdto. 

C- "Oxav 8 s tov laaxic; xoXXaxXaaltov to psv tou 
xpoxou xoXXaxXaaiov uxEpEXT] xou xou Bsuxspou xoX- 
XaxXaalou, to 8 e tou xpixou xoXXaxXaaiov (if] GxEpEXif) 
xou xou TExdpxou xoXXaxXaaiou, tote to xpwxov xpoc; to 
B suxspov psKova Xoyov sxeiv XsyExai, fjxsp to xplxov xpoc; 
TO TEXapTOV. 

T)'. ’AvaXoyla 8s ev xpialv opou; sXaxlcrcr] saxlv. 
if}'. “Oxav 8s xpla pEyEflr] avaXoyov fj, to xp6xov xpoc; 
to xptxov BixXaalova Xoyov exeiv XsyExai rjxsp xpoc; to 
8suxEpov. 

i'. "Oxav 8 e TEaaapa pEyEflr] avaXoyov fj, to xpwxov 
xpoc; to TExapxov xpixXaalova Xoyov exeiv Xsysxai fjxsp 
xpoc; to Bsuxspov, xal asl s^fjc; opolux;, 6<; av f) avaXoyia 
ujiapxn- 

ta'. 'OpoXoya pEys^r) XsyETai. xa psv fjyoupEva toTc 
fyoupiEvoK; xa 8s sxopsva tou; Exopsvotc;. 

i(3'. ’EvaXXaEj Xoyoc; saxl XfjcJjvc xou fjyoupsvou xpoc; to 
fjyoupsvov xal xou Exopsvou xpoc; to sxopsvov. 

iy'. AvaxaXtv Xoyoc; saxl Xfjc]x<; xou sxopsvou 6 c; 
qyoupEvou xpog to qyoupEvov (be; sxopsvov. 

tS'. EuvDectu; Xoyou saxl Xrjtjxc; xou fjyoupsvou psxa xou 
sxopsvou 6c; evoc; xpoc; auxo to sxopsvov. 

is'. Atalpsau; Xoyou saxl Xrjcpic; xfjc; uxspoxfjc;, fj uxspsxEt 
to fjyoupsvov xou sxopsvou, xpoc; auxo to sxopiEvov. 

19 '. AvaCTxpocpr) Xoyou saxl Xfjcjxe; xou f]you[iEvou xpog 
tt)v ux£poxr]v, fj uxEpExei to rjyoupisvov xou sxojiEvou. 

iC- Ai’ igou Xoyoc; saxl xXeiovwv ovxtov |jleyeil> 6 v xal 
aXXwv auxolc; Ictwv to xXfjiLloc; ctuv 8 uo XapipavopiEvtov xal 
ev x6 aux6 Xoyco, oxav fj 6c; ev xolc; xpwxoic; piEys^ECTi to 
xp6xov xpoc; to saxaxov, ouxtoc; ev xol<; 8EUTEpoic; pieyeDecti 
to xp6xov xpoc; to ECTxaxov fj aXXtoc;' Xfjijxc; x6v axpwv 


Definitions 

1. A magnitude is a part of a(nother) magnitude, the 
lesser of the greater, when it measures the greater.! 

2. And the greater (magnitude is) a multiple of the 
lesser when it is measured by the lesser. 

3. A ratio is a certain type of condition with respect to 
size of two magnitudes of the same kind.! 

4. (Those) magnitudes are said to have a ratio with re¬ 
spect to one another which, being multiplied, are capable 
of exceeding one another. § 

5. Magnitudes are said to be in the same ratio, the first 
to the second, and the third to the fourth, when equal 
multiples of the first and the third either both exceed, are 
both equal to, or are both less than, equal multiples of the 
second and the fourth, respectively, being taken in corre¬ 
sponding order, according to any kind of multiplication 
whatever. 11 

6. And let magnitudes having the same ratio be called 
proportional.* 

7. And when for equal multiples (as in Def. 5), the 
multiple of the first (magnitude) exceeds the multiple of 
the second, and the multiple of the third (magnitude) 
does not exceed the multiple of the fourth, then the first 
(magnitude) is said to have a greater ratio to the second 
than the third (magnitude has) to the fourth. 

8. And a proportion in three terms is the smallest 
(possible).® 

9. And when three magnitudes are proportional, the 
first is said to have to the third the squared^ ratio of that 
(it has) to the second.!! 

10. And when four magnitudes are (continuously) 
proportional, the first is said to have to the fourth the 
cubedH ra tio of that (it has) to the second.And so on, 
similarly, in successive order, whatever the (continuous) 
proportion might be. 

11. These magnitudes are said to be corresponding 
(magnitudes): the leading to the leading (of two ratios), 
and the following to the following. 

12. An alternate ratio is a taking of the (ratio of the) 
leading (magnitude) to the leading (of two equal ratios), 
and (setting it equal to) the (ratio of the) following (mag¬ 
nitude) to the following. 1,11 

13. An inverse ratio is a taking of the (ratio of the) fol¬ 
lowing (magnitude) as the leading and the leading (mag¬ 
nitude) as the following.** 

14. A composition of a ratio is a taking of the (ratio of 
the) leading plus the following (magnitudes), as one, to 
the following (magnitude) by itself.** 
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xcriL UTte^aipeaiv xcov peacov. 15. A separation of a ratio is a taking of the (ratio 

ir]'. TexapaYpevrj 8s avaXoyia eoxiv, oxav xpiwv ovxcov of the) excess by which the leading (magnitude) exceeds 
xal aXXwv auxolc Tacov to TtXrjdoc Yivqxai 6c pev the following to the following (magnitude) by itself. 11 
ev xolc Ttpcoxoic peYedeaiv f]Y°bpevov itpoc eitopevov, ouxcnc 16. A conversion of a ratio is a taking of the (ratio 
ev xolc Beuxepoic peYedeoiv rjYoupevov itpoc enopevov, 6c of the) leading (magnitude) to the excess by which the 
Be ev xolc itp6xoic peYedecnv enopevov upoc aXXo xi, ouxcoc leading (magnitude) exceeds the following.® 
ev xolc Beuxepoic aXXo xi itpoc f)Y°bpevov. 17. There being several magnitudes, and other (mag¬ 

nitudes) of equal number to them, (which are) also in the 
same ratio taken two by two, a ratio via equality (or ex 
aequali ) occurs when as the first is to the last in the first 
(set of) magnitudes, so the first (is) to the last in the sec¬ 
ond (set of) magnitudes. Or alternately, (it is) a taking of 
the (ratio of the) outer (magnitudes) by the removal of 
the inner (magnitudes).® 

18. There being three magnitudes, and other (magni¬ 
tudes) of equal number to them, a perturbed proportion 
occurs when as the leading is to the following in the first 
(set of) magnitudes, so the leading (is) to the following 
in the second (set of) magnitudes, and as the following 
(is) to some other (i.e., the remaining magnitude) in the 
first (set of) magnitudes, so some other (is) to the leading 
in the second (set of) magnitudes.^ 

t In other words, a is said to be a part of 0 if 0 = m a. 

t In modern notation, the ratio of two magnitudes, a and 0, is denoted a : 0. 

§ In other words, a has a ratio with respect to 0 if m a > 0 and n 0 > a, for some m and n. 

II In other words, a : 0 :: 7 : <5 if and only if ma > n 0 whenever my > n{, and ma = n0 whenever my = n S, and ma < nf3 whenever 

m y < n S, for all m and n. This definition is the kernel of Eudoxus’ theory of proportion, and is valid even if a, 0, etc., are irrational. 

* Thus if a and 0 have the same ratio as y and <5 then they are proportional. In modern notation, a : 0 :: y : S. 

® In modern notation, a proportion in three terms— a, 0, and y—is written: a : 0 :: 0 : y. 

I Literally, “double”. 

tt In other words, if a : 0 :: 0 : y then a : y :: a 2 : 0 2 . 
it Literally, “triple”. 

§§ In other words, if a : 0 :: 0 : y :: y : 5 then a : 5 :: a 3 : 0 3 . 

^ In other words, if a : 0 : : y : 5 then the alternate ratio corresponds to a : y :: 0 : <5. 

** In other words, if a : 0 then the inverse ratio corresponds to 0 : a. 

In other words, if a : 0 then the composed ratio corresponds to a + 0 : 0. 

III In other words, if a : 0 then the separated ratio corresponds to a — 0 : 0. 
ttt In other words, if a : 0 then the converted ratio corresponds to a : a — 0. 

tit In other words, if a, 0, y are the first set of magnitudes, and 5, e, f the second set, and a : 0 : j :: 6 : e : then the ratio via equality (or ex 
aequali ) corresponds to a : y :: 5 : f. 

§§§ In other words, if a, 0, y are the first set of magnitudes, and S, e, ( the second set, and a : 0 :: S : e as well as 0 : y :: f : <5, then the proportion 
is said to be perturbed. 


a. 

’Eav fj oitoaaouv peYeOr) oTtoatovouv peYebwv X auv to 
TtXfj'Ooc exaaxov exaaxou ladxic TtoXXaTtXaaiov, 6ocutXdoi.6v 
eaxiv ev x6v peyeDov evoc, ToaauToaiXdaia eaxai xal xoc 


Proposition 11 

If there are any number of magnitudes whatsoever 
(which are) equal multiples, respectively, of some (other) 
magnitudes, of equal number (to them), then as many 
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Tudvxa xtov Tcavxtov. 


A H B T 0 A 

i-1-1 i-1-1 

E'- 1 Z'- 1 

’'Ecttm oitoaaouv psychr] xa AB, TA oxoawvouv pc- 
YeOAv tuv E, Z lamv to itXfjboc; Exaaxov cxaaxou iadxi; 
itoXXaitXaaiov Xeyw, oxi oaaitXaaiov caxi to AB toO E, 
xoaauxaitXaaia caxai xal ra AB, TA xwv E, Z. 

’Eitd yap iaaxic; Eaxl itoXXaitXaaiov to AB xou E xal 
to TA xou Z, oaa apa saxlv ev to AB pEysilr] laa xo E, 
xoaauxa xal ev xo TA laa tA Z. SLrjpr]a , do xo psv AB sic; xa 
tA E pieyeDr) laa xa AH, HB, xo Se TA etc xa tA Z laa xa 
E0, 0A- saxai 8f] laov xo itXrjboc; xAv AH, HB xA itXrjOsi 
xAv T0, 0A. xal Eitsi laov eaxl to piev AH xA E, to 8 e T0 
xA Z, laov apa to AH xA E, xal xa AH, T0 xou; E, Z. 8ia 
xa auxa 8f] laov eaxl to HB xA E, xal xa HB, 0A xotc E, 
Z' oaa apa eaxlv ev xA AB laa xA E, xoaauxa xal ev toL; 
AB, TA laa xoI<; E, Z' oaaitXaaiov apa eaxl xo AB xou E, 
xoaauxaitXaaia eaxai xal xa AB, TA xAv E, Z. 

’Eav apa fj oitoaaouv pieyeUr) oitoamvouv (ueyeDAv 
lawv to xXfi'doc; exaaxov exdaxou ladxu; noXXaxXdaiov, 
oaaxXaaiov eaxiv ev xAv pieyeDAv evog, xoaauxaxXaaia 
eaxai xal xa xavxa xAv navxtov oxep e8ei 8el^ai. 


times as one of the (first) magnitudes is (divisible) by 
one (of the second), so many times will all (of the first 
magnitudes) also (be divisible) by all (of the second). 

A G B C H D 

i-1-1 i-1-1 

Ei-1 F 1 - 1 

Let there be any number of magnitudes whatsoever, 
AB, CD, (which are) equal multiples, respectively, of 
some (other) magnitudes, E, F, of equal number (to 
them). I say that as many times as AB is (divisible) by E, 
so many times will AB, CD also be (divisible) by E, F. 

For since AB, CD are equal multiples of E, F, thus 
as many magnitudes as (there) are in AB equal to E, so 
many (are there) also in CD equal to F. Let AB have 
been divided into magnitudes AG, GB, equal to E, and 
CD into (magnitudes) CH, HD, equal to F. So, the 
number of (divisions) AG, GB will be equal to the num¬ 
ber of (divisions) CH, HD. And since AG is equal to E, 
and CH to F, AG (is) thus equal to E, and AG, CH to E, 
F. So, for the same (reasons), GB is equal to E, and GB, 
HD to E, F. Thus, as many (magnitudes) as (there) are 
in AB equal to E, so many (are there) also in AB, CD 
equal to E, F. Thus, as many times as AB is (divisible) 
by E, so many times will AB, CD also be (divisible) by 
E, F. 

Thus, if there are any number of magnitudes what¬ 
soever (which are) equal multiples, respectively, of some 
(other) magnitudes, of equal number (to them), then as 
many times as one of the (first) magnitudes is (divisi¬ 
ble) by one (of the second), so many times will all (of the 
first magnitudes) also (be divisible) by all (of the second). 
(Which is) the very thing it was required to show. 


m (a + /3 -I-). 


t In modern notation, this proposition reads m a + m f3 + ■ ■» = 

P'* 

’Eav itpcoxov 8euxepou iaaxic; fj noXXaxXaaiov xal xpixov 
xexapxou, fj Se xal KEpxxov Seuxcpou iaaxu; noXXaxXdaiov 
xal extov xExapxou, xal auvxsbEv upAxov xal hejjUitov 
8euxepou iaaxic; saxai itoXXaitXaaiov xal xpixov xal extov 
xsxapxou. 

npAxov yap to AB SsuxEpou xou T iaaxic; saxco noX- 
XaxXaaiov xal xpixov to AE xExapxou xou Z, saxco 8e xal 
itspitxov to BH SsuxEpou xou T iaaxic; TtoXXaTtXaaiov xal 
extov to E0 xsxapxou xou Z- Xsyo, oxi xal auvxEhsv 
itpAxov xal TtEpxTov to AH Bsuxspou xou T iaaxic; saxai 
itoXXaitXaaiov xal xpixov xal extov to A0 xExapxou xou Z. 


Proposition 

If a first (magnitude) and a third are equal multiples 
of a second and a fourth (respectively), and a fifth (mag¬ 
nitude) and a sixth (are) also equal multiples of the sec¬ 
ond and fourth (respectively), then the first (magnitude) 
and the fifth, being added together, and the third and the 
sixth, (being added together), will also be equal multiples 
of the second (magnitude) and the fourth (respectively). 

For let a first (magnitude) AB and a third DE be 
equal multiples of a second C and a fourth F (respec¬ 
tively). And let a fifth (magnitude) BG and a sixth EH 
also be (other) equal multiples of the second C and the 
fourth F (respectively). I say that the first (magnitude) 
and the fifth, being added together, (to give) AG, and the 
third (magnitude) and the sixth, (being added together, 
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A B H 

i-1-1-1-1-1 

r i—i 

A E 0 

i-1-1-1-1-1 

Z'-1 

Tkd yap laaxic sot! TioXXaTtXdaLov to AB tou F xal to 
AE tou Z, oaa apa eotIv ev tA AB laa tA T, ToaauTa xal 
sv tA AE laa tA Z. Sia toc aina Sr) xal oaa ecttIv ev tA BH 
laa tA r, ToaauTa xal ev tA E0 laa tA Z• oaa apa eotIv ev 
oXw tA AH laa tA T, ToaauTa xal ev oXtd tA A0 laa tA Z- 
oaaTtXaaiov apa taxi to AH tou T, ToaauTaTiXaaiov saTai 
xal to A0 tou Z. xal auvTshsv apa upATov xal itspitTov to 
AH 8 euTEpou tou T tadxic eaTai noXXaTtXaaiov xal TpiTov 
xal extov to A0 TETapTou tou Z. 

’Eav apa upATov BeuTEpou laaxic fj noXXanXdaiov xal 
TpiTov TETapTou, fj 8e xal nejiUTov SsuTEpou laaxic noX- 
XaitXaaiov xal extov TETapTou, xal auvTshsv itpATov xal 
nepuiTov 8euTepou laaxic eaTai ToXXauXaaiov xal TpHov xal 
extov TETapTou- oTisp e8ei SsT^ai. 


t In modern notation, this propostion reads m a + n a = (in + n) a. 

r- 

’Eav itpATOv 8 euTepou laaxic fj TtoXXanXdaiov xal TpHov 
TETapTou, XrjcpTilf) 8 e laaxic noXXanXaaia tou te TtpATOu 
xal TpiTou, xal 81 ’ ’(aou tAv Xr^cp-dEVTOv exaTepov exaTEpou 
laaxic eaTai noXXanXaaiov to pisv tou SeuTEpou to 8e tou 

TETapTOU. 

npATov yap to A SeuTEpou tou B laaxic eoto tioX- 
XanXdaiov xal TpHov to T TETapTou tou A, xal elXrjcp-do 
tAv A, r laaxic noXXanXaaia xa EZ, H0- Xeyo, oti laaxic 
sad TtoXXaTtXaaiov to EZ tou B xal to H0 tou A. 

’Ettel yap laaxic ead TtoXXaTtXaaiov to EZ tou A xal 
to H0 tou r, oaa apa eadv ev tA EZ laa tA A, xoaauxa 
xal ev tA H0 laa tA T. Sirjp^a-do to pisv EZ sic Ta tA A 
pisyE-dr] laa xa EK, KZ, to 8e H0 sic Ta tA T laa Ta HA, 


to give) DH, will also be equal multiples of the second 
(magnitude) C and the fourth F (respectively). 

A B G 

i-1-1-1-1-1 

Ci—i 

D EH 

i-1-1-1-1-1 

F i-1 

For since AB and DE are equal multiples of C and F 
(respectively), thus as many (magnitudes) as (there) are 
in AB equal to C, so many (are there) also in DE equal to 
F. And so, for the same (reasons), as many (magnitudes) 
as (there) are in BG equal to C, so many (are there) 
also in EH equal to F. Thus, as many (magnitudes) as 
(there) are in the whole of AG equal to C, so many (are 
there) also in the whole of DH equal to F. Thus, as many 
times as AG is (divisible) by C, so many times will DH 
also be divisible by F. Thus, the first (magnitude) and 
the fifth, being added together, (to give) AG, and the 
third (magnitude) and the sixth, (being added together, 
to give) DH, will also be equal multiples of the second 
(magnitude) C and the fourth F (respectively). 

Thus, if a first (magnitude) and a third are equal mul¬ 
tiples of a second and a fourth (respectively), and a fifth 
(magnitude) and a sixth (are) also equal multiples of the 
second and fourth (respectively), then the first (magni¬ 
tude) and the fifth, being added together, and the third 
and sixth, (being added together), will also be equal mul¬ 
tiples of the second (magnitude) and the fourth (respec¬ 
tively) . (Which is) the very thing it was required to show. 


Proposition 3 f 

If a first (magnitude) and a third are equal multiples 
of a second and a fourth (respectively), and equal multi¬ 
ples are taken of the first and the third, then, via equality, 
the (magnitudes) taken will also be equal multiples of the 
second (magnitude) and the fourth, respectively. 

For let a first (magnitude) A and a third C be equal 
multiples of a second B and a fourth D (respectively), 
and let the equal multiples EF and GH have been taken 
of A and C (respectively). I say that EF and GH are 
equal multiples of B and I) (respectively). 

For since EF and GH are equal multiples of A and 
C (respectively), thus as many (magnitudes) as (there) 
are in EF equal to A, so many (are there) also in GH 
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A0- saxai 8f) Tctov to itXrjfloc xAv EK, KZ tA TtXrfOsi twv 
HA, A0. xai enel Ict&xic sail TtoXXanXaCTiov to A tou B xai 
to r tou A, laov 8e to pcv EK tA A, to Se HA tA E, 
icraxic apa ecttI TtoXXanXdCTiov to EK tou B xai to HA tou 
A. 8ia xa aina 8f] iadxic ecttI TtoXXaitXdCTiov to KZ tou B 
xal to A0 tou A. £ti si ouv itpAxov to EK 8suxEpou tou B 
iadxic ecttI TioXXanXdCTiov xai xpixov to HA TExdpxou tou 
A, ectti 8e xai 7i£(i7iTov to KZ 8suTEpou tou B icraxic itoX- 
XanXacriov xai extov to A0 TETapxou tou A, xai ctuvtetlIev 
apa TtpAxov xai Ttspircov to EZ Ssuxspou tou B iadxic ecttI 
TtoXXaitXdaiov xai xpixov xai extov to H0 TExdpxou xou A. 


A 1 - 1 - 1 - 1 

B<-' 

E K Z 

i-1-1 

r i—i—i—i 

A'—' 

HA© 

i-1-1 

’Eav apa xpAxov 8£ux£pou icraxic fj 7ioXXa:n;Xdaiov 
xai xpixov TETapxou, Xrjcpdfj 8 e tou xpAxou xai xpixou 
todxic TtoXXaTtXaCTia, xai 8f Ictou tAv Xt)CPtl)evt«v ExaxEpov 
Exaxspou iodxic saxai noXXaTiXaCTiov to (iEv xou 8suxEpou 
to 8s tou TETdpxou' OTisp e8ei Ssl^au 

' In modern notation, this proposition reads m(n a) = (m n) a. 

8 '. 

’Eav TtpAxov Ttpoc; SsuxEpov xov auxov exfi Xoyov xai 
xpixov 7tpo<; TExapxov, xai xa ioaxic TtoXXaTtXacna xou te 
itpAxou xai xpixou itpoc xa ioaxic TtoXXaTtXaCTia xou SsuxEpou 
xai TExdpxou xaD’ otioiovouv itoXXaTtXaCTiaopiov xov auxov 
e^ei Xoyov XrjcpiiiEVTa xaxaXXr]Xa. 

npAxov yap to A Ttpoc BsuxEpov to B tov auxov e^eto 
X oyov xai xpixov to T Ttpoc TExapxov to A, xai EiXrjcpiIko 
xAv p.Ev A, E icraxic TtoXXaTtXdcna xa E, Z, xAv 8s B, A 
aXXa, a etu^ev, ioaxic TtoXXaTtXaCTia xa H, 0- Xsyw, oxi 
ECTxiv Ac TO E Ttpoc TO H, OUTCOC TO Z Ttpoc TO 0. 


equal to C. Let EF have been divided into magnitudes 
EK, KF equal to A, and 67/ into (magnitudes) CL, LH 
equal to C. So, the number of (magnitudes) EK, KF 
will be equal to the number of (magnitudes) GL, LH. 
And since A and C are equal multiples of B and D (re¬ 
spectively), and EK (is) equal to A, and GL to C, EK 
and GL are thus equal multiples of B and I) (respec¬ 
tively). So, for the same (reasons), KF and LH are equal 
multiples of B and D (respectively). Therefore, since the 
first (magnitude) EK and the third GL are equal mul¬ 
tiples of the second B and the fourth D (respectively), 
and the fifth (magnitude) KF and the sixth LH are also 
equal multiples of the second B and the fourth D (re¬ 
spectively), then the first (magnitude) and fifth, being 
added together, (to give) EF, and the third (magnitude) 
and sixth, (being added together, to give) GH, are thus 
also equal multiples of the second (magnitude) B and the 
fourth D (respectively) [Prop. 5.2]. 

A i- 1 - 1 - 1 

B 1 -1 

E K F 

i-1-1 

C 1 —i—i—i 

D 1 -1 

G L H 

i-1-1 

Thus, if a first (magnitude) and a third are equal mul¬ 
tiples of a second and a fourth (respectively), and equal 
multiples are taken of the first and the third, then, via 
equality, the (magnitudes) taken will also be equal mul¬ 
tiples of the second (magnitude) and the fourth, respec¬ 
tively. (Which is) the very thing it was required to show. 


Proposition 4 f 

If a first (magnitude) has the same ratio to a second 
that a third (has) to a fourth then equal multiples of the 
first (magnitude) and the third will also have the same 
ratio to equal multiples of the second and the fourth, be¬ 
ing taken in corresponding order, according to any kind 
of multiplication whatsoever. 

For let a first (magnitude) A have the same ratio to 
a second B that a third C (has) to a fourth D. And let 
equal multiples E and F have been taken of A and C 
(respectively), and other random equal multiples G and 
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A i-' 

B i-H 

E 1 -1-1 

H'—i—i—i 

K>-+-' 

M'-1-1-1 

r'—' 

A i—' 

Z'—I—I 

(h) |-1-1-1 

A-1-1 

N 1 -1-1-1 

EtAV)cp , &<o yap xAv (iev E, Z icraxic xoAAaxkaaia xa K, 
A, xAv Se H, 0 aXXa, a sxuysv, iadxic xoAAaxkaaia xa M, 
N. 

[Kal] exel laaxic saxl xoAAaxAaaiov xo psv E xou A, xo 
Ss Z xou r, xai siArjxxai xfiv E, Z laaxic xoXXaxAaaia xa K, 
A, laaxic apa saxl xoAAaxAaaiov xo K xou A xai xo A xou 
r. 8ia xa auxa Bf] iadxic saxl xoAAaxAaaiov xo M xou B xai 
xo N xou A. xai exei eaxiv Ac xo A xpoc xo B, ouxwc xo T 
xpoc xo A, xai Ei'Arjxxai xAv psv A, T iadxic xoAAaxAaaia 
xa K, A, xAv 8s B, A aXAa, a sxuysv, iaaxic xoAAaxAaaia 
xa M, N, si apa uxEpEyEi to K xou M, UxspExsi xai xo A 
xou N, xai si Taov, laov, xai si sXaxxov, sXaxxov. xai saxi 
xa (iev K, A xAv E, Z iaaxic xoAAaxAaaia, xa 8 e M, N xAv 
H, 0 aXXa, a Exuycv, lad.xu; xoXXaxXdaia- saxiv apa A<; xo 
E xpoc xo H, ouxwc xo Z xpoc to 0. 

’Eav apa xpAxov xpoc Ssuxspov xov auxov zyj\ Xoyov 
xai xpixov xpoc xsxapxov, xai xa laaxic xoXXaxXaaia xou xe 
xpAxou xai xpixou xpoc xa laaxic xoXXaxXaaia xou Ssuxspou 
xai xsxapxou xov auxov e^ei Aoyov xai}’ oxoiovouv xoAAa- 
xAaaiao^iov ArjcpDEvxa xaxaAArjAa- oxsp e8ei 8slcai. 


H of B and D (respectively). I say that as E (is) to G, so 
F (is) to H. 

A i-1 

B i—i 

E i-1-1 

G i—i—i—i 

K i-1-1 

M'-1-1-1 

C i—i 
D i-h 

F i-1-1 

H 

L i-1-1 

N i-1-1-1 

For let equal multiples K and L have been taken of E 
and F (respectively), and other random equal multiples 
M and N of G and H (respectively). 

[And] since E and F are equal multiples of A and 
C (respectively), and the equal multiples K and L have 
been taken of E and F (respectively), K and L are thus 
equal multiples of A and C (respectively) [Prop. 5.3], So, 
for the same (reasons), M and N are equal multiples of 
B and D (respectively). And since as A is to B, so C (is) 
to D, and the equal multiples I< and L have been taken 
of A and C (respectively), and the other random equal 
multiples M and N of li and D (respectively), then if K 
exceeds M then L also exceeds N, and if ( K is) equal (to 
M then L is also) equal (to N), and if (K is) less (than M 
then L is also) less (than N ) [Def. 5.5]. And K and L are 
equal multiples of E and F (respectively), and M and N 
other random equal multiples of G and H (respectively). 
Thus, as E (is) to G, so F (is) to H [Def. 5.5]. 

Thus, if a first (magnitude) has the same ratio to a 
second that a third (has) to a fourth then equal multi¬ 
ples of the first (magnitude) and the third will also have 
the same ratio to equal multiples of the second and the 
fourth, being taken in corresponding order, according to 
any kind of multiplication whatsoever. (Which is) the 
very thing it was required to show. 


t In modern notation, this proposition reads that if a : (3 :: 7 : S then m a : n /3 :: m 7 : n S, for all m and n. 
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s'. 

’Eav psychoc; pEyeDouc; ladxic fj TtoXXaxXdaiov, oxEp 
acpaipehev acpaipedevTo;, xal to Xoutov tou Xoitcou laaxu; 
Eaxai TtoXXaxXaaiov, oaaxXaaiov caxi to oXov tou oXou. 

A E B 

i-1-1-1—i—i—i 

Hr Z A 

I-1-1-1 

Meyefloc; yap to AB (iEye'dout; tou TA laaxu; saxo toX- 
XaxAaaiov, oxsp acpaipsllEv to AE dcpaips'dEVTOc; tou TZ- 
Xsyo, oti xal Xomov to EB Xouiou tou ZA laaxu; Eaxai. 
7 ioXXaKXaai.ov, 6aaKXaai.6v eotlv oXov to AB oXou tou TA. 

'OaaxAaaiov yap saxi. to AE tou TZ, ToaauTaxXaaiov 
ysyovETW xal to EB tou EH. 

Kal stceI laaxu; saxl xoXXaTiXaoiov to AE tou TZ xal to 
EB tou Hr, laaxu; apa saxl xoAAa7T;Adai.ov to AE tou TZ 
xal to AB tou HZ. xslxai os laaxu; KoXXaxXaoiov to AE 
tou TZ xal to AB tou TA. laaxu; apa saxl Kokkankaaiov to 
AB sxaTEpou twv HZ, TA' laov apa to HZ to TA. xoivov 
a(pr)pr)o , t)cL) to TZ - Xouiov apa to Hr AoitcA to ZA iaov 
saxlv. xal etceI laaxu; eotI xokkaxkaaiov to AE tou TZ 
xal to EB tou Hr, laov 8s to Hr tA AZ, laaxu; apa eotI 
Kokkaxkdaiov to AE tou TZ xal to EB tou ZA. laaxu; 8 e 
OxoxEiTai xoXXaxXaaiov to AE tou TZ xal to AB tou TA- 
laaxu; apa eotI KoXXaxXaaiov to EB tou ZA xal to AB 
tou TA. xal Xoikov apa to EB Xouiou tou ZA laaxu; saxai. 
7 ioXXaKXaai.ov, baa.xka.ai6v saxiv oXov to AB oXou tou TA. 

’Eav apa ^EysDoc; ^ieyeDouc; iaaxi<; fj KoXXaxXaaiov, 
OTisp acpaipsllEv acpaipsiilEVTOc;, xal to Xouiov tou Xoltiou 
iaaxiz saxai KoXXaxXaaiov, oaaxXaaiov eotl xal to oXov 
tou oXou- OTisp e5ei Ssl^ai.. 


' In modern notation, this proposition reads ma — m/3 = m(a — (3). 

9'. 

’Eav Buo (isyE'dr) 860 (isyE-OAv laaxu; fj xoXXaitXaaia, 
xal acpaipsUEVTa Tiva tAv auxAv laaxu; fj xoXXaTtXaaia, xal 
Ta Xonta toI; auToI; f)Toi laa saxlv fj laaxu; auxAv itoX- 
XaxXaaia. 

Auo yap [iEyE'dr] xa AB, TA 8uo ^syEDAv xAv E, Z 


Proposition 

If a magnitude is the same multiple of a magnitude 
that a (part) taken away (is) of a (part) taken away (re¬ 
spectively) then the remainder will also be the same mul¬ 
tiple of the remainder as that which the whole (is) of the 
whole (respectively). 

A E B 

1-1-1-1-1-1—1 

G C F D 

1—1-1-1 

For let the magnitude AB be the same multiple of the 
magnitude CD that the (part) taken away AE (is) of the 
(part) taken away CF (respectively). I say that the re¬ 
mainder EB will also be the same multiple of the remain¬ 
der ED as that which the whole AB (is) of the whole CD 
(respectively). 

For as many times as AE is (divisible) by CF, so many 
times let EB also have been made (divisible) by CG. 

And since AE and EB are equal multiples of CF and 
GC (respectively), AE and AB are thus equal multiples 
of CF and GF (respectively) [Prop. 5.1]. And AE and 
AB are assumed (to be) equal multiples of CF and CD 
(respectively). Thus, AB is an equal multiple of each 
of GF and CD. Thus, GF (is) equal to CD. Let CF 
have been subtracted from both. Thus, the remainder 
GC is equal to the remainder FD. And since AE and 
EB are equal multiples of CF and GC (respectively), 
and GC (is) equal to DF, AE and EB are thus equal 
multiples of CF and FD (respectively). And AE and 
AB are assumed (to be) equal multiples of CF and CD 
(respectively). Thus, EB and AB are equal multiples of 
FD and CD (respectively). Thus, the remainder EB will 
also be the same multiple of the remainder FD as that 
which the whole AB (is) of the whole CD (respectively). 

Thus, if a magnitude is the same multiple of a magni¬ 
tude that a (part) taken away (is) of a (part) taken away 
(respectively) then the remainder will also be the same 
multiple of the remainder as that which the whole (is) of 
the whole (respectively). (Which is) the very thing it was 
required to show. 


Proposition 6 f 

If two magnitudes are equal multiples of two (other) 
magnitudes, and some (parts) taken away (from the for¬ 
mer magnitudes) are equal multiples of the latter (mag¬ 
nitudes, respectively), then the remainders are also either 
equal to the latter (magnitudes), or (are) equal multiples 


136 




ETOIXEIfiN s'. 


ELEMENTS BOOK 5 


iadxic egxgi xoXXaxXaaia, xal acpaipsDsvxa xa AH, T0 x£iv 
auxSiv xuv E, Z iaaxu; saxw xoXXaKXaaia' Xsyo, oxi xal 
Xoixa xa HB, @A xoi’c E, Z fjxoi laa saxiv r) iadxic; auxGv 
TtoXXaxXaoia. 


A H B 

i-1-1-1-1 

Ei-1 

k r © a 

I-1-1-1-1-1 

Zi—I 

’'Eaxw yap xpoxspov xo HB xo E i'aov Xsyo, oxi xal 
xo 0A xfi Z laov saxiv. 

Ksiahw yap xw Z iaov xo TK. sitsl iaaxic; saxl xoX- 
XanXaaiov xo AH xou E xal xo T0 xou Z, laov 8s xo psv HB 
xo E, xo 8s KT xo Z, iaaxic; apa saxl xoXXaKXaoiov xo AB 
xou E xal xo K0 xou Z. ioaxi; 8s uxoxsixai TioXXaxXaoiov 
xo AB xou E xal xo TA xou Z- i'ad.xi; apa saxl xoXXaxXaoiov 
xo K0 xou Z xal xo TA xou Z. sit si ouv sxaxspov xwv K0, 
TA xou Z iaaxi; saxl TtoXXaxXdaiov, laov apa saxl xo K0 
xo TA. xoivov dcprjp^aDa) xo T0 - Xomov apa xo Kr Xoixw 
xCS 0A laov saxiv. aXXa xo Z x<3 Kr saxiv laov xal xo 
0A apa xo Z laov saxiv. waxs si xo HB xo E Taov saxiv, 
xal xo 0A laov saxai xw Z. 

'Opoiw; 8rj osi^opisv, oxi, xav xoXXaTiXaaiov fj xo HB 
xou E, xoaauxaxXaaiov saxai xal xo 0A xou Z. 

’Eav apa 8uo pisysiElr] 8uo pisyEDcSv iaaxi<; fj xoX- 
XaxXaaia, xal acpaipsDsvxa xiva xov auxov iaaxi<; fj xoX- 
XaxXaaia, xal xa Xoma toic, auxolc; fjxoi laa saxiv fj iaaxi<; 
auxfiSv TioXXaxXaaia- oxsp s8si 8sTc;ai. 


t In modern notation, this proposition reads ma — na = (m — n) a. 

c 

Ta loa Ttpoc; xo aUxo xov auxov E)(Ei Xoyov xal xo auxo 
7 tpo<; xa Taa. 

”Eaxw laa pisyEffr) xa A, B, aXXo 8s xi, 6 sxuxev, 
pisysifoc; xo T- Xsyo, oxi sxaxspov xov A, B xpoc; xo T 
xov auxov sxsi Xoyov, xal xo T xpo<; sxaxspov x£Sv A, B. 


of them (respectively). 

For let two magnitudes AB and CD be equal multi¬ 
ples of two magnitudes E and F (respectively). And let 
the (parts) taken away (from the former) AG and CH be 
equal multiples of E and F (respectively). I say that the 
remainders GB and HD are also either equal to E and F 
(respectively), or (are) equal multiples of them. 

A G B 

i-1-1-1-1 

Ei- 1 

K C HD 

i-1-1-1-1-1 

F 1 -1 

For let GB be, first of all, equal to E. I say that HD is 
also equal to F. 

For let CK be made equal to F. Since AG and CH 
are equal multiples of E and F (respectively), and GB 
(is) equal to E, and KG to F, AB and KH are thus equal 
multiples of E and F (respectively) [Prop. 5.2]. And AB 
and CD are assumed (to be) equal multiples of E and F 
(respectively). Thus, KH and CD are equal multiples of 
F and F (respectively). Therefore, KH and CD are each 
equal multiples of F. Thus, KH is equal to CD. Let CH 
have be taken away from both. Thus, the remainder KC 
is equal to the remainder HD. But, F is equal to KC. 
Thus, HD is also equal to F. Hence, if GB is equal to E 
then HD will also be equal to F. 

So, similarly, we can show that even if GB is a multi¬ 
ple of E then HD will also be the same multiple of F. 

Thus, if two magnitudes are equal multiples of two 
(other) magnitudes, and some (parts) taken away (from 
the former magnitudes) are equal multiples of the latter 
(magnitudes, respectively), then the remainders are also 
either equal to the latter (magnitudes), or (are) equal 
multiples of them (respectively). (Which is) the very 
thing it was required to show. 


Proposition 7 

Equal (magnitudes) have the same ratio to the same 
(magnitude), and the latter (magnitude has the same ra¬ 
tio) to the equal (magnitudes). 

Let A and B be equal magnitudes, and C some other 
random magnitude. I say that A and B each have the 
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A 1 - 1 A 1 -1- 1 - 1 - 1 

B 1 - 1 E 1 - 1 - 1 - 1 - 1 

pi-1 Z'-1-1-1 

EiXrjcpUco yap tuv psv A, B iadxi; xoXXaxXaaia xa A, 
E, xou 8s r aXXo, o sxuysv, xoXXaxXaaiov to Z. 

’Etc! ouv iaaxic; sax! xoXXaxXaaiov to A xou A xa! to 
E xou B, laov 8s to A to B, Taov apa xa! to A to E. aXXo 
8s, 8 sxuysv, to Z. EE apa UTspsysi to A xoO Z, UTspsysi 
xa! to E xou Z, xa! si laov, laov, xa! s’l sXaxxov, sXaxxov. 
xa! saxi xa psv A, E xAv A, B iaaxic; xoXXaxXaaia, to 8s 
Z xou r aXXo, o etux^v, xoXXaxXaaiov saxiv apa Ac; to A 
xpoc; to r, outm; to B xpoc; to T. 

Asya> [8f|], oxi xa! to T xpoc; sxaxspov tAv A, B xov 
auxov sysi Xoyov. 

TAv yap auxAv xaTaaxsuaaDsvxcnv opoiax; Bsdjopsv, 
oxi !aov sax! to A xA E- aXXo 8s xi to Z- si apa UTspsysi 
to Z xou A, uxspsxsi xa! xou E, xa! si iaov, laov, xa! si 
sXaxxov, sXaxxov. xa( saxi to psv Z xou T xoXXaxXaaiov, 
xa 8s A, E xAv A, B aXXa, a sxuysv, iaaxic; xoXXaxXaaia' 
saxiv apa Ac; to T xpoc; to A, ouxax; to T xpoc; to B. 

Ta Taa apa xpoc; to auxo xov auxov sysi Xoyov xa! to 
auxo xpoc; xa laa. 


riopiapa. 

’Ex 8f] xouxou cpavspov, oxi sav ^sys'dr] xiva avaXoyov 
fj, xa! avaxaXiv avaXoyov saxai. oxsp s8si 8sl^ai. 


same ratio to C, and (that) C (has the same ratio) to 
each of A and B. 

A 1 - 1 D 1 -1-1-1-1 

B 1 - 1 E 1 -1-1-1-1 

C 1 - 1 F 1 -1-1-1 

For let the equal multiples D and E have been taken 
of A and B (respectively), and the other random multiple 
F of C. 

Therefore, since D and E are equal multiples of A 
and B (respectively), and A (is) equal to B, D (is) thus 
also equal to E. And F (is) different, at random. Thus, if 
D exceeds F then E also exceeds F, and if ( D is) equal 
(to F then E is also) equal (to F), and if ( D is) less 
(than F then E is also) less (than F). And D and E are 
equal multiples of A and B (respectively), and F another 
random multiple of C. Thus, as A (is) to C, so B (is) to 
C [Def. 5.5], 

[So] I say that (A also has the same ratio to each of A 
and B. 

For, similarly, we can show, by the same construction, 
that D is equal to E. And F (has) some other (value). 
Thus, if F exceeds D then it also exceeds E, and if (F is) 
equal (to D then it is also) equal (to E ), and if (F is) less 
(than D then it is also) less (than E ). And F is a multiple 
of C, and D and E other random equal multiples of A 
and B. Thus, as C (is) to A, so C (is) to B [Def. 5.5], 

Thus, equal (magnitudes) have the same ratio to the 
same (magnitude), and the latter (magnitude has the 
same ratio) to the equal (magnitudes). 

Corollary^ 

So (it is) clear, from this, that if some magnitudes are 
proportional then they will also be proportional inversely. 
(Which is) the very thing it was required to show. 


t The Greek text has “E", which is obviously a mistake. 

t In modern notation, this corollary reads that if a : (3 :: 7 : 5 then 0 : a :: S : 7 . 


E 

TAv aviawv psysDAv to psl^ov xpoc; to auxo psi^ova 
Xoyov cyst fjxsp to sXaxxov. xa! to auxo xpoc; to sXaxxov 
psi^ova Xoyov sysi fjxsp xpoc; to psT^ov. 

’'Eaxco aviaa psysUr) xa AB, T, xa! saxo psT^ov to AB, 
aXXo 8s, o ETuysv, to A- Xsyco, oxi to AB xpoc; to A 
psi^ova Xoyov sysi fjxsp to T xpoc; to A, xa! to A xpoc; 
to T psi^ova Xoyov sysi fjxsp xpoc; to AB. 


Proposition 8 

For unequal magnitudes, the greater (magnitude) has 
a greater ratio than the lesser to the same (magnitude). 
And the latter (magnitude) has a greater ratio to the 
lesser (magnitude) than to the greater. 

Let AB and C be unequal magnitudes, and let AB be 
the greater (of the two), and D another random magni¬ 
tude. I say that AB has a greater ratio to D than C (has) 
to D, and (that) D has a greater ratio to C than (it has) 
to AB. 
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A E B A E B 

I-1-1 I-1-1 

r i-1 r i—i 


Z H 0 Z H 0 



’ExeI yap pEliljov son to AB tou T, xslabM tA T Taov 
to BE - to 8f] sXaaaov tAv AE, EB xoXXaxXaaiai(6p£vov 
saxai xote tou A (isT^ov. saxco xpoxcpov to AE sXaxxov 
tou EB, xod xexoXXaxXaaidaOo:) to AE, xod saxco auxou 
xoXXaxXaaiov to ZH (ieT^ov gv tou A, xal oaaxXaaiov saxi 
to ZH tou AE, xoaauxaxXdaiov yeyoveto xal to psv H0 
tou EB to 8e K tou T- xal 8lXr](p , dw tou A 8ixXaaiov psv 
to A, xpixXaaiov 8e to M, xal epffi svl xXsTov, emc av to 
XapPavopcvov xoXXaxXaaiov psv Ysvrjxai tou A, xpAxcoc 8s 
psT((ov tou K. EiXrjcpflo, xal saxor to N TExpaxXaaiov psv 
tou A, xpAxoc 8e ptsl^ov tou K. 

’Exsl ouv to K tou N xpAxwc saxiv sXaxxov, to K apa 
tou M oux saxiv sXaxTov. xal exeI iaaxic saxl xoXXaxXaaiov 
to ZH tou AE xal to H0 tou EB, iaaxic apa saxl xoX- 
XaxXaaiov to ZH tou AE xal to Z0 tou AB. iaaxic 8s 
saxi xoXXaxXaaiov to ZH tou AE xal to K tou H iaaxic 
apa saxl xoXXaxXaaiov to Z0 tou AB xal to K tou T. xa 
Z0, K apa tAv AB, T iaaxic saxl xoXXaxXaaia. xaXiv, sxd 
iaaxic saxl xoXXaxXaaiov to H0 tou EB xal to K tou T, 
laov Ss to EB tA T, iaov apa xal to H0 tA K. to 8e K 
tou M oux saxiv sXaxTov ouS’ apa to H0 tou M sXaxxov 
saxiv. ptsl^ov 8e to ZH tou A' oXov apa to Z0 auvapi- 
cpoxEpwv tAv A, M pisl^ov saxiv. aXXa auvapicpoxEpa xa A, 
M xA N saxiv laa, Ex£i8r)X£p to M tou A xpixXaaiov saxiv, 
auvapKpoxspa 8s xa M, A tou A saxi TExpaxXaaia, saxi 8s 
xal to N tou A TExpaxXaaiov auvapKpoxspa apa xa M, A 
tA N laa saxiv. aXXa to Z0 tAv M, A pidi^ov saxiv to 
Z0 apa tou N uxEpsxei' to 8e K tou N oux uxepsxei. xal 
saxi xa (iev Z0, K tAv AB, T iaaxi<; xoXXaxXaaia, to 8e N 
tou A aXXo, 6 etuxev, xoXXaxXaaiov- to AB apa xpo<; to 
A (isli^ova Xoyov ey_ei fjxsp to T xpoc; to A. 

Aeyw 8r], oti xal to A xpoc to T pisl^ova Xoyov exei 
fjxsp to A xpoc to AB. 

TAv y®P auxAv xaTaoxEuacDEVTCov ojjoiwc Osl^opisv, 
OTI TO pisv N TOU K UXEpEXEl, TO OE N TOU Z0 OUX UXEpEXSl- 
xal saxi to (isv N tou A xoXXaxXaaiov, xa 8s Z0, K tAv 
AB, T aXXa, a etuxev, laaxic xoXXaxXaaia - to A apa xpoc 
to T pisl^ova Xoyov exei fjxsp to A xpoc to AB. 

AXXa 6f] to AE tou EB pisl^ov saxw. to 8f) sXaxTov 
to EB xoXXaxXaaia^opisvov £axai xote tou A (isT^ov. xe- 


A E B A E B 


C i-1 C i-1 

F G H F G H 



For since AB is greater than C, let BE be made equal 
to C. So, the lesser of AE and EB, being multiplied, will 
sometimes be greater than D [Def. 5.4]. First of all, let 
AE be less than EB, and let AE have been multiplied, 
and let FG be a multiple of it which (is) greater than 
D. And as many times as FG is (divisible) by AE, so 
many times let GH also have become (divisible) by EB, 
and K by C. And let the double multiple L of I) have 
been taken, and the triple multiple M, and several more, 
(each increasing) in order by one, until the (multiple) 
taken becomes the first multiple of D (which is) greater 
than K. Let it have been taken, and let it also be the 
quadruple multiple N of D —the first (multiple) greater 
than K. 

Therefore, since K is less than N first, K is thus not 
less than M. And since FG and GII are equal multi¬ 
ples of AE and EB (respectively), FG and FH are thus 
equal multiples of AE and AB (respectively) [Prop. 5.1]. 
And FG and K are equal multiples of AE and C (re¬ 
spectively) . Thus, FH and K are equal multiples of AB 
and C (respectively). Thus, FH, K are equal multiples 
of AB, C. Again, since GH and K are equal multiples 
of EB and C, and EB (is) equal to C, GH (is) thus also 
equal to K. And K is not less than M. Thus, GH not less 
than M either. And FG (is) greater than D. Thus, the 
whole of FH is greater than D and M (added) together. 
But, D and M (added) together is equal to N, inasmuch 
as M is three times D, and M and D (added) together is 
four times D, and N is also four times D. Thus, Ad and D 
(added) together is equal to N. But, FH is greater than 
M and D. Thus, FH exceeds N. And K does not exceed 
N. And FH, K are equal multiples of AB, C, and N 
another random multiple of D. Thus, AB has a greater 
ratio to D than C (has) to D [Def. 5.7]. 

So, I say that D also has a greater ratio to C than D 
(has) to AB. 

For, similarly, by the same construction, we can show 
that N exceeds K, and N does not exceed FH. And 
A is a multiple of D, and FH, K other random equal 
multiples of AB, C (respectively). Thus, D has a greater 
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xoXXaxXaaiaaOw, xod saxw to H0 xoXXaxXaaiov pcv tou 
EB, (ieI^ov 8e tou A- xal 6aaxXaai.6v ecra to H0 tou EB, 
xoaauxaxXaaiov ycyovETW xal to psv ZH tou AE, to Se K 
tou T. opolo:>c 5f] 8el£opev, oti Ta Z0, K twv AB, r laaxic 
saxl xoXXaxXaaia- xod EiXrjcpOo opolcoc to N xoXXaxXaaiov 
psv tou A, xpAxoc Se (isl^ov tou ZH' wots xdXiv to ZH 
xou M oux egtiv sXaaaov. psli^ov Se to H0 tou A - oXov 
apa to Z0 xAv A, M, toutegti tou N, OxEpsxEi. to 8e K 
tou N oux bxspE/Ei, ExsiSf|XEp xal to ZH [isl^ov ov tou 
H0, toutegti xou K, tou N ouy uxEpEXEi. xal Aaauxcoc 
xaxaxoXou'douvTEc; xolc sxavw xspalvopEv xrjv ax68ei.<;iv. 

TAv apa avlatov psysflAv to pisl^ov xpoc to auxo 
(isl^ova Xoyov sysi rjxsp to sXaxxov xal to auxo xpoc to 
sXaxTov psl((ova Xoyov cyst rjxsp xpoc to ptsl^ov oxsp s8si 
Ssl^ai. 


6'. 

Ta xpoc to auxo xov auxov syovxa Xoyov laa aXX^Xoic 
saxlv xal xpoc a to auxo xov auxov Eysi Xoyov, sxslva laa 
Eaxiv. 

A i-1 B 1 -1 

pi-1 

’E)(£tw yap Exdxspov xAv A, B xpoc to T tov auxov 
Xoyov Xsyw, oti laov saxl to A xA B. 

El yap [IT], oux av Exdxspov xAv A, B xpoc to T tov 
auxov slys Xoyov e/ei 8s' laov apa saxl to A xA B. 

’E)(£tw 8rj xaXiv to T xpoc Exdxspov xAv A, B xov auxov 
Xoyov Xsyco, oxt laov saxl to A xA B. 

El yap [ir), oux av to T xpoc Exdxspov xAv A, B xov 
auxov sl)(£ Xoyov e/ei 8s‘ laov apa saxl to A xA B. 

Ta apa xpoc to auxo xov auxov syovxa Xoyov laa 
aXX/]Xoic saxlv xal xpoc a to auxo xov auxov Eyst Xoyov, 
Exslva laa saxlv oxsp eSei Ssl^ai.. 


/ 

l. 

TAv xpoc to auxo Xoyov EyovTCuv to (isl^ova Xoyov 
syov exeIvo ptsl^ov eotlv xpoc o 8s to auxo ps^ova Xoyov 


ratio to G than D (has) to AB [Def. 5.5], 

And so let AE be greater than EB. So, the lesser, 
EB, being multiplied, will sometimes be greater than D. 
Let it have been multiplied, and let GH be a multiple of 
EB (which is) greater than D. And as many times as 
GH is (divisible) by EB, so many times let EG also have 
become (divisible) by AE, and K by C. So, similarly 
(to the above), we can show that EH and K are equal 
multiples of AB and C (respectively). And, similarly (to 
the above), let the multiple N of D, (which is) the first 
(multiple) greater than FG, have been taken. So, FG 
is again not less than M. And GH (is) greater than D. 
Thus, the whole of FH exceeds D and M, that is to say 
N. And K does not exceed N, inasmuch as FG, which 
(is) greater than GH —that is to say, K —also does not 
exceed N. And, following the above (arguments), we 
(can) complete the proof in the same manner. 

Thus, for unequal magnitudes, the greater (magni¬ 
tude) has a greater ratio than the lesser to the same (mag¬ 
nitude) . And the latter (magnitude) has a greater ratio to 
the lesser (magnitude) than to the greater. (Which is) the 
very thing it was required to show. 

Proposition 9 

(Magnitudes) having the same ratio to the same 
(magnitude) are equal to one another. And those (mag¬ 
nitudes) to which the same (magnitude) has the same 
ratio are equal. 

A i-1 B i-1 

Ci-1 

For let A and B each have the same ratio to G. I say 
that A is equal to B. 

For if not, A and B would not each have the same 
ratio to C [Prop. 5.8]. But they do. Thus, A is equal to 
B. 

So, again, let C have the same ratio to each of A and 
B. I say that A is equal to B. 

For if not, C would not have the same ratio to each of 
A and B [Prop. 5.8]. But it does. Thus, A is equal to B. 

Thus, (magnitudes) having the same ratio to the same 
(magnitude) are equal to one another. And those (magni¬ 
tudes) to which the same (magnitude) has the same ratio 
are equal. (Which is) the very thing it was required to 
show. 

Proposition 10 

For (magnitudes) having a ratio to the same (mag¬ 
nitude), that (magnitude which) has the greater ratio is 
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£/£i, sxsTvo sXaxxov sgtiv. 

A i-1 B 1 -1 

pi-1 

’E)(£tw yap to A xpoc; to F ps[((ova Xoyov rjxsp to B 
xpoc; to r- Xsyto, oti (iei^ov sgti to A tou B. 

El yap (jtrj, tjxoi Igov sgtI to A to B ij sXaGaov. Igov 
psv ouv oux sgtI to A to B' sxaxspov yap av twv A, B 
xpoc; to r tov auxov slys Xoyov. oux sx et 6e - oux apa Igov 
saxl to A to B. ouSe pf]v sXaoGov sgti to A tou B' to A 
yap av xpoc; to T sXaooova Xoyov sTysv rjxsp to B xpoc; to 
r. oux ex £l §£' odx “P a ekaooov sgti to A tou B. sSsixflr] 
8 s ou8s igov (jeT^ov apa sgti to A tou B. 

’Exstw 8 f) xaXiv to T xpoc; to B ps^ova Xoyov rjxsp to 
r xpoc; to A- Xsyw, oti sXa ogov sgti to B tou A. 

El yap (iq, fjxoi igov sgtiv fj psi^ov. igov psv ouv oux 
sgti. to B to A' to r yap av xpoc; sxaxspov tov A, B tov 
auTov elye Xoyov. oux sxei 8s' oux apa igov sgti to A 
tA B. ou8s pf]v psTi^ov sgtl to B tou A- to T yap av xpoc; 
to B sXaooova Xoyov slycv rjxsp xpoc; to A. oux sxei 8s • 
oux apa (jisT^ov sgtl to B tou A. s8s[x , dr] 8s, oti ou8e igov 
eXaxxov apa sgti to B tou A. 

TAv apa xpoc; to auTO Xoyov exovtcov to psii(ova Xoyov 
syov pisl^ov SGTiv xai xpoc; 6 to auTO piet^ova Xoyov sx^i, 
exeTvo sXaTTOv eotiv oxsp e8ei OsT^ai. 


ia'. 

Oi tw auTW Xoyw oi auTOi xai aXXr^Xoic; eigIv oi auTot. 

A 1 - 1 T 1 - 1 E 1 - 1 

Blwjf; A i-1 Z-' 

Hi-1-1 ©I-1-1 Ki-1-1 

A 1 — 1 —i—i M 1 - 1 -1-1 N 1 -1- 1 - 1 

TilaTwaav yap <8<; pisv to A xpoc; to B, outox to T xpoc; 
to A, we; 8s to r xpoc; to A, outwc; to E xpoc; to Z- Xsyco, 
oti sgtiv (b<; to A xpoc; to B, outoc; to E xpoc; to Z. 

EtXricp'dw yap twv A, T, E (oaxu; xoXXaxXaGia Ta H, 0, 
K, tAv 8s B, A, Z aXXa, a stuxsv, ioaxu; xoXXaxXaGia Ta 
A, M, N. 

Kai sxsi sgtiv Ac; to A xpoc; to B, outcoc; to T xpoc; to 
A, xai siXrjxTai tAv pisv A, T Eoaxic; xoXXaxXaGia xa H, 0, 
tAv 8s B, A aXXa, a stuxsv, Eoaxic; xoXXaxXaGia xa A, M, 
s’l apa uxspsxsi to H tou A, uxspsxei xai to 0 tou M, xai si 
igov sgtiv, igov, xai si sXXsixsi, sXXsixsi. xaXiv, sxsl sgtiv 


(the) greater. And that (magnitude) to which the latter 
(magnitude) has a greater ratio is (the) lesser. 

A i-1 B i-1 

C>-1 

For let A have a greater ratio to C than B (has) to C. 
I say that A is greater than B. 

For if not, A is surely either equal to or less than B. 
In fact, A is not equal to B. For (then) A and B would 
each have the same ratio to C [Prop. 5.7]. But they do 
not. Thus, A is not equal to B. Neither, indeed, is A less 
than B. For (then) A would have a lesser ratio to C than 
B (has) to C [Prop. 5.8]. But it does not. Thus, A is not 
less than B. And it was shown not (to be) equal either. 
Thus, A is greater than B. 

So, again, let C have a greater ratio to B than C (has) 
to A. I say that B is less than A. 

For if not, (it is) surely either equal or greater. In fact, 
B is not equal to A. For (then) C would have the same 
ratio to each of A and B [Prop. 5.7]. But it does not. 
Thus, A is not equal to B. Neither, indeed, is B greater 
than A. For (then) C would have a lesser ratio to B than 
(it has) to A [Prop. 5.8]. But it does not. Thus, B is not 
greater than A. And it was shown that (it is) not equal 
(to A ) either. Thus, B is less than A. 

Thus, for (magnitudes) having a ratio to the same 
(magnitude), that (magnitude which) has the greater 
ratio is (the) greater. And that (magnitude) to which 
the latter (magnitude) has a greater ratio is (the) lesser. 
(Which is) the very thing it was required to show. 

Proposition 111 

(Ratios which are) the same with the same ratio are 
also the same with one another. 

A'- 1 C'-1 E'- 1 

B-1 D-1 F '-1 

Gi-1-1 H'-1-1 K'-1-1 

L i—i—i—i M 1 - 1 - 1 - 1 N 1 - 1 -1-1 

For let it be that as A (is) to B, so C (is) to D, and as 
C (is) to D, so E (is) to F. I say that as A is to B, so E 
(is) to F. 

For let the equal multiples G, F[, K have been taken 
of A, C, E (respectively), and the other random equal 
multiples L, M, N of B, D, F (respectively). 

And since as A is to B, so C (is) to D, and the equal 
multiples G and iJ have been taken of A and C (respec¬ 
tively), and the other random equal multiples L and A/ 
of B and D (respectively), thus if G exceeds L then H 
also exceeds M, and if (G is) equal (to L then iJ is also) 
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(Ik; to T xpoc; to A, outcoc; to E xpb<; to Z, xal sIXiyiiTai 
tcov T, E iaaxi<; TtoXXaxXaaia toc 0, K, twv os A, Z aXXa, 
a stuxev, iaaxu; xoXXaiiXaaia Ta M, N, el apa uxspsxEi T ° 
0 tou M, uxspsxEi xal to K tou N, xal si Taov, Taov, xal si 
sXXaTov, sXaTTov. aXXa si uxspsTxE to 0 tou M, uxspsTxs 
xal to H tou A, xal si Taov, Taov, xal si sXaTTov, sXaTTov 
coots xal si UKspsxei. to H tou A, tmspsxei xal to K tou 
N, xal si Taov, Taov, xal si sXaTTov, sXaTTov. xai sctti Ta 
(isv H, K tov A, E iaaxu; xoXXaitXaaia, Ta 5s A, N tov B, 
Z aXXa, a stuxev, iaaxu; xoXXaxXaaia- ecttiv apa cbc; to A 
itpoc; to B, outcoc; to E itpoc; to Z. 

Oi apa to auTCp Xoyco oi a\i)Toi xai aXXrjXou; sialv oi 
auToi' oitsp s8si Ssi^ai. 


' In modern notation, this proposition reads that if a : 0 :: 7 : 5 and 7 : 

ify. 

’Eav fj oTuoaaouv fisye'dr) avaXoyov, eaxai (be; §v tcov 
r]you[i£vcov 7 ipo<; §v tcov exopevcov, outcoc; oatavTa xa 
r]you[i£va Tcpoc oatavTa xa eTio^eva. 

A'- 1 T' -1 E'- 1 

B 1 - 1 A'- 1 Z'- 1 

H'-' A' -' 

©1 - 1 M'- 1 

K 1 -1 N 1 -1 

’'Ecraoaav oitoaaouv (isys'dr) avaXoyov Ta A, B, T, A, 
E, Z, ok to A itpog to B, outcoc; to T itpog to A, xai to E 
itpoc; to Z- Xsyco, oti scttIv Lk; to A xpoc; to B, outcoc; toc 
A, r, E itpoc; Ta B, A, Z. 

EiXrjCpAco yap tcov (isv A, T, E iaaxu; itoXXaitXaaia toc H, 
0, K, tcov 6s B, A, Z aXXa, a stuxev, iaaxu; itoXXaitXaaia 
Ta A, M, N. 

Kai sitsi saTiv ebe; to A itpoc; to B, outcoc; to T itpoc; to 
A, xai to E itpoc; to Z, xai sIXrjitTai tcov (isv A, F, E iaaxu; 
itoXXaitXaaia Ta H, 0, K tcov 8s B, A, Z aXXa, a stuxev, 
iaaxu; itoXXaitXaaia tcc A, M, N, si apa OitspsxEi to H tou A, 
OitspsxEi xai to 0 tou M, xai to K tou N, xai si iaov, Taov, 
xai si sXaTTov, sXaTTov. Acts xai si OitspsxEi to H tou A, 


equal (to M ), and if (G is) less (than L then H is also) 
less (than M) [Def. 5.5]. Again, since as C is to D, so 
E (is) to F, and the equal multiples H and I< have been 
taken of C and E (respectively), and the other random 
equal multiples M and N oi D and F (respectively), thus 
if FI exceeds M then K also exceeds N, and if (// is) 
equal (to M then K is also) equal (to N ), and if (// is) 
less (than M then K is also) less (than N ) [Def. 5.5]. But 
(we saw that) if // was exceeding M then G was also ex¬ 
ceeding L, and if (if was) equal (to M then G was also) 
equal (to L ), and if (if was) less (than M then G was 
also) less (than L ). And, hence, if G exceeds L then K 
also exceeds N, and if (G is) equal (to L then K is also) 
equal (to N), and if (G is) less (than L then K is also) 
less (than N ). And G and K are equal multiples of A 
and E (respectively), and L and N other random equal 
multiples of B and F (respectively). Thus, as A is to B, 
so E (is) to F [Def. 5.5]. 

Thus, (ratios which are) the same with the same ratio 
are also the same with one another. (Which is) the very 
thing it was required to show. 

<5 :: e : £ then a : 0 :: e : f. 

Proposition 12+ 

If there are any number of magnitudes whatsoever 
(which are) proportional then as one of the leading (mag¬ 
nitudes is) to one of the following, so will all of the lead¬ 
ing (magnitudes) be to all of the following. 

A'- 1 C 1 - 1 E'-1 

Bi-1 D'-1 F '-1 

G 1 - 1 L i-1 

Hi-1 Ml-1 

K'-1 N'-1 

Let there be any number of magnitudes whatsoever, 
A, B, C, D, E, F, (which are) proportional, (so that) as 
A (is) to B, so C (is) to D, and E to F. I say that as A is 
to B, so A, C, E (are) to B, D, F. 

For let the equal multiples G, FI, K have been taken 
of A, C, E (respectively), and the other random equal 
multiples L, M, N of B, D, F (respectively). 

And since as A is to B, so G (is) to D, and E to F, and 
the equal multiples G, FI, K have been taken of A, C, E 
(respectively), and the other random equal multiples L, 
M, N of B, D, F (respectively), thus if G exceeds L then 
fT also exceeds M, and K (exceeds) N, and if (G is) 
equal (to L then FI is also) equal (to M, and K to N ), 
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uxEpEyEi xal xa H, 0, K xwv A, M, N, xal eI laov, I'aa, xal 
ei sXaxxov, sXaxxova. xal saxi to pev H xal xa H, 0, K 
xou A xal xwv A, T, E laaxi; xoXXaxXaaia, Ex£i8rjx£p sav 
fj oxoaaouv pEys^r] oxoawvouv psys'dAv lacov xo xXrydo; 
Exaaxov sxaaxou laaxi; xoXXaxXaaiov, oaaxXaaiov saxiv 
ev xwv pEysilAv svo;, xoaauxaxXaaia saxai xal xa xavxa 
xov xavxcov. Sia xa auxa 8f] xal xo A xal xa A, M, N xou 
B xal xwv B, A, Z laaxi; saxl xoXXaxXaaia' saxiv apa A; 
xo A xpo; xo B, ouxa>; xa A, T, E xpo; xa B, A, Z. 

’Eav apa fj oxoaaouv psyE'dr] avaXoyov, Eaxai. A; ev 
xov fjyoupEvorv xpo; §v xov sxopsvorv, ouxa>; axavxa xa 
t)youp£va xpo; axavxa xa sxopsva- oxcp eSei 8£Tc;ai. 


' In modern notation, this proposition reads that if a : a' :: [} : /?' :: 7 : 

iy'. 

’Eav xpAxov xpo; 8suxEpov xov auxov e -/r\ Xoyov xal 
xplxov xpoc; xsxapxov, xplxov 8s xpoc; xsxapxov pcli^ova 
Xoyov syr] fj xspxxov xpoc; exxov, xal xpAxov xpoc; Ssuxspov 
psli^ova Xoyov e^ei rj xsptxxov xpoc; exxov. 

A*- 1 r- 1 Ei- 1 

B 1—1 A'- 1 Z- 1 

Mi- 1 -1 H- 1 - 1 ©1 - 1 - 1 

—+—1 if -—*—*—1 a 1 -*-*- 1 

IIpAxov yap to A xpoi; OEUxspov to B xov auxov £)(exo 
X oyov xal xplxov xo T xpo; xsxapxov xo A, xpixov 8s xo T 
xpo; xsxapxov to A psl^ova Xoyov £)(£xw f] x£(ixxov xo E 
xpo; exxov to Z. Xsya), otl xal xpoxov xo A xpo; 8sux£pov 
xo B jisi^ova Xoyov e^ei. fjxsp xejjxxov xo E xpo; exxov to 
Z. 

’Exsl yap saxi xiva xov ^lev T, E laaxi; xoXXaxXaaia, 
xov 8s A, Z aXXa, a sxu)(£v, laaxi.; xoXXaxXaaia, xal to (iev 
xou r xoXXaxXaaiov xou xou A xoXXaxXaalou uxEpsxei, 
to 8e tou E xoXXaxXaaiov xou xou Z xoXXaxXaalou ou^ 
OxEpsxei, slX^cpDo, xal saxo xov ^lev T, E laaxi.; xoX- 
XaxXaaia xa H, 0, xov 8 e A, Z aXXa, a exu^sv, laaxi.; 
xoXXaxXaaia xa K, A, oaxs xo (isv H xou K uxspExeiv, xo 
8 e 0 xou A pr) Ox£p£X£i.v- xal oaaxXaaiov (isv eoxl xo H 
xou r, xoaauxaxXaaiov saxo xal to M xou A, oaaxXaaiov 
8 e xo K xou A, xoaauxaxXaaiov saxo xal to N xou B. 


and if (G' is) less (than L then H is also) less (than M, 
and K than N ) [Def. 5.5]. And, hence, if G exceeds L 
then G, H, K also exceed L, M, N, and if (G is) equal 
(to L then G, H, K are also) equal (to L, M, N) and 
if (G is) less (than L then G, //, K are also) less (than 
L, M, N ). And G and G, H, K are equal multiples of 
A and A, C, E (respectively), inasmuch as if there are 
any number of magnitudes whatsoever (which are) equal 
multiples, respectively, of some (other) magnitudes, of 
equal number (to them), then as many times as one of the 
(first) magnitudes is (divisible) by one (of the second), 
so many times will all (of the first magnitudes) also (be 
divisible) by all (of the second) [Prop. 5.1], So, for the 
same (reasons), L and L, M, N are also equal multiples 
of B and B, D, F (respectively). Thus, as A is to B, so 
A, C, E (are) to B, D, F (respectively). 

Thus, if there are any number of magnitudes whatso¬ 
ever (which are) proportional then as one of the leading 
(magnitudes is) to one of the following, so will all of the 
leading (magnitudes) be to all of the following. (Which 
is) the very thing it was required to show. 

7' etc. then a : a' :: (a + /? + 7 + • • •) : («' + /3' + 7 ' + - • •). 

Proposition 13 f 

If a first (magnitude) has the same ratio to a second 
that a third (has) to a fourth, and the third (magnitude) 
has a greater ratio to the fourth than a fifth (has) to a 
sixth, then the first (magnitude) will also have a greater 
ratio to the second than the fifth (has) to the sixth. 

A'-1 Ci- 1 E'-' 

B '-1 D-1 F '-1 

M'-1-1 G-1-1 Hi-1-1 

N'-'-'-1 K'-'-'-1 L'-'-1-1 

For let a first (magnitude) A have the same ratio to a 
second B that a third C (has) to a fourth D, and let the 
third (magnitude) C have a greater ratio to the fourth 
D than a fifth E (has) to a sixth F. I say that the first 
(magnitude) A will also have a greater ratio to the second 
B than the fifth E (has) to the sixth F. 

For since there are some equal multiples of C and 
E, and other random equal multiples of D and F, (for 
which) the multiple of C exceeds the (multiple) of D, 
and the multiple of E does not exceed the multiple of F 
[Def. 5.7], let them have been taken. And let G and H be 
equal multiples of G and E (respectively), and K and L 
other random equal multiples of D and F (respectively), 
such that G exceeds K, but H does not exceed L. And as 
many times as G is (divisible) by C, so many times let M 
be (divisible) by A. And as many times as I< (is divisible) 
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Kal sxsl sotiv Ac; to A xpoc; to B, outu<; to T xpoc; 
to A, xai siXrjxTai tAv psv A, T laaxic; xoXXaxXaaia toc 

M, H, tAv 8e B, A aXXa, a ETuyev, laaxic; xoXXaxXaaia toc 

N, K, si apa uxspsxei 16 M tou N, uxspsxei xal 16 H tou 
K, xal si iaov, iaov, xal si sXaTTov, sXXaTov. uxspsxci 8 s 
to H tou K- Oxspsxei apa xal to M tou N. to 8 s 0 tou 
A oux uxspsxei' xal sera Ta psv M, 0 tAv A, E laaxic; 
xoXXaxXaaia, toc 8 e N, A tAv B, Z aXXa, a STuycv, laaxic; 
xoXXaxXaaia- to apa A xpoc; to B psl([ova Xoyov sysi fjxsp 
to E xpoc; to Z. 

’Eav apa xpAxov Tipoc; 8suTspov tov auTov §x71 Xoyov 
xal TpiTov xpoc; TETapTov, Tpnrov 8s Tipoc; TETapTov psl([ova 
Xoyov sxT) fj xspxTov xpoc; sxtov, xal xpATov xpoc; 8suTspov 
psliljova Xoyov sljsi rj xspxTov xpoc; sxtov oxsp s8si Ssl^ai. 


by D, so many times let N be (divisible) by B. 

And since as A is to B, so C (is) to D, and the equal 
multiples M and G have been taken of A and C (respec¬ 
tively), and the other random equal multiples N and K 
of B and D (respectively), thus if M exceeds N then G 
exceeds K, and if (M is) equal (to N then G is also) 
equal (to K ), and if (M is) less (than N then G is also) 
less (than K ) [Def. 5.5]. And G exceeds K. Thus, M 
also exceeds N. And H does not exceeds L. And M and 
H are equal multiples of A and E (respectively), and N 
and L other random equal multiples of B and F (respec¬ 
tively). Thus, A has a greater ratio to B than E (has) to 
F [Def. 5.7]. 

Thus, if a first (magnitude) has the same ratio to a 
second that a third (has) to a fourth, and a third (magni¬ 
tude) has a greater ratio to a fourth than a fifth (has) 
to a sixth, then the first (magnitude) will also have a 
greater ratio to the second than the fifth (has) to the 
sixth. (Which is) the very thing it was required to show. 


t In modern notation, this proposition reads that if a : f3 :: 7 : S and 7 : 5 > e : ( then a : j3 > e : £. 


l 8 '. 

’Eccv xpArov xpoc; 8suTspov tov auTov syr) Xoyov xal 
TpiTOV xpoc; TETapTOV, TO 8s XpATOV TOU TpiTOU (iSl^OV ^ 
xal to SsuTspov tou TSTaprau psl^ov scnai, xav laov, Taov, 
xav sXaTTov, sXaTTov. 


A 1 -1 r<-1 

B 1 -1 A'-1 

IIpATov yap to A xpoc; 8suTspov to B auTov sxexw 
Xoyov xal TpiTov to T xpoc; TETapTov to A, psl^ov 8s sotw 
to A tou r- Xsy«, OTi xal to B tou A psT^ov sotiv. 

’Exsl yap to A tou T psl^bv sotiv, aXXo 8s, 6 etuxev, 
[psyshoc;] to B, to A apa xpoc; to B psl^ova Xoyov sysi 
fjxsp to r xpoc; to B. A<; 8s to A xpoc; to B, outcoc; to 
r xpoc; to A- xal to T apa xpoc; to A psl^ova Xoyov sysi 
fjxsp to E xpoc; to B. xpoc; 6 8s to auTo psl^ova Xoyov 
sxci, sxslvo sXaaaov sotiv sXaaaov apa to A tou B- Aote 
psT^ov soti to B tou A. 

'Opolwc; 8f] 8sl5opsv, oti xav Taov fj to A tA T, laov 
soTai xal to B tA A, xav sXaaaov fj to A tou T, sXaaaov 
saTai xal to B tou A. 

’Eav apa xpATOv xpoc; SsuTspov tov auTov zyr\ Xoyov 
xal TpiTov xpoc; TETapTov, to 8s xpATov tou TpLou psl^ov fj, 
xal to 8 suTspov tou TSTapTou psli[ov saTai, xav laov, laov, 
xav sXaTTov, sXaTTov oxsp s8si SsT^ai. 


Proposition 14 f 

If a first (magnitude) has the same ratio to a second 
that a third (has) to a fourth, and the first (magnitude) 
is greater than the third, then the second will also be 
greater than the fourth. And if (the first magnitude is) 
equal (to the third then the second will also be) equal (to 
the fourth). And if (the first magnitude is) less (than the 
third then the second will also be) less (than the fourth). 

A'- 1 C 1-1 

B 1 - 1 D 1 - 1 

For let a first (magnitude) A have the same ratio to a 
second B that a third C (has) to a fourth D. And let A be 
greater than C. I say that B is also greater than D. 

For since A is greater than C, and B (is) another ran¬ 
dom [magnitude], A thus has a greater ratio to B than C 
(has) to B [Prop. 5.8]. And as A (is) to B, so C (is) to 
D. Thus, C also has a greater ratio to D than C (has) to 
B. And that (magnitude) to which the same (magnitude) 
has a greater ratio is the lesser [Prop. 5.10], Thus, D (is) 
less than B. Hence, B is greater than D. 

So, similarly, we can show that even if A is equal to C 
then B will also be equal to D, and even if A is less than 
C then B will also be less than D. 

Thus, if a first (magnitude) has the same ratio to a 
second that a third (has) to a fourth, and the first (mag¬ 
nitude) is greater than the third, then the second will also 
be greater than the fourth. And if (the first magnitude is) 
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equal (to the third then the second will also be) equal (to 
the fourth). And if (the first magnitude is) less (than the 
third then the second will also be) less (than the fourth). 
(Which is) the very thing it was required to show. 

I In modern notation, this proposition reads that if a : 0 :: 7 : 8 then a = 7 as 0 = S. 


l£ . 


Proposition 15+ 


Ta pspr] xou; Aaauxtoc; itoXXaxXaaioic; xov auxov eyei 
Xoyov Xrjcp'dsvxa xaxaXXrjXa. 

A H © B 

i-1-1-1 i-1 


A K A E 

i-1-1-1 




Haxco yap iaaxic; xoXXaxXaaiov xo AB xou T xai xo AE 
xou Z- Xcyco, oxi saxlv Ac; xo T itpoc; xo Z, ouxax; xo AB 
itpoc; xo AE. 

’End yap iaaxic; Eaxi itoXXaitXaaiov xo AB xou T xai 
xo AE xou Z, oaa apa saxlv ev xA AB pEysflr] laa xA 
E, xoaauxa xai ev xA AE laa xA Z. Birpyjahw xo psv AB 
etc xa xA I laa xa AH, H@, 0B, xo 6 e AE si; xa xA Z 
laa xa AK, KA, AE' Eaxai 6f) Taov xo itXfj'doc; xAv AH, 
H0, 0B xA TxXrjHeL xAv AK, KA, AE. xai end laa saxi xa 
AH, H0, 0B aXXf|Xoic;, eaxi Be xai xa AK, KA, AE laa 
aXXr]Xoic;, eaxiv apa Ac; xo AH itpoc; xo AK, ouxgx; xo H0 
itpoc; xo KA, xai xo 0B itpoc; xo AE. eaxai apa xai Ac; ev 
xAv f)you(ieva>v itpo; ev xAv eitoqevcov, ouxto; aitavxa xa 
f]you(ieva itpo; aitavxa xa eitoqeva' eaxiv apa Ac; xo AH 
itpo; xo AK, ouxto; xo AB itpoc; xo AE. Taov 6 e xo qev AH 
xA E, xo Se AK xA Z' eaxiv apa Ac; xo E itpoc; xo Z ouxtoc; 
xo AB itpoc; xo AE. 

Ta apa pipr) xoi; Aaauxcoc; itoXXaitXaaioic; xov auxov 
eyei Xoyov Xrjcpflevxa xaxaXXrjXa- oitep e5ei 8 el^ai. 


Parts have the same ratio as similar multiples, taken 
in corresponding order. 


A G H B 

i-1-1-1 




D K L E 

i-1-1-1 P i-1 

For let AB and DE be equal multiples of C and F 
(respectively). I say that as C is to F, so AB (is) to DE. 

For since AB and DE are equal multiples of C and 
F (respectively), thus as many magnitudes as there are 
in AB equal to C, so many (are there) also in DE equal 
to F. Let AB have been divided into (magnitudes) AG, 
GH, HB, equal to C, and DE into (magnitudes) DK, 
KL, LE, equal to F. So, the number of (magnitudes) 
AG, GH, HB will equal the number of (magnitudes) 
DK, KL, LE. And since AG, GH, HB are equal to one 
another, and DK, KL, LE are also equal to one another, 
thus as AG is to DK, so GH (is) to KL, and HB to LE 
[Prop. 5.7]. And, thus (for proportional magnitudes), as 
one of the leading (magnitudes) will be to one of the fol¬ 
lowing, so all of the leading (magnitudes will be) to all of 
the following [Prop. 5.12]. Thus, as AG is to DK, so AB 
(is) to DE. And AG is equal to C, and DK to F. Thus, 
as C is to F, so AB (is) to DE. 

Thus, parts have the same ratio as similar multiples, 
taken in corresponding order. (Which is) the very thing 
it was required to show. 


' In modern notation, this proposition reads that a : 0 :: ma : m0. 


19'. 

’Eav xeaaapa peyeflr) avaXoyov rj, xai evaXXa^ avaXoyov 
eaxai. 

"Eaxco xeaaapa peyehr) avaXoyov xa A, B, T, A, A; xo 
A itpoc; xo B, ouxoc; xo T itpoc; xo A- Xeyco, 6 x 1 xai evaXXac; 
[avaXoyov] eaxai, A; xo A itpoc; xo T, ouxto; xo B itpoc; xo 
A. 

EiX^cpilw yap xAv pev A, B iaaxic; itoXXaitXaaia xa E, 
Z, xAv 8 e r, A aXXa, a exuyev, iaaxic; itoXXaitXaaia xa H, 
0 . 


Proposition 161 

If four magnitudes are proportional then they will also 
be proportional alternately. 

Let A, B, C and D be four proportional magnitudes, 
(such that) as A (is) to B, so C (is) to D. I say that they 
will also be [proportional] alternately, (so that) as A (is) 
to C, so B (is) to D. 

For let the equal multiples E and F have been taken 
of A and B (respectively), and the other random equal 
multiples G and H of C and D (respectively). 
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A'-1 F-1 A'- 1 o 

B i—i A i—i B i—i D f - 

E 1 -1-1-1 H 1 -1- 1 E 1 - 1 -1-1 G^ 


Z i—i—i—i ©|—i—i 

Kod end iadxic Sail xoXXaxXaoiov to E tou A xai to Z 
tou B, Ta 8s pcpr) tou; AoauTCK xoXXaxXaaioic tov aikov 
Eyei Xoyov, eotiv apa ok to A xpoc; to B, outgk to E xpoc; 
to Z. Ac; 8 e to A xpoc; to B, outgk to T Tipoc; to A- xal (be; 
apa to r Tipoc; to A, outgk to E xpoc; to Z. xaXiv, eitel Ta 
H, 0 tAv r, A ioaxu; eotI xoXXaxXaoia, eotiv apa Ac; to T 
Tipoc; to A, outgk to H Tipoc; to 0. Ac; 8s to T Tipoc; to A, 
[outgk] to E Tipoc; to Z - xal A<; apa to E xpoc; to Z, outgk 
to H Tipoc; to 0. sav Ss TEooapa pisys'dr] dvaXoyov fj, to 8s 

TipATOV TOU TpiTOU (iSl^OV fj, Xal TO 8£UT£pOV TOU TETapTOU 
psl^ov soTai, xav ’ioov, laov, xav sXaTTOv, sXaTTov. si apa 
UTispExei to E tou H, OxEpEyEi xal to Z tou 0, xal el laov, 
ioov, xal ei sXaTTOv, sXaTTov. xal eoti Ta psv E, Z tAv 
A, B ioaxu; xoXXaxXaoia, Ta 8s H, 0 tAv T, A aXXa, a 
etuxev, ioaxu; xoXXaxXaoia - eotiv apa Ac; to A xpoc; to T, 
outgk to B xpoc; to A. 

’Eav apa TEaaapa psycUr] avaXoYov fj, xal svaXXac; 
avaXoYov SaTai - oxsp e8ei SsT^ai. 


p I- 1 - 1 - 1 PJi- 1 - 1 

And since E and F are equal multiples of A and B 
(respectively), and parts have the same ratio as similar 
multiples [Prop. 5.15], thus as A is to B, so E (is) to F. 
But as A (is) to B, so C (is) to D. And, thus, as C (is) 
to D, so E (is) to F [Prop. 5.11]. Again, since G and F[ 
are equal multiples of C and D (respectively), thus as C 
is to D, so G (is) to U [Prop. 5.15]. But as C (is) to D, 
[so] E (is) to F. And, thus, as E (is) to F, so G (is) to 
II [Prop. 5.11]. And if four magnitudes are proportional, 
and the first is greater than the third then the second will 
also be greater than the fourth, and if (the first is) equal 
(to the third then the second will also be) equal (to the 
fourth), and if (the first is) less (than the third then the 
second will also be) less (than the fourth) [Prop. 5.14]. 
Thus, if E exceeds G then F also exceeds H, and if (E is) 
equal (to G then F is also) equal (to IT), and if (E is) less 
(than G then F is also) less (than IT). And E and F are 
equal multiples of A and B (respectively), and G and H 
other random equal multiples of C and D (respectively). 
Thus, as A is to C, so B (is) to D [Def. 5.5], 

Thus, if four magnitudes are proportional then they 
will also be proportional alternately. (Which is) the very 
thing it was required to show. 


' In modern notation, this proposition reads that if a : /3 :: 7 : <5 then a : 7 :: /3 : S. 


c. 

’Eav auYXEipEva ^eyeDt] avaXoYov fj, xai BiaipsDsvTa 
avaXoYov EGTai. 

A E B r Z A 

I-1-1 I-1-1 

H © K 3 

I-1-1-1 

A M N IT 

1-1-1-1 

’'Egtco GUYXEipsva pEYedt) avaXoYov Ta AB, BE, FA, 
AZ, Ac; to AB xpoi; to BE, outok to TA xpoi; to AZ - 
Xeyg>, oti xai 8iaip£i9£VTa avaXoYov EGTai, A<; to AE xpoc; 
to EB, outgk to TZ xpoc; to AZ. 

EiXyjcp'do) y“P tAv psv AE, EB, TZ, ZA loaxic xoX- 
XaxXaGia Ta H0, 0K, AM, MN, tAv 8e EB, ZA aXXa, a 
etuxev, ioaxu; xoXXaxXaoia Ta KS, Nil. 

Kai ex si loaxic; eotI xoXXaxXaoiov to H0 tou AE xai 
to 0K tou EB, ioaxu; apa egtI xoXXaxXaoiov to H0 tou 


Proposition 17 f 

If composed magnitudes are proportional then they 
will also be proportional (when) separarted. 

A E B C F D 

1-1-1 1-1-1 

G H K O 

1-1-1-1 

L MNP 

1-1-1-1 

Let AB, BE, CD, and DF be composed magnitudes 
(which are) proportional, (so that) as AB (is) to BE, so 
CD (is) to DF. I say that they will also be proportional 
(when) separated, (so that) as AE (is) to EB, so CF (is) 
to DF. 

For let the equal multiples GH, HK, LM, and MN 
have been taken of AE, EB, CF, and FD (respectively), 
and the other random equal multiples KO and NP of 
EB and FD (respectively). 
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AE xal to HK tou AB. Eaaxic; Be eaTi xoXXaxXaaiov to H@ 
tou AE xal to AM tou TZ • Eaaxic apa ectti xoXXaxXaaiov 
to HK too AB xal to AM tou TZ. xaXiv, exel Eaaxu; ecttI 
xoXXaxXaaiov to AM tou EZ xal to MN tou ZA, Eaaxic; apa 
earl xoXXaxXaaiov to AM tou TZ xal to AN tou TA. Eaaxu; 
Be rjv xoXXaxXaaiov to AM tou TZ xal to HK tou AB' 
Eaaxu; apa sad xoXXaxXaaiov to HK tou AB xal to AN tou 
TA. Ta HK, AN apa twv AB, TA Eaaxu; sad xoXXaxXaaia. 
xaXiv, exel Eaaxu; ead xoXXaxXaaiov to @K tou EB xal to 
MN tou ZA, eaTi Be xal to KS tou EB Eaaxu; xoXXaxXaaiov 
xal to Nn tou ZA, xal auvTeDev to 0S tou EB Eaaxu; ead 
xoXXaxXaaiov xal to Mn tou ZA. xal exei eaTiv Ac; to AB 
xpoc; to BE, outoc; to TA xpoc; to AZ, xal elXr]XTai tAv 
pev AB, TA Eaaxu; xoXXaxXaaia Ta HK, AN, tAv Be EB, 
ZA Eaaxu; xoXXaxXaaia Ta 0S, Mn, eE apa uxepexei to 
HK tou 0S, Uxepexei xal to AN tou Mn, xal eE laov, laov, 
xal eE eXaTTov, eXaTTov. OxepexeTW Bf) to HK tou 0S, 
xal xoivou acpaipebevToc; tou 0K uxepexei apa xal to H0 
tou KS. aXXa eE uxepelxe to HK tou 0S uxepelxe xal to 
AN tou Mn- uxepexei apa xal to AN tou Mn, xal xoivou 
acpaipe-devTOi; tou MN uxepexei xal to AM tou Nn- Aaxe 
eE uxepexei to H0 tou KS, uxepexei xal to AM tou Nn. 
opoiax; Bf] BelEiopev, oti xav laov fj to H0 tA KS, laov 
EaTai xal to AM tA Nn, xav eXaTTov, eXaTTov. xal eaTi Ta 
pev H0, AM tAv AE, EZ Eaaxu; xoXXaxXaaia, Ta Be KS, 
Nn tAv EB, ZA aXXa, a etuxev, Eaaxu; xoXXaxXaaia' eaTiv 
apa Ac; to AE xpoc; to EB, outoc; to TZ xpoc; to ZA. 

’Eav apa auyxelpieva (leYeDr) avaXoyov fj, xal Biai- 
peDevTa avaXoyov eaTau oxep eBei Bel^au 


And since GH and HK are equal multiples of AE and 
EB (respectively), GH and GK are thus equal multiples 
of AE and AB (respectively) [Prop. 5.1]. But GH and 
LM are equal multiples of AE and CF (respectively). 
Thus, GK and LAI are equal multiples of AB and CF 
(respectively). Again, since LM and MN are equal mul¬ 
tiples of CF and FD (respectively), LM and LN are thus 
equal multiples of CF and CD (respectively) [Prop. 5.1]. 
And LM and GK were equal multiples of CF and AB 
(respectively). Thus, GK and LN are equal multiples 
of AB and CD (respectively). Thus, GK, LN are equal 
multiples of AB, CD. Again, since HK and MN are 
equal multiples of EB and FD (respectively), and KO 
and NP are also equal multiples of EB and FD (respec¬ 
tively), then, added together, HO and MP are also equal 
multiples of EB and FD (respectively) [Prop. 5.2]. And 
since as AB (is) to BE, so CD (is) to DF, and the equal 
multiples GK, LN have been taken of AB, CD, and the 
equal multiples HO, MP of EB, FD, thus if GK exceeds 
HO then LN also exceeds MP, and if ( GK is) equal (to 
HO then LN is also) equal (to MP), and if ( GK is) less 
(than HO then LN is also) less (than MP) [Def. 5.5]. 
So let GK exceed HO, and thus, HK being taken away 
from both, GH exceeds KO. But (we saw that) if GK 
was exceeding HO then LN was also exceeding MP. 
Thus, LN also exceeds MP, and, MN being taken away 
from both, LAI also exceeds NP. Hence, if GH exceeds 
KO then LAI also exceeds NP. So, similarly, we can 
show that even if GH is equal to KO then LAI will also 
be equal to NP, and even if ( GH is) less (than KO then 
LAI will also be) less (than NP). And GH, LAI are equal 
multiples of AE, CF, and KO, NP other random equal 
multiples of EB, FD. Thus, as AE is to EB, so CF (is) 
to FD [Def. 5.5], 

Thus, if composed magnitudes are proportional then 
they will also be proportional (when) separarted. (Which 
is) the very thing it was required to show. 


' In modern notation, this proposition reads that ifa + /3:/3::y + <5:(5 then a : j3 :: 7 : <5. 


IT)'. 


’Eav Birjprjpeva peyehr) avaXoyov fj, xal auvrellevTa 
avaXoyov eaTai. 

A E B 

1-1-1 


Proposition lS 1 ^ 

If separated magnitudes are proportional then they 
will also be proportional (when) composed. 

A E B 

1-1-1 


r Z H A 

I-1-1-1 

TCaTM 8ir)pr)peva peyehr] avaXoyov Ta AE, EB, TZ, ZA, 
Ac; to AE xpoc; to EB, outgx; to TZ xpoc; to ZA' Xeyco, 
oti xal auvTeHevTa avaXoyov eaTai, Ac; to AB xpoc; to BE, 


C F G D 

1-1-1-1 

Let AE, EB, CF, and FD be separated magnitudes 
(which are) proportional, (so that) as AE (is) to EB, so 
CF (is) to FD. I say that they will also be proportional 
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OUT OC TO TA TtpOC TO ZA. 

EE yap [irj ecrriv Ac to AB itpoc to BE, outwc to TA 
itpoc to AZ, ECTTai Ac to AB itpoc to BE, outox to TA 
f)Toi itpoc cXaaaov ti tou AZ fj npoc; pcT^ov. 

"Egtco itpoTEpov itpoc cXaaoov to AH. xal eiteE ecttiv Ac; 
to AB itpoc; to BE, outwc to TA itpoc; to AH, auyxEipcva 
psycUr] avaXoyov caw Actte xal BiaipeiSevTa avaXoyov 
Ecrtai. eotiv apa Ac; to AE itpoc; to EB, outmc to TH itpoc; 
to HA. uitoxEirai Se xal Ac; to AE itpoc to EB, outgx to 
rZ itpoc; to ZA. xal Ac; apa to TH itpoc; to HA, outcoc to 
rZ itpoc; to ZA. psl^ov Se to itpATov to TH tou Tprtou tou 
rZ' (iel^ov apa xal to 8suTEpov to HA tou TETaprou tou 
ZA. aXXa xal eXaTTov oitep sotIv aSuvarov oux apa ecttIv 
Ac; to AB itpoc; to BE, outcoc to TA itpoc; sXaaaov tou 
ZA. opoiwc 6f] Bsi^opsv, oti ou8e itpoc; psi^ov itpoc; auTo 
apa. 

’Eav apa SirjpTjpiva pEysOr) avaXoyov rj, xal auvTeDevTa 
avaXoyov scmac oitep eSsi Sel^ai. 


(when) composed, (so that) as AB (is) to BE, so CD (is) 
to FD. 

For if (it is) not (the case that) as AB is to BE, so 
CD (is) to FD, then it will surely be (the case that) as 
AB (is) to BE, so CD is either to some (magnitude) less 
than DF, or (some magnitude) greater (than DF)} 

Let it, first of all, be to (some magnitude) less (than 
DF), (namely) DC. And since composed magnitudes 
are proportional, (so that) as AB is to BE, so CD (is) to 
DC, they will thus also be proportional (when) separated 
[Prop. 5.17]. Thus, as AE is to EB, so CG (is) to CD. 
But it was also assumed that as AE (is) to EB, so CF 
(is) to FD. Thus, (it is) also (the case that) as CG (is) 
to CD, so CF (is) to FD [Prop. 5.11]. And the first 
(magnitude) CG (is) greater than the third CF. Thus, 
the second (magnitude) CD (is) also greater than the 
fourth FD [Prop. 5.14]. But (it is) also less. The very 
thing is impossible. Thus, (it is) not (the case that) as AB 
is to BE, so CD (is) to less than FD. Similarly, we can 
show that neither (is it the case) to greater (than FD). 
Thus, (it is the case) to the same (as FD). 

Thus, if separated magnitudes are proportional then 
they will also be proportional (when) composed. (Which 
is) the very thing it was required to show. 


* In modern notation, this proposition reads that if a : 0 ■ ■ 7 : 5 then a + /3 : (3 :: 7 + S : S. 

t Here, Euclid assumes, without proof, that a fourth magnitude proportional to three given magnitudes can always be found. 


10 '. 

’Eav rj Ac; oXov itpoc; oXov, outcoc acpatpshev itpoc; acpai- 
peDcv, xal to Xoutov itpoc; to Xoutov ccrcai A<; oXov itpoc; 
oXov. 

A E B 

1-1-1 

r z a 

1-1-1 

’'Ecrao yap Ac; oXov to AB itpoc; oXov to TA, outcoc; 
acpaipEllsv to AE itpoc; acpsipsilev to TZ- Xcyo, oti xal 
Xoutov to EB itpoc; Xoutov to ZA ccrcai Ac oXov to AB 
itpoc oXov to TA. 

’Eitel yap ecttiv Ac to AB itpoc to TA, outcoc to AE 
itpoc to rZ, xal EvaXXac; Ac to BA itpoc to AE, outwc 
to Ar itpoc to rZ. xal sitsl auyxsipsva pEysOr) avaXoyov 
eotiv, xal BiaipsOsvTa avaXoyov EOTai, Ac to BE itpoc to 
EA, outcoc to AZ itpoc to TZ• xal EvaXXac;, Ac to BE itpoc 
to AZ, outooc to EA itpoc to ZI\ Ac 8e to AE itpoc to TZ, 
outcoc uitoxsiTai oXov to AB itpoc oXov to TA. xal Xoutov 
apa to EB itpoc Xoutov to ZA EGTai Ac oXov to AB itpoc 
oXov to TA. 

’Eav apa fj Ac oXov itpoc oXov, outwc acpaipsOEv itpoc 


Proposition 19 f 

If as the whole is to the whole so the (part) taken 
away is to the (part) taken away then the remainder to 
the remainder will also be as the whole (is) to the whole. 

A E B 

1-1-1 

C F D 

1-1-1 

For let the whole AB be to the whole CD as the (part) 
taken away AE (is) to the (part) taken away CF. I say 
that the remainder EB to the remainder FD will also be 
as the whole AB (is) to the whole CD. 

For since as AB is to CD, so AE (is) to CF, (it is) 
also (the case), alternately, (that) as BA (is) to AE, so 
DC (is) to CF [Prop. 5.16]. And since composed magni¬ 
tudes are proportional then they will also be proportional 
(when) separated, (so that) as BE (is) to EA, so DF (is) 
to CF [Prop. 5.17]. Also, alternately, as BE (is) to DF, 
so EA (is) to FC [Prop. 5.16]. And it was assumed that 
as AE (is) to CF, so the whole AB (is) to the whole CD. 
And, thus, as the remainder EB (is) to the remainder 
FD, so the whole AB will be to the whole CD. 
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acpcapE'dsv, xal to Xoitiov Tipoc; to Xoitiov EGTai Ac oXov 
xpoc oXov [onep eBei Belial]. 

[Kal eiieI e8eCx' 1 ^ r ] Ac to AB xpoc to TA, outojc to EB 
Tipoc to ZA, xal svaXXa5 Ac to AB xpoc to BE outwc to 
TA xpoc to ZA, auyxslpEva apa psycUr] avaXoyov saw 
sSElxilr] 8s Ac to BA xpoc to AE, outcoc to Ar xpoc to 
TZ- xal ECTTiv avaaTpstjiavTi]. 


IIopiGpa. 

’Ex of] toutou ipavspov, oti sav auyxslpEva (leys'dr) 
avaXoyov fj, xal dvaaTp£i|ravTi avaXoyov savar oxcp eBei 
BsT^ai. 

T In modern notation, this proposition reads that if a : /3 :: y : 5 then a : 
t In modern notation, this corollary reads that if a : /3 :: 7 : 5 then a : a 

X. 

’Eav fj Tpla (isyEflr] xal aXXa auToIc laa to xXfjfloc, 
auvBuo XapPavopsva xal sv tA auTA Xoyco, BP laou Be to 

TtpATOV TOO TpiTOU (iEl^OV fj, Xal TO TETapTOV TOO EXTOU 
psi^ov saTai, xav laov, laov, xav sXaTTov, sXaTTov. 


A'- 

-' 

T> | 

H E^ 

D 1 

F- 

- 1 7a 


THaTcr Tpla psycUr] Ta A, B, T, xal aXXa auToIc laa to 
TrXfjifJoc Ta A, E, Z, auvBuo XapPavopsva sv tA auTA Xoyw, 
Ac psv to A itpoc to B, outcpc to A Tipoc to E, Ac Be to B 
Tipoc TO r, OUT«C TO E Tipoc TO Z, BP laOU OS p£li(oV EOTCD 
to A too r- XEyto, oti xal to A tou Z pcl^ov saTai, xav 
laov, laov, xav sXaTTov, sXaTTov. 

’Exsl yap psl^ov saw to A tou T, aXXo Be tl to B, to Be 
psl^ov Tipoc to auTO psl^ova Xoyov cyci fjxsp to sXaTTov, 
to A apa Tipoc to B psli^ova Xoyov e^ei fjxsp to T Tipoc to 
B. aXX’ Ac psv to A Tipoc to B [outoc] to A Tipoc to E, Ac 
8e to r Tipoc to B, avaxaXiv outwc to Z xpoc to E- xal to 
A apa Tipoc to E (isl^ova Xoyov e^si fjTisp to Z tipoc to E. 
tAv Be tipoc to auTO Xoyov e^ovtcov to psli^ova Xoyov syov 
psTi^ov ecttiv. psl^ov apa to A tou Z. opolwc 8f] Ssl^opEv, 
oti xav laov fj to A tA T, laov saTai xal to A tA Z, xav 


Thus, if as the whole is to the whole so the (part) 
taken away is to the (part) taken away then the remain¬ 
der to the remainder will also be as the whole (is) to 
the whole. [(Which is) the very thing it was required to 
show.] 

[And since it was shown (that) as AB (is) to CD, so 
EB (is) to FD, (it is) also (the case), alternately, (that) 
as AB (is) to BE, so CD (is) to FD. Thus, composed 
magnitudes are proportional. And it was shown (that) 
as BA (is) to AE, so DC (is) to CF. And (the latter) is 
converted (from the former).] 

Corollary* 

So (it is) clear, from this, that if composed magni¬ 
tudes are proportional then they will also be proportional 
(when) converted. (Which is) the very thing it was re¬ 
quired to show. 

/3 :: a — 7 : 0 — 8. 

— (3 :: 7 : 7 — 5. 

Proposition 20t 

If there are three magnitudes, and others of equal 
number to them, (being) also in the same ratio taken two 
by two, and (if), via equality, the first is greater than the 
third then the fourth will also be greater than the sixth. 
And if (the first is) equal (to the third then the fourth 
will also be) equal (to the sixth). And if (the first is) less 
(than the third then the fourth will also be) less (than the 
sixth). 

A 1 - 1 D- 1 

B 1 - 1 E 1 - 1 

C 1-1 F 1-1 

Let A, B, and C be three magnitudes, and D, E, F 
other (magnitudes) of equal number to them, (being) in 
the same ratio taken two by two, (so that) as A (is) to B, 
so D (is) to E, and as B (is) to C, so E (is) to F. And let 
A be greater than C, via equality. I say that D will also 
be greater than F. And if (A is) equal (to C then D will 
also be) equal (to F). And if (A is) less (than C then D 
will also be) less (than F). 

For since A is greater than C, and B some other (mag¬ 
nitude), and the greater (magnitude) has a greater ratio 
than the lesser to the same (magnitude) [Prop. 5.8], A 
thus has a greater ratio to B than C (has) to B. But as A 
(is) to B, [so] D (is) to E. And, inversely, as C (is) to B, 
so F (is) to E [Prop. 5.7 corn]. Thus, D also has a greater 
ratio to E than F (has) to E [Prop. 5.13], And for (mag- 
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eXaxxov, eXaxxov. 

’Eav apa fj xpla peyebr) xal aXXa auxolc; laa xo itXfjboc;, 
auv8uo XapPavopeva xai ev xo auxo Xoyw, Sf laou Se xo 
xpAxov xou xplxou peli^ov fj, xal xo xexapxov xou exxou 
peliljov eaxai, xav iaov, iaov, xav eXaxxov, eXaxxov oxep 
e8ei 8elc;ai. 


t In modern notation, this proposition reads that if a : (3 :: S : e and /3 : 

xa'. 

’Eav fj xpla peyeflr] xal aXXa auxolc; Taa xo KXrjboc; 
auv8uo Xap.pavop.eva xal ev xA auxA Xoyo, fj 8e xexa- 
paypevr) auxAv f] avaXoyla, of laou 8e xo itpAxov xou 
xplxou peli^ov fj, xal xo xexapxov xou exxou peli^ov eaxai, 
xav iaov, ’laov, xav eXaxxov, eXaxxov. 


A'- 

-1 

T) | 1 


D 1 1 

r- 



’'Eaxco xpla peyeDr) xa A, B, T xal aXXa auxolc; ’la a xo 
xXfjDoc; xa A, E, Z, auv8uo XapPavopeva xal ev xp auxA 
Xoycp, eaxto 8e xexapaypevr) auxAv f\ avaXoyla, A<; pev xo 
A xpoc; xo B, ouxoc xo E xpoc; xo Z, A<; 8e xo B xpo<; xo T, 
ouxctx; xo A xpoc; xo E, 81’ laou 8e xo A xou T peT^ov eaxw 
Xeyw, oxl xal xo A xou Z peT^ov eaxai, xav I'aov, laov, xav 
eXaxxov, eXaxxov. 

Tkel yap peT^ov eaxi xo A xou F, aXXo 8e xi xo B, xo 
A apa xpoc; xo B pel^ova Xoyov e^ei rjxep xo T xpoc; xo B. 
aXX’ A<; pev xo A xpoc; xo B, ouxoc; xo E xpoc; xo Z, Ac; 
8e xo r xpoc; xo B, avaxaXiv ouxok xo E xpoc; xo A. xal 
xo E apa xpoc; xo Z pel^ova Xoyov s/ei rjxep xo E xpog xo 
A. xpoc; 6 8e xo auxo pel^ova Xoyov sxslvo eXaaaov 
eaxiv eXaaaov apa eaxl xo Z xou A- peT^ov apa eaxl xo A 
xou Z. opolwc; 8f] 8e[^opev, oxi xav laov fj xo A xA T, laov 
eaxai xal xo A xA Z, xav eXaxxov, eXaxxov. 

’Eav apa fj xpla peyeDr] xal aXXa auxolc; laa xo xXfjDoc;, 
auv8uo XapPavopeva xal ev xA auxA Xoyo, fj 8e xexa¬ 
paypevr) auxAv f] avaXoyla, 81’ I'aou 8e xo xpAxov xou xplxou 
peT^ov fj, xal xo xexapxov xou exxou peTi^ov eaxai, xav laov, 


nitudes) having a ratio to the same (magnitude), that 
having the greater ratio is greater [Prop. 5.10]. Thus, 
D (is) greater than F. Similarly, we can show that even if 
A is equal to C then D will also be equal to F, and even 
if (A is) less (than C then D will also be) less (than F). 

Thus, if there are three magnitudes, and others of 
equal number to them, (being) also in the same ratio 
taken two by two, and (if), via equality, the first is greater 
than the third, then the fourth will also be greater than 
the sixth. And if (the first is) equal (to the third then the 
fourth will also be) equal (to the sixth). And (if the first 
is) less (than the third then the fourth will also be) less 
(than the sixth). (Which is) the very thing it was required 
to show. 

:: e : f then a = 7 as <5 = £. 

Proposition 211 

If there are three magnitudes, and others of equal 
number to them, (being) also in the same ratio taken two 
by two, and (if) their proportion (is) perturbed, and (if), 
via equality, the first is greater than the third then the 
fourth will also be greater than the sixth. And if (the first 
is) equal (to the third then the fourth will also be) equal 
(to the sixth). And if (the first is) less (than the third then 
the fourth will also be) less (than the sixth). 

A i-1 D 1 -1 

B 1 - 1 E 1 - 1 

C 1 - 1 F i-1 

Let A, B, and C be three magnitudes, and D, E, F 
other (magnitudes) of equal number to them, (being) in 
the same ratio taken two by two. And let their proportion 
be perturbed, (so that) as A (is) to B, so E (is) to F, and 
as B (is) to C, so D (is) to E. And let A be greater than 
C, via equality. I say that D will also be greater than F. 
And if ( A is) equal (to C then D will also be) equal (to 
F). And if ( A is) less (than C then D will also be) less 
(than F). 

For since A is greater than C, and B some other (mag¬ 
nitude), A thus has a greater ratio to B than C (has) to 
B [Prop. 5.8]. But as A (is) to B, so E (is) to F. And, 
inversely, as C (is) to B, so E (is) to D [Prop. 5.7 corn]. 
Thus, E also has a greater ratio to F than E (has) to D 
[Prop. 5.13]. And that (magnitude) to which the same 
(magnitude) has a greater ratio is (the) lesser (magni¬ 
tude) [Prop. 5.10]. Thus, F is less than D. Thus, D is 
greater than F. Similarly, we can show that even if A is 
equal to C then D will also be equal to F, and even if ( A 
is) less (than C then D will also be) less (than F). 


150 




ET0IXEK1N s'. 


ELEMENTS BOOK 5 


loov, xav eXaxxov, eXaxxov- oxep eSei Belial. Thus, if there are three magnitudes, and others of 

equal number to them, (being) also in the same ratio 
taken two by two, and (if) their proportion (is) per¬ 
turbed, and (if), via equality, the first is greater than the 
third then the fourth will also be greater than the sixth. 
And if (the first is) equal (to the third then the fourth 
will also be) equal (to the sixth). And if (the first is) less 
(than the third then the fourth will also be) less (than the 
sixth). (Which is) the very thing it was required to show. 

t In modern notation, this proposition reads that if a : j3 :: e : C, and /3 : 7 :: S : e then a = 7 as 5 = £. 


x(3\ 

’Eav rj oxoaaouv peyeOr] xal aXXa auxolc; laa to xXfjOoc;, 
auvBuo XapPavopeva xal ev xA auxA Xoyco, xal Si’ laou ev 
tw auxA Xoyco eaxai. 

Ai- 1 b- 1 r- 1 

A- 1 Ei- 1 Z>- 1 

A-1-1 I<-1-1-1 I§i-1-1 

©1-t-1 A'-*-*-1 N'-*-1 

TIcttcp oxoaaouv peyedr] xa A, B, T xal aXXa auxolc; laa 
xo TxXfj'Ooc; xa A, E, Z, auvBuo XapPavopeva ev xA auxA 
Xoyo, Ac; pev xo A xpoc; xo B, ouxco<; xo A xpoc; to E, Ac; 
Be xo B xpoc; xo T, ouxwc; to E xpoc; xo Z- Xeyco, 6 x 1 xal 
8 i° laou ev xA auxco Xoyco eaxai. 

ElX^cphcp yap xAv pev A, A iaaxic; xoXXaxXaaia xa H, 
0, xAv Be B, E aXXa, a exuyev, iaaxic; xoXXaxXaaia xa K, 
A, xal exi xAv T, Z aXXa, a exuyev, iaaxic; xoXXaxXaaia xa 

M, N. 

Kal exei eaxiv Ac; to A xpoc; xo B, ouxoc; xo A xpoc; xo 
E, xal eTXrjxxai xAv pev A, A iaaxic; xoXXaxXaaia xa H, 0, 
xAv Be B, E aXXa, a exuyev, iaaxic; TtoXXaTtXaoia xa K, A, 
eaxiv apa Ac; xo H xpoc; to K, ouxcpc; xo 0 xpoc; xo A. Bla 
xa auxa 5f) xal Ac; to K xpoc; xo M, ouxcoc; xo A xpoc; xo 

N. exel ouv xpia peyehr) eaxl xa H, K, M, xal aXXa auxolc; 
’(aa xo Tikrfioz xa 0, A, N, auvBuo XapPavopeva xal ev xA 
auxA Xoyto, Bd laou apa, ei uitepexei xo H xou M, uitepexei 
xal xo 0 xou N, xal ei laov, laov, xal ei eXaxxov, eXaxxov. 
xai eaxi xa pev H, 0 xAv A, A iaaxic; itoXXaitXaaia, xa Be 
M, N xAv r, Z aXXa, a exuyev, iaaxic; itoXXaitXaaia. eaxiv 
apa Ac; xo A xpoc; xo T, ouxcpc; xo A xpoc; to Z. 

’Eav apa ^ oxoaaouv peyehr] xai aXXa auxolc; laa xo 
xXfjDoc;, auvBuo XapPavopeva ev xA auxA Xoycp, xai Bi’Iaou 
ev xA auxA Xoycp eaxai- oxep eBei Bel^ai. 


Proposition 22 f 

If there are any number of magnitudes whatsoever, 
and (some) other (magnitudes) of equal number to them, 
(which are) also in the same ratio taken two by two, then 
they will also be in the same ratio via equality. 

Ajfr-1 B 1-1 P-1 

D- 1 Ei- 1 F- 1 

G-1-1 K-1-1-1 ||-1-1 

Hi-1-1 Li-1-1-1 N-1-1 

Let there be any number of magnitudes whatsoever, 
A, B, C, and (some) other (magnitudes), D, E, F, of 
equal number to them, (which are) in the same ratio 
taken two by two, (so that) as A (is) to B, so D (is) to 
E, and as B (is) to C, so E (is) to F. I say that they will 
also be in the same ratio via equality. (That is, as A is to 
C, so D is to F.) 

For let the equal multiples G and H have been taken 
of A and D (respectively), and the other random equal 
multiples K and L of B and E (respectively), and the 
yet other random equal multiples M and N of C and F 
(respectively). 

And since as A is to B, so D (is) to E, and the equal 
multiples G and fT have been taken of A and D (respec¬ 
tively), and the other random equal multiples K and L 
of B and E (respectively), thus as G is to K, so II (is) to 
L [Prop. 5.4]. And, so, for the same (reasons), as K (is) 
to M, so L (is) to N. Therefore, since G, K, and M are 
three magnitudes, and H, L, and N other (magnitudes) 
of equal number to them, (which are) also in the same 
ratio taken two by two, thus, via equality, if G exceeds M 
then iT also exceeds N, and if (G is) equal (to M then FI 
is also) equal (to TV), and if (G is) less (than M then H is 
also) less (than N ) [Prop. 5.20]. And G and H are equal 
multiples of A and D (respectively), and M and N other 
random equal multiples of C and F (respectively). Thus, 
as A is to G, so D (is) to F [Def. 5.5], 

Thus, if there are any number of magnitudes what¬ 
soever, and (some) other (magnitudes) of equal number 
to them, (which are) also in the same ratio taken two by 
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two, then they will also be in the same ratio via equality. 
(Which is) the very thing it was required to show. 


t In modern notation, this proposition reads that if a : /3 :: e : £ and /3 : 7 :: £ : r/ and 'y : S :: ij : 6 then a : S :: e : 0 . 


xy'. 

’Eav fj xpia psycUr) xai aXXa auxou; iaa to xXrydoc; 
auv 8 uo XapPavopcva ev to auxA Xoyw, fj 8 s TExapaypEvrj 
auxAv f) avaXoyia, xal 81 ’ laou ev to auxA Xoyco saxai. 

A 1 - 1 b 1 — 1 r 1 - 1 

A —1 E'- 1 Z —1 

j-[i-1-1-1 ©'— 1 — 1 — 1 A 1 - 1 - 1 

Kb—1—i—1 Mi-1-1 N'—'—1 

’'Ecran xpia pEysflrj xa A, B, T xal aXXa auxoic; Iaa xo 
TtXrj'Ooc auv 8 uo Xa[if3av6(i£va ev xA auxA Xoyto xa A, E, Z, 
Eaxto 5s xExapaypiEvr) auxAv fj avaXoyia, Ac; psv xo A xpoc; 
xo B, ouxgx; to E xpoc; xo Z, Ac; 5s xo B xpoc; xo T, ouxcoc; 
xo A xpoc; to E- Xsym, oxi saxiv Ac; xo A xpoc; xo T, ouxcoc; 
xo A xpoc; to Z. 

EiXfjCplko xAv piEv A, B, A iaaxic; xoXXaxXaaia xa H, 0, 
K, xAv 8 e F, E, Z aXXa, a Exuysv, iaaxic; xoXXaxXaaia xa 
A, M, N. 

Kal exsI iaaxic; saxi xoXXaxXaaia xa H, 0 xAv A, B, xa 
8 s jisprj xolg Aaauxcoc; xoXXaxXaaioic xov auxov sysi Xoyov, 
saxiv apa Ac; xo A xpoc; xo B, ouxtoc; xo H xpoc; xo 0. 81 a 
xa auxa 8 fj xal Ac; xo E xpoc; xo Z, ouxcoc; xo M xpoc; xo N- 
xai saxiv Ac; xo A xpoc; xo B, ouxcoc; xo E xpoc; xo Z' xal Ac; 
apa xo H xpoc; xo 0, ouxcoc; xo M xpoc; xo N. xal sxsi saxiv 
Ac; xo B xpoc; xo F, ouxcoc; xo A xpoc; xo E, xal svaXXac; 
Ac; xo B xpoc; xo A, ouxcoc; xo T xpoc; xo E. xal sxsi xa 
0, K xAv B, A iaaxic; saxl xoXXaxXaaia, xa Ss (isprj xou; 
iaaxic; xoXXaxXaaioic; xov auxov sysi Xoyov, saxiv apa Ac; 
xo B xpoc; to A, ouxcoc; xo 0 xpoc; xo K. aXX’ Ac; xo B xpoc; 
xo A, ouxcoc; xo F xpoc; xo E' xai Ac; apa xo 0 xpoc; xo K, 
ouxcoc; to r xpoc; xo E. xaXiv, sxsi xa A, M xAv F, E iaaxic; 
saxi xoXXaxXaaia, saxiv apa Ac; xo T xpoc; xo E, ouxcoc; xo 
A xpoc; xo M. aXX’ Ac; xo F xpoc; xo E, ouxcnc; xo 0 xpoc; 
to K' xai Ac; apa xo 0 xpoc; xo K, outgx; xo A xpoc; xo M, 
xai svaXXa^ Ac; xo 0 xpoc; xo A, xo K xpoc; xo M. ESsi)(hr] 
8 e xai Ac; xo H xpoc; xo 0, ouxwc; xo M xpoc; xo N. exeI 
ouv xpia piEyEhrj saxl xa H, 0, A, xai aXXa auxoic; laa xo 
xXfjhoc; xa K, M, N auv 8 uo Xapi[3av6p.Eva ev xA auxA Xoyw, 
xai saxiv auxAv xExapaypiEvr) fj avaXoyia, 81 ’ laou apa, si 
uxspsxEi xo H xou A, uxEpEysi xai xo K xou N, xai si laov, 
laov, xai si sXaxxov, sXaxxov. xai saxi xa (isv H, K xAv A, 
A iaaxic; xoXXaxXaaia, xa 8 e A, N xAv F, Z. saxiv apa Ac; 
to A xpoc; xo F, ouxwc; xo A xpoc; xo Z. 

’Eav apa fj xpia piEyshr) xai aXXa auxoic; laa xo xX/jlloc; 
auv 8 uo XajiPavojiEva ev tA auxA Xoycp, fj 8 e xExapaypiEvrj 


Proposition 23+ 

If there are three magnitudes, and others of equal 
number to them, (being) in the same ratio taken two by 
two, and (if) their proportion is perturbed, then they will 
also be in the same ratio via equality. 

A-1 B i—i Ci-1 

D—i Ei-1 F i—i 

G-1-1- 1 H'—I—I—I L'-1-1 

K—i—i—i Mi-1-1 N i—i-1 

Let A, B, and C be three magnitudes, and D, E and F 
other (magnitudes) of equal number to them, (being) in 
the same ratio taken two by two. And let their proportion 
be perturbed, (so that) as A (is) to B, so E (is) to F, and 
as B (is) to C, so D (is) to E. I say that as A is to C, so 
D (is) to F. 

Let the equal multiples G, H, and I\ have been taken 
of A, B, and D (respectively), and the other random 
equal multiples L, M, and N of C, E, and F (respec¬ 
tively) . 

And since G and // are equal multiples of A and B 
(respectively), and parts have the same ratio as similar 
multiples [Prop. 5.15], thus as A (is) to B, so G (is) to 
El. And, so, for the same (reasons), as E (is) to F, so M 
(is) to N. And as A is to B, so E (is) to F. And, thus, as 
G (is) to H, so M (is) to N [Prop. 5.11]. And since as B 
is to C, so D (is) to E, also, alternately, as B (is) to D, so 
C (is) to E [Prop. 5.16]. And since H and I\ are equal 
multiples of B and D (respectively), and parts have the 
same ratio as similar multiples [Prop. 5.15], thus as B is 
to D, so H (is) to K. But, as B (is) to D, so G (is) to 
E. And, thus, as H (is) to K, so C (is) to E [Prop. 5.11]. 
Again, since L and M are equal multiples of C and E (re¬ 
spectively), thus as C is to E, so L (is) to M [Prop. 5.15]. 
But, as C (is) to E, so H (is) to K. And, thus, as H (is) 
to K, so L (is) to M [Prop. 5.11]. Also, alternately, as H 
(is) to L, so K (is) to M [Prop. 5.16]. And it was also 
shown (that) as G (is) to H, so M (is) to N. Therefore, 
since G, El, and L are three magnitudes, and K, M , and 
N other (magnitudes) of equal number to them, (being) 
in the same ratio taken two by two, and their proportion 
is perturbed, thus, via equality, if G exceeds L then K 
also exceeds N, and if (G is) equal (to L then I\ is also) 
equal (to N ), and if (G is) less (than L then K is also) 
less (than N ) [Prop. 5.21]. And G and K are equal mul¬ 
tiples of A and D (respectively), and L and A of C and 
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auxov fj avaXoyia, xal Sf laou ev to auxo Xoyo eaxai - oitep 
e8ei 8eT<;ai. 


F (respectively). Thus, as A (is) to C, so D (is) to F 
[Def. 5.5], 

Thus, if there are three magnitudes, and others of 
equal number to them, (being) in the same ratio taken 
two by two, and (if) their proportion is perturbed, then 
they will also be in the same ratio via equality. (Which is) 
the very thing it was required to show. 


t In modern notation, this proposition reads that if a : p :: e : £ and /3 : 7 :: 5 : e then a : 7 :: 5 : £• 


xo'. 

’Eav TtpAxov xpoc 8euxepov xov auxov eyr] Xoyov xal 
xpixov xpoc xexapxov, eyr] 8s xal Ttspxxov npoc Seuxepov 
xov auxov Xoyov xal exxov Ttpoc xexapxov, xal auvxeOev 
xpAxov xal TtEpTtxov Ttpoc oeuxepov xov auxov ec;e 1 Xoyov 
xal xpixov xal exxov Ttpoc xexapxov. 

B 

A'-+-'H 

ri-1 

E 

Ai-1-1© 

Z'-1 

npAxov yap xo AB Ttpoc Seupepov xo T xov auxov eyexo 
Xoyov xal xpixov xo AE Ttpoc xexapxov xo Z, eyexo 8e xal 
TtepTtxov xo BH Ttpoc 8euxepov xo T xov auxov Xoyov xal 
exxov xo E@ Ttpoc xexapxov xo Z- Xeyo, 6x1 xal auvxeOev 
TtpAxov xal TtepTtxov xo AH Ttpoc 8euxepov xo T xov auxov 
scet Xoyov, xal xpixov xal exxov xo A© Ttpoc xexapxov xo 
Z. 

Tkel yap eaxiv Ac xo BH Ttpoc xo T, ouxoc to E@ Ttpoc 
xo Z, avaTtaXiv apa Ac xo T Ttpoc xo BH, ouxwc to Z Ttpoc 
to E0. eitel ouv eaxiv Ac xo AB Ttpoc to T, ouxwc to AE 
Ttpoc to Z, Ac 8e xo T Ttpoc xo BH, ouxwc to Z Ttpoc to 
E0, 8f laou apa eaxiv Ac to AB Ttpoc to BH, ouxwc xo AE 
Ttpoc to E0. xal eitel 8ir)pr)(ieva peyeilr] avaXoyov eaxiv, xal 
auvxedevxa avaXoyov eaxac eaxiv apa Ac to AH Ttpoc xo 
HB, outmc to A0 Ttpoc to 0E. eaxi 8e xal Ac to BH Ttpoc 
xo F, ouxoc to E0 Ttpoc to Z- 81’ laou apa eaxiv Ac to AH 
Ttpoc TO r, OUXWC TO A0 Ttpoc TO Z. 

’Eav apa TtpAxov Ttpoc 8euxepov xov auxov eyr) Xoyov 
xal xpixov Ttpoc xexapxov, eyr] 8e xal Tteputxov Ttpoc 8euxepov 
xov auxov Xoyov xal exxov Ttpoc xexapxov, xal auvxeOev 
TtpAxov xal Tteqitxov Ttpoc Seuxepov xov auxov e^ei Xoyov 
xal xpixov xal exxov Ttpoc xexapxov oitep eSei 8elca.i. 


Proposition 24 + 

If a first (magnitude) has to a second the same ratio 
that third (has) to a fourth, and a fifth (magnitude) also 
has to the second the same ratio that a sixth (has) to the 
fourth, then the first (magnitude) and the fifth, added 
together, will also have the same ratio to the second that 
the third (magnitude) and sixth (added together, have) 
to the fourth. 

B 

A'-'-'G 

C'-1 

E 

D 1 -1-'H 

F 1-1 

For let a first (magnitude) AB have the same ratio to 
a second C that a third DE (has) to a fourth F. And let 
a fifth (magnitude) BG also have the same ratio to the 
second C that a sixth EH (has) to the fourth F. I say 
that the first (magnitude) and the fifth, added together, 
AG, will also have the same ratio to the second C that the 
third (magnitude) and the sixth, (added together), DH, 
(has) to the fourth F. 

For since as BG is to C, so EH (is) to F, thus, in¬ 
versely, as C (is) to BG, so F (is) to EH [Prop. 5.7 corn]. 
Therefore, since as AB is to C, so DE (is) to F, and as C 
(is) to BG, so F (is) to EH, thus, via equality, as AB is to 
BG, so DE (is) to EH [Prop. 5.22]. And since separated 
magnitudes are proportional then they will also be pro¬ 
portional (when) composed [Prop. 5.18]. Thus, as AG is 
to GB, so DH (is) to HE. And, also, as BG is to C, so 
EH (is) to F. Thus, via equality, as AG is to C, so DH 
(is) to F [Prop. 5.22]. 

Thus, if a first (magnitude) has to a second the same 
ratio that a third (has) to a fourth, and a fifth (magni¬ 
tude) also has to the second the same ratio that a sixth 
(has) to the fourth, then the first (magnitude) and the 
fifth, added together, will also have the same ratio to the 
second that the third (magnitude) and the sixth (added 
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t In modern notation, this proposition reads that if a : j 3 :: 7 : 5 and e : 

xs'. 

’Eav xeaaapa peyeOr] avaXoyov fj, to peyiaxov [auxwv] 
xal to eXayiaxov 8 uo xwv Xouubv pei^ova eaxiv. 



"Ectxco xeaaapa peyebr] avaXoyov xa AB, TA, E, Z, (be; 
xo AB xpog to TA, outok xo E Ttpoe; xo Z, eaxco 8 e peyiaxov 
pev auxebv xo AB, eXayiaxov 8 e xo Z' Xeyco, 6 x 1 xa AB, Z 
xebv TA, E peli^ova eaxiv. 

Keia’dco yap to pev E iaov to AH, xo 8 e Z ictov xo TO. 

’Enel [ouv] eaxiv (be; xo AB Ttpoe; to TA, ouxax; xo E 
Ttpoe; xo Z, laov Se to pev E xo AH, to 8 e Z xo T0, eaxiv 
apa oe; xo AB Ttpoe; xo TA, ouxoc; xo AH Ttpoe; xo T0. 
xal eitei eaxiv (be; oXov xo AB Ttpoe; oXov xo TA, ouxoe; 
acpaipebev xo AH Ttpoe; acpaipeOev xo T0, xal XoiTtov apa 
to HB Ttpoe; XoiTtov to 0A eaxai o<; oXov to AB Ttpoe; oXov 
xo TA. pieT^ov 8 e xo AB xou TA- (leT^ov apa xal to HB xou 
0A. xal eitei laov eaxl xo (iev AH to E, to 8 e T0 xo Z, 
xa apa AH, Z laa eaxl xole; T0, E. xal [ettel] eav [aviaoie; 
laa Ttpoaxef)fj, xa oXa aviaa eaxiv, eav apa] xov HB, 0A 
aviaov ovxov xal piel^ovoe; xou HB xo piev HB TtpoaxeDf) 
xa AH, Z, to 8 e 0A Ttpoaxef}fi xa T0, E, auvayexai xa 
AB, Z (jieii^ova xov TA, E. 

’Eav apa xeaaapa (leyeDr) avaXoyov fj, to (Jeyiaxov 
auxdv xal to eXa)(iaxov 8 uo xov XoiTtov piei^ova eaxiv. oitep 
e 8 ei oel^ai. 


together, have) to the fourth. (Which is) the very thing it 
was required to show. 

0 :: ( : 5 then a + e : (3 :: 'y + (: S. 

Proposition 251 

If four magnitudes are proportional then the (sum of 
the) largest and the smallest [of them] is greater than the 
(sum of the) remaining two (magnitudes). 


G 



Let AB, CD, E, and F be four proportional magni¬ 
tudes, (such that) as AB (is) to CD, so E (is) to F. And 
let AB be the greatest of them, and F the least. I say that 
AB and F is greater than CD and E. 

For let AG be made equal to E, and CH equal to F. 

[In fact,] since as AB is to CD, so E (is) to F, and 
E (is) equal to AG, and F to CH, thus as AB is to CD, 
so AG (is) to CH. And since the whole AB is to the 
whole CD as the (part) taken away AG (is) to the (part) 
taken away CH, thus the remainder GB will also be to 
the remainder HD as the whole AB (is) to the whole CD 
[Prop. 5.19]. And AB (is) greater than CD. Thus, GB 
(is) also greater than HD. And since AG is equal to E, 
and CH to F, thus AG and F is equal to CH and E. 
And [since] if [equal (magnitudes) are added to unequal 
(magnitudes) then the wholes are unequal, thus if] AG 
and F are added to GB, and CH and E to HD—GB 
and HD being unequal, and GB greater—it is inferred 
that AB and F (is) greater than CD and E. 

Thus, if four magnitudes are proportional then the 
(sum of the) largest and the smallest of them is greater 
than the (sum of the) remaining two (magnitudes). 
(Which is) the very thing it was required to show. 


t 


In modern notation, this proposition reads that if a : (3 :: 7 : 8 , and a is the greatest and <5 the least, then a + S > fj + 7. 
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"Opoi. 

a'. "Opoia ayfjpaxa Euhuypappa caxiv, oaa xac; xe 
ycuviac; laac; sysi n aT “ plav xal xac; rtspl xac; laac; ytoviac; 
itXeupac; avaXoyov. 

P'. "Axpov xa! piaov Xoyov EUtlsia xsxpfja'dai Xeysxai, 
oxav fj Ac; f] oXr) xpoc; xo psT^ov xpfjpa, ouxmc; xo pET^ov 
xpoc; xo sXaxxov. 

y'. "Tijioc; sax! xavxoc; ayfjpaxoc; fj axo xfjc; xopucpfjc; ex! 
xfjv pdaiv xahExoc; ayopsvr). 


Definitions 

1. Similar rectilinear figures are those (which) have 
(their) angles separately equal and the (corresponding) 
sides about the equal angles proportional. 

2. A straight-line is said to have been cut in extreme 
and mean ratio when as the whole is to the greater seg¬ 
ment so the greater (segment is) to the lesser. 

3. The height of any figure is the (straight-line) drawn 
from the vertex perpendicular to the base. 


a. 


Proposition V 


Td xpiywva xa! xa xapaXXrjXoypappa xa 0x6 xo auxo 
uc|)o<; ovxa xpoc; aXXrjXa saxiv Ac; a! pdaeu;. 

E A Z 



’'Eaxco xpiyorva psv xa ABT, ATA, xapaXXrjXoypappa 
Be xa ET, rZ 0x6 xo aOxo ucjioc; xo AT' Xsyw, oxi caxiv Ac; 
fj BT paaic; xpoc; xfjv FA pdaic, ouxorc xo ABF xpiycovov 
xpoc; xo ArA xpiyorvov, xa! xo EF xapaXXrjXoypappov xpoc; 
xo rZ xapaXXrjXoypappov. 

’ExpEpXfjCT'dw yap fj BA ecp’ sxaxspa xa pepr) ex! xa 0, A 
arjpEfa, xa! XEiaAMaav xfj pev Br pdasi l'aai [oaaiBrjxoxouv] 
a! BH, H0, xfj Be TA pdasi iaai oaaiBrjxoxouv a! AK, KA, 
xa! EXE^EUxhtoaav a! AH, A0, AK, AA. 

Ka! exs! laai sialv a! TB, BH, H0 aXXfjXaic, laa sax! xa! 
xa A0H, AHB, ABr xplycrva aXXfjXoic. oaaxXaaiwv apa 
Eaxlv f] 0r pdaic xfjc; Br pdaEtoc, xoaauxaxXaaiov Eaxi 
xa! xo A0r xpiywvov xou ABF xpiyAvou. Bid xa auxa 
Bf) oaaxXaaiwv sax'iv f] Ar pdaic; xfjc; TA pdaccrc, xoaau- 
xaxXaaiov caxi xa! xo AAr xpiycrvov xou ArA xpiyAvou' 
xa! si larj sax'iv f] 0r pdaic; xfj TA pdasi, laov sax! xa! xo 
A0F xpiywvov xcp AFA xpiyAvcp, xa! si OxspExsi fj 0r pdaic; 
xfjc; TA pdaswc;, OxEpEyEi xa! xo A0r xpiywvov xou ArA 
xpiyAvou, xa! si sXdaawv, sXaaaov. xsaaapwv Bf) ovxcuv 
pEyedAv Buo psv pdaswv xAv Br, FA, Buo Be xpiyAvorv 
xAv ABr, ArA siXrjjtxai iaaxic xoXXaxXaaia xfjc; psv Br 
pdaswc; xa! xou ABr xpiyAvou fj xe 0r pdaic; xa! xo A0r 
xpiyorvov, xfjc; Be FA pdaEorc xa! xou AAr xpiyAvou aXXa, 


Triangles and parallelograms which are of the same 
height are to one another as their bases. 

E A F 



H G B C D K L 


Let ABC and ACD be triangles, and EC and CF par¬ 
allelograms, of the same height AC. I say that as base BC 
is to base CD, so triangle ABC (is) to triangle ACD, and 
parallelogram EC to parallelogram CF. 

For let the (straight-line) BD have been produced in 
each direction to points H and L, and let [any number] 
(of straight-lines) BG and GH be made equal to base 
BC, and any number (of straight-lines) DK and I\L 
equal to base CD. And let AG, AH, AK, and AL have 
been joined. 

And since CB, BG, and GH are equal to one another, 
triangles AHG, AGB, and ABC are also equal to one 
another [Prop. 1.38]. Thus, as many times as base HC 
is (divisible by) base BC, so many times is triangle AHC 
also (divisible) by triangle ABC. So, for the same (rea¬ 
sons), as many times as base LC is (divisible) by base 
CD, so many times is triangle ALC also (divisible) by 
triangle ACD. And if base HC is equal to base CL then 
triangle AHC is also equal to triangle ACL [Prop. 1.38]. 
And if base HC exceeds base CL then triangle AHC 
also exceeds triangle ACL} And if {HC is) less (than 
CL then AHC is also) less (than ACL). So, their being 
four magnitudes, two bases, BC and CD, and two trian- 
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a Exuycv, ladxic xoXXaxXdaia rj xe AT pdai; xai xo AAr 
xpiycovov xai OsOsixxai, oxi, si uitEpsyEi q ©r pdai; xrjc; LA 
pdasw<;, UTtEpsyEi xai xo A0T xpiywvov xou AAT xpiyAvou, 
xai ei Tar], laov, xod si sXaaacnv, sXaaaov saxiv apa Ac; f) 
Br pdaic xpoc; xfjv TA pdoiv, ouxctx; xo ABr xpiyorvov xpoc; 
xo ATA xpiyovov. 

Kai etie'i xou psv ABT xpiyAvou BmXaaiov saxi xo Er 
xapaXXqXoypappov, xou 5s ArA xpiyAvou BixXaaiov saxi 
xo Zr xapaXXqXoypappov, xa 6 e pspr] xou; Aaauxcoc; xoX- 
XauXaaiou; xov auxov sysi Xoyov, saxiv apa Ac; xo ABr 
xpiyovov 7ipo<; xo ATA xpiywvov, ouxox xo ET xapaX- 
XqXoypappov npo; xo Zr xapaXXqXoypappov. etie'i ouv 
eBeix^T), A; pisv f) BT paau; xpoc; xf]v TA, ouxw; xo ABF 
xpiyorvov 7ipo<; xo ArA xpiyorvov, Ac; 0£ xo ABr xpiycnvov 
xpo; xo ArA xpiywvov, ouxco; xo Er TiapaXXqXoypappov 
xpo; xo rZ TrapaXXrjXoypappov, xal Ac; apa f) Br paaic; xpo; 
xf]v TA pdaiv, ouxctx; xo Er TiapaXXqXoypappov Tipoc; xo Zr 
xapaXXqXoypappov. 

Ta apa xpiycnva xai xa T;apaXXr]X6ypappa xa Ono xo 
auxo ui|ro<; ovxa Tipo; aXXrjXa saxiv A; a'l pdasic OTtsp e8ei 
osipai. 


gles, ABC and ACD, equal multiples have been taken of 
base BC and triangle ABC —(namely), base HC and tri¬ 
angle AHC —and other random equal multiples of base 
CD and triangle ADC —(namely), base LC and triangle 
ALC. And it has been shown that if base HC exceeds 
base CL then triangle AHC also exceeds triangle ALC, 
and if ( HC is) equal (to CL then AHC is also) equal (to 
ALC), and if (HC is) less (than CL then AHC is also) 
less (than ALC). Thus, as base BC is to base CD, so 
triangle ABC (is) to triangle ACD [Def. 5.5], And since 
parallelogram EC is double triangle ABC, and parallelo¬ 
gram FC is double triangle ACD [Prop. 1.34], and parts 
have the same ratio as similar multiples [Prop. 5.15], thus 
as triangle ABC is to triangle ACD, so parallelogram EC 
(is) to parallelogram FC. In fact, since it was shown that 
as base BC (is) to CD, so triangle ABC (is) to triangle 
ACD, and as triangle ABC (is) to triangle ACD, so par¬ 
allelogram EC (is) to parallelogram CF, thus, also, as 
base BC (is) to base CD, so parallelogram EC (is) to 
parallelogram FC [Prop. 5.11]. 

Thus, triangles and parallelograms which are of the 
same height are to one another as their bases. (Which is) 
the very thing it was required to show. 


t As is easily demonstrated, this proposition holds even when the triangles, or parallelograms, do not share a common side, and/or are not 
right-angled. 

t This is a straight-forward generalization of Prop. 1 . 38 . 


A 

'Eav xpiyAvou Ttapa piav xov tiXe upAv ayUfl xu; EUilEla, 
avaXoyov xspET xac; xou xpiyAvou xXEupac;- xal Eav ai xou 
xpiyAvou TtXsupal avaXoyov xprjDAaiv, f] etu xac; xopac; etu- 
^Euyvupsvr) suOsla xapa xrjv Xontfjv saxai xou xpiyAvou 
TtXsupav. 


A 



TpiyAvou yap xou ABF itapaXXr]Xoc; pia xov itXsupov 
xfj Br qydo f] AE- Xcyo, oxi saxiv Ac; fj BA Ttpoc; xrjv AA, 
ouxo; f] TE Ttpoc; xrjv EA. 


Proposition 2 

If some straight-line is drawn parallel to one of the 
sides of a triangle then it will cut the (other) sides of the 
triangle proportionally. And if (two of) the sides of a tri¬ 
angle are cut proportionally then the straight-line joining 
the cutting (points) will be parallel to the remaining side 
of the triangle. 


A 



sides BC of triangle ABC. I say that as BD is to DA, so 
CE (is) to EA. 
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’ExE^EUxbuCTav yap ai BE, TA. 

’Tctov apa sail to BAE xpiywvov tA TAE xpiyAvcr 
exi yap xfj; auxfj; PoicteA; ectti xfj; AE xal sv xai; auxai; 
xapaXXfjXoi; xai; AE, BT- aXAo 8s xi xo AAE xpiycovov. xa 
8s iaa xpo; to auxo xov auxov exei Xoyov ectxiv apa Ac; xo 
BAE xpiywvov Tipoc; xo AAE [xpiyGOvov], ouxu; xo TAE 
xpiyGOvov xpo; xo AAE xpiywvov. aXX’ A; psv xo BAE 
xpiywvov Tipoc; to AAE, outgt; fj BA Tipoc; xf]v AA- uxo 
yap to auxo uc|jo; ovxa xfjv duo xou E exi xfjv AB xadcxov 
ayopsvrjv Tipoc; aAArjAa eiaiv Ac; ai Poictsi;. 8ia xa auxa 8fj 
Ac; to TAE xpiyojvov Tipoc; xo AAE, oux«; fj TE Tipoc; xf)v 
EA- xai Ac; apa f) BA xpo; xfjv A A, outgt; fj TE xpo; xfjv 
EA. 

AXXa 8fj ai xou ABr xpiyAvou xXsupai ai AB, Ar 
avaXoyov xETji^CT’dtoaav, Ac; fj BA xpo; xfjv AA, ouxco; 
fj EE Tipoc; xrjv EA, xai exe^suxDgj fj AE- Asyw, oxi 
xapaXXrjXo; ectxiv fj AE xfj BIX 

TAv yap auxAv xaxaCTXEuacrdEVTGrv, exei ectxiv Ac; fj 
BA Tipoc; xrjv AA, ouxco; fj TE Tipoc; xrjv EA, aXX’ Ac; 
[iEv fj BA Tipoc; xrjv AA, ouxu; xo BAE xpiywvov xpo; 
xo AAE xpiytovov, Ac; 8s fj TE xpoc; xrjv EA, ouxu; xo 
TAE xpiycrvov xpoc; xo AAE xpiywvov, xai A; apa to 
BAE xpiycrvov xpo; xo AAE xpiycrvov, outgo; to TAE 
xpiyoovov xpo; to AAE xpiywvov. sxaxspov apa xAv BAE, 
TAE xpiyAvcrv xpo; to AAE xov auxov cyEi Xoyov. i'ctov 
apa ectti xo BAE xpiyoovov xA TAE xpiyAvcr xai eictiv sxi 
xfj; auxfj; pdosco; xfj; AE. xa 8 e ioa xpiyoova xai sxi xfj; 
auxfj; pdoEG); ovxa xai sv xai; auxai; xapaXXfjXoi; ectxiv. 
xapaXArjAo; apa ectxiv fj AE xfj BIX 

’Eav apa xpiyAvou xapa (iiav xAv xXsupAv ax^fj xi; 
su-Osia, avaXoyov xspiEi xa; xou xpiyAvou xXsupa;- xai sav 
ai xou xpiyAvou xXsupai avaXoyov xpnydACTiv, fj sxi xa; 
xopa; ExiCeuyvujiEvrj su-Osia xapa xfjv Xoixfjv soxai xou 
xpiyAvou xXsupav oxsp e8ei Ssi^ai. 


y'- 

’Eav xpiyAvou fj ywvia 8(ya xprj-Dfj, fj 8s TEpvoucra xfjv 
ywviav su-dsia TEpvrj xai xfjv pdcriv, xa xfj; pdosco; xpifj(iaxa 
xov auxov e^ei Xoyov xai; Xoixai; xou xpiyAvou xXsupai;- 
xai sav xa xfj; pdoEco; xpfjpaTa xov auxov exT) Xoyov xai; 
Xoixai; xou xpiyAvou xXsupai;, fj axo xfj; xopucpfj; sxi xfjv 
xopfjv Exi^Euyvupisvrj su-dsia 8ixa xEpsi xfjv xou xpiyAvou 
ycrviav. 

’'Ecttgt xpiyorvov xo ABr, xai xExpfjCT'du fj uxo BAr 
yorvia 8ixa 0x6 xfj; AA suOsia;- Xsyw, oxi ectxiv A; fj BA 
xpo; xfjv rA, outgo; fj BA xpo; xfjv Ar. 

"Hx^go yap Sia xou T xfj AA xapaXXrjXo; fj TE, xai 
Biax-dsioa fj BA CTupxixTETto auxfj xaxa xo E. 


For let BE and CD have been joined. 

Thus, triangle BDE is equal to triangle CDE. For 
they are on the same base DE and between the same 
parallels DE and BC [Prop. 1.38]. And ADE is some 
other triangle. And equal (magnitudes) have the same ra¬ 
tio to the same (magnitude) [Prop. 5.7]. Thus, as triangle 
BDE is to [triangle] ADE, so triangle CDE (is) to trian¬ 
gle ADE. But, as triangle BDE (is) to triangle ADE, so 
(is) BD to DA. For, having the same height—(namely), 
the (straight-line) drawn from E perpendicular to AB — 
they are to one another as their bases [Prop. 6.1]. So, for 
the same (reasons), as triangle CDE (is) to ADE, so CE 
(is) to EA. And, thus, as BD (is) to DA, so CE (is) to 
EA [Prop. 5.11]. 

And so, let the sides AB and AC of triangle ABC 
have been cut proportionally (such that) as BD (is) to 
DA, so CE (is) to EA. And let DE have been joined. I 
say that DE is parallel to BC. 

For, by the same construction, since as BD is to DA, 
so CE (is) to EA, but as BD (is) to DA, so triangle BDE 
(is) to triangle ADE, and as CE (is) to EA, so triangle 
CDE (is) to triangle ADE [Prop. 6.1], thus, also, as tri¬ 
angle BDE (is) to triangle ADE, so triangle CDE (is) 
to triangle ADE [Prop. 5.11]. Thus, triangles BDE and 
CDE each have the same ratio to ADE. Thus, triangle 
BDE is equal to triangle CDE [Prop. 5.9]. And they are 
on the same base DE. And equal triangles, which are 
also on the same base, are also between the same paral¬ 
lels [Prop. 1.39]. Thus, DE is parallel to BC. 

Thus, if some straight-line is drawn parallel to one of 
the sides of a triangle, then it will cut the (other) sides 
of the triangle proportionally. And if (two of) the sides 
of a triangle are cut proportionally, then the straight-line 
joining the cutting (points) will be parallel to the remain¬ 
ing side of the triangle. (Which is) the very thing it was 
required to show. 

Proposition 3 

If an angle of a triangle is cut in half, and the straight- 
line cutting the angle also cuts the base, then the seg¬ 
ments of the base will have the same ratio as the remain¬ 
ing sides of the triangle. And if the segments of the base 
have the same ratio as the remaining sides of the trian¬ 
gle, then the straight-line joining the vertex to the cutting 
(point) will cut the angle of the triangle in half. 

Let ABC be a triangle. And let the angle BAC have 
been cut in half by the straight-line AD. I say that as BD 
is to CD, so BA (is) to AC. 

For let CE have been drawn through (point) C par¬ 
allel to DA. And, BA being drawn through, let it meet 
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E 



B AT 


Kal £7isi sic; xapaXXrjXouc; xac AA, Er suOsTa svsxsasv 
f] Ar, f) apa 0x6 ATE ywvia for] saxi xfj 0 x 6 EAA. aXX’ 
f] Oho EAA xf] bizo BAA Oxoxsixai for)- xai f] 0x6 BAA 
apa xfj 0x6 ArE saxiv for]. xaXiv, sxsi sic; xapaXXrjXouc; 
xac; AA, ET sObsla svsxsasv f] BAE, f] exxo<; ywvia f] 0x6 
BAA for) sax! xf] svxoc; xfj 0x6 AEr. sBsix'dr] 8s xai f] 0x6 
ATE xfj 0x6 BAA for]- xai f] 0x6 ArE apa ywvia xfj 0x6 
AET saxiv for]- waxs xai xXsupa f] AE xXsupa xfj Ar saxiv 
for], xai sxsi xpiywvou xou BrE xapa piav xov xXsupov 
xf]v Er fjxxai f] AA, avaXoyov apa saxiv o<; f) BA xpoc; xf]v 
Ar, ouxo; f] BA xpoc; xfjv AE. for] 8s f] AE xfj Ar- o<; apa 
f] BA xpoc; xfjv Ar, ouxo; f] BA xpo; xfjv Ar. 

AXXa 8f] saxo o<; f] BA xpoc; xfjv Ar, ouxoc; f] BA xpoc; 
xf]v Ar, xai sxs^sOxifw f] AA- Xsyo, oxi 8iya xsxprjxai f] 
0x6 BAr yovia 0x6 xfj; AA su-dsia;. 

Tov yap aOxov xaxaaxsuaa-dsvxov, sxsi saxiv o; f] BA 
xpo; xfjv Ar, ouxo; f] BA xpo; xf]v Ar, aXXa xai Ac; f] BA 
xpoc; xfjv Ar, ouxo; saxiv f] BA xpoc; xfjv AE- xpiyovou 
yap xou BrE xapa (Lav xfjv Er fjxxai f] A A- xai o; apa f] 
BA xpoc; xfjv Ar, ouxo; f] BA xp6; xf]v AE. for) apa f] Ar 
xfj AE- oaxs xai yovia f] 0x6 AEr xfj 0x6 ArE saxiv for]. 
aXX’ f] psv 0x6 AEr xfj s xtoq xfj 0x6 BAA [saxiv] for], f] 
8s 0x6 ArE xfj svaXXa^ xfj 0x6 EAA saxiv for)- xai f) 0x6 
BAA apa xfj 0x6 EAA saxiv for], f] apa 0x6 BAr ywvia 
8ixa xsx(ir]xai 0x6 xfjc; AA sO-dsiac;. 

’Eav apa xpiywvou f] ywvia Sixa xpirydfj, f] 8s xspivouaa 
xf]v ywviav sO-dsTa xspivr] xai xf]v pdaiv, xa xfjc; pdaswc; 
xptf](iaxa xov aOxov s^ei Xoyov xalc; Xoixafo xou xpiywvou 
xXsupafo- xai sav xa xfjc; pdaswc; x(if]p.axa xov aOxov s yr\ 
Xoyov xalc; Xoixalc; xou xpiywvou xXsupafo, f) axo xfjc; xo- 
pucpfjc; sxi xfjv xoptf)v sxi^suyvupisvr] su-dsla 8ixa xspivsi xfjv 
xou xpiywvou ywviav- oxsp s8si 



And since the straight-line AC falls across the parallel 
(straight-lines) AD and EC, angle ACE is thus equal to 
CAD [Prop. 1.29]. But, (angle) CAD is assumed (to 
be) equal to BAD. Thus, (angle) BAD is also equal to 
ACE. Again, since the straight-line BAE falls across the 
parallel (straight-lines) AD and EC, the external angle 
BAD is equal to the internal (angle) AEC [Prop. 1.29]. 
And (angle) ACE was also shown (to be) equal to BAD. 
Thus, angle ACE is also equal to AEC. And, hence, side 
AE is equal to side AC [Prop. 1.6], And since AD has 
been drawn parallel to one of the sides EC of triangle 
BCE, thus, proportionally, as BD is to DC, so BA (is) 
to AE [Prop. 6.2]. And AE (is) equal to AC. Thus, as 
BD (is) to DC, so BA (is) to AC. 

And so, let BD be to DC, as BA (is) to AC. And let 
AD have been joined. I say that angle BAC has been cut 
in half by the straight-line AD. 

For, by the same construction, since as BD is to DC, 
so BA (is) to AC, then also as BD (is) to DC, so BA is 
to AE. For AD has been drawn parallel to one (of the 
sides) EC of triangle BCE [Prop. 6.2], Thus, also, as 
BA (is) to AC, so BA (is) to AE [Prop. 5.11]. Thus, AC 
(is) equal to AE [Prop. 5.9]. And, hence, angle AEC 
is equal to ACE [Prop. 1.5]. But, AEC [is] equal to the 
external (angle) BAD, and ACE is equal to the alternate 
(angle) CAD [Prop. 1.29]. Thus, (angle) BAD is also 
equal to CAD. Thus, angle BAC has been cut in half by 
the straight-line AD. 

Thus, if an angle of a triangle is cut in half, and the 
straight-line cutting the angle also cuts the base, then the 
segments of the base will have the same ratio as the re¬ 
maining sides of the triangle. And if the segments of the 
base have the same ratio as the remaining sides of the 
triangle, then the straight-line joining the vertex to the 
cutting (point) will cut the angle of the triangle in half. 
(Which is) the very thing it was required to show. 


' The fact that the two straight-lines meet follows because the sum of ACE and CAE is less than two right-angles, as can easily be demonstrated. 
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See Post. 5 . 


S'. 

TGv iaoytovicov xpiycbvuv avaXoyov siaiv ai xXsupal ai 
xspi Tag iaag ya>viag xai opoXoyoi ai 0x6 Tag Taag ytoviag 
UXOTSlVOUaai. 


z 



’'Eoxa> iooyovia xpiywva xa ABr, ArE iarjv syovxa xf)v 
psv 0x6 ABr ytoviav xfj 0x6 ATE, xrjv 8s Oito BAr xfj Oito 
TAE xai sxi xfjv 0x6 ArB xfj 0x6 TEA- Xsyu, oxi xcbv ABr, 
ArE xpiyibvtov avaXoyov siaiv ai xXsupal ai xspi Tag iaag 
ya>viag xai opoXoyoi ai 0x6 Tag Toag ytoviag Oxoxsivouoai. 

Ksiabco yap ex’ sOOsiag f) Br xfj TE. xai sxsi ai 0x6 
ABr, ArB ycoviai 86o opbibv sXdxxovEg siaiv, far) 8s 
f) 0x6 ArB xfj 0x6 AEr, ai apa 0x6 ABr, AEr 8uo 
opbov sXaxxovEg siaiv ai BA, EA apa sxf3aXXopsvai aup- 
xsaouvxai. Ex[3£pXr]CT , d6JGav xai aupxixx£xa>aav xaxa xo Z. 

Kai sxsi ior] saxiv f] 0x6 ArE ycovia xr] 0x6 ABr, 
xapaXXrjXog ectxlv f) BZ xfj TA. xaXiv, sxsi iar) saxiv r) 0x6 
ArB xfj 0x6 AEr, xapaXXrjXog saxiv rj Ar xfj ZE. xapaX- 
XrjX6ypapi(iov apa saxi xo ZArA- iarj apa f) (jiev ZA xf) Ar, 
f] Se AE xfj ZA. xai sxsi xpiywvou xou ZBE xapa piiav xf)v 
ZE fjxxai f) Ar, saxiv apa 6g f) BA xpog xf)v AZ, ouxwg f] 
Br xpog xf)v TE. iar) 8e f) AZ xfj EA- cbg apa f) BA xpog xf)v 
TA, ouxcog f) Br xpog xf)v TE, xai svaXXa^ cbg f) AB xpog 
xf)v Br, ouxtog f) Ar xpog xf)v TE. xaXiv, sxsi xapaXXrjXog 
saxiv f) EA xfj BZ, saxiv apa 6>g f) Br xpog xf)v EE, ouxwg 
f] ZA xpog xf]v AE. iar) 8s f) ZA xfj Ar- tbg apa f) Br xpog 
xf]v TE, ouxorg f) Ar xpog xf)v AE, xai svaXXa^ (bg f) Br 
xpog xfjv EA, ouxwg f) TE xpog xfjv EA. sxsi ouv s8six , dr] 
og pisv f) AB xpog xfjv Br, ouxog f] Ar xpog xf)v TE, (bg 
8s f] Br xpog xfjv EA, ouxorg f) TE xpog xf)v EA, 8i’ iaou 
apa <bg f] BA xpog xfjv Ar, ouxog f) TA xpog xfjv AE. 

Tcbv apa iaoyorviwv xpiycbvwv avaXoyov siaiv ai xXsupai 
ai xspi xag iaag yorviag xai opioXoyoi ai 0x6 xag ioag ywviag 
Oxoxsivouaai- oxsp s8si Ssi^ai. 


Proposition 4 

In equiangular triangles the sides about the equal an¬ 
gles are proportional, and those (sides) subtending equal 
angles correspond. 


F 



Let ABC and DCE be equiangular triangles, having 
angle ABC equal to DCE, and (angle) BAC to CDE, 
and, further, (angle) ACB to CED. I say that in trian¬ 
gles ABC and DCE the sides about the equal angles are 
proportional, and those (sides) subtending equal angles 
correspond. 

Let BC be placed straight-on to CE. And since 
angles ABC and ACB are less than two right-angles 
[Prop 1.17], and ACB (is) equal to DEC, thus ABC 
and DEC are less than two right-angles. Thus, BA and 
ED, being produced, will meet [C.N. 5]. Let them have 
been produced, and let them meet at (point) F. 

And since angle DCE is equal to ABC, BF is parallel 
to CD [Prop. 1.28]. Again, since (angle) ACB is equal to 
DEC, AC is parallel to EE [Prop. 1.28]. Thus, FACD 
is a parallelogram. Thus, FA is equal to DC, and AC to 
FD [Prop. 1.34]. And since AC has been drawn parallel 
to one (of the sides) FE of triangle FBE, thus as BA 
is to AF, so BC (is) to CE [Prop. 6.2]. And AF (is) 
equal to CD. Thus, as BA (is) to CD, so BC (is) to CE, 
and, alternately, as AB (is) to BC, so DC (is) to CE 
[Prop. 5.16]. Again, since CD is parallel to BF, thus as 
BC (is) to CE, so FD (is) to DE [Prop. 6.2]. And FD 
(is) equal to AC. Thus, as BC is to CE, so AC (is) to 
DE, and, alternately, as BC (is) to CA, so CE (is) to 
ED [Prop. 6.2], Therefore, since it was shown that as 
AB (is) to BC, so DC (is) to CE, and as BC (is) to CA, 
so CE (is) to ED, thus, via equality, as BA (is) to AC, so 
CD (is) to DE [Prop. 5.22], 

Thus, in equiangular triangles the sides about the 
equal angles are proportional, and those (sides) subtend- 
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s'. 

’Eav 860 xptycova xac; xXcupac; avaXoyov Eyif], iaoyAvta 
Eaxat xa xptycova xal taac; eE,ei xac; yuvtac;, Ocp’ ac; at 
opoXoyot xXsupal Oxoxewouctiv. 

A A 




’'Eaxw Suo xptyorva xa ABr, AEZ xac; xXsupac; avaXoyov 
syovxa, Ac; psv xfjv AB xpoc; xfjv BE, ouxcoc; xfjv AE xpoc; 
xfjv EZ, A<; 8e xfjv Br npoc, xfjv FA, ouxox xfjv EZ xpo? 
xfjv ZA, xal sxt Ac; xrjv BA xpoc; xrjv Ar, ouxcx; xfjv EA 
xpoc; xfjv AZ. Xsyo, 6 x 1 taoyAvtov saxt xo ABr xpiycovov 
xA AEZ xptyAvw xal taac; s^ouat xac; yovtac;, Ocp’ ac; at 
optoXoyot xXsupal Oxoxswouaw, xfjv ptsv 0x6 ABT xfj 0x6 
AEZ, xfjv 8e 0x6 BEA xfj 0x6 EZA xal sxt xfjv 0x6 BAr 
xfj 0x6 EAZ. 

Euvsaxaxw yap xpoc; xfj EZ sODsta xal xou; xpoc; aOxfj 
arjptEtott; xoic; E, Z xfj ptsv 0x6 ABr yorvta tarj fj 0x6 ZEH, 
xfj 8s 0 x6 ArB tarj fj 0x6 EZH- Xotxfj apa fj xpoi; xA A 
Xotxfj xfj xpoc; xA H screw tarj. 

TaoyAvtov apa saxl xo ABr xptywvov xA EHZ [xptyAv- 
co]. xAv apa ABr, EHZ xptyAvwv dvaXoyov stotv at xXsupal 
at xspl xac; taac; yorvtac; xal optoXoyot at 0x6 xac; laac; ywvtac; 
Oxoxstvouaaf screw apa A<; fj AB xpoc; xfjv Br, [ouxw<;] 
fj HE xpoc; xfjv EZ. aXX’ Ac; fj AB xpoc; xfjv Br, ouxok 
Oxoxstxat fj AE xpoc; xfjv EZ- Ac; apa fj AE xpoc; xfjv EZ, 
ouxok fj HE xpoc; xfjv EZ. sxaxspa apa xAv AE, HE xpoc; 
xfjv EZ xov aOxov £)(£t Xoyov- tarj apa saxlv fj AE xfj HE. 
8 ta xa aOxa 8 fj xal fj AZ x^ HZ saxw tarj. sxsl ouv tarj saxlv 
f) AE xfj EH, xotvfj 8e fj EZ, 860 Sfj at AE, EZ 8 ual xati; HE, 
EZ taat Etatv xal pdatc; fj AZ pdast xfj ZH [saxw] tarj- yorvta 
apa fj 0x6 AEZ yorvta xfj 0x6 HEZ saxw tarj, xal xo AEZ 
xpiycovov xA HEZ xpiyAvcp laov, xal al Xotxal yorvtat xaTg 
Xotxalc; ycovtatc; taat, Ocp’ ac; at taat xXsupal Oxoxswouaw. 
tarj apa saxl xal fj ptsv 0x6 AZE ycovta xfj 0x6 HZE, fj 8 s 
0x6 EAZ xfj 0x6 EHZ. xal sxsl fj ptsv 0x6 ZEA xfj 0x6 
HEZ saxw tarj, aXX’ fj 0x6 HEZ xfj 0x6 ABr, xal fj 0x6 


ing equal angles correspond. (Which is) the very thing it 
was required to show. 

Proposition 5 

If two triangles have proportional sides then the trian¬ 
gles will be equiangular, and will have the angles which 
corresponding sides subtend equal. 

A D 




Let ABC and DEF be two triangles having propor¬ 
tional sides, (so that) as AB (is) to BC, so DE (is) to 
EF, and as BC (is) to CA, so EF (is) to FD, and, fur¬ 
ther, as BA (is) to AC, so ED (is) to DF. I say that 
triangle ABC is equiangular to triangle DEF, and (that 
the triangles) will have the angles which corresponding 
sides subtend equal. (That is), (angle) ABC (equal) to 
DEF, BCA to EFD, and, further, BAG to EDF. 

For let (angle) FEG, equal to angle ABC, and (an¬ 
gle) EFG, equal to ACB, have been constructed on the 
straight-line EF at the points E and F on it (respectively) 
[Prop. 1.23]. Thus, the remaining (angle) at A is equal 
to the remaining (angle) at G [Prop. 1.32]. 

Thus, triangle ABC is equiangular to [triangle] EGF. 
Thus, for triangles ABC and EGF, the sides about the 
equal angles are proportional, and (those) sides subtend¬ 
ing equal angles correspond [Prop. 6.4]. Thus, as AB 
is to BC, [so] GE (is) to EF. But, as AB (is) to BC, 
so, it was assumed, (is) DE to EF. Thus, as DE (is) to 
EF, so GE (is) to EF [Prop. 5.11]. Thus, DE and GE 
each have the same ratio to EF. Thus, DE is equal to 
GE [Prop. 5.9]. So, for the same (reasons), DF is also 
equal to GF. Therefore, since DE is equal to EG, and 
EF (is) common, the two (sides) DE, EF are equal to 
the two (sides) GE, EF (respectively). And base DF 
[is] equal to base FG. Thus, angle DEF is equal to 
angle GEF [Prop. 1.8], and triangle DEF (is) equal 
to triangle GEF, and the remaining angles (are) equal 
to the remaining angles which the equal sides subtend 
[Prop. 1.4]. Thus, angle DFE is also equal to GFE, and 
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ABr apa ycovla Tfj 0x6 AEZ eaxLv lot). 8ia xa auxa Sf] xal 
f\ bno ArB xfj 0x6 AZE eaxiv Tar), xal exi f) xpo; xA A xfj 
xpo; to A - laoyAviov apa eaxl xo ABr xplywvov xA AEZ 
xpiyAvco. 

’Eav apa 8uo xplywva xa; xXeupa; avaXoyov eyr], 
laoyAvia eaxai xa xplywva xal laa; e^ei xa; ywvla;, Ocp’ 
ag al opoXoyoi xXeupal Oxoxelvouaiv- oxep e8ei 8elc;ai. 


9'. 

’Eav Suo xplytova plav ytovlav pia ycrvla larjv eyrj, xepl 
8 s Ta; laa; ywvla; Ta; xXeupa; avaXoyov, laoyAvia eaxat 
xa xpiywva xal laa; e£ei xac; ywvla;, Ocp’ a; al opoXoyoi 
xXeupal Oxoxelvouaiv. 

A A 




Tlaxa) 8uo xplywva xa ABr, AEZ plav ywvlav xfjv uko 
BAr pia ywvla xfj Otto EAZ larjv eyovxa, xepl 8e xac; laac; 
yorvla; xac; xXeupa; avaXoyov, A; xfjv BA xpo; xfjv Ar, 
ouxo; xf]v EA xpo; xf)v AZ- Xeyo, oxi laoyAviov eaxi xo 
ABr xplywvov xo AEZ xpLyAvor xal larjv s^ei xfjv 0x6 ABr 
yorvlav Tfj Otto AEZ, xfjv 8e Otto ArB xfj Otto AZE. 

Euveaxaxw yap xpo; xfj AZ eObela xal xol; xpoc; auxfj 
arjpeloi; xol; A, Z oxoxepa pev xov 0x6 BAr, EAZ larj 
f) 0x6 ZAH, Tfj 8 e 0x6 ArB larj f] 0x6 AZH- Xoixfj apa fj 
xpoc; xo B yorvla Xoixfj xfj xpoc; tA H larj eaxlv. 

laoyAviov apa eaxl to ABr xplywvov tA AHZ 
xpiyAvor. avaXoyov apa eaxlv (b<; f] BA xpoc; xfjv Ar, ouxor; 
f) HA xpoc; xfjv AZ. Oxoxeixai 8e xal A; f] BA xpoc; xf)v Ar, 
ouxo; f) EA xpoc; xf)v AZ- xal A; apa f) EA xpo; xfjv AZ, 
ouxo; f] HA xpo; xfjv AZ. lar) apa f) EA xfj AH- xal xoivfj 
f) AZ- SOo 8f] al EA, AZ 8 ual xal; HA, AZ laa; elalv xal 
ycovla f) 0x6 EAZ ycovla xfj 0x6 HAZ [eaxiv] larj- pdai; 
apa f) EZ pdaei xfj HZ eaxiv larj, xal to AEZ xplycovov tA 
HAZ xpiyAvco laov eaxlv, xal al Xoixal yoovlai xal; Xoixal; 
yoovlai; laa; eaovxai, Ocp’ a; laa; xXeupal Oxoxelvouaiv. larj 
apa eaxlv f] (rev 0x6 AZH xfj Oxo AZE, f] 8e 0x6 AHZ 


(angle) EDF to EGF. And since (angle) FED is equal 
to GEF, and (angle) GEF to ABC, angle ABC is thus 
also equal to DEF. So, for the same (reasons), (angle) 
ACB is also equal to DFE, and, further, the (angle) at A 
to the (angle) at D. Thus, triangle ABC is equiangular 
to triangle DEF. 

Thus, if two triangles have proportional sides then the 
triangles will be equiangular, and will have the angles 
which corresponding sides subtend equal. (Which is) the 
very thing it was required to show. 

Proposition 6 

If two triangles have one angle equal to one angle, 
and the sides about the equal angles proportional, then 
the triangles will be equiangular, and will have the angles 
which corresponding sides subtend equal. 

A D 




Let ABC and DEF be two triangles having one angle, 
BAG, equal to one angle, EDF (respectively), and the 
sides about the equal angles proportional, (so that) as BA 
(is) to AC, so ED (is) to DF. I say that triangle ABC is 
equiangular to triangle DEF, and will have angle ABC 
equal to DEF, and (angle) ACB to DFE. 

For let (angle) FDG, equal to each of BAG and 
EDF, and (angle) DEG, equal to ACB, have been con¬ 
structed on the straight-line AF at the points D and F on 
it (respectively) [Prop. 1.23]. Thus, the remaining angle 
at B is equal to the remaining angle at G [Prop. 1.32], 

Thus, triangle ABC is equiangular to triangle DGF. 
Thus, proportionally, as BA (is) to AC, so CD (is) to 
DF [Prop. 6.4]. And it was also assumed that as BA 
is) to AC, so ED (is) to DF. And, thus, as ED (is) 
to DF, so CD (is) to DF [Prop. 5.11], Thus, ED (is) 
equal to DC [Prop. 5.9]. And DF (is) common. So, the 
two (sides) ED, DF are equal to the two (sides) CD, 
DF (respectively). And angle EDF [is] equal to angle 
CDF. Thus, base EF is equal to base GF, and triangle 
DEF is equal to triangle GDF, and the remaining angles 
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xfj uxo AEZ. aXX’ f| 0x6 AZH xfj 0x6 ArB ectxiv for) - xal 
f] 0x6 ATB apa xfj 0x6 AZE ectxiv far). Oxoxsixai 8s xal 
f) 0x6 BAT xfj uxo EAZ far)- xal Xoixf) apa f) xpoc; xA B 
Xoixfj xfj xpoc; xA E far) ectxiv faoyAviov apa ectx'i xo ABr 
xpiyorvov xA AEZ xpiyAvw. 

’Eav apa Buo xpiywva (Lav yorviav pia yorvia forjv syr), 
xspl 8s xac; foac; ywviac; xac; xXsupac; avaXoyov, faoyAvia 
ECTxai xa xpiywva xal foac; e^ei xac; ywviac;, Ocp’ a c, al 
opoXoyoi xXsupal Oxoxeivouctiv oxsp sSsi Bslc;ai. 


C- 


’Eav Buo xplywva piav ycrviav pia ywvia far)v E)(r), 
xspl 5 e aXXac; ytovlac xac; xXsupac; avaXoyov, xAv Be 
XoixAv sxaxEpav a(ia fjxoi sXaCTCTova fj (arj sXaCTaova opfajc, 
faoyAvia soxai xa xplyorva xal faa<; e^ei xa<; yorviac;, xspl 
ag avaXoyov eictiv al xAsupaL 



THoxo) 80o xplyorva xa ABE, AEZ )i[av ywvlav )iia 
yorvia far)v E)(ovxa xf)v 0x6 BAT xfj 0x6 EAZ, xspl Be 
aXXai; ycrv(a<; xa<; 0x6 ABr, AEZ xa<; xXsupa<; avaXoyov, 
Ac; xf)v AB xpoc; xf)v BT, ouxtoc; xf)v AE xpo<; xf)v EZ, 
xAv Be XoixAv xAv xpoc; xofa T, Z xpoxspov sxaxspav 
ajia sXaCTCTova opDfjc;' XEyco, oxi faoyAviov ectxi xo ABr 
xplywvov xA AEZ xpiyAvw, xal far) soxai f) 0x6 ABr yuvia 
xfj 0x6 AEZ, xal Aoixf) BrjXovoxi f) xpoc; xA T Xoixfj xfj xpoc; 
xA Z for). 

Ei yap aviCTOc; ectxiv f) 0x6 ABE ytovia xfj 0x6 AEZ, 
)i[a aOxAv (iei^wv ectxiv. ectxw )xe[^wv f) 0x6 ABr. xal ctu- 
vECTxaxw xpoc; xfj AB sODsia xal xA xpoc; aOxfj CTrjpiEicp xA 
B xfj 0x6 AEZ yorvia far) f) 0x6 ABH. 

Kal exeI for) ectxIv f) ^iev A ywvia xfj A, f) Be 0x6 ABH 
xfj 0x6 AEZ, Xoixf) apa f) 0x6 AHB Xoixfj xfj 0x6 AZE 
ectxiv for). faoyAviov apa ectx'i xo ABH xpiytovov xA AEZ 


will be equal to the remaining angles which the equal 
sides subtend [Prop. 1.4]. Thus, (angle) DFG is equal 
to DFE, and (angle) DGF to DEF. But, (angle) DFG 
is equal to ACB. Thus, (angle) ACB is also equal to 
DFE. And (angle) BAG was also assumed (to be) equal 
to EDF. Thus, the remaining (angle) at B is equal to the 
remaining (angle) at E [Prop. 1.32]. Thus, triangle ABC 
is equiangular to triangle DEF. 

Thus, if two triangles have one angle equal to one 
angle, and the sides about the equal angles proportional, 
then the triangles will be equiangular, and will have the 
angles which corresponding sides subtend equal. (Which 
is) the very thing it was required to show. 

Proposition 7 

If two triangles have one angle equal to one angle, 
and the sides about other angles proportional, and the 
remaining angles either both less than, or both not less 
than, right-angles, then the triangles will be equiangular, 
and will have the angles about which the sides are pro¬ 
portional equal. 


A 



D 



Let ABC and DEF be two triangles having one an¬ 
gle, BAG, equal to one angle, EDF (respectively), and 
the sides about (some) other angles, ABC and DEF (re¬ 
spectively), proportional, (so that) as AB (is) to BC, so 
DE (is) to EF, and the remaining (angles) at C and F, 
first of all, both less than right-angles. I say that triangle 
ABC is equiangular to triangle DEF, and (that) angle 
ABC will be equal to DEF, and (that) the remaining 
(angle) at C (will be) manifestly equal to the remaining 
(angle) at F. 

For if angle ABC is not equal to (angle) DEF then 
one of them is greater. Let ABC be greater. And let (an¬ 
gle) ABG, equal to (angle) DEF, have been constructed 
on the straight-line AB at the point B on it [Prop. 1.23]. 

And since angle A is equal to (angle) D, and (angle) 
ABG to DEF, the remaining (angle) AGB is thus equal 
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xpiyAvco. saxiv apa A<; f) AB xpoc; xf]v BH, ouxgx; f] AE 
xpoc tt)v EZ. Ac 8s f] AE xpoc tt)v EZ, [ouxmc] Oxoxsixai f) 
AB xpoc tt)v BT- f) AB apa xpoc sxaxspav tmv Br, BH xov 
auxov e)(ei Xoyov far) apa f] Br xfj BH. Aaxs xal ytovia f] 
xpoc to r yorvia xfj Otto BHr saxiv far). sXaxxov 8s opbfjc 
Oxoxsixai f] xpoc xA H sXaxxov apa saxiv opfHjc xal 0x6 
BHr- Aaxs f) ecpe^fjg auxfj yorvia f) 0x6 AHB psi^orv saxiv 
opbrjc- xal s8sixi)r] far) ouaa xfj xpoc; xA Z- xal f] xpoc; xA Z 
apa (i£iifa>v saxiv op-Ofjc- Oxoxsixai 8s sXaaaov opOrjc" oxsp 
saxiv axoxov. oOx apa aviaoc saxiv f] 0x6 ABr ywvia xfj 
0x6 AEZ- far) apa. saxi 8s xal f) xpoc; xA A far) xfj xpoc; xA 
A- xal Xoixf] apa f] xpoc; xA T Xoixfj xfj xpoc; xA Z far) saxiv. 
EaoyAviov apa saxi xo ABr xpEycovov xA AEZ xpiyAvw. 

AXXa 8f) xaXiv OxoxsiaDo sxaxspa xAv xpoc xou; T, Z pf] 
sXaaaorv opOrjc" Xsyw xaXiv, oxi xal ouxcoc; saxiv EaoyAviov 
xo ABr xpiywvov xA AEZ xpiyAvw. 

TAv yap auxAv xaxaaxsuaa-dsvxwv o(ioiG><; Osl^opisv, 
oxi far) saxiv f] Br xfj BH- Aaxs xal ywvia f) xpoc; xA T xfj 
0x6 BHr far) saxiv. oOx sXaxxov 8s opDfjc; f] xpoc; xA T- 
oOx sXaxxov apa op-dfjc; o08s f) 0x6 BHr. xpiyAvou 8f) xou 
BHr ai 8uo yovlai 8uo opDAv oux siaiv sXaxxovsc;- oxsp 
saxiv a8uvaxov. oOx apa xaXiv aviaoc; saxiv f) 0x6 ABr 
yorvia xfj 0x6 AEZ- far) apa. saxi os xal f) xpoc; xA A xfj 
xpoc; xA A far)- Xoixf) apa f) xpoc; xA T Xoixfj xfj xpoc; xA Z 
far) saxiv. EaoyAviov apa saxi xo ABr xpiycovov xA AEZ 
xpiyAvcr. 

’Eav apa 8uo xpiyorva puav yorvlav (Jia yorvia farjv s^r), 
xspl 8s aXXac; ywviac; xa<; xXsupac; avaXoyov, xAv 8s XoixAv 
sxaxspav apia sXaxxova fj ptf) sXaxxova op-Ofjc, laoyAvia 
saxai xa xpiywva xal laac; s^ei xac; ywviac;, xspl ac; avaXoyov 
siaiv ai xXsupai- oxsp s8si 8sfaai. 


1 V 

’Eav sv opDoycovia) xpiyAvw axo xfjc opDfjc; ywviac; sxl 
xf]v paaiv xaDsxoc; ax^fj, xa xpoc; xfj xa-dExto xpiywva opioid 
saxi xA xs oXcr xal aXXijXou;. 

TlaxG) xpiywvov op-doyAviov xo ABr op-df)v sxov xf)v 
0x6 BAr ywviav, xal f\x&u axo xou A sxl xf)v Br xaDsxoc; 
f) AA- Xsyw, oxi optoiov saxiv sxaxspov xAv ABA, AAr 


to the remaining (angle) DFE [Prop. 1.32]. Thus, trian¬ 
gle ABG is equiangular to triangle DEF. Thus, as AB is 
to BG, so DE (is) to EF [Prop. 6.4]. And as DE (is) to 
EF, [so] it was assumed (is) AB to BC. Thus, AB has 
the same ratio to each of BC and BG [Prop. 5.11]. Thus, 
BC (is) equal to BG [Prop. 5.9]. And, hence, the angle 
at C is equal to angle BGC [Prop. 1.5]. And the angle 
at C was assumed (to be) less than a right-angle. Thus, 
(angle) BGC is also less than a right-angle. Hence, the 
adjacent angle to it, AGB, is greater than a right-angle 
[Prop. 1.13]. And {AGB) was shown to be equal to the 
(angle) at F. Thus, the (angle) at F is also greater than a 
right-angle. But it was assumed (to be) less than a right- 
angle. The very thing is absurd. Thus, angle ABC is not 
unequal to (angle) DEF. Thus, (it is) equal. And the 
(angle) at A is also equal to the (angle) at D. And thus 
the remaining (angle) at C is equal to the remaining (an¬ 
gle) at F [Prop. 1.32]. Thus, triangle ABC is equiangular 
to triangle DEF. 

But, again, let each of the (angles) at C and F be 
assumed (to be) not less than a right-angle. I say, again, 
that triangle ABC is equiangular to triangle DEF in this 
case also. 

For, with the same construction, we can similarly 
show that BC is equal to BG. Hence, also, the angle 
at C is equal to (angle) BGC. And the (angle) at C (is) 
not less than a right-angle. Thus, BGC (is) not less than 
a right-angle either. So, in triangle BGC the (sum of) 
two angles is not less than two right-angles. The very 
thing is impossible [Prop. 1.17]. Thus, again, angle ABC 
is not unequal to DEF. Thus, (it is) equal. And the (an¬ 
gle) at A is also equal to the (angle) at D. Thus, the 
remaining (angle) at C is equal to the remaining (angle) 
at F [Prop. 1.32]. Thus, triangle ABC is equiangular to 
triangle DEF. 

Thus, if two triangles have one angle equal to one 
angle, and the sides about other angles proportional, and 
the remaining angles both less than, or both not less than, 
right-angles, then the triangles will be equiangular, and 
will have the angles about which the sides (are) propor¬ 
tional equal. (Which is) the very thing it was required to 
show. 

Proposition 8 

If, in a right-angled triangle, a (straight-line) is drawn 
from the right-angle perpendicular to the base then the 
triangles around the perpendicular are similar to the 
whole (triangle), and to one another. 

Let ABC be a right-angled triangle having the angle 
BAG a right-angle, and let AD have been drawn from 
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xpiyAvorv oXw to ABr xal exi aXXfjXoi;. 


A 



’ExeI yap tar) saxlv f) 0x6 BAr xfj Otto AAB- opOf) 
yap Exaxspa' xal xotvf) xov Suo xpiyAvwv xoO xe ABr xal 
xou ABA fj xpo; xA B, Xoixf) apa f) Otto ArB Xoixfj xfj 
uxo BAA egxiv iary laoyAviov apa saxl xo ABr xplytovov 
xA ABA xptyAvw. saxiv apa Ac; f] BB uxoxslvouaa xfjv 
opDfjv xou ABr xptyAvou xpo; xf)v BA uxoxsivouaav xf)v 
6 pDf]v xou ABA xpiyAvou, ouxco; auxf) f) AB uxoxrivouaa 
xf]v xpo; xA r ycovtav xou ABr xptyAvou xpo; xf]v BA 
uxoxstvouaav xfjv Tarjv xfjv 0x6 BAA xou ABA xptyAvou, 
xal Ext f] Ar xpo; xfjv AA uxoxstvouaav xfjv xpo; xA B 
yorviav xotvrjv xAv Suo xptyAvwv. xo ABr apa xptycovov 
xA ABA xptyAvcp taoyAvtov xe saxi xal xa; xspl xa; laa; 
yorvia; xXcupa; avaXoyov e/ei. opioiov apta [saxl] xo ABr 
xptywvov xA ABA xptyAvo. optolcr; 5f] Sst^optsv, oxt xal 
xA AAr xptyAvw optotov saxt xo ABr xptywvov sxaxspov 
apa xAv ABA, AAr [xptyAvwv] optotov egxlv oXq xA ABr. 

Asyw Sr), oxt xal aXXfjXoi; saxlv optota xa ABA, AAr 
xptywva. 

’EtteI yap opDf] f) 0x6 BAA opbfj xfj 0x6 AAr saxtv 
tar], aXXa ptfjv xal f) 0x6 BAA xfj xpoc; xA T ESstx'dr) tar), 
xal Xoixf] apa f) xpoc; xA B Xotxfj xfj 0x6 AAr saxtv tary 
iaoyAvtov apa saxl xo ABA xptyorvov xA AAr xptyAvcr. 
saxtv apa Ac; f] BA xou ABA xptyAvou Oxoxstvouaa xf)v 
0x6 BAA xpoc; xfjv AA xou AAr xptyAvou Oxoxstvouaav 
xfjv xpoc; xA r tarjv xfj 0x6 BAA, ouxw; auxf) f) AA xou 
ABA xptyAvou Oxoxstvouaa xf)v xpo; xA B ywvtav xpo; 
xf)v Ar Oxoxstvouaav xfjv 0x6 AAr xou AAr xptyAvou 
tarjv xfj xpo; xA B, xal exi f) BA xpo; xf]v Ar Oxoxstvouaat 
xa; opiM;' optotov apa saxl xo ABA xptyovov xA AAr 
xptyAvor. 

’Eav apa sv opOoyovicp xptyAvor axo xfj; opDfj; ywvta; 
exi xf)v pdatv xadsxo; ayUi], T “ ^po; T fi xaDsxa) xpiywva 
optota saxt xA xe oktd xal aXXfjXot; [oxsp sSei SsT^at]. 


A, perpendicular to BC [Prop. 1.12]. I say that triangles 
ABD and ADC are each similar to the whole (triangle) 
ABC and, further, to one another. 


A 



B DC 


For since (angle) BAC is equal to ADB —for each 
(are) right-angles—and the (angle) at B (is) common 
to the two triangles ABC and ABD, the remaining (an¬ 
gle) ACB is thus equal to the remaining (angle) BAD 
[Prop. 1.32], Thus, triangle ABC is equiangular to tri¬ 
angle ABD. Thus, as BC, subtending the right-angle in 
triangle ABC, is to BA, subtending the right-angle in tri¬ 
angle ABD, so the same AB, subtending the angle at C 
in triangle ABC, (is) to BD, subtending the equal (an¬ 
gle) BAD in triangle ABD, and, further, (so is) AC to 
AD, (both) subtending the angle at B common to the 
two triangles [Prop. 6.4]. Thus, triangle ABC is equian¬ 
gular to triangle ABD, and has the sides about the equal 
angles proportional. Thus, triangle ABC [is] similar to 
triangle ABD [Def. 6.1], So, similarly, we can show that 
triangle ABC is also similar to triangle ADC. Thus, [tri¬ 
angles] ABD and ADC are each similar to the whole 
(triangle) ABC. 

So I say that triangles ABD and ADC are also similar 
to one another. 

For since the right-angle BDA is equal to the right- 
angle ADC, and, indeed, (angle) BAD was also shown 
(to be) equal to the (angle) at C, thus the remaining (an¬ 
gle) at B is also equal to the remaining (angle) DAC 
[Prop. 1.32]. Thus, triangle ABD is equiangular to trian¬ 
gle ADC. Thus, as BD, subtending (angle) BAD in tri¬ 
angle ABD, is to DA, subtending the (angle) at C in tri¬ 
angle ADC, (which is) equal to (angle) BAD, so (is) the 
same AD, subtending the angle at B in triangle ABD, to 
DC, subtending (angle) DAC in triangle ADC, (which 
is) equal to the (angle) at B, and, further, (so is) BA to 
AC, (each) subtending right-angles [Prop. 6.4]. Thus, 
triangle ABD is similar to triangle ADC [Def. 6.1]. 

Thus, if, in a right-angled triangle, a (straight-line) 
is drawn from the right-angle perpendicular to the base 
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Ilopiapa. 

’Ex Bf) toutou cpavspov, oti eav sv op-doycuviw xpiyAvco 
axo Tfjg opbfjg ycovaic; exI Trjv pdau; xdi)£TO<; axOfj, h 
ax'deiaa tAv xrjc paascoc; TprjpaTCuv pear) avaXoyov ecttiv 
onep e8ei. oacjai. 

t In other words, the perpendicular is the geometric mean of the pieces. 

w. 

Tfj<; Boddarjc; Eudeiac to Ttpoaxax’dev (iepo<; acpeXelv. 



A Z B 


TiIcttw f] BoiSETaa su^ela f) AB- 8 eT Bf] Tfj<; AB to xpo- 
aTaxOcv pipoc; acpeXelv. 

’ExiTETaxDw Sr) to Tprcov. [xal] BnjOx^ Tl C aitb T °^ A 
eO’dela f) Ar ywvlav xcpiExouaa pcxa xfjc; AB Tuxouaav xal 
EiXficpOw Tuyov arjpElov era Tfj<; Ar to A, xal XEiaDwaav 
Tf) AA i'aai al AE, Er. xal exe^euxDm f] Br, xal Bid tou A 
xapaXXr)Xo<; auTfj fjxlko f) AZ. 

’ExeI ouv xpiyAvou tou ABr xapa plav tAv xXsupAv 
tt)v Br rjxTai f) ZA, avaXoyov apa egtIv A<; f] FA xpoc; xf)v 
AA, outok f) BZ xpoc; tt)v ZA. BixXfj Be f] TA Tfj<; AA- 
SlttXt) apa xal f] BZ Tfjc; ZA- TpixXfj apa f] BA xrjc; AZ. 

Tfj<; apa Bo-dstarj^ suOslac; Tfjc AB to sxiTaxf>£v Tpixov 
pspoc; acpfjpr]Tai to AZ- oxsp sBei xoifjaai. 


/ 

l. 

Tf)v BodEtaav suOsTav aTprjTov tt) BoOsiar] TETprjpEvr] 
opolcoc; TEpstv. 


then the triangles around the perpendicular are similar 
to the whole (triangle), and to one another. [(Which is) 
the very thing it was required to show.] 

Corollary 

So (it is) clear, from this, that if, in a right-angled tri¬ 
angle, a (straight-line) is drawn from the right-angle per¬ 
pendicular to the base then the (straight-line so) drawn 
is in mean proportion to the pieces of the based (Which 
is) the very thing it was required to show. 


Proposition 9 

To cut off a prescribed part from a given straight-line. 



Let AB be the given straight-line. So it is required to 
cut off a prescribed part from AB. 

So let a third (part) have been prescribed. [And] let 
some straight-line AC have been drawn from (point) A, 
encompassing a random angle with AB. And let a ran¬ 
dom point D have been taken on AC. And let DE and 
EC be made equal to AD [Prop. 1.3]. And let BC have 
been joined. And let DF have been drawn through D 
parallel to it [Prop. 1.31]. 

Therefore, since FD has been drawn parallel to one 
of the sides, BC, of triangle ABC, then, proportionally, 
as CD is to DA, so BF (is) to FA [Prop. 6.2]. And CD 
(is) double DA. Thus, BF (is) also double FA. Thus, 
BA (is) triple AF. 

Thus, the prescribed third part, AF, has been cut off 
from the given straight-line, AB. (Which is) the very 
thing it was required to do. 

Proposition 10 

To cut a given uncut straight-line similarly to a given 
cut (straight-line). 
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r 



TEcttco f) pcv Oo'dsTaa cu-dcla axprjxo; f) AB, f) 8e xe- 
xprjpsvr) fj Ar xaxa xa A, E arjpsla, xal XEiaDa>aav Agxe 
ya>vlav xuyouaav xspiEyEiv, xal EXE^Ed/dco fj TB, xal 8ia 
xAv A, E xfj BE xapaXXrjXoi fjx'dtoaav ai AZ, EH, Sia Ss 
xou A xfj AB xapaXXrjXo; yjyf}a> fj A@K. 

napaXXrjXoypappov apa saxlv Exaxspov xAv ZO, 0B- 
farj apa fj psv A0 xfj ZH, f) Ss 0K xfj HB. xal end xpiyAvou 
xou AKr xapa piav xAv xXsupAv xfjv Kr euDela fjxxai f] 
0E, avaXoyov apa saxlv Ac; fj EE xpo; xfjv EA, ouxco; fj 
K0 xpo; xfjv 0A. iarj 8e fj psv K0 xfj BH, f] 8e 0A xfj 
HZ. saxiv apa Ac; fj TE xpo; xfjv EA, ouxa>; f] BH xpo; xfjv 
HZ. xaXiv, exeI xpiyAvou xou AHE xapa (iiav xAv xXsupAv 
xfjv HE fjxxai. f) ZA, avaXoyov apa saxlv A; f) EA xpo; xfjv 
AA, ouxw; fj HZ xpo; xfjv ZA. xal A; f) TE 

xpo; xfjv EA, ouxo; f) BH xpo; xfjv HZ- eoxlv apa A; (isv 
f) TE xpo; xfjv EA, ouxo; fj BH xpo; xfjv HZ, A; 8e f) EA 
xpo; xfjv AA, ouxw; fj HZ xpo; xfjv ZA. 

'H apa 8 o-dslaa su-dsla axprjxo; fj AB xfj So-Oslot) su-dsta 
xExprjjiEvr) xfj Ar ojioiw; xsxprjxai.- oxsp e 8 ei xoifjaai.- 


ia'. 

Auo SoDsiaAv euDeiAv xpixrjv avaXoyov xpoasupslv. 

Tilaxwaav al SoffElaai. [6uo su-dslai] al BA, Ar xal 
xstafkoaav ywvlav xspL£)(ouaai. xu^oDoav. 8sT 8f] xAv BA, 
Ar xpixrjv avaXoyov xpoosupsTv. ExpspXfja-dwaav yap sxl 
xa A, E CTTjjisla, xal X£[crda> xfj Ar iarj fj BA, xal ExsCeuxifw 
fj Br, xal 8ia xou A xapaXXrjXo; auxfj fj^Do f) AE. 

’Exsl ouv xpiyAvou xou AAE xapa jiiav xAv xXsupAv 
xfjv AE fjxxai f) Br, avaXoyov ectclv A; f] AB xpo; xfjv 
BA, ouxw; fj Ar xpo; xfjv TE. iarj 8 e f] BA xfj AE. saxiv 
apa A; fj AB xpo; xfjv Ar, ouxo; f) Ar xpo; xfjv TE. 


c 



Let AB be the given uncut straight-line, and AC a 
(straight-line) cut at points D and E, and let (AC) be 
laid down so as to encompass a random angle (with AB ). 
And let CB have been joined. And let DF and EG have 
been drawn through (points) D and E (respectively), 
parallel to BC, and let DHK have been drawn through 
(point) D, parallel to AB [Prop. 1.31]. 

Thus, FH and HB are each parallelograms. Thus, 
DH (is) equal to FG, and HK to GB [Prop. 1.34]. And 
since the straight-line HE has been drawn parallel to one 
of the sides, KC, of triangle DKC, thus, proportionally, 
as CE is to ED, so KH (is) to HD [Prop. 6.2], And 
KH (is) equal to BG, and HD to GF. Thus, as CE is 
to ED, so BG (is) to GF. Again, since FD has been 
drawn parallel to one of the sides, GE, of triangle AGE, 
thus, proportionally, as ED is to DA, so GF (is) to FA 
[Prop. 6.2], And it was also shown that as CE (is) to 
ED, so BG (is) to GF. Thus, as CE is to ED, so BG (is) 
to GF, and as ED (is) to DA, so GF (is) to FA. 

Thus, the given uncut straight-line, AB, has been cut 
similarly to the given cut straight-line, AC. (Which is) 
the very thing it was required to do. 

Proposition 11 

To find a third (straight-line) proportional to two 
given straight-lines. 

Let BA and AC be the [two] given [straight-lines], 
and let them be laid down encompassing a random angle. 
So it is required to find a third (straight-line) proportional 
to BA and AC. For let {BA and AC) have been produced 
to points D and E (respectively), and let BD be made 
equal to AC [Prop. 1.3]. And let BC have been joined. 
And let DE have been drawn through (point) D parallel 
to it [Prop. 1.31]. 

Therefore, since BC has been drawn parallel to one 
of the sides DE of triangle ADE, proportionally, as AB is 
to BD, so AC (is) to CE [Prop. 6.2]. And BD (is) equal 
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A 



auxau; xpoacupqxai f\ TE- onep eSei xoirjaai. 


*P'- 

Tpicov So'Oeiacov eO’deuov TSTapTrjv avaXoyov Tcpo- 

G£Up£lV. 

A'-' 





’'EaTwaav ai SohsTaai xpet'c subsiai od A, B, H 8ei 8f) 
tov A, B, r xcxpaxqv avaXoyov xpoaeupeiv. 

’Exxeiahwaav 8uo sO'Oetai ai AE, AZ ytovlav xepi^xouc;- 
ai [xuxouaav] xfjv uxo EAZ- xai xeia'dto xfj pev A(ar) f] AH, 
xfj 8e B iar) f) HE, xai exi xfj T iar) f) A0- xai exi^euxllelar); 
xfj; H0 xapaXXqXo; auxfj fjx'dw 8ia xou E f) EZ. 

’Exri ouv xpiyAvou xou AEZ xapa plav xrjv EZ rjxxai f) 
H0, eaxiv apa Ac; f) AH xpo; xrjv HE, ouxto; f] A0 xpo; 
xr]v 0Z. iarj 8e f) pev AH xfj A, f] 8e HE xfj B, f) 8e A0 xfj 
E- eaxiv apa A; f] A xpo; xrjv B, ouxco; f) T xpo; xrjv 0Z. 

TpiAv apa 8oheiaAv eudeiAv xAv A, B, T xexapxr) 
avaXoyov xpoaeupqxai f) 0Z- oxep eSei xoifjaai. 


to AC. Thus, as AB is to AC, so AC (is) to CE. 


A 



Thus, a third (straight-line), CE, has been found 
(which is) proportional to the two given straight-lines, 
AB and AC. (Which is) the very thing it was required to 
do. 

Proposition 12 

To find a fourth (straight-line) proportional to three 
given straight-lines. 

A'-1 





Let A, B, and C be the three given straight-lines. So 
it is required to find a fourth (straight-line) proportional 
to A, B, and C. 

Let the two straight-lines DE and DF be set out en¬ 
compassing the [random] angle EDF. And let DC be 
made equal to A, and GE to B, and, further, DH to C 
[Prop. 1.3]. And GH being joined, let EF have been 
drawn through (point) E parallel to it [Prop. 1.31]. 

Therefore, since GH has been drawn parallel to one 
of the sides EF of triangle DEF, thus as DG is to GE, 
so DH (is) to HF [Prop. 6.2]. And DG (is) equal to A, 
and GE to B, and DH to C. Thus, as A is to B, so C (is) 
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to HF. 

Thus, a fourth (straight-line), HF, has been found 
(which is) proportional to the three given straight-lines, 
A, B, and C. (Which is) the very thing it was required to 
do. 


iy'. 

Auo BobEiaSv euOeiAv peaqv avaXoyov xpoaEupsTv. 



a b r 


’'Ecraoaav ai Bo-dcTaai 8uo eudsTai ai AB, BT- Set §rj xdv 
AB, BT pearjv dvaXoyov xpoacupElv. 

KeiaDwaav ex’ suflsiac, xai ysypacpOw era xfjc AT 
qpixuxXiov to AAT, xai qxifw axo too B aqpsiou xrj AT 
su-dsia xpoc opbac rj BA, xai EXECEuyilMaav ai AA, AT. 

’Exsi sv qpixuxXicp ywvia saxiv f) 0x6 AAT, opbr) saxiv. 
xai ex si sv ophoycdvicr xpiySvcp ip AAT axo xfjc opDrjc 
ywviac sxi TTjv pdaiv xadcxoc rjxxai fj AB, f) AB apa xAv 
xf]c pdastx; TpqpaTWv xAv AB, BT psar) dvaXoyov saxiv. 

Auo apa SoOsiaAv eODeiAv tAv AB, BT psar) avaXoyov 
xpoaEupqxai f) AB- oxsp e8ei xoifjaai. 


Proposition 13 


To find the (straight-line) in mean proportion to two 
given straight-lines.t 



A B C 


Let AB and BC be the two given straight-lines. So it 
is required to find the (straight-line) in mean proportion 
to AB and BC. 

Let ( AB and BC ) be laid down straight-on (with re¬ 
spect to one another), and let the semi-circle ADC have 
been drawn on AC [Prop. 1.10]. And let BD have been 
drawn from (point) B, at right-angles to AC [Prop. 1.11]. 
And let AD and DC have been joined. 

And since ADC is an angle in a semi-circle, it is a 
right-angle [Prop. 3.31], And since, in the right-angled 
triangle ADC, the (straight-line) DB has been drawn 
from the right-angle perpendicular to the base, DB is 
thus the mean proportional to the pieces of the base, AB 
and BC [Prop. 6.8 corn]. 

Thus, DB has been found (which is) in mean propor¬ 
tion to the two given straight-lines, AB and BC. (Which 
is) the very thing it was required to do. 


t In other words, to find the geometric mean of two given straight-lines. 


l§'. 

TAv Totov te xai laoywviGiv xapaXXqXoypapptov avxi- 
xsxovbaaiv al xXsupai ai xspi xac laac yoviac" xai Sv iao- 
ywvicov xapaXXrjXoypapporv avxixsxovdaaiv ai xXsupai ai 
xspi xac iaac ywviac, iaa saxiv EXEiva. 

Tiaxw laa xs xai iaoySvia xapaXXqXoypappa xa AB, 
BT iaac syovxa xac; xpoc xA B ywviac, xai XEiahoraav ex’ 
suOsiac; ai AB, BE- ex’ su-hsiac apa siai xai ai ZB, BH. 
Xsyw, oxi xAv AB, BT avxixsxovdaaiv ai xXsupai ai xspl 
xac ’mac ywviac, xouxsaxiv, oxi saxiv Sc f) AB xpoc vf)v 
BE, ouxcrc f] HB xpoc xfjv BZ. 


Proposition 14 

In equal and equiangular parallelograms the sides 
about the equal angles are reciprocally proportional. 
And those equiangular parallelograms in which the sides 
about the equal angles are reciprocally proportional are 
equal. 

Let AB and BC be equal and equiangular parallelo¬ 
grams having the angles at B equal. And let DB and BE 
be laid down straight-on (with respect to one another). 
Thus, FB and BG are also straight-on (with respect to 
one another) [Prop. 1.14]. I say that the sides of AB and 
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EupxexXr]pAa , da> yap to ZE xapaXXrjXoYpappov. exe'i 
ouv taov eaxl to AB xapaXXr]Xoypappov to BT xapaXXr]- 
Xoypappw, aXXo Se tl to ZE, egtiv apa Ac to AB xpoc to 
ZE, outcx to BT xpoc to ZE. aXX’ Ac psv to AB xpoc 
to ZE, outcx f) AB xpoc ttjv BE, 6k 8 s to Br xpoc to 
ZE, outcx f) HB xpoc tt]v BZ' xal Ac apa f) AB xpoc ttjv 
BE, outcx f) HB xpoc ttjv BZ. tov apa AB, BT xapaX- 
Xr]Xoypa(iptwv avTtxExovDaatv at xXsupal at xspl Tac taac 
ycovlac. 

AXXa 8f] sgtco Ac f] AB xpoc ttjv BE, outcx f] HB xpoc 
tt]v BZ - Xsyco, oti taov Ecra to AB xapaXXrjXoypappov tA 
Br xapaXXrjXoYpappca. 

’EtteI yap sotiv Ac f) AB xpoc tt)v BE, outcx f) HB 
xpoc ttjv BZ, aXX’ Ac pev f) AB xpoc ttjv BE, outcx to 
AB xapaXXrjXoypappov xpoc to ZE xapaXXrjXoypappov, Ac 
8e f) HB xpoc tt)v BZ, outcx to BT xapaXXr]Xoypappov 
Tipoc to ZE xapaXXrjXoypappov, xal Ac apa to AB xpoc 
to ZE, outcx to Br Tipoc to ZE' taov apa eoti to AB 
xapaXXrjXoypappov tA Br xapaXXr]Xoypa(jtpcp. 

TAv apa Tacov te xal iaoycovlcov xapaXXrjXoypappcav 
avTtxsxovdaatv al xXsupal al Tispl Tac taac ycovtac xal 6v 
taoywviwv xapaXXrjXoypappcav avTtxExovdaatv at xXsupal 
al tie pi Tac taac ycovlac, Taa egtIv ExsTva- oxep e8ei BsT^at. 


is'. 

TAv tacov xal plav pita tar]v e^ovtcov ycovlav xpiyAvorv 
avTixsxovhaatv ai xXsupal al xspl Tac taac ycovlac xal 6v 
plav pta tarjv EyovTMv ycovlav xpiyAvcov avTtxExovdaaiv al 
xXEupal al Tispl Tac taac ycovlac, taa eotIv Exstva. 

THaTO) taa Tplywva Ta ABr, AAE plav pita tarjv Eyovxa 
ywvlav ttjv uxo BAr Tfj 0x6 AAE- Xsyco, oti tAv ABr, 
AAE TptyAvwv avTixsxovdaatv al xXsupal al xspl Tac taac 
ywvlac, toutecttiv, oti eotIv Ac f) EA xpoc ttjv AA, outcx 


BC about the equal angles are reciprocally proportional, 
that is to say, that as DB is to BE, so GB (is) to BF. 


E C 



For let the parallelogram FE have been completed. 
Therefore, since parallelogram AB is equal to parallelo¬ 
gram BC, and FE (is) some other (parallelogram), thus 
as (parallelogram) AB is to FE, so (parallelogram) BC 
(is) to FE [Prop. 5.7]. But, as (parallelogram) AB (is) to 
FE, so DB (is) to BE, and as (parallelogram) BC (is) to 
FE, so GB (is) to BF [Prop. 6.1]. Thus, also, as DB (is) 
to BE, so GB (is) to BF. Thus, in parallelograms AB 
and BC the sides about the equal angles are reciprocally 
proportional. 

And so, let DB be to BE, as GB (is) to BF. I say that 
parallelogram AB is equal to parallelogram BC. 

For since as DB is to BE, so GB (is) to BF, but as 
DB (is) to BE, so parallelogram AB (is) to parallelo¬ 
gram FE, and as GB (is) to BF, so parallelogram BC 
(is) to parallelogram FE [Prop. 6.1], thus, also, as (par¬ 
allelogram) AB (is) to FE, so (parallelogram) BC (is) 
to FE [Prop. 5.11]. Thus, parallelogram AB is equal to 
parallelogram BC [Prop. 5.9]. 

Thus, in equal and equiangular parallelograms the 
sides about the equal angles are reciprocally propor¬ 
tional. And those equiangular parallelograms in which 
the sides about the equal angles are reciprocally propor¬ 
tional are equal. (Which is) the very thing it was required 
to show. 

Proposition 15 

In equal triangles also having one angle equal to one 
(angle) the sides about the equal angles are reciprocally 
proportional. And those triangles having one angle equal 
to one angle for which the sides about the equal angles 
(are) reciprocally proportional are equal. 

Let ABC and ADE be equal triangles having one an¬ 
gle equal to one (angle), (namely) BAG (equal) to DAE. 
I say that, in triangles ABC and ADE, the sides about the 
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f) EA Tip oc tt)v AB. 


b r 



Keia'dw yap 6axs sx ! sudsiac sTvai xrjv FA xfj AA- sx’ 
sudsiac apa sax! xal f) EA xfj AB. xal sxs^suxdo f] BA. 

'Etc! ouv !aov sax! xo ABr xpiytrvov xo AAE xpiycovco, 
aXXo 8s xi xo BAA, saxiv apa 6c xo TAB xpiywvov xpoc 
xo BAA xpiywvov, ouxorc xo EAA xpiywvov xpoc xo BAA 
xpiyorvov. aXX’ 6c psv xo LAB xpoc xo BAA, ouxqc f) 
EA xpoc xf]v AA, 6 c 8s xo EAA xpoc xo BAA, ouxmc f) 
EA xpoc xf)v AB. xal 6c apa rj EA xpoc xrjv A A, ouxwc 
f) EA upoc xf]v AB. x6v ABr, AAE apa xpiy6vcov avxi- 
xsxovdaaiv a! xXsupa! a! xsp! xac iaac ywviac. 

AXXa Sr] avxixsxovdsxuaav a! xXsupa! x6v ABE, AAE 
xpiyovorv, xal saxw 6c f] EA Tipoc xfjv AA, ouxcoc f] EA 
Tipoc xf]v AB' Xsyw, oxi laov sax! xo ABr xpiywvov x6 
AAE xpiyAvor. 

’EraCeux'dsiCTrjc yap xaXiv xfjc BA, sxs! saxiv 6c f] EA 
Tipoc xr)v AA, ouxuc rj EA Tipoc xr]v AB, aXX’ 6c psv 
f) EA xpoc xrjv AA, ouxwc XO ABr xpiywvov Tipoc xo 
BAA xpiywvov, 6c 8s f] EA Tipoc xrjv AB, ouxwc xo EAA 
xpiyorvov Tipoc xo BAA xpiyuvov, 6c apa xo ABr xpiycovov 
Tipoc xo BAA xpiywvov, ouxwc xo EAA xpiywvov xpoc 
xo BAA xpiywvov. sxaxspov apa x6v ABr, EAA xpoc 
xo BAA xov auxov syci Xoyov. lacov apa sax! xo ABr 
[xpiywvov] x6 EAA xpiy6va>. 

T6v apa laov xal plav pia iar]v sxovxwv ywviav 
xpiy6v«v avxixsxovdaaiv ai xXsupa! a! xsp! xac iaac 
yorviac xa! 6c (Lav pia !ar]v sxovxorv ywviav xpiyAvorv 
avxixsxovdaaiv a! xXsupa! ai xsp! xac iaac ywviac, sxsiva 
’(aa saxiv oxsp s8si Ssi^ai. 


19 '. 

’Eav xsaaapsc sudstai avaXoyov 6aiv, xo uxo x6v 
axptov xspisxo(isvov opdoy6viov laov sax! x6 uxo x6v 
(isa«v xspisxo(isvw opdoywvioy xav xo uxo x6v axpwv 


equal angles are reciprocally proportional, that is to say, 
that as CA is to AD, so EA (is) to AB. 


B C 



For let CA be laid down so as to be straight-on (with 
respect) to AD. Thus, EA is also straight-on (with re¬ 
spect) to AB [Prop. 1.14]. And let BD have been joined. 

Therefore, since triangle ABC is equal to triangle 
ADE, and BAD (is) some other (triangle), thus as tri¬ 
angle CAB is to triangle BAD, so triangle EAD (is) to 
triangle BAD [Prop. 5.7]. But, as (triangle) CAB (is) 
to BAD, so CA (is) to AD, and as (triangle) EAD (is) 
to BAD, so EA (is) to AB [Prop. 6.1]. And thus, as CA 
(is) to AD, so EA (is) to AB. Thus, in triangles ABC and 
ADE the sides about the equal angles (are) reciprocally 
proportional. 

And so, let the sides of triangles ABC and ADE be 
reciprocally proportional, and (thus) let CA be to AD, 
as EA (is) to AB. I say that triangle ABC is equal to 
triangle ADE. 

For, BD again being joined, since as CA is to AD, so 
EA (is) to AB, but as CA (is) to AD, so triangle ABC 
(is) to triangle BAD, and as EA (is) to AB, so triangle 
EAD (is) to triangle BAD [Prop. 6.1], thus as triangle 
ABC (is) to triangle BAD, so triangle EAD (is) to tri¬ 
angle BAD. Thus, (triangles) ABC and EAD each have 
the same ratio to BAD. Thus, [triangle] ABC is equal to 
triangle EAD [Prop. 5.9]. 

Thus, in equal triangles also having one angle equal to 
one (angle) the sides about the equal angles (are) recip¬ 
rocally proportional. And those triangles having one an¬ 
gle equal to one angle for which the sides about the equal 
angles (are) reciprocally proportional are equal. (Which 
is) the very thing it was required to show. 

Proposition 16 

If four straight-lines are proportional then the rect¬ 
angle contained by the (two) outermost is equal to the 
rectangle contained by the middle (two). And if the rect- 
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TT£pisxb|i£vov bpifoyAviov iaov fj to Otto tov (isawv Trspis- 
Xopsvqr op-doycovia), a! xsaaaps; suOsTai avaXoyov saovxai. 



E'-1 Z'-1 

Tfoxwaav xsaaaps; sudslai avaXoyov ai AB, TA, E, Z, 
&<; f) AB irpog xqv TA, outgk f) E irpog xf)v Z- Xsyto, oxi 
to otto tAv AB, Z TTEpiExojiEvov ophoyAviov iaov saxi tA 
Otto tAv TA, E TrspisxopsvM op-doywviw. 

’'Hx'dwaav [yap] axo tAv A, T ar)(i£i6)v xai<; AB, TA 
suHsiaK; Tipo; op-dcu; ai AH, T0, xai xsiahw Tfj psv Z Tar] 
f) AH, Tfj 8s E for) f) T0. xai aupTTSTTXqpAa-dM xa BH, A0 
TrapaXXqXoypappa. 

Kai ettei saxiv A<; f) AB xpot; xf)v TA, ouxgk f) E xpo; 
xf]v Z, for) 8s f) psv E Tfj T0, f] 8s Z Tfj AH, saxiv apa A; 
f) AB TTpo; xf)v TA, ouxux; f] T0 xpot; xf)v AH. xAv BH, 
A0 apa TTapaXXr]Xoypappu>v avxiTTSTrovdaaiv ai irXEupai ai 
its pi xa; foat; yorvia;. Gv 8s iaoyorviorv TrapaXXr)Xoypa)X(iorv 
avxiTTSTrovdaaiv ai TrXsupai ai Trspl xa<; foat; yovai;, foa saxiv 
sxsvva- iaov apa saxi xo BH TrapaXXqXoypappov xA A0 
TTapaXXqXoypappG). xai saxi to (iev BH xo Otto xAv AB, Z- 
for) yap f) AH xfj Z- xo 8 e A0 xo Otto xAv TA, E- for) yap f) 
E xfj T0 - xo apa Otto xAv AB, Z TrspLExopiEvov opifoyAviov 
iaov saxi xA Otto xAv TA, E TT£pi£xo|i£vor op'doyAvi.q). 

AXXa 8f] xo Otto xAv AB, Z TTEpisxopiEvov 6pi)oyAvi.ov 
iaov saxor xA Otto xAv TA, E xspLExopiEvqr opifoyorvior. 
Xsyor, oxi ai xsaaapst; Euifsiai. avaXoyov saovxai., A; f] AB 
TTpo; xf)v TA, ouxok f) E xpoc; xf)v Z. 

TAv yap auxAv xaTaoxEuaciJEVTorv, ette'i xo Otto xAv 
AB, Z iaov saxi xA Otto xAv TA, E, xai saxi xo pisv Otto 
xAv AB, Z to BH- iarj yap saxiv f] AH xfj Z- xo 8s Otto xAv 
TA, E to A0- for) yap f) T0 xfj E- xo apa BH iaov saxi 
tA A0. xai saxiv iaoyAvia. xAv 8 e iawv xai iaoywviwv 
TiapaXXr)Xoypd(i)X6rv avxiTTSTrovdaaiv ai TrXsupai ai nspi xat; 
iaa; ywviat;. saxiv apa A; f) AB xpot; xf)v TA, ouxot; f] T0 
TTpo; xf)v AH. iar) 8 e f) pisv T0 xfj E, f] 8s AH Tfj Z- saxiv 
apa At; f] AB xpoc; xf)v TA, outgk f) E xpoc; xf)v Z. 

’Eav apa xsaaapst; su-dsiai avaXoyov Aaiv, xo Otto xAv 
axpwv TTspisxopisvov op-doyAviov iaov saxi xA Otto xAv 
pisaorv TTspisxopisvcr 6pi)oywviq)- xav to Otto xAv axpwv 
TTspisxo(i£vov opifoyAviov iaov fj xA Otto xAv (isawv Trspis- 
Xo^svor op-doycdvia), ai xsaaapst; sO-Osiai avaXoyov saovxar 
oirsp e8ei Osi^ai. 


angle contained by the (two) outermost is equal to the 
rectangle contained by the middle (two) then the four 
straight-lines will be proportional. 



Let AB, CD, E, and F be four proportional straight¬ 
lines, (such that) as AB (is) to CD, so E (is) to F. I say 
that the rectangle contained by AB and F is equal to the 
rectangle contained by CD and E. 

[For] let AG and CH have been drawn from points 
A and C at right-angles to the straight-lines AB and CD 
(respectively) [Prop. 1.11], And let AG be made equal to 
F, and CH to E [Prop. 1.3]. And let the parallelograms 
BG and DH have been completed. 

And since as AB is to CD, so E (is) to F, and E 
(is) equal CH, and F to AG, thus as AB is to CD, so 
CH (is) to AG. Thus, in the parallelograms BG and DH 
the sides about the equal angles are reciprocally propor¬ 
tional. And those equiangular parallelograms in which 
the sides about the equal angles are reciprocally propor¬ 
tional are equal [Prop. 6.14]. Thus, parallelogram BG 
is equal to parallelogram DH. And BG is the (rectangle 
contained) by AB and F. For AG (is) equal to F. And 
DH (is) the (rectangle contained) by CD and E. For E 
(is) equal to CH. Thus, the rectangle contained by AB 
and F is equal to the rectangle contained by CD and E. 

And so, let the rectangle contained by AB and F be 
equal to the rectangle contained by CD and E. I say that 
the four straight-lines will be proportional, (so that) as 
AB (is) to CD, so E (is) to F. 

For, with the same construction, since the (rectangle 
contained) by AB and F is equal to the (rectangle con¬ 
tained) by CD and E. And BG is the (rectangle con¬ 
tained) by AB and F. For AG is equal to F. And DH 
(is) the (rectangle contained) by CD and E. For CH 
(is) equal to E. BG is thus equal to DH. And they 
are equiangular. And in equal and equiangular parallel¬ 
ograms the sides about the equal angles are reciprocally 
proportional [Prop. 6.14]. Thus, as AB is to CD, so CH 
(is) to AG. And CH (is) equal to E, and AG to F. Thus, 
as AB is to CD, so E (is) to F. 

Thus, if four straight-lines are proportional then the 
rectangle contained by the (two) outermost is equal to 
the rectangle contained by the middle (two). And if the 
rectangle contained by the (two) outermost is equal to 
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iC. 

’Eav xpElc; EuDElai avaXoyov Saiv, to 0x6 twv axpov 
xEpiExopEvov opdoyoviov iaov sail ifi axo xfjc pEarjc; te- 
xpayovo' xav xo 0x6 xfiv axpov xspiExopsvov opDoyoviov 
laov fj xo axo xfjc; pEarjc; xsxpayovo, ai xpsu; EuDslai 
avaXoyov saovxai. 

A>- 1 

B 1 -1 A'-1 

ri-1 

’'Eaxoaav xpeu; sOOsTai avaXoyov ai A, B, T, o<; f) A 
xpoc; xrjv B, ouxoc; fj B xpoc; xf]v P Xsyo, oxi xo 0x6 xov 

A, T xspiExopEvov op'OoyoJvtov laov saxl xw axo xfjc; B 
xsxpayovo. 

KciaDo xfj B iarj fj A. 

Kal £x£i saxiv o<; fj A xpoc; xrjv B, ouxoc; fj B xpoc; xrjv 
T, larj 5 e f) B xfj A, Eaxiv apa o<; fj A xpoc; xrjv B, fj A xpo? 
xrjv T. sav Ss xsaaapsc; suiDsTai avaXoyov oaiv, xo 0x6 xwv 
axpov xEpiExo^Evov [opDoyoviov] iaov saxl xo 0x6 xov 
[ijoov xEpiExo^Evo op'doyovio. to apa 0x6 xov A, T laov 
saxl xo 0x6 xov B, A. aXXa to 0x6 xov B, A to axo xfj<; B 
saxiv iar] yap yj B xfj A- xo apa 0x6 xov A, T xEpiExojiEvov 
opiDoyoviov ’(aov saxl xo axo xfj<; B xExpayovo. 

AXXa 8r) to 0x6 xov A, T laov saxoj xo axo xfji; B' 
Xsyo, oxi saxiv oc; f) A xpoc; xfjv B, ouxoc; f] B xpoc; xrjv T. 

Tov yap aOxov xaxaaxsuaa'dEvxov, sxsl xo 0x6 tov A, 
T laov saxl to axo xfjc; B, aXXa xo axo xfj<; B to 0x6 xov 

B, A saxiv I'ar) yap f) B xfj A- to apa 0x6 xov A, T laov 
saxl xo 0x6 xov B, A. sav 8s xo 0x6 xov axpov laov fj xo 
0x6 xov ^saov, ai xsaaapsc; sOiElsTai avaXoyov siaiv. saxiv 
apa o<; rj A xpoc; xrjv B, ouxoc; i] A xpoc; xrjv T. larj 8s fj B 
xfj A- o<; apa fj A xpoc; xrjv B, ouxoc; rj B xpoc; xrjv T. 

’Eav apa xpslc; sOiDsTai avaXoyov oaiv, xo 0x6 xov axpov 
xspiExojiEvov opDoyoviov laov saxl to axo xfjc; jisarjc; te- 
xpayovo- xav xo 0x6 xov axpov xspisxojiEvov opDoyoviov 
!aov fj to axo xfjc; jxsarjc; TExpayovo, ai xpslc; sODsTai 
avaXoyov saovxai- oxsp e8ei 8 sT^ai. 


the rectangle contained by the middle (two) then the four 
straight-lines will be proportional. (Which is) the very 
thing it was required to show. 

Proposition 17 

If three straight-lines are proportional then the rect¬ 
angle contained by the (two) outermost is equal to the 
square on the middle (one). And if the rectangle con¬ 
tained by the (two) outermost is equal to the square on 
the middle (one) then the three straight-lines will be pro¬ 
portional. 

A'-1 

B i-1 D 1 -1 

Ci-1 

Let A, B and C be three proportional straight-lines, 
(such that) as A (is) to B, so B (is) to C. I say that the 
rectangle contained by A and C is equal to the square on 
B. 

Let D be made equal to B [Prop. 1.3]. 

And since as A is to B, so B (is) to C, and B (is) 
equal to D, thus as A is to B, (so) D (is) to C. And if 
four straight-lines are proportional then the [rectangle] 
contained by the (two) outermost is equal to the rectan¬ 
gle contained by the middle (two) [Prop. 6.16], Thus, 
the (rectangle contained) by A and C is equal to the 
(rectangle contained) by B and D. But, the (rectangle 
contained) by B and I) is the (square) on B. For B (is) 
equal to D. Thus, the rectangle contained by A and C is 
equal to the square on B. 

And so, let the (rectangle contained) by A and C be 
equal to the (square) on B. I say that as A is to B, so B 
(is) to C. 

For, with the same construction, since the (rectangle 
contained) by A and C is equal to the (square) on B. 
But, the (square) on B is the (rectangle contained) by B 
and D. For B (is) equal to I). The (rectangle contained) 
by A and C is thus equal to the (rectangle contained) by 
B and D. And if the (rectangle contained) by the (two) 
outermost is equal to the (rectangle contained) by the 
middle (two) then the four straight-lines are proportional 
[Prop. 6.16]. Thus, as A is to B, so D (is) to C. And B 
(is) equal to D. Thus, as A (is) to B, so B (is) to C. 

Thus, if three straight-lines are proportional then the 
rectangle contained by the (two) outermost is equal to 
the square on the middle (one). And if the rectangle con¬ 
tained by the (two) outermost is equal to the square on 
the middle (one) then the three straight-lines will be pro¬ 
portional. (Which is) the very thing it was required to 
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show. 


ir L 


Proposition 18 


Axo Tfjc BohEforjc cO-dciac to BotIevti. sO-duYpappw To describe a rectilinear figure similar, and simi- 
opofov te xai opolorc xslpsvov EuOuYpappov avaYpd(|»ai. larly laid down, to a given rectilinear figure on a given 

straight-line. 



’'Ecttco f) psv BoOsfoa su-hsla f] AB, to Be BoOsv 
EU'duYpappov to TE- BeT 8 rj axo xrjc AB su-dsiac to TE 
eO'duYpapifjicp opoiov te xal opoloc xslpsvov sihlOYpappov 

avaYpdcl> al - 

’Ette^euxtIw f) AZ, xal guvegtocto xpoc Tfj AB euDeIoc 
xal toIc xpoc auTfj arjpEioic toic A, B Tfj psv xpoc tA T 
Ywvla Igt) f) Otto HAB, xfj Be 0x6 TAZ for) fj 0x6 ABH. Xoixf) 
apa f) 0x6 TZA Tfj 0x6 AHB egtiv for)- IgoyAviov apa egtI 
to ZTA TpiYOvov tA HAB TpiYAvcx avaXoYov apa egtIv 
Ac; f) ZA xpoc tt)v HB, outgk f) ZF xpoc tt)v HA, xal f] 
TA xpoc; ttjv AB. xaXiv ouvsoTaTto xpoc; Tfj BH su-hsla xal 
toIc xpoc; auTfj orjpslou; toic B, H Tfj psv 0x6 AZE yuiVia. 
lot] fj 0x6 BH0, Tfj Be 0x6 ZAE for) f) 0x6 HB0. Xoixf) apa 
f) xpoc; tA E Xoixfj Tfj xpoc; tA 0 egtiv far)' IgoyAviov apa 
egtI to ZAE TpiYOvov tA H0B TpiYAvcr avaXoYov apa 
egtiv Ac; f] ZA xpoc; ttjv HB, outcoc f) ZE xpoc ttjv H0 xal 
fj EA xpoc ttjv 0B. sBEixilr) Be xal Ac fj ZA xpoc ttjv HB, 
outwc f) Zr xpoc ttjv HA xal fj TA xpoc ttjv AB- xal Ac 
apa f] Zr xpoc tt)v AH, outwc rj te TA xpoc Tf)v AB xal f) 
ZE xpoc ttjv H0 xal eti fj EA xpoc ttjv 0B. xal exeI for) 
egtIv fj pisv 0x6 TZA Y^vla Tfj 0x6 AHB, f] Be 0x6 AZE Tfj 
0x6 BH0, oXrj apa fj 0x6 TZE oXr) Tfj 0x6 AH0 egtiv for). 
Bia Ta auTa Bf) xal f] 0x6 TAE Tfj 0x6 AB0 egtiv for), egti 
Be xal f] (isv xpoc tA T Tfj xpoc tA A for), f) Bs xpoc tA E 
Tfj xpoc tA 0. IgoyAviov apa egtI to A0 tA TE- xal Tac 
xspl Tac foac y^^ aOTAv xXsupac avaXoYov sysc opoiov 
apa eotI to A0 EuOuYpappov tA FE EU'duYpdppw. 

Axo xfjc Bo-dsforjc apa Et/hslac xrjc AB tA BoOevti 
EU'duYpappcp tA TE opoiov te xal opoicoc xsipsvov suOuYpa- 
ppov avaY£YP OTl:at to A0- oxsp eBei xoifjaai. 


Let AB be the given straight-line, and CE the given 
rectilinear figure. So it is required to describe a rectilinear 
figure similar, and similarly laid down, to the rectilinear 
figure CE on the straight-line AB. 

Let DF have been joined, and let GAB, equal to the 
angle at C, and ABC, equal to (angle) CDF, have been 
constructed on the straight-line AB at the points A and 
B on it (respectively) [Prop. 1.23]. Thus, the remain¬ 
ing (angle) CFD is equal to AGB [Prop. 1.32]. Thus, 
triangle FCD is equiangular to triangle GAB. Thus, 
proportionally, as FD is to GB, so FC (is) to GA, and 
CD to AB [Prop. 6.4]. Again, let BGF[, equal to an¬ 
gle DFE, and GBH equal to (angle) FDE, have been 
constructed on the straight-line BG at the points G and 
B on it (respectively) [Prop. 1.23]. Thus, the remain¬ 
ing (angle) at E is equal to the remaining (angle) at H 
[Prop. 1.32]. Thus, triangle FDE is equiangular to tri¬ 
angle GHB. Thus, proportionally, as FD is to GB, so 
FE (is) to GFl, and ED to FIB [Prop. 6.4]. And it was 
also shown (that) as FD (is) to GB, so FC (is) to GA, 
and CD to AB. Thus, also, as FC (is) to AG, so CD (is) 
to AB, and FE to GFL, and, further, ED to HB. And 
since angle CFD is equal to AGB, and DFE to BGH, 
thus the whole (angle) CFE is equal to the whole (an¬ 
gle) AGH. So, for the same (reasons), (angle) CDE is 
also equal to ABH. And the (angle) at C is also equal 
to the (angle) at A, and the (angle) at E to the (angle) 
at H. Thus, (figure) AH is equiangular to CE. And (the 
two figures) have the sides about their equal angles pro¬ 
portional. Thus, the rectilinear figure AH is similar to the 
rectilinear figure CE [Def. 6.1]. 

Thus, the rectilinear figure AH, similar, and similarly 
laid down, to the given rectilinear figure CE has been 
constructed on the given straight-line AB. (Which is) the 
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Ta opoia xplyova xpoc aXXrjXa ev SixXaCTtovi Xoyo sail 
xAv opoXoywv xXsupAv. 

A 



A 



’'Ectxco opoia xplyorva xa ABT, AEZ icttjv eyovxa xfjv 
xpoc xA B ywvlav xfj xpoc xA E, Ac 8 e xfjv AB xpoc xfjv BT, 
ouxa>c xfjv AE xpoc xf)v EZ, Actxe opoXoyov elvai xfjv Br 
xfj EZ' Xeyto, oxi xo ABr xplytovov xpoc xo AEZ xplytovov 
BmXaaiova Xoyov eyei ffasp f) Br xpoc xfjv EZ. 

ElXfjcpfko yap xAv Br, EZ xplxrj avaXoyov fj BH, Acrce 
slvai Ac xfjv Br xpoc xfjv EZ, ouxorc xfjv EZ xpoc xfjv BH- 
xal exe^eux'dco f] AH. 

’End ouv ectxiv Ac fj AB xpoc xfjv Br, ouxcoc f] AE xpoc 
xfjv EZ, evaXXaEj apa ectxIv Ac fj AB xpoc xfjv AE, ouxcoc f) 
Br xpoc xfjv EZ. aXX’ Ac f) Br xpoc EZ, ouxtoc ectxiv fj EZ 
xpoc BH. xal Ac apa fj AB xpoc AE, ouxtoc fj EZ xpoc BH- 
xAv ABH, AEZ apa xpiyAvtov avxi7t£x6vdaCTi.v al xXeupal al 
xepl xac iCTac ytovaic- Av 5e plav pia Icttjv Eyovxwv ytovlav 
xpiyAvwv dvxutExovbaCTiv al xXeupal al xepi xac Toac ywvaic, 
’(era sctxIv exslva. ictov apa ectxI xo ABH xplywvov xA AEZ 
xpiyAvcp. xal susl sctxiv Ac fj Br k poc xfjv EZ, ouxwc f) 
EZ xpoc xfjv BH, sav 8e xpelc Eubslai avaXoyov Activ, fj 
xpAxrj xpoc xfjv xplxrjv BinXaulova Xoyov syEi. fj^sp xpoc 
xfjv Osuxspav, fj Br apa jtpoc xfjv BH SixXaCTtova Xoyov 
sysi fjxsp fj TB xpoc xfjv EZ. Ac 8s f) TB xpoc xfjv BH, 
ouxoc xo ABr xplywvov xpoc xo ABH xplywvov xal xo 
ABr apa xplycovov xpoc xo ABH SinXacnova Xoyov Eyst 
fjiiEp fj Br xpoc xfjv EZ. ictov os xo ABH xplyorvov xA 
AEZ xpiyAvcx xal xo ABr apa xplycovov xpoc xo AEZ 
xplyorvov BiTiXaCTiova Xoyov Eyst fjxsp fj Br xpoc xfjv EZ. 

Ta apa opota xplycova xpoc aXXrjXa sv StTiXacnovi Xoyw 
ectxI xAv opoXoywv xXsupAv. [oxsp s8ei 8 sTc;ai.] 


Ilopiajjia. 

’Ex 8fj xouxou epavepov, oxi, Eav xpdc subslai avaXoyov 
Activ, ectxiv Ac fj xpAxrj xpoc xfjv xplxrjv, ouxwc xo axo 


very thing it was required to do. 

Proposition 19 

Similar triangles are to one another in the squared^ 
ratio of (their) corresponding sides. 

A 



D 



Let ABC and DEF be similar triangles having the 
angle at B equal to the (angle) at E, and AB to BC, as 
DE (is) to EF, such that BC corresponds to EF. I say 
that triangle ABC has a squared ratio to triangle DEF 
with respect to (that side) BC (has) to EF. 

For let a third (straight-line), BG, have been taken 
(which is) proportional to BC and EF, so that as BC 
(is) to EF, so EF (is) to BG [Prop. 6.11]. And let AG 
have been joined. 

Therefore, since as AB is to BC, so DE (is) to EF, 
thus, alternately, as AB is to DE, so BC (is) to EF 
[Prop. 5.16]. But, as BC (is) to EF, so EF is to BG. 
And, thus, as AB (is) to DE, so EF (is) to BG. Thus, 
for triangles ABG and DEF, the sides about the equal 
angles are reciprocally proportional. And those triangles 
having one (angle) equal to one (angle) for which the 
sides about the equal angles are reciprocally proportional 
are equal [Prop. 6.15]. Thus, triangle ABG is equal to 
triangle DEF. And since as BC (is) to EF, so EF (is) 
to BG, and if three straight-lines are proportional then 
the first has a squared ratio to the third with respect to 
the second [Def. 5.9], BC thus has a squared ratio to BG 
with respect to (that) CB (has) to EF. And as CB (is) 
to BG, so triangle ABC (is) to triangle ABG [Prop. 6.1]. 
Thus, triangle ABC also has a squared ratio to (triangle) 
ABG with respect to (that side) BC (has) to EF. And 
triangle ABG (is) equal to triangle DEF. Thus, trian¬ 
gle ABC also has a squared ratio to triangle DEF with 
respect to (that side) BC (has) to EF. 

Thus, similar triangles are to one another in the 
squared ratio of (their) corresponding sides. [(Which 
is) the very thing it was required to show]. 

Corollary 

So it is clear, from this, that if three straight-lines are 
proportional, then as the first is to the third, so the figure 


175 




ETOIXEIfiN 9'. 


ELEMENTS BOOK 6 


xrjg xpwxrig sTSog xpog to duo xfj<; 8suxspag to opoiov xal 
opoioog dvaypacpoptevov. oitsp sSsi os'igai. 

t Literally, “double”. 

X. 

Td opoia TioXuYCova slg xs opoia Tp[y«va 8iaipsTxai xal 
rig laa to TArydog xal opioXoya xoTg oAoig, xal to xoXuycovov 
itpog to itoXuY«vov 8mXaaiova Xoyov cyci fjitep f) opoXoYog 
itXsupa itpog xrjv opoXoYov itXsupav. 



THaTO) opoia itoXuYWva xa ABrAE, ZH0KA, opoXoYog 
8s saxa> f) AB xfj ZH- Asya), oxi xa ABrAE, ZH0KA 
itoXuY«va sic; xs opoia Tpiyaiva BiaipsTxai xal sic; laa to 
itXfj'Oog xal opoXoYa xoTg oAoig, xal to ABrAE ixoAuymvov 
itpog to ZH0KA iioAuymvov 5iitXaa(ova Xoyov sysi fjitsp f) 
AB itpog xf)v ZH. 

’Eits^su)(Da)CTav al BE, Er, HA, A0. 

Kal sit si opoiov soxi to ABrAE koXuymvov xcb 
ZH0KA itoXuYWvw, larj saxiv f] uito BAE ywvia xfj 0x6 
HZA. xal soxiv <bg rj BA itpog AE, ouxtog fj HZ itpog ZA. 
sitsl ouv Buo xpiY^vd saxi xa ABE, ZHA piav yaViay pia 
Ywvla larjv sxovxa, itspl 8s Tag laag y^viag xag itXsupag 
avaXoYov, ictoywviov apa saxi to ABE Tpiyiovov xw ZHA 
TpiYWvar waxs xal opoiov lar) apa saxlv f] uito ABE Y«v[a 
xfj uito ZHA. saxi 8s xal 6\r\ f) uito ABr okr\ xfj uito 
ZH0 lar] 8ia tt)v opoioxrjxa xov xoXuywvmv Xoiitf) apa f] 
uito EBr Y^vla xfj uito AH0 saxiv lar). xal sitsl 8ia xr]v 
opioioxrjxa xwv ABE, ZHA xpiYtovtov saxlv cbg f] EB itpog 
BA, ouxcog fj AH itpog HZ, aXXa pirjv xal 8ia xrjv opoioxrjxa 
twv itoXuYWvwv saxlv dig f) AB itpog Br, ouxcog f) ZH itpog 
H0, Si’ laou apa saxlv tog f\ EB itpog Br, ouxcog f) AH itpog 
H0, xal itspl xag laag y^vaig xag uito EBr, AH0 al itXsupal 
avaXoYov siaiv iaoYtoviov apa saxi to EBB xpiyaivov xco 
AH0 xpiYAvw - waxs xal opioiov saxi to EBr xpiywvov 
xcb AH0 xpiYtovto. 8ia xa auxa 6r] xal xo ErA xpiytovov 
opioiov saxi xcS A0K xpiyAvcp. xa apa opioia xoAuywva xa 
ABrAE, ZH0KA slg xs opioia xpiyaiva 8ir]pr]xai xal sig laa 


(described) on the first (is) to the similar, and similarly 
described, (figure) on the second. (Which is) the very 
thing it was required to show. 


Proposition 20 

Similar polygons can be divided into equal numbers 
of similar triangles corresponding (in proportion) to the 
wholes, and one polygon has to the (other) polygon a 
squared ratio with respect to (that) a corresponding side 
(has) to a corresponding side. 


A 



Let ABODE and FGHKL be similar polygons, and 
let AB correspond to FG. I say that polygons ABODE 
and FGHKL can be divided into equal numbers of simi¬ 
lar triangles corresponding (in proportion) to the wholes, 
and (that) polygon ABODE has a squared ratio to poly¬ 
gon FGBKL with respect to that AB (has) to FG. 

Let BE, EC, GL, and LEI have been joined. 

And since polygon ABODE is similar to polygon 
FGHKL, angle BAE is equal to angle GFL, and as BA 
is to AE, so GF (is) to FL [Def. 6.1]. Therefore, since 
ABE and FGL are two triangles having one angle equal 
to one angle and the sides about the equal angles propor¬ 
tional, triangle ABE is thus equiangular to triangle FGL 
[Prop. 6.6]. Hence, (they are) also similar [Prop. 6.4, 
Def. 6.1]. Thus, angle ABE is equal to (angle) FGL. 
And the whole (angle) ABC is equal to the whole (angle) 
FGH, on account of the similarity of the polygons. Thus, 
the remaining angle EBC is equal to LGH. And since, 
on account of the similarity of triangles ABE and FGL, 
as EB is to BA, so LG (is) to GF, but also, on account of 
the similarity of the polygons, as AB is to BC, so FG (is) 
to GH, thus, via equality, as EB is to BC, so LG (is) to 
GH [Prop. 5.22], and the sides about the equal angles, 
EBC and LGH, are proportional. Thus, triangle EBC is 
equiangular to triangle LGH [Prop. 6.6]. Hence, triangle 
EBC is also similar to triangle LGH [Prop. 6.4, Def. 6.1]. 
So, for the same (reasons), triangle ECD is also similar 
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to TiXfjhoc;. 

Asyu, oxi xal opoXoya toT; 8X0 i;, xouxsaxiv fierce 
avaXoyov slvai ra xplycova, xal f]youpsva psv slvai xa ABE, 
EBr, ErA, snopsva 8s auxAv xa ZHA, AH0, A0K, xal 
oti to ABTAE xoXuywvov Tipoc; xo ZH0KA xoXuywvov 
8i7iXaalova Xoyov sysi fjxsp f) opoXoyoc; TiXsupa Tipoc; xqv 
opoXoyov TiXsupav, xouxsaxiv f] AB Tipoc; xf]v ZH. 

’E7is£su)(f)coaav yap a'l AT, Z0. xal siisi 8ia xf]v 
opoioxrjxa xwv xoXuyAvwv for] saxlv V) Otio ABT ywvla xfj 
Guo ZH0, xal screw Ac; rj AB Tipoc; BT, ouxax; f) ZH Tipoc; 
H0, iaoyAviov saxi xo ABT xpiywvov xA ZH0 xpiyAvor 
for] apa saxlv f] psv 0 x 6 BAT yoovla xfj Otio HZ0, f) 8s utio 
BEA xfj Ojio H0Z. xal etis'i lar) saxlv f] 0 x 6 BAM yoovla 
xfj utio HZN, saxi 8s xal f) utio ABM xfj Otio ZHN for), 
xal Xouif] apa f] 6716 AMB XoiTifj xfj Otio ZNH for) saxlv 
iaoyAviov apa saxi to ABM xplyorvov xA ZHN xpiyAva). 
opolax; 8rj 8sT^o(isv, oxi xal to BMT xplyorvov iaoyAviov 
saxi xA HN0 xpiyAvqr. avaXoyov apa saxlv, A; psv f) AM 
Tipo; MB, ouxwc; f) ZN Tipoc; NH, Ac; 8s f] BM Tipoc; MT, 
outox f] HN Tipoc; N0- Aaxs xal 81’ foou, A; f) AM npo; 
MT, ouxw; f] ZN Tipoc; N0. aXX’ A; f) AM Tipoc; Mr, outcx 
xo ABM [xplywvov] Tipoc; to MBr, xal xo AME Tipoc; to 
EMr- Tipoc; aXXrjXa yap siaiv Ac; al pdasic;. xal Ac; apa 
sv xAv rjyoupsvwv Tipoc; sv xAv STiojiEvwv, outu; cbiavxa 
xa rjyoupsva Tipoc; aTiavxa xa ETiopsva- Ac; apa to AMB 
xplyorvov Tipoc; xo BMr, ouxux; xo ABE Tipo; to TBE. aXX’ 
Ac; xo AMB Tipoc; to BMr, oOxw; f) AM Tipoc; Mr' xal 
Ac; apa f] AM Tipo; Mr, ouxu; to ABE xplyorvov Tipo; xo 
EBr xplywvov. 81a xa auxa 8f) xal Ac; f) ZN Tipoc; N0, 
ouxox to ZHA xplywvov Tipoc; xo HA0 xplywvov. xal saxiv 
Ac; f] AM Tipoc; Mr, ouxco; f) ZN Tipoc; N0- xal A; apa 
to ABE xplyorvov Tipoc; to BEr xplyovov, ouxwc; to ZHA 
xplyorvov Tipoc; xo HA0 xplywvov, xal svaXXac; A; to ABE 
xplyovov Tipoc; xo ZHA xplyorvov, ouxax; xo BEr xplywvov 
Tipoc; xo HA0 xplywvov. opolux; 8f] 8sl^o(isv ETU^suxhsiaAv 
xAv BA, HK, 6x1 xal A; to BEr xplyorvov xpo; xo AH0 
xplyorvov, ouxw; xo ErA xplyorvov Tipo; xo A0K xplyorvov. 
xal sxsl saxiv A; xo ABE xplywvov Tipoc; xo ZHA xplyovov, 
ouxwc; xo EBr Tipoc; to AH0, xal sxi xo ErA Tipoc; to A0K, 
xal A; apa sv xAv fjyoupsvoov Tipoc; sv xAv ETiopsvcov, ouxccx; 
axavxa xa rjyoupsva Tipoc; cbiavxa xa sxopsva- saxiv apa 
Ac; to ABE xplyorvov Tipoc; xo ZHA xplyorvov, ouxccx; xo 
ABrAE TioXuyorvov Tipoc; xo ZH0KA TioXuycovov. aXXa xo 
ABE xplycovov xpo; to ZHA xplywvov OiTiXaalova Xoyov 
£X£i fjusp f) AB ojioXoyoi; TiXsupa Tipoc; xf)v ZH 6)i6Xoyov 
TiXsupav xa yap o)ioia xplyorva sv 8i7iXaalovi Xoyw saxi 
xAv 6)ioX6ya>v TiXsupAv. xal xo ABrAE apa TioXuywvov 
Tipoc; xo ZH0KA TioXuywvov OiTiXaalova Xoyov s^si r)7isp f) 
AB o^ioXoyoc; TiXsupa Tipoc; xrjv ZH 6)x6Xoyov TiXsupav. 

Ta apa ojioia xoXuywva sic; xs o)ioia xplyorva OiaipsTxai 
xal si; foa xo 7iXf)i!}o<; xal ojioXoya xofo 6X01;, xal xo 


to triangle LHK. Thus, the similar polygons ABODE 
and FGHKL have been divided into equal numbers of 
similar triangles. 

I also say that (the triangles) correspond (in propor¬ 
tion) to the wholes. That is to say, the triangles are 
proportional: ABE, EBC, and ECD are the leading 
(magnitudes), and their (associated) following (magni¬ 
tudes are) FGL, LGFl, and LHK (respectively). (I) also 
(say) that polygon ABODE has a squared ratio to poly¬ 
gon FGHKL with respect to (that) a corresponding side 
(has) to a corresponding side—that is to say, (side) AB 
to FG. 

For let AC and FH have been joined. And since angle 
ABC is equal to FGH, and as AB is to BC, so FG (is) to 
GH, on account of the similarity of the polygons, triangle 
ABC is equiangular to triangle FGH [Prop. 6.6]. Thus, 
angle BAG is equal to GFH, and (angle) BGA to GHF. 
And since angle BAM is equal to GFN, and (angle) 
ABM is also equal to FGN (see earlier), the remaining 
(angle) AMB is thus also equal to the remaining (angle) 
FNG [Prop. 1.32], Thus, triangle ABM is equiangular 
to triangle FGN. So, similarly, we can show that triangle 
BMC is also equiangular to triangle GNH. Thus, pro¬ 
portionally, as AM is to MB, so FN (is) to NG, and as 
BM (is) to MC, so GN (is) to NH [Prop. 6.4]. Hence, 
also, via equality, as AM (is) to MC, so FN (is) to NH 
[Prop. 5.22]. But, as AM (is) to MC, so [triangle] ABM 
is to MBC, and AME to EMC. For they are to one an¬ 
other as their bases [Prop. 6.1]. And as one of the leading 
(magnitudes) is to one of the following (magnitudes), so 
(the sum of) all the leading (magnitudes) is to (the sum 
of) all the following (magnitudes) [Prop. 5.12], Thus, as 
triangle AMB (is) to BMC, so (triangle) ABE (is) to 
CBE. But, as (triangle) AMB (is) to BMC, so AM (is) 
to MC. Thus, also, as AM (is) to MG, so triangle ABE 
(is) to triangle EBC. And so, for the same (reasons), as 
FN (is) to NH, so triangle FGL (is) to triangle GLH. 
And as AM is to AlC, so FN (is) to NH. Thus, also, as 
triangle ABE (is) to triangle BEC, so triangle FGL (is) 
to triangle GLH, and, alternately, as triangle ABE (is) 
to triangle FGL, so triangle BEC (is) to triangle GLH 
[Prop. 5.16], So, similarly, we can also show, by joining 
BD and GK, that as triangle BEC (is) to triangle LGH, 
so triangle ECD (is) to triangle LHK. And since as tri¬ 
angle ABE is to triangle FGL, so (triangle) EBC (is) 
to LGH, and, further, (triangle) ECD to LHK, and also 
as one of the leading (magnitudes is) to one of the fol¬ 
lowing, so (the sum of) all the leading (magnitudes is) to 
(the sum of) all the following [Prop. 5.12], thus as trian¬ 
gle ABE is to triangle FGL, so polygon ABODE (is) to 
polygon FGHKL. But, triangle ABE has a squared ratio 
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xoXuytovov xpog to xoXuywvov 8ixXaalova Xoyov eyei fjxsp 
f] opoXoyog xXeupa xpog xrjv opoXoyov xXeupav [oxep e8ei 
8sl£ai]. 


Ilopiapa. 

Tlaauxcog Se xal era xov [opoiwv] xeTpaxXeupwv SaxOf]- 
aexai, oxi ev SixXaalovi. Xoyor dal xaiv opoXoywv xXsuptlv. 
eSslxilr] Se xal ski xfiv xpiytovtov Saxe xal xaOoXou xa 
opota sO'f)uypa(j.(ia axfjpaxa xpog aXXrjXa ev 8txXaaiovi 
Xoyo etol xwv opoXoyov xXeupfiiv. oxep eSei 8sT^at. 

xa'. 

Ta xo auxw ebduypappw opoia xal aXXr)Xoig ecrriv 
6(iota. 



Tlaxa) yap exaxepov xwv A, B eufluypappMv xo T 
opoiov Xeyco, oxi xal xo A xfi B eaxtv opoiov. 

’Exel yap opoiov eaxi xo A xw F, iaoydmov xe eaxiv 
auxw xal Tag xspl Tag laag ywvlag xXeupag avaXoyov eyei. 
xaXtv, exel opoiov eaxi xo B xo T, laoytoviov xe eaxiv 
auxw xal Tag xspl Tag laag ywvlag xXeupag avaXoyov e/ei. 
exaxepov apa xov A, B xo T iaoyamov xe eaxi xal Tag 
xspl Tag Xa ag ywviag xXeupag avaXoyov eyei [ooxe xal xo 
A xo B laoycoviov xe eaxL xal Tag xspl Tag laag ywvlag 


to triangle FGL with respect to (that) the corresponding 
side AB (has) to the corresponding side FG. For, similar 
triangles are in the squared ratio of corresponding sides 
[Prop. 6.14]. Thus, polygon ABCDE also has a squared 
ratio to polygon FGFLKL with respect to (that) the cor¬ 
responding side AB (has) to the corresponding side FG. 

Thus, similar polygons can be divided into equal num¬ 
bers of similar triangles corresponding (in proportion) to 
the wholes, and one polygon has to the (other) polygon a 
squared ratio with respect to (that) a corresponding side 
(has) to a corresponding side. [(Which is) the very thing 
it was required to show]. 

Corollary 

And, in the same manner, it can also be shown for 
[similar] quadrilaterals that they are in the squared ratio 
of (their) corresponding sides. And it was also shown for 
triangles. Hence, in general, similar rectilinear figures are 
also to one another in the squared ratio of (their) corre¬ 
sponding sides. (Which is) the very thing it was required 
to show. 

Proposition 21 

(Rectilinear figures) similar to the same rectilinear fig¬ 
ure are also similar to one another. 



Let each of the rectilinear figures A and B be similar 
to (the rectilinear figure) C. I say that A is also similar to 
B. 

For since A is similar to C, (A) is equiangular to (C), 
and has the sides about the equal angles proportional 
[Def. 6.1]. Again, since B is similar to C, (/i) is equian¬ 
gular to (C), and has the sides about the equal angles 
proportional [Def. 6.1]. Thus, A and B are each equian¬ 
gular to C, and have the sides about the equal angles 
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xXeupa; avaXoyov Eyci]. opoiov apa ecttI to A to B- oxcp 
e8ei ost^at. 


x(3'. 

’Eav xEaaapc; suflE'iai avaXoyov Aaiv, xal xa air’ auxAv 
Eufluypajijjia opoia xe xal 6poin>; avaysypappEva dvaXoyov 
saxac xav xa air’ auxAv sufluypappa opioid xe xal opoito; 
avaysypappsva dvaXoyov fj, xal auxai ai sODslai dvaXoyov 
saovxai. 


K 


A B 

M 


E Z 


E 1 - 1 O 

n p 

’'Eaxcoaav xsaaaps; suiDsTai avaXoyov al AB, TA, EZ, 
H@, Ac; f) AB xpo; xfjv TA, ouxat; f| EZ xpo; xfjv H0, xal 
avaysypacp'dtoaav axo psv xAv AB, TA opioid xe xal opoito; 
xsipsva sufluypappa xa KAB, ArA, axo 8e xAv EZ, H0 
opoia xe xal opoito; xsipsva Euduypappa xa MZ, N0- Xsyto, 
oxi saxlv A; xo KAB xpo; to ArA, ouxco; xo MZ xpo; xo 
N0. 

ElXr^cp'dco yap xAv pisv AB, TA xpixr) dvaXoyov fj S, xAv 
8e EZ, H0 xpixrj dvaXoyov f) O. xal exei saxiv A; pisv f) AB 
xpo; xf)v TA, oux«; f| EZ xpo; xfjv H0, A; 8s fj TA xpo; 
xfjv H, ouxto; f] H0 xpo; xfjv O, 8i' laou apa saxlv A; f) 
AB xpo; xfjv S, ouxw; fj EZ xpo; xfjv O. aXX’ A; pisv f) 
AB xpo; xfjv H, ouxw; [xal] xo KAB xpo; xo ATA, A; 8s 
fj EZ xpo; xfjv O, ouxco; xo MZ xpo; xo N0' xal A; apa 
to KAB xpo; xo ArA, ouxto; xo MZ xpo; xo N0. 

AXXa 8f) Eaxtd A; xo KAB xpo; xo ArA, ouxw; xo MZ 
xpo; to N0- Xsyw, oxi saxl xal A; f) AB xpo; xfjv TA, 
ouxo; f) EZ xpo; xfjv H0. si yap pifj saxiv, A; f) AB xpo; 
xfjv TA, ouxo; fj EZ xpo; xfjv H0, saxw A; f) AB xpo; xfjv 
TA, ouxw; fj EZ xpo; xfjv IIP, xal avaysypacpilw axo xfj; 





proportional [hence, A is also equiangular to B, and has 
the sides about the equal angles proportional]. Thus, A 
is similar to B [Def. 6.1]. (Which is) the very thing it was 
required to show. 


Proposition 22 

If four straight-lines are proportional then similar, and 
similarly described, rectilinear figures (drawn) on them 
will also be proportional. And if similar, and similarly 
described, rectilinear figures (drawn) on them are pro¬ 
portional then the straight-lines themselves will also be 
proportional. 

K 





Q R 


Let AB, CD, EF, and GH be four proportional 
straight-lines, (such that) as AB (is) to CD, so EF (is) 
to GH. And let the similar, and similarly laid out, rec¬ 
tilinear figures KAB and LCD have been described on 
AB and CD (respectively), and the similar, and similarly 
laid out, rectilinear figures MF and AW on EF and GH 
(respectively). I say that as KAB is to LCD, so MF (is) 
to NH. 

For let a third (straight-line) O have been taken 
(which is) proportional to AB and CD, and a third 
(straight-line) P proportional to EF and GH [Prop. 6.11]. 
And since as AB is to CD, so EF (is) to GH, and as CD 
(is) to O, so GH (is) to P, thus, via equality, as AB is to 
O, so EF (is) to P [Prop. 5.22], But, as AB (is) to O, so 
[also] KAB (is) to LCD, and as EF (is) to P, so MF 
(is) to NH [Prop. 5.19 corn]. And, thus, as KAB (is) to 
LCD, so MF (is) to NH. 

And so let KAB be to LCD, as MF (is) to NH. I say 
also that as AB is to CD, so EF (is) to GH. For if as AB 
is to CD, so EF (is) not to GH, let AB be to CD, as EF 
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IIP oxoxEpcp tuv MZ, N@ opoiov te xal opoltoq xsipsvov 
sb'duypappov to EP. 

’Exsl ouv £gtlv Aq fj AB xpoq xf]v TA, ouxcuq fj EZ xpoq 
tt]v IIP, xal avaysypaxxai ooto psv tAv AB, TA opoLa te 
xal opoicuq xslpsva Ta KAB, ATA, a no os tAv EZ, IIP 
opoia te xal opoloq xslpsva Ta MZ, EP, egtiv apa Aq to 
KAB Tipoc; to ATA, ouxwq to MZ xpoq to EP. Oxoxsixai 
8e xal Ac; to KAB xpoq to ArA, ouxoq to MZ xpoq to 
N@ - xal A<; apa to MZ Tipoc; to EP, ouxwq to MZ xpoq 
to N@. to MZ apa xpoq Exaxspov tAv N@, EP tov auxov 
sysi Xoyov foov apa egtI to N@ tA EP. egti 8e auxA xal 
opoiov xal opoicuq XEipsvov for] apa rj H 0 Tfj IIP. xal exel 
egtlv Ac; f] AB xpoq xf]v TA, ouxcuq f) EZ Tipoc; xfjv IIP, for] 
8s f] IIP Tfj H 0 , egtiv apa Ac; f] AB xpoq ttjv TA, ouxwq f] 
EZ Tipoc; tt)v H 0 . 

’Eav apa TEoaapsq sOhsTai avaXoyov Agiv, xal Ta ax’ 
auxAv Euhuypappa opoia te xal opolwq avaysypappsva 
avaXoyov soxar xav xa ax’ auxAv suhuypappa opoia te 
xal opoicuq avaysypappsva avaXoyov fj, xal auxai al suhslai 
avaXoyov SGovxac oxsp eSei 8£lc;ai. 


(is) to QR [Prop. 6.12]. And let the rectilinear figure SR, 
similar, and similarly laid down, to either of MF or NH, 
have been described on QR [Props. 6.18, 6.21]. 

Therefore, since as AB is to CD, so EF (is) to QR, 
and the similar, and similarly laid out, (rectilinear fig¬ 
ures) KAB and LCD have been described on AB and 
CD (respectively), and the similar, and similarly laid out, 
(rectilinear figures) MF and SR on EF and QR (re- 
sespectively), thus as KAB is to LCD, so MF (is) to 
SR (see above). And it was also assumed that as KAB 
(is) to LCD, so MF (is) to NH. Thus, also, as MF (is) 
to SR, so MF (is) to NH [Prop. 5.11]. Thus, MF has 
the same ratio to each of NH and SR. Thus, NH is equal 
to SR [Prop. 5.9]. And it is also similar, and similarly laid 
out, to it. Thus, GH (is) equal to QR) And since AB is 
to CD, as EF (is) to QR, and QR (is) equal to GH, thus 
as AB is to CD, so EF (is) to GH. 

Thus, if four straight-lines are proportional, then sim¬ 
ilar, and similarly described, rectilinear figures (drawn) 
on them will also be proportional. And if similar, and 
similarly described, rectilinear figures (drawn) on them 
are proportional then the straight-lines themselves will 
also be proportional. (Which is) the very thing it was 
required to show. 


' Here, Euclid assumes, without proof, that if two similar figures are equal then any pair of corresponding sides is also equal. 


xy'. 

Ta iooyAvia xapaXXrjXoypappa xpoq aXXr]Xa Xoyov sysi 
tov ouyxEipsvov ex tAv xXsupAv. 

”Egtco iooyAvia xapaXXrjXoypappa xa AT, TZ forjv 
syovxa xf]v 0 x 6 BTA yorviav xfj uxo ETH' Xsyw, oxi to AT 
xapaXXy]X6ypappov xpoq to TZ xapaXXrjXoypappov Xoyov 
syci tov ouyxEipsvov ex tAv xXsupAv. 

Ksiohco yap Aote ex’ EuDslaq sTvai xf]v BT xfj PH- ex’ 
suhsiaq apa egti xal f] AT xfj TE. xal oupx£xXr]pAoha> to 
AH xapaXXrjXoypappov, xal EXXEfohw xiq suhsTa f] K, xal 
ysyovETto Ac; psv f] BT xpoq xf]v TH, ouxtoq fj K xpoq xf]v 
A, Ac; 8s f] AT xpoq xfjv PE, ouxtoq fj A xpoq xfjv M. 

01 apa Xoyoi xrjq te K xpoq xfjv A xal xfjq A xpoq 
xf]v M oi auxoi sfoi x6iq Xoyoiq tAv xXsupAv, xrjc; te BT 
xpoq xf]v TH xal xrjc; AT xpoq xfjv PE. aXX’ 6 xrjc; K xpoq 
M Xoyoq ouyxsixai ex te toO xrjc; K xpoq A Xoyou xal 
too xrjc; A xpoq M- Aote xal f] K xpoq xf]v M Xoyov sysi 
tov ouyxEipsvov ex tAv xXsupAv. xal exei egtiv Aq f] BT 
xpoq xfjv TH, ouxtoq to AT xapaXXr]X6ypappov xpoq to 
P 0 , aXX’ Aq f] BT xpoq xfjv TH, ouxcoq fj K xpoq xf]v A, 
xal Aq apa f] K xpoq xf]v A, ouxtoq to AT xpoq to T 0 . 
xaXiv, exei egtiv Aq f] AT xpoq xfjv TE, ouxcoq to T 0 xa- 
paXXrjXoypappov xpoq to TZ, aXX’ Aq f] AT xpoq xfjv PE, 


Proposition 23 

Equiangular parallelograms have to one another the 
ratio compounded! ou t 0 f (the ratios of) their sides. 

Let AC and CF be equiangular parallelograms having 
angle BCD equal to ECG. I say that parallelogram AC 
has to parallelogram CF the ratio compounded out of 
(the ratios of) their sides. 

For let BC be laid down so as to be straight-on to 

CG. Thus, DC is also straight-on to CE [Prop. 1.14]. 
And let the parallelogram DC have been completed. And 
let some straight-line K have been laid down. And let it 
be contrived that as BC (is) to CG, so K (is) to L, and 
as DC (is) to CE, so L (is) to A I [Prop. 6.12]. 

Thus, the ratios of K to L and of L to A I are the same 
as the ratios of the sides, (namely), BC to CG and DC 
to CE (respectively). But, the ratio of K to A l is com¬ 
pounded out of the ratio of K to L and (the ratio) of L 
to Af. Hence, K also has to A l the ratio compounded 
out of (the ratios of) the sides (of the parallelograms). 
And since as BC is to CG, so parallelogram AC (is) to 
CH [Prop. 6.1], but as BC (is) to CG, so K (is) to L, 
thus, also, as K (is) to L, so (parallelogram) AC (is) to 

CH. Again, since as DC (is) to CE, so parallelogram 
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ouxctx; f) A xpo; xf]v M, xod Ac; apa f] A xpo; xf)v M, outwc; 
to T0 xapaXXrjXoYpappov xpo; to TZ xapaXXrjXoYpappov. 
stcsI ouv eSeixdr], A; pev f] K xpo; xf)v A, ouxux; to Ar 
xapaXXr]XoYpappov xpo; to T0 xapaXXr]XoYpappov, A; 8s 
f] A xpoc; ttjv M, ouxax; to T0 xapaXXrjXoYpappov xpoc; to 
TZ xapaXXrjXoYpappov, Si’ laou apa eaxiv Lx; f) K xpoc xqv 
M, ouxcuc to Ar xpoc to TZ xapaXXrjXoYpappov. rj 8s K 
xpoc ttjv M Xoyov eyei tov anyxeipevov ex tov xXeupAv- 
xal to AT apa xpoc to TZ Xoyov eyei tov auYxeipevov ex 
tov xXeupAv. 


A A © 



Ta apa iGoyAvia xapaXXrjXoYpcippa xpoc aXXrjXa Xoyov 
eyei tov guyx£i(!£vov ex tov xXeupAv oxep e8ei 8eT<;ai. 


CH (is) to CF [Prop. 6.1], but as DC (is) to CE, so L 
(is) to M, thus, also, as L (is) to M, so parallelogram 
CH (is) to parallelogram CF. Therefore, since it was 
shown that as I\ (is) to L, so parallelogram AC (is) to 
parallelogram CH, and as L (is) to AI, so parallelogram 
CH (is) to parallelogram CF, thus, via equality, as K is 
to M, so (parallelogram) AC (is) to parallelogram CF 
[Prop. 5.22]. And I\ has to M the ratio compounded out 
of (the ratios of) the sides (of the parallelograms). Thus, 
(parallelogram) AC also has to (parallelogram) CF the 
ratio compounded out of (the ratio of) their sides. 


AD H 



Thus, equiangular parallelograms have to one another 
the ratio compounded out of (the ratio of) their sides. 
(Which is) the very thing it was required to show. 


t In modern terminology, if two ratios are “compounded” then they are multiplied together. 


xo'. 

IlavToc; 7tapaXXr]XoYpdppou Ta rcepi xf)v Siapexpov xa- 
paXXrjXoYpappa opoia eaxi to tc oXcp xal aXXrjXoic. 

’'Eotw xapaXXrjXoYpappov to ABTA, 8iapexpoc 8e 
auTou fj AT, xepl 8e xf]v AT xapaXXrjXoYpappa eoxcu Ta EH, 
0K- Xeyco, oti exaxepov xAv EH, 0K xapaXXrjXoYpappcov 
opoiov eaxi oXcu tA ABTA xal aXXr|Xoic. 

’Exel Y“P xpiyAvou xou ABT xapa piav xAv xXeupAv 
xf]v BT rjxxai f) EZ, avaXoYov eaxiv A; f) BE xpoc xf)v 
EA, ouxwc f) TZ xpoc ttjv ZA. xaXiv, exel xpLyAvou xou 
ATA xapa piav xfjv TA rjxxai f) ZH, avaXoYov eaxiv 6k f] 
TZ xpoc xfjv ZA, outgk f] AH xpoc xfjv HA. aXX’ Lx; f) 
TZ xpoc xf)v ZA, ouxtoc eBeixdr) xal f) BE xpoc xfjv EA- 
xal A; apa fj BE xpoc xf]v EA, ouxoc f) AH xpoc xfjv 
HA, xal auvdevxi apa A; f) BA xpoc AE, outmc f) A A 
xpoc AH, xal evaXXa^ Ac f] BA xpoc xf)v AA, ouxwc f) 
EA xpoc xfjv AH. xAv apa ABTA, EH xapaXXrjXoypappMv 
avaXoyov eiaiv al xXeupal al xepl xfjv xoivfjv yorviav xfjv uxo 
BAA. xal exel xapaXXrjXoc eaxiv fj HZ xfj AT, Tor] eaxiv 
V) pev 0x6 AZH yorvia xrj 0x6 ALA- xal xoivf] xAv 8uo 


Proposition 24 

In any parallelogram the parallelograms about the di¬ 
agonal are similar to the whole, and to one another. 

Let ABCD be a parallelogram, and AC its diagonal. 
And let EG and HK be parallelograms about AC. I say 
that the parallelograms EG and HI< are each similar to 
the whole (parallelogram) ABCD, and to one another. 

For since EF has been drawn parallel to one of the 
sides BC of triangle ABC, proportionally, as BE is to 
EA, so CF (is) to FA [Prop. 6.2]. Again, since FG has 
been drawn parallel to one (of the sides) CD of trian¬ 
gle ACD, proportionally, as CF is to FA, so DC (is) to 
GA [Prop. 6.2]. But, as CF (is) to FA, so it was also 
shown (is) BE to EA. And thus as BE (is) to EA, so 
DC (is) to GA. And, thus, compounding, as BA (is) to 
AE, so DA (is) to AG [Prop. 5.18]. And, alternately, as 
BA (is) to AD, so EA (is) to AG [Prop. 5.16]. Thus, 
in parallelograms ABCD and EG the sides about the 
common angle BAD are proportional. And since GF is 
parallel to DC, angle AFC is equal to DC A [Prop. 1.29]. 
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xpiyAvwv tuv AAT, AHZ fj 0 x 6 AAr ywvia' iaoyAviov 
apa saxi to AAF xpiycrvov xA AHZ xpiyAvw. 8ia xa auxa 
Srj xal xo ATB xplyorvov iaoyAviov saxi xA AZE xpiyAvw, 
xal oXov xo ABrA xapaXXrjXoypappov xA EH xapaXXrj- 
Xoypappw iaoyAviov saxiv. avaXoyov apa saxlv Ac; f] AA 
xpoc; xf]v AT, ouxcoc; f] AH xpoc; xrjv HZ, A<; 8s fj AT xpoc; 
xrjv FA, ouxw<; f] HZ xpoc; xrjv ZA, Ac; 8s fj Ar xpoc; xf]v 
TB, ouxcoc; f] AZ xpoc; xrjv ZE, xal sxi Ac; fj TB xpoc; xrjv 
BA, ouxcoc; f] ZE Tipoc; xrjv EA. xal sxsl sSsixflr] Ac; psv 
fj Ar xpoc; xrjv FA, ouxcoc f) HZ xpoc xrjv ZA, Ac 8s fj 
Ar xpoc; xrjv TB, ouxcoc fj AZ xpoc xrjv ZE, Si’ laou apa 
saxlv A<; fj Ar xpoc xrjv TB, ouxcoc fj HZ xpoc; xrjv ZE. 
xAv apa ABrA, EH xapaXXrjXoypappcov avaXoyov siaiv 
al TiXsupal al xspl xac laac ycoviac opoiov apa saxi xo 
ABrA xapaXXrjXoypappov xA EH xapaXXrjXoypappco. 8ia 
xa auxa 8rj xo ABrA xapaXXrjXoypappov xal xA K0 xa- 
paXXrjXoypappcp opoiov saxiv sxaxspov apa xAv EH, 0K 
xapaXXrjXoypappcov xA ABrA [xapaXXrjXoypappco] opoiov 
saxiv. xa 8s xA auxA sufluypappcp optoia xal aXXrjXoic saxlv 
opoia' xal to EH apa xapaXXrjXoypappov xA 0K xapaXXrj- 
Xoypappcp opoiov saxiv. 


A E B 



navxoc; apa xapaXXrjXoypappou xa xspl xrjv 8iapsxpov 
xapaXXrjXoypappa opoia saxi xA xs oXco xal aXXrjXoic oxsp 
s8si 8sTc;ai. 

xs'. 

TA 8oDsvti su , duypa(i(iw opoiov xal aXXcp xA Sobsvxi 
Taov xo auxo auaxrjaaaOai. 


And angle DAC (is) common to the two triangles ADC 
and AGF. Thus, triangle ADC is equiangular to triangle 
AGF [Prop. 1.32]. So, for the same (reasons), triangle 
ACB is equiangular to triangle AFE, and the whole par¬ 
allelogram ABCD is equiangular to parallelogram EG. 
Thus, proportionally, as AD (is) to DC, so AG (is) to 
GF, and as DC (is) to CA, so GF (is) to FA, and as AC 
(is) to CB, so AF (is) to FE, and, further, as CB (is) 
to BA, so FE (is) to EA [Prop. 6.4]. And since it was 
shown that as DC is to CA, so GF (is) to FA, and as 
AC (is) to CB, so AF (is) to FE, thus, via equality, as 
DC is to CB, so GF (is) to FE [Prop. 5.22]. Thus, in 
parallelograms ABCD and EG the sides about the equal 
angles are proportional. Thus, parallelogram ABCD is 
similar to parallelogram EG [Def. 6.1]. So, for the same 
(reasons), parallelogram ABCD is also similar to par¬ 
allelogram KH. Thus, parallelograms EG and IIK are 
each similar to [parallelogram] ABCD. And (rectilin¬ 
ear figures) similar to the same rectilinear figure are also 
similar to one another [Prop. 6.21]. Thus, parallelogram 
EG is also similar to parallelogram HK. 


A E B 



Thus, in any parallelogram the parallelograms about 
the diagonal are similar to the whole, and to one another. 
(Which is) the very thing it was required to show. 

Proposition 25 

To construct a single (rectilinear figure) similar to a 
given rectilinear figure, and equal to a different given rec¬ 
tilinear figure. 
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’'Ecttw to pcv SoOev EuDuypappov, A 8eT opoiov 
auoT^CTaa'Oai, to ABr, A 8s 8eT urov, to A- Sst 8i] tA 
psv ABr opoiov, to 8e A igov to aino ouaT^oacrdai. 

napaPspXricrdo yap Tiapa pcv ttjv BT to ABT TpiyAvcp 
ioov TiapaXXrjXoypappov to BE, napa 8s tiqv TE tA A ioov 
iiapaXXr)X6ypap(iov to TM sv yuvia Tfj Guo ZEE, fj ecttiv 
larj Tfj Guo TBA. eti’ eu'Osia? apa egtiv f] psv Br Tfj TZ, f) 
8s AE Tfj EM. xal sEXfjcpdco tc5v Br, TZ psar] avaXoyov f] 
H@, xal avaysypacpDu) ano Tfjc H0 tA ABr opoiov te xal 
opoiatc; xslpsvov to KH0. 

Kal ETIEL EOTIV At; f] Br TipOC TT)V H0, outcoc f) H0 
Tipoc ttjv rZ, sav 8e TpElc EuDsIai avaXoyov Aaiv, ecttlv 
Ac f) XpATT) Tipoc TTJV TpiTTjV, OUT6K TO (XTIO Tfjc TipATTJC 
eI8oc npoc to aTio Tfjc 8suT£pac to opoiov xal opoiorc ava- 
ypacpopsvov, eotiv apa Ac f) Br Tipoc TT]v TZ, outwc to 
ABr Tplyojvov npoc to KH0 Tpiywvov. aXXa xal Ac f] Br 
npoc tt]v rZ, outoc to BE napaXXrjXoypappov npoc to EZ 
TiapaXXr]Xoypappov. xal Ac apa to ABr Tpiywvov Tipoc to 
KH0 Tpiywvov, outwc to BE TiapaXXrjXoypappov Tipoc to 
EZ TiapaXXrjXoypappov svaXXac; apa Ac to ABr Tpiywvov 
npoc to BE TiapaXXrjXoypappov, outwc to KH0 Tpiycovov 
npoc to EZ TiapaXXrjXoypappov. 1 'aov 8e to ABr Tpiywvov 
tA BE TiapaXXrjXoypappcp' ioov apa xal to KH0 Tpiywvov 
tA EZ TiapaXXrjXoypappor. aXXa to EZ TiapaXXrjXoypappov 
tA A eotiv ioov xal to KH0 apa tA A eotiv Ioov. eoti 
8e to KH0 xal tA ABr opoiov. 

TA apa 8 oDevti sGfluypappw tA ABr opoiov xal aXXcp 
tA SoDevti tA A Ioov to auTO ouvcoTaTai to KH0- ousp 
e8si Tioifjoai. 


X9'. 

’Eav duo TiapaXXrjXoypappou TiapaXXrjXoypappov acpai- 
psflfj opoiov te tA oXcp xal opoiuc xsipsvov xoivrjv ywvlav 
E)(ov auTA, tie pi tt]v auTfjv 8iap£Tpov eoti tA oXw. 

Atio yap TiapaXXrjXoypappou tou ABrA TiapaXXrjXoypa¬ 
ppov acprjpfjof>u> to AZ opoiov tA ABrA xal opoiuc 
xsipsvov xoivf)v ywviav £)(ov auTA ttjv Gtio AAB' Xsyto, 


K 



A 



Let ABC be the given rectilinear figure to which it is 
required to construct a similar (rectilinear figure), and D 
the (rectilinear figure) to which (the constructed figure) 
is required (to be) equal. So it is required to construct 
a single (rectilinear figure) similar to ABC, and equal to 
D. 

For let the parallelogram BE, equal to triangle ABC, 
have been applied to (the straight-line) BC [Prop. 1.44], 
and the parallelogram CM, equal to D, (have been ap¬ 
plied) to (the straight-line) CE, in the angle FCE, which 
is equal to CBL [Prop. 1.45]. Thus, BC is straight-on to 
CF, and LE to EM [Prop. 1.14]. And let the mean pro¬ 
portion GH have been taken of BC and CF [Prop. 6.13]. 
And let KGH, similar, and similarly laid out, to ABC 
have been described on GH [Prop. 6.18]. 

And since as BC is to GH, so GH (is) to CF, and if 
three straight-lines are proportional then as the first is to 
the third, so the figure (described) on the first (is) to the 
similar, and similarly described, (figure) on the second 
[Prop. 6.19 corn], thus as BC is to CF, so triangle ABC 
(is) to triangle KGH. But, also, as BC (is) to CF, so 
parallelogram BE (is) to parallelogram EF [Prop. 6.1]. 
And, thus, as triangle ABC (is) to triangle KGH, so par¬ 
allelogram BE (is) to parallelogram EF. Thus, alter¬ 
nately, as triangle ABC (is) to parallelogram BE, so tri¬ 
angle KGH (is) to parallelogram EF [Prop. 5.16]. And 
triangle ABC (is) equal to parallelogram BE. Thus, tri¬ 
angle KGH (is) also equal to parallelogram EF. But, 
parallelogram EF is equal to I). Thus, KGH is also equal 
to D. And KGH is also similar to ABC. 

Thus, a single (rectilinear figure) KGH has been con¬ 
structed (which is) similar to the given rectilinear figure 
ABC, and equal to a different given (rectilinear figure) 
D. (Which is) the very thing it was required to do. 

Proposition 26 

If from a parallelogram a(nother) parallelogram is 
subtracted (which is) similar, and similarly laid out, to 
the whole, having a common angle with it, then (the sub¬ 
tracted parallelogram) is about the same diagonal as the 
whole. 

For, from parallelogram ABCD, let (parallelogram) 
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oxi xspl xrjv auxrjv Oiapcxpov saxi xo ABrA xo AZ. 


AH A 



b r 


Mr) yap, aXX’ si 8uvaxov, saxo [auxAv] 8iapsxpoc f) 
A0T, xal SxpXrjOsTaa fj HZ Sifjxbw era to ©, xal rjxbo 
8ia xou 0 oxopspa xAv AA, Br xapaXXrjXoc fj 0K. 

’Exsl ouv xspl xrjv auxrjv Siapsxpov saxi xo ABTA xA 
KH, saxiv apa Ac f) A A xpoc xrjv AB, ouxtoc fj HA xpoc 
xrjv AK. saxi 8s xal 8ia xf]v opoioxrjxa xAv ABrA, EH xal 
Ac fj AA xpoc xrjv AB, ouxcrc fj HA xpoc xrjv AE- xal Ac 
apa fj HA xpoc xrjv AK, ouxtoc f) HA xpoc xrjv AE. fj HA 
apa xpoc sxaxspav xAv AK, AE xov auxov exei Xoyov. Iarj 
apa saxiv fj AE xfj AK f) sXaxxcov xfj psi^ow oxsp saxiv 
a8uvaxov. oux apa oux saxi. xspl xrjv auxrjv 8iapsxpov xo 
ABrA xA AZ' xspl xrjv auxrjv apa saxi 8iapsxpov xo ABrA 
xapaXXrjXoypappov xA AZ xapaXXrjXoypappcp. 

’Eav apa axo xapaXXrjXoypappou xapaXXrjXoypappov 
dcpaipsilfj opoiov xs xA oXo xal opoiwc xsipsvov xoivfjv 
yorviav £)(ov auxA, xspl xrjv auxrjv 8idpsxp6v saxi xA 6Xar 
oxsp sSsi osl^ai. 


xC'. 

ndvxwv xAv xapa xrjv auxrjv suOsTav xapaf3aXXopsva>v 
xapaXXrjXoypappwv xal sXXsixovxorv sl8sai xapaXXrjXoypap- 
poic opoioic xs xal opoioc xsipsvoic xA axo xfjc fjpiasiac 
avaypacpopsvor psyiaxov saxi xo axo xfjc fjpiasiac xapa- 
PaXXopsvov [xapaXXrjXoypappov] opoiov ov xA sXXslppavxi. 

’lEaxw su-dsla fj AB xal xsxpfjabo oi^a xaxa xo T, 
xal xapapspXrja'dw xapa xrjv AB su-dsTav xo AA xapaX- 
XrjXoypappov sXXsTxov s’i8si xapaXXrjXoypappor xA AB ava- 
ypacpsvxi axo xfjc fjpiasiac xfjc AB, xouxsaxi xfjc TB- Xsyw, 
oxi xavxwv xAv xapa xrjv AB xapapaXXopsvwv xapaXXrj- 
Xoypappwv xal sXXsixovxov si'osai [xapaXXrjXoypappoic] 
opoioic xs xal opoiwc xsipsvoic xA AB psyiaxov saxi xo 


AF have been subtracted (which is) similar, and similarly 
laid out, to ABCD, having the common angle DAB with 
it. I say that ABCD is about the same diagonal as AF. 


AG D 



B C 


For (if) not, then, if possible, let AHC be [ABCD’s] 
diagonal. And producing GF, let it have been drawn 
through to (point) //. And let F[K have been drawn 
through (point) H, parallel to either of AD or BC 
[Prop. 1.31]. 

Therefore, since ABCD is about the same diagonal as 
KG, thus as DA is to AB, so GA (is) to AI\ [Prop. 6.24]. 
And, on account of the similarity of ABCD and EG, also, 
as DA (is) to AB, so GA (is) to AE. Thus, also, as GA 
(is) to AK, so GA (is) to AE. Thus, GA has the same 
ratio to each of AK and AE. Thus, AE is equal to AK 
[Prop. 5.9], the lesser to the greater. The very thing is 
impossible. Thus, ABCD is not not about the same di¬ 
agonal as AF. Thus, parallelogram ABCD is about the 
same diagonal as parallelogram AF. 

Thus, if from a parallelogram a(nother) parallelogram 
is subtracted (which is) similar, and similarly laid out, 
to the whole, having a common angle with it, then (the 
subtracted parallelogram) is about the same diagonal as 
the whole. (Which is) the very thing it was required to 
show. 

Proposition 27 

Of all the parallelograms applied to the same straight- 
line, and falling short by parallelogrammic figures similar, 
and similarly laid out, to the (parallelogram) described 
on half (the straight-line), the greatest is the [parallelo¬ 
gram] applied to half (the straight-line) which (is) similar 
to (that parallelogram) by which it falls short. 

Let AB be a straight-line, and let it have been cut in 
half at (point) C [Prop. 1.10], And let the parallelogram 
AD have been applied to the straight-line AB, falling 
short by the parallelogrammic figure DB (which is) ap¬ 
plied to half of AB —that is to say, CB. I say that of all 
the parallelograms applied to AB, and falling short by 
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AA. TCapapspXrja'dw yap xapa xfjv AB sbilaav to AZ xa- 
paXXrjXoypappov eXXeIxov eTSei xapaXXrjXoypappcp xA ZB 
opolo xe xal opxoitoc xsLpisvw xA AB- Xeyw, otl peT^ov egti 
xo AA xou AZ. 


A E 



A T K B 


Tkd yap opoiov saxi xo AB xapaXXr)Xoypappov xfi ZB 
xapaXXr]Xoypapp«, xspl xfjv auxf)v siai Oiapsxpov. rj)cdo:> 
auxAv 8tdp£xpoc; f] AB, xal xaTayEypacp'da) xo axrjpa. 

"Etc! ouv laov saxi xo TZ xo ZE, xoivov 8s to ZB, 
oXov apa xo T@ oXw xG KE saxiv laov. aXXa xo T@ xA 
TH soxiv laov, ExeI xal f) Ar xfj TB. xal to Hr apa xA EK 
eoxlv igov. xoivov xpooxEiaDw xo TZ- oXov apa xo AZ xA 
AMN yvApovi saxiv igov Aote xo AB xapaXXrjXoypappov, 
toutegti to AA, xou AZ xapaXXrjXoypappou psTi^ov egtiv. 

ndvxwv apa xAv xapa xrjv auxfjv su-dsTav xapa[ 3 aX- 
Xopsvorv xapaXXrjXoypappcrv xal eXXeixovtwv e18eoi xapaX- 
XrjXoypappou; opolou; xe xal opoiax; XEtpsvou; xA axo xfjc; 
f]pua£[ai; avaypacpopEvcp psyLaxov saxi xo axo xfjc; f]pta£[ac; 
xapapXrj'dsv- oxsp e8ei. BsT^ai. 


XT]'. 

napa xrjv Bo^Elaav su-dsTav xA SoOevti. Eu-duypdppcp 
laov xapaXXqXoypappov xapapaXsIv eXXeIxov ei8ei xa- 
paXXr)Xoypappa> opoia> xA SoDevti- Ssl Ss to Si8opsvov 
suOuypappov [A Ssl laov xapapaXsIv] (if) psli^ov sivai xou 
axo xfjc; qpiaEiac; avaypacpopsvou opoiou xA sXXsippaxi [xou 
xe axo xfjc; qpiaEiac; xal 6 Ssl opoiov eXXeixeiv]. 

"Egtco f] psv 8oDsIaa su-dsla f) AB, xo Se 8otl)ev 
su’duypappov, 6 8sl iaov xapa xrjv AB xapapaXsIv, xo T (if) 
psl^ov [ov] xou axo xfjc; qpiasiac; xfjc; AB avaypacpopsvou 
opoiou xA EXXsippaxi, 6 8s 8eI opoiov eXXeixeiv, xo A- 8eI Sf) 


[parallelogrammic] figures similar, and similarly laid out, 
to DB, the greatest is AD. For let the parallelogram AF 
have been applied to the straight-line AB, falling short by 
the parallelogrammic figure FB (which is) similar, and 
similarly laid out, to DB. I say that AD is greater than 
AF. 


D E 



For since parallelogram DB is similar to parallelo¬ 
gram FB, they are about the same diagonal [Prop. 6.26]. 
Let their (common) diagonal DB have been drawn, and 
let the (rest of the) figure have been described. 

Therefore, since (complement) CF is equal to (com¬ 
plement) FE [Prop. 1.43], and (parallelogram) FB is 
common, the whole (parallelogram) CfT is thus equal 
to the whole (parallelogram) KE. But, (parallelogram) 
CH is equal to CG, since AC (is) also (equal) to CB 
[Prop. 6.1]. Thus, (parallelogram) GC is also equal 
to EK. Let (parallelogram) CF have been added to 
both. Thus, the whole (parallelogram) AF is equal to 
the gnomon LMN. Hence, parallelogram DB —that is to 
say, AD —is greater than parallelogram AF. 

Thus, for all parallelograms applied to the same 
straight-line, and falling short by a parallelogrammic 
figure similar, and similarly laid out, to the (parallelo¬ 
gram) described on half (the straight-line), the greatest 
is the [parallelogram] applied to half (the straight-line). 
(Which is) the very thing it was required to show. 

Proposition 28 t 

To apply a parallelogram, equal to a given rectilin¬ 
ear figure, to a given straight-line, (the applied parallel¬ 
ogram) falling short by a parallelogrammic figure similar 
to a given (parallelogram). It is necessary for the given 
rectilinear figure [to which it is required to apply an equal 
(parallelogram)] not to be greater than the (parallelo¬ 
gram) described on half (of the straight-line) and similar 
to the deficit. 

Let AB be the given straight-line, and C the given 
rectilinear figure to which the (parallelogram) applied to 
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xapa xfjv SoOslaav suOsTav xfjv AB to SoOevti suOuYpdppcp 
xA F laov TrapaXXr|X6ypa(ji(iov irapa(3aXsTv sXXsuiov dost ira- 
paXXTjXoypappw opoLo ovxi xA A. 



Tet^oDco f] AB Slya xaxa to E ar^sTov, xod ava- 
yeypacp'dw airo xrjc; EB xA A op.oi.ov xod opoiax; xslpsvov 
xo EBZH, xal aupTTETiXrjpAa'dM xo AH TTapaXXrjXoypappov. 

El (lev ouv laov saxl xo AH xA E, ysyovoc; av sir) xo £tu- 
xax^sv xapapepXrjxai yap xapa xfjv Sobslaav suOs'iav xf)v 
AB xA 8of>svxi subuypdpptp xA F laov xapaXXr)Xoypappov 
xo AH sXXsTxov slSsi xapaXXr)Xoypappw xo HB opoiw ovxi 
xA A. si 5s ou, psT^ov saxw xo 0E xou T. laov 8s xo 0E 
xA HB - psli^ov apa xal xo HB xou T. 6 8f) psT^ov saxi 
xo HB xou r, xauxr) xfj UTispoyfj laov, xA 8s A opoiov xal 
opoicr<; xsipsvov xo auxo auvsaxaxo xo KAMN. aXXa xo A 
xA HB [saxiv] opoiov xal xo KM apa xA HB saxiv opoiov. 
saxw ouv opoXoyoi; i] psv KA xf) HE, i] 8s AM x^ HZ. 
xal stteI laov saxl xo HB xoT<; T, KM, psT^ov apa saxl xo 
HB xou KM- psi^wv apa saxl xal f) psv HE xfj<; KA, f) 8s 
HZ xfji; AM. xsiaDw xfj psv KA Tar) f] HS, xfj 8s AM iar) 
f) HO, xal aup7iS7rXr)pAa , do xo SHOn xapaXXrjXoypappov 
laov apa xal opoiov saxi [xo HH] xA KM [aXXa xo KM xA 
HB opoiov saxiv]. xal xo Hn apa xA HB opoiov saxiv r.spl 
xf]v auxf)v apa 8iapsxpov saxi xo Hn xA HB. saxo auxAv 
Siapsxpoc; f) HnB, xal xaTaysypacpDa) xo a)(fjpa. 

’’EttsI ouv Taov saxl xo BH xoli; F, KM, Av xo Hn xA 
KM saxiv Taov, Xoikoi; apa 6 TX<1> yvopcrv XoikA xA T iao<; 
saxiv. xal sxsl i'aov saxl xo OP xA SS, xoivov TipoaxsiaDa) 
xo nB' oXov apa xo OB oXo xA SB iaov saxiv. aXXa xo SB 
xA TE saxiv Taov, stteI xal TrXsupa f] AE TrXsupa xfj EB saxiv 
’(ary xal xo TE apa xA OB saxiv laov. xoivov xpoaxsiaDo 
xo SE - oXov apa xo TE oXw xA <i>XT yvApovi saxiv laov. 
aXX’ 6 <FXT yvApcov xA T sSsixDr] laoc xal xo TE apa xA 
r saxiv iaov. 

napa xfjv SoDslaav apa suDslav xfjv AB xA SoDsvxi 
su'duypappcr xA T iaov 7iapaXXr]X6ypappov 7iapa[3£pXr)xai 
xo ET sXXsTttov si8si TTapaXXrjXoypappcr xA nB opoiw ovxi 


AB is required (to be) equal, [being] not greater than 
the (parallelogram) described on half of AB and similar 
to the deficit, and D the (parallelogram) to which the 
deficit is required (to be) similar. So it is required to apply 
a parallelogram, equal to the given rectilinear figure C, to 
the straight-line AB, falling short by a parallelogrammic 
figure which is similar to D. 

H G P F 


L M 


K N 

Let AB have been cut in half at point E [Prop. 1.10], 
and let (parallelogram) EBFG, (which is) similar, and 
similarly laid out, to (parallelogram) D, have been de¬ 
scribed on EB [Prop. 6.18]. And let parallelogram AG 
have been completed. 

Therefore, if AG is equal to C then the thing pre¬ 
scribed has happened. For a parallelogram AG, equal 
to the given rectilinear figure C, has been applied to the 
given straight-line AB, falling short by a parallelogram¬ 
mic figure GB which is similar to D. And if not, let HE 
be greater than C. And HE (is) equal to GB [Prop. 6.1]. 
Thus, GB (is) also greater than C. So, let (parallelo¬ 
gram) KLMN have been constructed (so as to be) both 
similar, and similarly laid out, to D, and equal to the ex¬ 
cess by which GB is greater than C [Prop. 6.25], But, 
GB [is] similar to D. Thus, KM is also similar to GB 
[Prop. 6.21]. Therefore, let KL correspond to GE, and 
LM to GF. And since (parallelogram) GB is equal to 
(figure) C and (parallelogram) KM, GB is thus greater 
than KM. Thus, GE is also greater than KL, and GF 
than LM. Let GO be made equal to KL, and GP to LM 
[Prop. 1.3]. And let the parallelogram OGPQ have been 
completed. Thus, [GQ] is equal and similar to KM [but, 
KM is similar to GB ]. Thus, GQ is also similar to GB 
[Prop. 6.21]. Thus, GQ and GB are about the same diag¬ 
onal [Prop. 6.26]. Let GQB be their (common) diagonal, 
and let the (remainder of the) figure have been described. 

Therefore, since BG is equal to C and KM, of which 
GQ is equal to KM, the remaining gnomon UWV is thus 
equal to the remainder C. And since (the complement) 
PR is equal to (the complement) OS [Prop. 1.43], let 
(parallelogram) QB have been added to both. Thus, the 
whole (parallelogram) PB is equal to the whole (par- 
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to A [sK£i5r]7i8p to IIB to Hn opoiov sgtiv]- orcsp s8si. allelogram) OB. But, OB is equal to TE, since side 
Ttoifjaai. AE is equal to side EB [Prop. 6.1]. Thus, TE is also 

equal to PB. Let (parallelogram) OS have been added 
to both. Thus, the whole (parallelogram) TS is equal to 
the gnomon VWU. But, gnomon VWU was shown (to 
be) equal to C. Therefore, (parallelogram) TS is also 
equal to (figure) C. 

Thus, the parallelogram ST, equal to the given rec¬ 
tilinear figure C, has been applied to the given straight- 
line AB, falling short by the parallelogrammic figure QB, 
which is similar to D [inasmuch as QB is similar to GQ 
[Prop. 6.24] ]. (Which is) the very thing it was required 
to do. 

t This proposition is a geometric solution of the quadratic equation x 2 — a x+/3 = 0. Here, x is the ratio of a side of the deficit to the corresponding 
side of figure D, a is the ratio of the length of AB to the length of that side of figure D which corresponds to the side of the deficit running along 
AB, and (3 is the ratio of the areas of figures C and D. The constraint corresponds to the condition /3 < a 2 /A for the equation to have real roots. 
Only the smaller root of the equation is found. The larger root can be found by a similar method. 


XtL. 


Proposition 29 f 


Ilapa ttjv SoDeiaav eODeiav to BoDsvti. sufluYpappo 
igov itapaXXrjXoypotppov 7tapaf3aXslv 0it£p(3dXXov siSsi xoc- 
paXXrjXoYpappo opoio to BoDevti.. 



*Egto f) psv ocnDeiaa subs'i'a f] AB, to 8e 8oflsv 
eb'duYpappov, o 8eT Igov xapa ttjv AB xapapaXsiv, to T, 
o 8s 8sT opoiov uxsppdXXsiv, to A- 8sT Sf) itapoc ttjv AB 
suOslav to T eufluYpdppw taov TtapotXXrjXoYpappov Ttocpa- 
PaXetv uitepPdXXov ei8ei TtapotXXrjXoYpappw opoicp tw A. 

TsTpqahq) f) AB xorcoc to E, xal ayayzyp'kQo) 

and TTjc; EB to A opoiov xod opoioq xeipevov itapocX- 
XrjXoYpappov to BZ, xod auvaptpOTSpoic pev toIc; BZ, T 
igov, to 8s A opoiov xod opoioq xstpsvov to auTo ou- 
vsgtocto to H0. opoXoYoq 8s screw fj psv K0 Tfj ZA, f] 8s 
KH Tfj ZE. xod sit si pst^ov sgti to H0 tou ZB, pst^ov apoc 
sctti xod f] psv K0 Tfjq ZA, f) 8s KH Tfj ZE. sxpspXf|cydooocv 
od ZA, ZE, xod Tfj psv K0 for) soto f) ZAM, Tfj 8s KH tar] 
f) ZEN, xal oupxs7tXr]poo , do to MN- to MN apa to H0 
igov TE sgti xal opoiov. aXXoc to H0 to EA sotiv opotov 


To apply a parallelogram, equal to a given rectilin¬ 
ear figure, to a given straight-line, (the applied parallelo¬ 
gram) overshooting by a parallelogrammic figure similar 
to a given (parallelogram). 



Let AB be the given straight-line, and C the given 
rectilinear figure to which the (parallelogram) applied to 
AB is required (to be) equal, and D the (parallelogram) 
to which the excess is required (to be) similar. So it is 
required to apply a parallelogram, equal to the given rec¬ 
tilinear figure C, to the given straight-line AB, overshoot¬ 
ing by a parallelogrammic figure similar to D. 

Let AB have been cut in half at (point) E [Prop. 1.10], 
and let the parallelogram BF, (which is) similar, and 
similarly laid out, to D, have been described on EB 
[Prop. 6.18]. And let (parallelogram) GH have been con¬ 
structed (so as to be) both similar, and similarly laid out, 
to D, and equal to the sum of BF and C [Prop. 6.25]. 
And let KFl correspond to FL, and KG to FE. And since 
(parallelogram) G11 is greater than (parallelogram) FB, 
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xod to MN apa to EA opoiov ecttiv- tie pi ttjv auxrjv apa 
OiapsTpov ectti to EA tw MN. fjyilM auTthv BiapiETpoc; f] 
ZS, xal xotTaYEYpacp'dw to CTyfjpa. 

’EtteI ictov ecttI to H@ toI<; EA, T, aXXa to H0 to MN 
Ictov ecttiv, xal to MN apa tou; EA, T Ictov ecttiv. xoivov 
a(pr]pr]CT , i}w to EA- Xoitioc; apa 6 'L , X<1> yvopov to T ecttiv 
Ictoc;. xal eiteI ictt) ecttIv f) AE xf) EB, Ictov ecttI xal to AN to 
NB, toutectti to AO. xoivov TTpoCTXEicrdo to E5- oXov apa 
to AS Ictov ecttI to ‘bX’P y vc L[ jlovl - aXXa 6 <1>X’L yvopov 
to E Ictoc; ecttiv xal to AS apa to E ictov ecttiv. 

Ilapa ttjv SoDslCTav apa Eu^slav ttjv AB to BoDevti 
EU , duYpa(ipo to r ictov napaXXrjXoYpapniov 7iapaf3Ef3Xr)Tai 
to AS unEpPdXXov eI5ei 7iapaXXr)XoYpa(ipo to 110 ojioio 
ovti to A, eiteI xal to EA ecttiv ojioiov to Oil- ousp e6ei 
noifjCTai. 


I\H is thus also greater than FL, and KG than FE. 
Let FL and FE have been produced, and let FLM be 
(made) equal to KH, and FEN to KG [Prop. 1.3]. And 
let (parallelogram) MN have been completed. Thus, 
MN is equal and similar to GH. But, GEL is similar to 
EL. Thus, MN is also similar to EL [Prop. 6.21]. EL is 
thus about the same diagonal as MN [Prop. 6.26]. Let 
their (common) diagonal FO have been drawn, and let 
the (remainder of the) figure have been described. 

And since (parallelogram) GH is equal to (parallel¬ 
ogram) EL and (figure) C, but GH is equal to (paral¬ 
lelogram) MN, MN is thus also equal to EL and C. 
Let EL have been subtracted from both. Thus, the re¬ 
maining gnomon XWV is equal to (figure) C. And since 
AE is equal to EB, (parallelogram) AN is also equal to 
(parallelogram) NB [Prop. 6.1], that is to say, (parallel¬ 
ogram) LP [Prop. 1.43]. Let (parallelogram) EO have 
been added to both. Thus, the whole (parallelogram) AO 
is equal to the gnomon VWX. But, the gnomon VWX 
is equal to (figure) C. Thus, (parallelogram) AO is also 
equal to (figure) C. 

Thus, the parallelogram AO, equal to the given rec¬ 
tilinear figure C, has been applied to the given straight- 
line AB, overshooting by the parallelogrammic figure QP 
which is similar to D, since PQ is also similar to EL 
[Prop. 6.24]. (Which is) the very thing it was required 
to do. 


t This proposition is a geometric solution of the quadratic equation x 2 +ax—j3 = 0. Here, x is the ratio of a side of the excess to the corresponding 
side of figure D, a is the ratio of the length of AB to the length of that side of figure D which corresponds to the side of the excess running along 
AB, and 0 is the ratio of the areas of figures C and D. Only the positive root of the equation is found. 


X'. 


Proposition 3Qt 


Tf]v BoOclCTav Eu-dclav itEitEpaCTpEvrjv axpov xal (jiectov 
Xoyov TE(iElv. 

r z © 



B 


’'Ecttco f] oodclCTa EU-OcIa KETtEpactpEvr) f] AB- 6eT 5f] ttjv 
AB su-dctav axpov xal pcoov Xoyov Tcpclv. 


To cut a given finite straight-line in extreme and mean 
ratio. 



Let AB be the given finite straight-line. So it is re¬ 
quired to cut the straight-line AB in extreme and mean 
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AvaycypacpDco axo xfjc; AB xExpaytovov xo BT, xal xa- 
papEpXija'dcj xapa xfjv Ar xA Br iaov xapaXXqXoypappov 
xo TA OxcppdXXov e18el xA AA opoiw xA Br. 

Tcxpayovov 8s saxi xo Br - xExpaycovov apa ecru, xal 
xo AA. xal exel iaov saxi xo Br xA TA, xoivov acpr)pf]af>a> 
xo TE - Xoixov apa xo BZ XoixA xA AA saxiv ’(aov. saxi 
8s auxA xal iaoyAviov- xAv BZ, AA apa avxixsxovdaaiv al 
xAsupal al xcpl xac iaac; ycovlac;- eaxiv apa Ac; f) ZE xpoc; 
xf]v EA, ouxax; f) AE xpoc; xfjv EB. far] 8s f) piev ZE xfj AB, 
f) 8s EA xfj AE. eaxiv apa Ac; f) BA xpoc; xf]v AE, ouxooc; f) 
AE xpoc xfjv EB. (ici^wv 8e f) AB xfjc; AE- piei^wv apa xal 
f) AE xfjc EB. 

'H apa AB eu-dela axpov xal pieaov Xoyov xexpirjxai xaxa 
xo E, xal xo pieT^ov auxfjc xpfjpa saxi xo AE- oxsp e8ei 
xoifjaai. 


ratio. 

Let the square BC have been described on AB [Prop. 
1.46], and let the parallelogram CD, equal to BC, have 
been applied to AC, overshooting by the figure AD 
(which is) similar to BC [Prop. 6.29]. 

And BC is a square. Thus, AD is also a square. 
And since BC is equal to CD, let (rectangle) CE have 
been subtracted from both. Thus, the remaining (rect¬ 
angle) BF is equal to the remaining (square) AD. And 
it is also equiangular to it. Thus, the sides of BF and 
AD about the equal angles are reciprocally proportional 
[Prop. 6.14]. Thus, as FE is to ED, so AE (is) to EB. 
And FE (is) equal to AB, and ED to AE. Thus, as BA is 
to AE, so AE (is) to EB. And AB (is) greater than AE. 
Thus, AE (is) also greater than EB [Prop. 5.14]. 

Thus, the straight-line AB has been cut in extreme 
and mean ratio at E, and AE is its greater piece. (Which 
is) the very thing it was required to do. 


t This method of cutting a straight-line is sometimes called the “Golden Section”—see Prop. 2.11. 


\a. 

’Ev xou; ophoycovioLc xpiyAvoic xo onto xfjc xf)v 6phf)v 
ycoviav OxoxEivouarjc xAsupac sTSoc laov eaxi xou; onto xAv 
xf]v 6pi}f]v ycnviav xEpiEyouaAv xXsupAv siSsai xou; opoioic 
xe xal opolooc avaypacpopsvoic. 



’'Eaxcn xpiycnvov ophoyAviov xo ABr 6phf]v cyov xf]v 
0x6 BAT ycoviav Xsyco, oxi xo axo xfjc; BT sTSoc i'aov saxi 
xou; axo xAv BA, Ar eISeoi xoTc opoioic xe xal opoicoc 
avaypacpopcvou;. 

’Tlxilw xddsxoc f) A A. 

’Exsl ouv ev ophoycovicp xpiyAvcp xA ABr axo xfjc; xpoc; 
xA A ophfjc ywviac sxl xfjv BT pdaiv xddsxoc fjxxai f] A A, 
xa ABA, AAr xpoc; xfj xahExcp xpiycova opoia saxi xA xe 
oXcp xA ABr xal aAAfjAoic. xal sxsl opoiov saxi xo ABr xA 
ABA, saxiv apa Ac f] TB xpoc xf)v BA, ouxcoc f) AB xpoc 
xf]v BA. xal sxsl xpsTc suOslai avaXoyov siaiv, saxiv Ac; f) 
xpAxrj xpoc; xfjv xpixrjv, ouxcoc xo axo xfjc; xpAxrjc eT8oc xpoc; 


Proposition 31 

In right-angled triangles, the figure (drawn) on the 
side subtending the right-angle is equal to the (sum of 
the) similar, and similarly described, figures on the sides 
surrounding the right-angle. 



Let ABC be a right-angled triangle having the angle 
BAG a right-angle. I say that the figure (drawn) on BC is 
equal to the (sum of the) similar, and similarly described, 
figures on BA and AC. 

Let the perpendicular AD have been drawn [Prop. 
1 . 12 ], 

Therefore, since, in the right-angled triangle ABC, 
the (straight-line) AD has been drawn from the right- 
angle at A perpendicular to the base BC, the trian¬ 
gles ABD and ADC about the perpendicular are sim¬ 
ilar to the whole (triangle) ABC, and to one another 
[Prop. 6.8]. And since ABC is similar to ABD, thus 
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to duo Tfjc Beuxepac; to opoiov xal opolcx; avaypacpopcvov. 
Ac; apa f) TB Tipoe; xrjv BA, ouxcoc; to ano Tfje; TB eTSoc; 
xpoc; to axo t^c; BA to opioiov xal opoltoc; avaypaepopevov. 
8ia toc auxa 8f) xal (be; f] BF xpoc; xfjv TA, outcoc; to axo Tfje 
Br sTSoc; Tipbe; to axo xrjc FA. &axs xal (be; rj Br xpoc; xac; 
BA, Ar, ouxcoc; to axo Tfje; Br eI8oe; npoc; toc axo tAv BA, 
Ar toc opoia xal opohoc; avaypacpopEva. lar] 8e rj Br Talc; 
BA, Ar- laov apa xal to duo xfj<; Br sT8o<; xole; axo tAv 
BA, Ar sTSsai xbu; opoloic; te xal opouoc; dvaypacpopsvoic;. 

’Ev apa xole; opdoycovlocc; xpiyAvoie; to axo Tfje; tt)v 
6pbf)v ytovlav uxoxEivouarjc; xXsupac; eTSoc; laov ecttI toic; 
axo tAv xfjv bpdfjv ytovlav xEpiEyouaAv xXsupAv sTSsai xole; 
opoloic; xs xal bpolooc; dvaypacpopsvoic;- oxsp eSei 8 el^ai. 


¥'• 

’Eav Suo xplywva Guvxs-dfj xaxa plav ycovlav xae; 8uo 
xXsupac; Talc 8ual xXEupdic; avaXoyov syovxa Actte xac; 
opoXoyoue; auxAv xXsupae xal xapaXXf)Xou<; slvai, al XoiTial 
tAv xpiyAvcov xXsupal ex’ su-dslae saovxai. 


A 



b r e 


’'Eaxco 8uo xplycova toc ABr, ArE xae Suo xXsupae; xae; 
BA, Ar Tale; 8ual xXEupaic; Tale; Ar, AE avaXoyov syovxa, 
A<; psv tt]v AB xpoe; ttqv Ar, oux&x; Trjv Ar xpoe xf]v AE, 
xapaXXr]Xov 8e tt)v psv AB Tfj Ar, xf]v 8e Ar Tfj AE- Xsyco, 
oti ex’ sOOslae egtIv f] Br Tfj TE. 

’ExeI yap xapaXXr]X6e egtiv f] AB Tfj Ar, xal sie auxae 
Epxsxxcoxsv su-dsla f) Ar, al svaXXa^ ywvlai al Oxo BAr, 
ArA laac aXXfjXaie slalv. 8ia xa auxa 8rj xal f) uxo TAE Tfj 
Otio ArA lar] egtiv. Agte xal f) Otio BAr xfj Otio TAE egtiv 
lar). xal etieI 80o xplycova sgti xa ABr, ArE plav ycovlav 
xr]v xpoe xA A pia ycovla Tfj Tipoe; xA A lar]v s^ovea, uspl 


as CB is to BA, so AB (is) to BD [Def. 6.1]. And 
since three straight-lines are proportional, as the first is 
to the third, so the figure (drawn) on the first is to the 
similar, and similarly described, (figure) on the second 
[Prop. 6.19 corn]. Thus, as CB (is) to BD, so the fig¬ 
ure (drawn) on CB (is) to the similar, and similarly de¬ 
scribed, (figure) on BA. And so, for the same (reasons), 
as BC (is) to CD, so the figure (drawn) on BC (is) to 
the (figure) on CA. Hence, also, as BC (is) to BD and 
DC, so the figure (drawn) on BC (is) to the (sum of the) 
similar, and similarly described, (figures) on BA and AC 
[Prop. 5.24]. And BC is equal to BD and DC. Thus, the 
figure (drawn) on BC (is) also equal to the (sum of the) 
similar, and similarly described, figures on BA and AC 
[Prop. 5.9]. 

Thus, in right-angled triangles, the figure (drawn) on 
the side subtending the right-angle is equal to the (sum of 
the) similar, and similarly described, figures on the sides 
surrounding the right-angle. (Which is) the very thing it 
was required to show. 

Proposition 32 

If two triangles, having two sides proportional to two 
sides, are placed together at a single angle such that the 
corresponding sides are also parallel, then the remaining 
sides of the triangles will be straight-on (with respect to 
one another). 


D 



B C E 


Let ABC and DCE be two triangles having the two 
sides BA and AC proportional to the two sides DC and 
DE —so that as AB (is) to AC, so DC (is) to DE —and 
(having side) AB parallel to DC, and AC to DE. I say 
that (side) BC is straight-on to CE. 

For since AB is parallel to DC, and the straight-line 
AC has fallen across them, the alternate angles BAG and 
ACD are equal to one another [Prop. 1.29]. So, for the 
same (reasons), CDE is also equal to ACD. And, hence, 
BAG is equal to CDE. And since ABC and DCE are 
two triangles having the one angle at A equal to the one 
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Ss xa<; foac; ytovlac; rac; xXsupac; avaXoyov, Ac xf)v BA xpoc 
xf]v Ar, ouxctx; tt)v TA xpoc xf)v AE, laoyAviov apa sail 
to ABT xpiywvov to ATE xpiyAvcr for) apa f) Otto ABr 
yorvia xfj Otto ATE. eBsix'dr) 8s xal f) Otto ArA xfj Otto BAr 
for)' oXr) apa f) Otto ArE 8 ual xafo Otto ABF, BAr for) saxlv. 
xoivf] xpoaxsladw f] Otto ArB- at apa 0 x 6 ArE, ArB xafo 
0 x 6 BAr, ArB, TBA foai slalv. aXX’ at 0 x 6 BAr, ABr, 
ArB 8 ualv opbafo foat statv xal at 0 x 6 ArE, ArB apa 
8ualv opbafo foai statv. xpoc 8f) xivl sudsla xfj Ar xal xA 
xpoc aOxfj aqpslcp xA T 50 o sudslai al Br, TE pf] sxl xa 
auxa ptsprj xstptsvai xa? scps^fjg ywvaic xac 0 x 6 ArE, ArB 
8ualv opdafo foac xoiouaiv ex’ subslac apa saxlv f] Br xfj 

rE. 

’Eav apa Suo xptywva auvxsbfj xaxa plav ycrvtav xac 
8uo xXsupac xafo 8ual xXsupafo avaXoyov syovxa Aaxs Tac 
opoXoyouc aOxAv xXsupac xal xapaXXfjXouc slvai, at Xotxal 
xAv xpiyAvwv xXsupal sx’ sudslac saovxac oxsp sSsi Ssfoai. 


Xy'. 

’Ev xofo fooic xuxXoic at ywvtat xov aOxov sxouat 
Xoyov xafo xspicpspelaic, scp’ 6v psPqxaaiv, sav xs xpoc 
xofo xsvxpoic sav xs xpoc; xafo xspupspslaic Act psPqxuTai. 



TfoxMaav foot xuxXot ol ABr, AEZ, xal xpoc pcv xofo 
xsvxpotc aOxAv xofo H, 0 ywvtat saxtoaav at 0 x 6 BHr, 
E0Z, xpoc 8s xafo xsptcpspstatc al 0 x 6 BAr, EAZ- Xsyw, 
oxi saxlv Ac V) Br xspicpspEia xpoc xf)v EZ xsptcpspstav, 
ouxoc fj xs 0 x 6 BHr ywvla xpoc xf)v 0 x 6 E0Z xal f) 0 x 6 
BAr xpoc xrjv 0 x 6 EAZ. 

Ksladwaav yap xfj psv Br xspicpspsla foat xaxa xo sc;fjc 
oaat8r)xoxouv at TK, KA, xfj 8s EZ xsptcpspstcx foat oaat- 
8r)xoxo0v at ZM, MN, xal sxsCsuxdcTaav al HK, HA, 0M, 
0N. 

’Exsl ouvfoat slalv at Br, TK, KA xsptcpspstai aXXf]Xaic, 
foat stal xal at 0 x 6 BHr, ITIK, KHA ycovlai dXXf)Xatc 
oaaxXaatcrv apa saxlv f) BA xspicpspsia xfjc Br, xoaauxa- 
xXaalwv saxl xal f) 0 x 6 BHA ywvla xfjc 0 x 6 BHr. 8 ta xa 


angle at D, and the sides about the equal angles pro¬ 
portional, (so that) as BA (is) to AC, so CD (is) to 
DE, triangle ABC is thus equiangular to triangle DCE 
[Prop. 6.6]. Thus, angle ABC is equal to DCE. And (an¬ 
gle) ACD was also shown (to be) equal to BAG. Thus, 
the whole (angle) ACE is equal to the two (angles) ABC 
and BAC. Let ACB have been added to both. Thus, 
ACE and ACB are equal to BAC, ACB, and CBA. 
But, BAC, ABC, and ACB are equal to two right-angles 
[Prop. 1.32], Thus, ACE and ACB are also equal to two 
right-angles. Thus, the two straight-lines BC and CE, 
not lying on the same side, make adjacent angles ACE 
and ACB (whose sum is) equal to two right-angles with 
some straight-line AC, at the point C on it. Thus, BC is 
straight-on to CE [Prop. 1.14]. 

Thus, if two triangles, having two sides proportional 
to two sides, are placed together at a single angle such 
that the corresponding sides are also parallel, then the 
remaining sides of the triangles will be straight-on (with 
respect to one another). (Which is) the very thing it was 
required to show. 

Proposition 33 

In equal circles, angles have the same ratio as the (ra¬ 
tio of the) circumferences on which they stand, whether 
they are standing at the centers (of the circles) or at the 
circumferences. 


Let ABC and DEF be equal circles, and let BGC and 
EHF be angles at their centers, G and H (respectively), 
and BAC and EDF (angles) at their circumferences. I 
say that as circumference BC is to circumference EE, so 
angle BGC (is) to EHF, and (angle) BAC to EDF. 

For let any number whatsoever of consecutive (cir¬ 
cumferences), CI\ and KL, be made equal to circumfer¬ 
ence BC, and any number whatsoever, FM and MN, to 
circumference EF. And let GK, GL, HM, and HN have 
been joined. 

Therefore, since circumferences BC, CK, and KL are 
equal to one another, angles BGC, CGK, and KGL are 
also equal to one another [Prop. 3.27]. Thus, as many 
times as circumference BL is (divisible) by BC, so many 
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auxa Sf] xal oaaxAaalcov eaxlv f) NE xepicpepeia xrj; EZ, xo- 
aauxaxAaalcov eaxl xal rj 0x6 NOE ycnvla xrj; 0x6 EOZ. ei 
apa for) eaxlv f) BA xepicpepeia xfj EN xepicpepeia, for] eaxl 
xal ycnvla f) 0x6 BHA xfj 0x6 EON, xal el peli^orv eaxlv f] BA 
xepicpepeia xfjc EN xepicpepeia;, pelc^cnv eaxl xal f) 0x6 BHA 
ycnvla xfjc; 0x6 EON, xal el eXaaacnv, eXaaawv. xeaaapwv 
8f) ovxwv peyehCiv, 8uo (rev xepicpepeicbv xuv Br, EZ, 80o 
Se ycnvicbv xwv 0x6 BHr, EOZ, ei'Arjxxai xfjc; pev Br xepi¬ 
cpepeia; xal xfjc; 0x6 BHr ycnvla; iaaxi; xoAAaxAaalcnv fj xe 
BA xepicpepeia xal f] 0x6 BHA yovla, xfjc; 8e EZ xepicpepelac; 
xal xfjc; 0x6 EOZ ycnvla; fj xe EN xepicpepia xal f) 0x6 EON 
yorvla. xal 8e8eixxai, oxi ei Oxepeyei f) BA xepicpepeia xfj; 
EN xepicpepeia;, Oxepexei xal f] 0x6 BHA ycovla xfj; Oxo 
EON ywvla;, xal ei for), for), xal el eXaaauv, eXaaacrv. 
eaxiv apa, or; f) Br xepicpepeia xpo; xf)v EZ, ouxw; f) 0x6 
BHr ycrvla xpo; xf)v 0x6 EOZ. aXX’ cb; f) 0x6 BHr ycrvla 
xpo; xf)v 0x6 EOZ, ouxo; f) 0x6 BAr xpo; xf)v 0x6 EAZ. 
8ixXaala yap exaxepa exaxepa;. xal cb; apa f) Br xepicpepeia 
xpo; xf)v EZ xepicpepeiav, ouxca; fj xe 0x6 BHr yorvla xpo; 
xf)v 0x6 EOZ xal f] 0x6 BAr xpo; xfjv 0x6 EAZ. 

’Ev apa xoT; foot; xOxXoi; al ywvlai xov aOxov exouai 
Xoyov xal; xepicpepelai;, ecp’ cbv pepijxaaiv, eav xe xpo; xoT; 
xevxpoi; eav xe xpo; xal; xepicpepelai; Aai peprjxuTai - oxep 
e8ei 6eT;a.i. 


times is angle BGL also (divisible) by BGC. And so, for 
the same (reasons), as many times as circumference NE 
is (divisible) by EF, so many times is angle NHE also 
(divisible) by EHF. Thus, if circumference BL is equal 
to circumference EN then angle BGL is also equal to 
EHN [Prop. 3.27], and if circumference BL is greater 
than circumference EN then angle BGL is also greater 
than EHNj and if ( BL is) less (than EN then BGL is 
also) less (than EHN). So there are four magnitudes, 
two circumferences BC and EF, and two angles BGC 
and EHF. And equal multiples have been taken of cir¬ 
cumference BC and angle BGC, (namely) circumference 
BL and angle BGL, and of circumference EF and an¬ 
gle EHF, (namely) circumference EN and angle EHN. 
And it has been shown that if circumference BL exceeds 
circumference EN then angle BGL also exceeds angle 
EHN, and if ( BL is) equal (to EN then BGL is also) 
equal (to EHN), and if ( BL is) less (than EN then BGL 
is also) less (than EHN). Thus, as circumference BC 
(is) to EF, so angle BGC (is) to EHF [Def. 5.5], But as 
angle BGC (is) to EHF, so (angle) BAC (is) to EDF 
[Prop. 5.15]. For the former (are) double the latter (re¬ 
spectively) [Prop. 3.20]. Thus, also, as circumference BC 
(is) to circumference EF, so angle BGC (is) to EHF, 
and BAC to EDF. 

Thus, in equal circles, angles have the same ratio as 
the (ratio of the) circumferences on which they stand, 
whether they are standing at the centers (of the circles) 
or at the circumferences. (Which is) the very thing it was 
required to show. 


t This is a straight-forward generalization of Prop. 3.27 
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Elementary Number Theory^ 


tThe propositions contained in Books 7-9 are generally attributed to the school of Pythagoras. 
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"Open. 

a. Movocc; eaxiv, xafb fjv exaaxov tov ovxcrv §v Xeyexai. 
P'. ApiDpot; 8 e xo ex povaBwv auyxeipevov 
y'. Mepoc; eaxiv dpitlfibc apihpou 6 eXaaaov xou 
peii(ovo<;, oxav xaxapexpfj xov pe[((ova. 

5'. Mepr) Be, oxav pf] xaxapexpfj. 

e'. IIoXXaTtXdaioc; Be 6 [xei^wv xou eXaaaovo<;, oxav xa- 
xapexpfjxai uxo xou eXaaaovoc;. 

<r'. "Apxioc; apiDpoc; eaxiv 6 Biya Biaipoupevoc;. 

C- Ilepiaaoc; Be 6 (if) Biaipoupevoc; Biya fj [ 6 ] povaBi 
Biacpeptov apxiou apiDpou. 

T)'. Apxiaxu; apxioc; apdlpoc; eaxiv 6 uxo apxiou apiOpou 
pexpoupevoc; xaxa apxiov apiOpov. 

h'. "Apxiaxic; Be nepiaaoc eaxiv 6 uno apxiou apiOpou 
pexpoupevoc; xaxa nepiaaov apihpov. 

i'. nepiaaaxic Be nepiaaoc apOpioc eaxiv 6 uno nepiaaou 
apulpou pexpoupevoc; xaxa nepiaaov apnlpov. 

ia'. IIpcoxoc apOpioc eaxiv 6 povaBi (iovrj pexpoupevoc;. 
iP'. IIpoxoi npoc aXXqXouc; api'dpoi eiaiv oi povaBi povr) 
pexpoupevoi xoivw pexpox 

iy'. Suvdexoc apnfpoc; eaxiv 6 apiOpfi) xivi pexpoupevoc;. 
18 '. Euvdexoi Be npoc aXXf]Xouc apihpoi eiaiv ol apiOpfi) 
xivi pexpoupevoi xoivw pexpw. 

ie'. Apihpoc; dpihpbv noXXanXaaia^eiv Xeyexai, oxav, 
oaai eiaiv ev auxo povaBec;, xoaauxaxic auvxe'dfj 6 noX- 
XanXaaia^opievoc, xai yevqxai xic. 

17 '. "Oxav Be Suo apihpoi noXXanXaaiaaavxec aXXrjXouc; 
noiwai xiva, 6 yevopevoc; enineSoc xaXelxai, nXeupai Be 
auxou ol noXXanXaaiaaavxec aXXrjXouc; apihpoi. 

iC. "Oxav Be xpelc apihpoi noXXanXaaiaaavxec aXXrjXouc; 
noiwai xiva, 6 yevojievoc axepeoc eaxiv, nXeupai Be auxou 
ol noXXanXaaiaaavxec aXXrjXouc; apiDpoL 

nr]'. Texpaywvoc apihpoc; eaxiv 6 iaaxic laoc fj [ 6 ] uno 
Suo ia«v apiUpciv rtepieyopevoc;. 

O'. KOpoc Be 6 iaaxic iaoc iaaxic fj [ 6 ] uno xpicBv lacrv 
apiDpcrv xepieyopevoc;. 

x'. ApiOpoi avaXoyov eiaiv, oxav 6 npoxoc xou Beuxepou 
xai 6 xpixoc xou xexapxou iaaxic fj noXXanXaaioc fj xo auxo 
pepo; fj xa auxa pepr) Saiv. 

xa'. "Opoioi enineBoi xai axepeoi apnlpoi eiaiv oi 
avaXoyov eyovxe; xa; nXeupac. 

xp'. TeXeioc apihpo; eaxiv 6 xol; eauxou pepeaiv lao; 

MV. 


Definitions 

1. A unit is (that) according to which each existing 
(thing) is said (to be) one. 

2. And a number (is) a multitude composed of units. ' 

3. A number is part of a(nother) number, the lesser of 
the greater, when it measures the greater.* 

4. But (the lesser is) parts (of the greater) when it 
does not measure it.§ 

5. And the greater (number is) a multiple of the lesser 
when it is measured by the lesser. 

6. An even number is one (which can be) divided in 
half. 

7. And an odd number is one (which can) not (be) 
divided in half, or which differs from an even number by 
a unit. 

8. An even-times-even number is one (which is) mea¬ 
sured by an even number according to an even number. 11 

9. And an even-times-odd number is one (which 
is) measured by an even number according to an odd 
number.* 

10. And an odd-times-odd number is one (which 
is) measured by an odd number according to an odd 
number.* 

11. A prime number is one (which is) measured by a 
unit alone. 

12. Numbers prime to one another are those (which 
are) measured by a unit alone as a common measure. 

13. A composite number is one (which is) measured 
by some number. 

14. And numbers composite to one another are those 
(which are) measured by some number as a common 
measure. 

15. A number is said to multiply a(nother) number 
when the (number being) multiplied is added (to itself) 
as many times as there are units in the former (number), 
and (thereby) some (other number) is produced. 

16. And when two numbers multiplying one another 
make some (other number) then the (number so) cre¬ 
ated is called plane, and its sides (are) the numbers which 
multiply one another. 

17. And when three numbers multiplying one another 
make some (other number) then the (number so) created 
is (called) solid, and its sides (are) the numbers which 
multiply one another. 

18. A square number is an equal times an equal, or (a 
plane number) contained by two equal numbers. 

19. And a cube (number) is an equal times an equal 
times an equal, or (a solid number) contained by three 
equal numbers. 
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20. Numbers are proportional when the first is the 
same multiple, or the same part, or the same parts, of 
the second that the third (is) of the fourth. 

21. Similar plane and solid numbers are those having 
proportional sides. 

22. A perfect number is that which is equal to its own 
parts, tt 

t In other words, a “number” is a positive integer greater than unity. 

t In other words, a number a is part of another number b if there exists some number n such that na = b. 

§ In other words, a number a is parts of another number b (where a < b) if there exist distinct numbers, m and n, such that na = mb. 

^ In other words, an even-times-even number is the product of two even numbers. 

* In other words, an even-times-odd number is the product of an even and an odd number. 

® In other words, an odd-times-odd number is the product of two odd numbers. 

I Literally, “first”. 

tt In other words, a perfect number is equal to the sum of its own factors. 

a'. Proposition 1 

Auo dpi-dpwv aviawv sxxsipsvwv, avducpaipoupsvou 8s Two unequal numbers (being) laid down, and the 

del toO sXaaaovoq axo xoO psKovoc, sav 6 Xsixopsvot; lesser being continually subtracted, in turn, from the 

P7 ]Bs7iots xaxapsxpfj xov xpo sauxou, sox; ou Xsicp'dfj povaq, greater, if the remainder never measures the (number) 

oi s? apxfj<; apiOpoi xpwxoi xpo? dXXf]Xoui; saovxai. preceding it, until a unit remains, then the original num¬ 

bers will be prime to one another. 



Auo yap [aviawv] dpihpSv xSv AB, TA avducpai- For two [unequal] numbers, AB and CD, the lesser 
poupsvou del xou sXaaaovoq axo xou ps[([ovo<; 6 Xsixopsvoc; being continually subtracted, in turn, from the greater, 
prjBsxoxs xaxapsxpsixw xov xpo sauxou, stoc ou XsupOfj let the remainder never measure the (number) preceding 
[lovic Xsyo, oxi oi AB, TA r.pdixoi r.poc dXXyXou^ siaiv, it, until a unit remains. I say that AB and CD are prime 
xouxsaxLv oxi xouc AB, TA povdc povr) psxpsl. to one another—that is to say, that a unit alone measures 

Ei yap pf) siaiv oi AB, TA xpwxoi xpoq dXXf)Xou<;, (both) AB and CD. 

psxpriaEi xu; auxouq apnlpoq. psxpsixo, xai saxw 6 E- xai 6 For if AB and CD are not prime to one another then 

psv TA xov BZ psxpwv Xsixsxto sauxou sXaaaova xov ZA, some number will measure them. Let (some number) 
6 os AZ xov AH psxpAv Xsixsxw sauxou sXaaaova xov HT, measure them, and let it be E. And let CD measuring 
6 8s Hr xov Z0 psxpcov Xsixsxco pova8a xfjv 0A. BF leave FA less than itself, and let AF measuring DC 

’’Exsi ouv 6 E xov TA psxpsl, 6 8s TA xov BZ psxpsl, leave GC less than itself, and let GC measuring FII leave 

xai 6 E apa xov BZ psxpsl- psxpsl 8s xai oXov xov BA- a unit, FI A. 

xai Xoixov apa xov AZ psxprpsi. 6 8s AZ xov AH psxpsl- In fact, since E measures CD, and CD measures BF, 
xai 6 E apa xov AH psxpsl- psxpsl 8s xai oXov xov AH E thus also measures BF.' And ( F) also measures the 
xai Xoixov apa xov TH psxpfjasi. 6 8s EH xov Z0 psxpsl- whole of BA. Thus, (E) will also measure the remainder 
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AF} And AF measures DG. Thus, E also measures DG. 
And ( E ) also measures the whole of DC. Thus, (A) will 
also measure the remainder CG. And CG measures Eli. 
Thus, E also measures FH. And ( E) also measures the 
whole of FA. Thus, ( E ) will also measure the remaining 
unit AE[, (despite) being a number. The very thing is 
impossible. Thus, some number does not measure (both) 
the numbers AB and CD. Thus, AB and CD are prime 
to one another. (Which is) the very thing it was required 
to show. 

t Here, use is made of the unstated common notion that if a measures b, and b measures c, then a also measures c, where all symbols denote 
numbers. 

S Here, use is made of the unstated common notion that if a measures b, and a measures part of b, then a also measures the remainder of b, where 
all symbols denote numbers. 


xai 6 E apa xov Z0 psxpsT - psxpsT 8s xai oXov xov ZA - 
xai Xoutf]v apa xf)v A0 pova8a p£xpf|asi apiilpoc; 6v ot tsp 
saxlv a8uvaxov. oux apa xouc; AB, TA apnlpouc; psxprpsi 
xic; apiOpoc; - oi AB, TA apa upAxoi npoc; aXXr|Xouc; siaiv - 
oTtsp bsipai. 


P- 

Auo apidpAv Boflsvxoyv pr] itpAxtov itpog aXXqXouc; xo 
psyiaxov auxAv xoivov psxpov supsTv. 



TlaxcuCTav oi BotIevxsc; 8uo apcdpoi pf) itpAxoi itpog 
aXXfjXouc; oi AB, TA. 8sT 8f) xAv AB, TA xo psyiaxov xoivov 
psxpov EUpEfv. 

Ei pEv ouv 6 TA xov AB pExpst, pExpsT 6s xai sauxov, 6 
TA apa x&v TA, AB xoivov psxpov saxiv. xai cpavspov, oxi 
xai psyiaxov ouBcic; yap pci^wv xou TA xov TA pcxprpEi. 

Ei 8e ou psxpsT 6 TA xov AB, xwv AB, TA avducpai- 
poupsvou aci xou sXaaoovoi; atto xou p£ii(ovo<; XEicpilrioExai 
xic; apiDpoc, oc; pExprjOEi xov Ttpo sauxoO. povac; psv 
yap ou XEicpUrioExar si 5 e pf), saovxai oi AB, TA TtpAxoi 
xpoc; aXX/]Xouc;- onsp ouy uitoxsixai. X£icpif)r) 0 £xai xic; apa 
apiDpoc;, oc; psxpiQOEi xov xpo sauxou. xai 6 psv TA xov 
BE psxpAv Xeitiexco sauxou sXaaaova xov EA, 6 8s EA xov 
AZ pcxpAv Xeuiexco sauxou sXaaaova xov ZT, 6 8s TZ xov 
AE psxpsixw. STtsi ouv 6 TZ xov AE psxpsT, 6 8e AE xov 
AZ psxpsT, xai 6 TZ apa xov AZ psxpr)asi. psxpsT 8s xai 
sauxov xai oXov apa xov TA psxpr)asi. 6 8s TA xov BE 
psxpsT - xai 6 rZ apa xov BE psxpsT - psxpsT 8s xai xov EA - 
xai oXov apa xov BA psxprjasr psxpsT 8s xai xov TA - 6 TZ 
apa xouc; AB, TA psxpsT. 6 TZ apa xAv AB, TA xoivov 


Proposition 2 

To find the greatest common measure of two given 
numbers (which are) not prime to one another. 



Let AB and CD be the two given numbers (which 
are) not prime to one another. So it is required to find 
the greatest common measure of AB and CD. 

In fact, if CD measures AB, CD is thus a common 
measure of CD and AB, (since CD) also measures itself. 
And (it is) manifest that (it is) also the greatest (com¬ 
mon measure). For nothing greater than CD can mea¬ 
sure CD. 

But if CD does not measure AB then some number 
will remain from AB and CD, the lesser being contin¬ 
ually subtracted, in turn, from the greater, which will 
measure the (number) preceding it. For a unit will not be 
left. But if not, AB and CD will be prime to one another 
[Prop. 7.1]. The very opposite thing was assumed. Thus, 
some number will remain which will measure the (num¬ 
ber) preceding it. And let CD measuring BE leave EA 
less than itself, and let EA measuring DF leave FC less 
than itself, and let CF measure AE. Therefore, since CF 
measures AE, and AE measures DF, CF will thus also 
measure DF. And it also measures itself. Thus, it will 
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jiexpov eaxiv. Xeyoi 8f), oxi xai (ieyiaxov. ei yap (if) eaxiv 6 
FZ ifiv AB, TA (ieyiaxov xoivov (lexpov, (lexpfpei xu; xou<; 
AB, TA apih(iou<; apihpoc; (lei^tov wv xou TZ. (lexpeixat, 
xal eaxa> 6 H. xai exel 6 H xov TA (isxpeT, 6 8e TA xov 
BE (lexpei, xai 6 H apa xov BE (icxpeT pexpeT Se xai oXov 
xov BA' xai Xoutov apa xov AE (iexpr]aei. 6 8e AE xov 
AZ (lexpev xai 6 H apa xov AZ (lexpfpei- (lexpei Se xai 
oXov xov AT' xai Xoutov apa xov TZ (iexpf)aei 6 [leii^tov 
xov eXaaaova' oxep eaxiv aSuvaxov oux apa xou<; AB, TA 
dpn5(iou<; apiDpoc; xic; (lexpfjaei peiilAv wv xou TZ- 6 TZ apa 
xov AB, TA (ieyiaxov eaxi xoivov jiexpov [oxep eSei 8eT^ai]. 


Ilopiapa. 

’Ex Srj xouxou cpavepov, oxi eav apihpbc; 8uo apihpouc; 
(lexprj, xai xo (ieyiaxov auxov xoivov jiexpov (lexpfpei- oitep 
e8ei 8eTc;ai. 

Y'- 

Tpiov apihpwv Sohevxwv (if) xpoxov xpoc; aXXf]Xou<; xo 
(ieyiaxov auxov xoivov jiexpov eupeiv. 



A B r A E Z 


’'Eaxoaav oi Sohevxet; xpeu; apii9|ioi (if) xpoxoi xpoc; 
aXXf]Xouc; oi A, B, T- SeT 8f] xov A, B, T xo (ieyiaxov xoivov 
(lexpov eupeiv. 

EiX^cpiSo yap 8uo xov A, B xo (ieyiaxov xoivov (lexpov 6 
A- 6 8fj A xov r rjxoi (iexpei fj ou (lexpei. (lexpeixo jipoxepov- 
(iexpei 8e xai xouc; A, B- 6 A apa xouc; A, B, T (lexpeh 6 
A apa xov A, B, T xoivov jiexpov eaxiv. Xeyo 6f), oxi xai 


also measure the whole of CD. And CD measures BE. 
Thus, CF also measures BE. And it also measures EA. 
Thus, it will also measure the whole of BA. And it also 
measures CD. Thus, CF measures (both) AB and CD. 
Thus, CF is a common measure of AB and CD. So I say 
that (it is) also the greatest (common measure). For if 
CF is not the greatest common measure of AB and CD 
then some number which is greater than CF will mea¬ 
sure the numbers AB and CD. Let it (so) measure {AB 
and CD), and let it be G. And since G measures CD, 
and CD measures BE, G thus also measures BE. And it 
also measures the whole of BA. Thus, it will also mea¬ 
sure the remainder AE. And AE measures DF. Thus, G 
will also measure DF. And it also measures the whole 
of DC. Thus, it will also measure the remainder CF, 
the greater (measuring) the lesser. The very thing is im¬ 
possible. Thus, some number which is greater than CF 
cannot measure the numbers AB and CD. Thus, CF is 
the greatest common measure of AB and CD. [(Which 
is) the very thing it was required to show]. 

Corollary 

So it is manifest, from this, that if a number measures 
two numbers then it will also measure their greatest com¬ 
mon measure. (Which is) the very thing it was required 
to show. 

Proposition 3 

To find the greatest common measure of three given 
numbers (which are) not prime to one another. 



A B C D E F 

Let A, B, and C be the three given numbers (which 
are) not prime to one another. So it is required to find 
the greatest common measure of A, B, and C. 

For let the greatest common measure, D, of the two 
(numbers) A and B have been taken [Prop. 7.2]. So D 
either measures, or does not measure, C. First of all, let 
it measure (C). And it also measures A and B. Thus, D 
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psyiaxov. ei yap pirj saxiv 6 A tuv A, B, T pisyiaxov xoivov 
pisxpov, pisxpypasi tic xouc A, B, T apibpiouc apibpioc pisi^wv 
Av tou A. pisxpsixco, xod saxci 6 E. etc! ouv 6 E xouc A, B, 
E pisxpsT, xai xouc A, B apa psxprpasi - xal xo xAv A, B apa 
pisyiaxov xoivov pisxpov pisxprjasi. xo 8s xAv A, B psyiaxov 
xoivov psxpov saxiv 6 A- 6 E apa xov A psxpsT 6 psii^wv 
xov sXaaaova - oxsp saxiv aSuvaxov. oux apa xouc A, B, T 
dtpidpouc apibpoc xic psxprjasi psi^wv Av xou A- 6 A apa 
xAv A, B, r psyiaxov saxi xoivov psxpov. 

Mr) psxpsixco 8f] 6 A xov T - Asya) xpAxov, oxi ol T, A 
oux siai xpAxoi Tipoc aXXrjXouc. sitsl yap oi A, B, T oux 
siai xpAxoi xpoc aAXrjXouc, psxpiqasi xic auxouc apibpoc. 6 
8r) xouc A, B, T psxpAv xai xouc A, B psxprjasi, xai xo 
xAv A, B pisyiaxov xoivov psxpov xov A psxpfpasi - psxpsT 
8s xai xov r- xouc A, T apa apibpouc apibpoc xic psxpf|asr 
oi A, r apa oux siai xpAxoi xpoc dXArjAouc. siXrjcp'do ouv 
auxAv xo pisyiaxov xoivov psxpov 6 E. xai etisI 6 E xov A 
pisxpsT, 6 5s A xouc A, B pisxpsT, xai 6 E apa xouc A, B 
pisxpsr pisxpsT 5s xai xov T- 6 E apa xouc A, B, T pisxpsT. 
6 E apa xAv A, B, T xoivov saxi pisxpov. Xsyco 8r), oxi xai 
pisyiaxov. si yap pirp saxiv 6 E xAv A, B, T xo pisyiaxov 
xoivov pisxpov, pisxprpasi xic xouc A, B, T apiTipiouc apnJpioc 
pisi^wv Av xou E. pisxpsixco, xai saxw 6 Z. xai sks'i 6 Z xouc 
A, B, r pisxpsT, xai xouc A, B pisxpsT - xai xo xAv A, B apa 
pisyiaxov xoivov pisxpov pisxprpasi. xo 8s xAv A, B pisyiaxov 
xoivov pisxpov saxiv 6 A - 6 Z apa xov A pisxpsT - pisxpsT 8s 
xai xov T - 6 Z apa xouc A, T pisxpsT - xai xo xAv A, T apa 
pisyiaxov xoivov pisxpov pisxprpasi. xo Ss xAv A, T pisyiaxov 
xoivov pisxpov saxiv 6 E - 6 Z apa xov E pisxpsT 6 pisi^wv 
xov sXaaaova - oxsp saxiv aSuvaxov. oux apa xouc A, B, T 
apiiipiouc dpn}pioc xic pisxprpasi pisi^wv Av xou E - 6 E apa 
xAv A, B, r pisyiaxov saxi xoivov pisxpov oxsp s8si OsT^ai. 


8 '. 

"Axac apiiSpioc xavxoc api-dpiou 6 sXdaaoiv xou pisi^ovoc 
fjxoi pispoc saxiv rj pispr). 

’Elaxwaav 8uo apiTipioi oi A, BT, xai saxco sXaoaov 6 
Br- Xsyo, oxi 6 BT xou A fpxoi pispoc saxiv fp pispyp. 


measures A, B, and C. Thus, I? is a common measure 
of A, B, and C. So I say that (it is) also the greatest 
(common measure). For if D is not the greatest common 
measure of A, B, and C then some number greater than 
D will measure the numbers A, B, and C. Let it (so) 
measure (A, B, and C ), and let it be E. Therefore, since 
E measures A, B, and C, it will thus also measure A and 
B. Thus, it will also measure the greatest common mea¬ 
sure of A and B [Prop. 7.2 corn]. And D is the greatest 
common measure of A and B. Thus, E measures D, the 
greater (measuring) the lesser. The very thing is impossi¬ 
ble. Thus, some number which is greater than D cannot 
measure the numbers A, B, and C. Thus, D is the great¬ 
est common measure of A, B, and C. 

So let D not measure C. I say, first of all, that C 
and D are not prime to one another. For since A, B, C 
are not prime to one another, some number will measure 
them. So the (number) measuring A, B, and C will also 
measure A and B, and it will also measure the greatest 
common measure, D, of A and B [Prop. 7.2 corn]. And 
it also measures C. Thus, some number will measure the 
numbers D and C. Thus, D and C are not prime to one 
another. Therefore, let their greatest common measure, 
E, have been taken [Prop. 7.2]. And since E measures 

D, and D measures A and B, E thus also measures A 
and B. And it also measures C. Thus, E measures A, B, 
and C. Thus, E is a common measure of A, B, and C. So 
I say that (it is) also the greatest (common measure). For 
if E is not the greatest common measure of A, B, and C 
then some number greater than E will measure the num¬ 
bers A, B, and C. Let it (so) measure (A, B, and C), and 
let it be F. And since F measures A, B, and C, it also 
measures A and B. Thus, it will also measure the great¬ 
est common measure of A and B [Prop. 7.2 corn]. And 
D is the greatest common measure of A and B. Thus, F 
measures D. And it also measures C. Thus, F measures 
D and C. Thus, it will also measure the greatest com¬ 
mon measure of D and C [Prop. 7.2 corn]. And E is the 
greatest common measure of D and C. Thus, F measures 

E, the greater (measuring) the lesser. The very thing is 
impossible. Thus, some number which is greater than E 
does not measure the numbers A, B, and C. Thus, E is 
the greatest common measure of A, B, and C. (Which 
is) the very thing it was required to show. 

Proposition 4 

Any number is either part or parts of any (other) num¬ 
ber, the lesser of the greater. 

Let A and BC be two numbers, and let BC be the 
lesser. I say that BC is either part or parts of A. 
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Oi A, BT yap fjToi npSxoi npoc; aXXrjXouc; sialv f) ou. 
eaxtoaav npoxepov oi A, BT xpAxoi npoc; aXXfjXouc;. 8iai- 
pehevxoc; 8f] tou Br sic; xac; ev auxdi (iova8a<; eaxai exaaxr) 
(iovac; xwv ev xo Br (iepoc; xi xou A' Saxe pepr) eaxiv 6 Br 
xou A. 



Mr) eaxwaav 8f] oi A, Br npGxoi xpog aXXrjXouc;- 6 8f) 
Br xov A fjxoi pexpeT fj ou (lexpel. ei (lev ouv 6 Br xov 
A (lexpei, piepoc; eaxiv 6 Br xou A. ei 8e ou, eiXfjcpiko xAv 
A, BB peyiaxov xoivov pexpov 6 A, xod BirjprjaDco 6 Br ei<; 
xouc; xA A laouc; xou<; BE, EZ, Zr. xai exel 6 A xov A 
(texpei, (iepoc; eaxiv 6 A xou A- Taoc; Se 6 A exaaxto xAv 
BE, EZ, ZB - xoci exaaxoc; apa xAv BE, EZ, Zr xou A (iepoc; 
eaxiv Saxe pepr] eaxiv 6 Br xou A. 

"Anac; apa apihpoc; Ttavxoc; apiDpou 6 eXaaawv xou 
(iei^ovoc; fjxoi (iepoc; eaxiv fj [lepry oxep eSei 8el^ai. 


s'. 

’Eav dpihpbc; apihpou (iepoc; fj, xai exepoc; exepou xo 
auxo (iepoc; fj, xai auvapcpoxepoc; auvapcpoxepou xo auxo 
(iepoc; eaxai, onep 6 elc; xou evog. 



Apihpoc; yap 6 A [dpidpou] xou Br (iepoc; eaxo, xai 


For A and BC are either prime to one another, or not. 
Let A and BC, first of all, be prime to one another. So 
separating BC into its constituent units, each of the units 
in BC will be some part of A. Hence, BC is parts of A. 



So let A and BC be not prime to one another. So BC 
either measures, or does not measure, A. Therefore, if 
BC measures A then BC is part of A. And if not, let the 
greatest common measure, D, of A and BC have been 
taken [Prop. 7.2], and let BC have been divided into BE, 
EF, and FC, equal to D. And since D measures A, D is 
a part of A. And D is equal to each of BE, EF, and FC. 
Thus, BE, EF, and FC are also each part of A. Hence, 
BC is parts of A. 

Thus, any number is either part or parts of any (other) 
number, the lesser of the greater. (Which is) the very 
thing it was required to show. 

Proposition 51 

If a number is part of a number, and another (num¬ 
ber) is the same part of another, then the sum (of the 
leading numbers) will also be the same part of the sum 
(of the following numbers) that one (number) is of an¬ 
other. 



For let a number A be part of a [number] BC, and 
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Excpoc 6 A Excpou tou EZ to auxo pcpoc, oxEp 6 A xou 
BH Xcyo, oxi xal auvapipoxcpoc 6 A, A auvapcpoxEpou tou 
Br, EZ to auxo |i£poc caxlv, oxsp 6 A tou BI\ 

’EtceI yap, o pcpoc saxlv 6 A tou BT, to auxo pcpoc saxl 
xal 6 A tou EZ, oaoi apa Eialv sv tA Br dpiilpol laoi tA 
A, ToaouToi siai xal sv tA EZ apibpol (aoi tA A. 5ifjpr]a , do 
6 psv BT etc touc tA A iaouc touc BH, HT, 6 8s EZ sic 
touc tA A laouc touc E0, 0Z- saxai 8rj Taov to xXfj'doc 
tAv BH, HT tA nX/ydsi tAv E0, 0Z. xal stceI laoc ecttIv 
6 piEv BH tA A, 6 os E0 tA A, xal ol BH, E0 apa toTc 
A, A laoi. Sia xa auxa Sf] xal ol Hr, 0Z xolc A, A. oaoi 
apa [Eialv] sv tA Br api-dpol laoi xA A, xoaouxol siai xal 
sv toTc Br, EZ I'aoi xolc A, A. oaaxXaalwv apa saxlv 6 Br 
tou A, xoaauxaTiXaaiwv saxl xal auvajicpoTspoc 6 Br, EZ 
auvapupoTEpou tou A, A. 6 apa pispoc saxlv 6 A tou BE, to 
auxo (ispoc saxl xal auvapicpoTEpoc 6 A, A auvapKpoxspou 
tou Br, EZ- oxsp e8ei Oslcai. 


t In modem notation, this proposition states that if a = (1/n) b and e = 

9'. 

’Eav apiDpioc apiDpiou pispr) fj, xal sxEpoc EXEpou xa 
auxa pispr] fj, xal auvapKpoxspoc auvapupoxEpou xa auxa 
(ispr] saxai, oitsp 6 sic tou evoc. 



ApiDpioc yap 6 AB apiDpiou xou T (ispr) Eaxco, xal sxspoc 
6 AE Exspou xou Z xa auxa (ispr), aitsp 6 AB xou T- Xsyco, 
oxi xal auvapifpoxEpoc 6 AB, AE auvajicpoTEpou xou T, Z 
xa auxa pispr) saxlv, axsp 6 AB xou T. 

Tksl yap, a pispr) saxlv 6 AB xou T, xa auxa (i£prj xal 
6 AE xou Z, oaa apa saxlv sv xA AB pispr] xou T, xoaauxa 
saxi xal sv xA AE pispr) xou Z. Birjprja-dw 6 pisv AB sic xa 
xou r (ispr) xa AH, HB, 6 8s AE sic xa xou Z pispr) xa 
A0, 0E- saxai 8f] Taov xo TtXfjDoc xAv AH, HB xA jtXrj-dEi 
xAv A0, 0E. xal ejieI, o (ispoc saxlv 6 AH xou T, xo 


another (number) D (be) the same part of another (num¬ 
ber) EF that A (is) of BC. I say that the sum A, D is also 
the same part of the sum BC, EF that A (is) of BC. 

For since which(ever) part A is of BC, D is the same 
part of EF, thus as many numbers as are in BC equal 
to A, so many numbers are also in EF equal to D. Let 
BC have been divided into BG and GC, equal to A, and 
EF into EH and HE, equal to D. So the multitude of 
(divisions) BG, GC will be equal to the multitude of (di¬ 
visions) EH, HF. And since BG is equal to A, and EH 
to D, thus BG, EH (is) also equal to A, D. So, for the 
same (reasons), GC, HF (is) also (equal) to A, D. Thus, 
as many numbers as [are] in BC equal to A, so many are 
also in BC, EF equal to A, D. Thus, as many times as 
BC is (divisible) by A, so many times is the sum BC, EF 
also (divisible) by the sum A, D. Thus, which(ever) part 
A is of BC, the sum A, D is also the same part of the 
sum BC, EF. (Which is) the very thing it was required 
to show 

(l/n) cL then (a + c) = (1/n) (fr + d), where all symbols denote numbers. 

Proposition 6 f 

If a number is parts of a number, and another (num¬ 
ber) is the same parts of another, then the sum (of the 
leading numbers) will also be the same parts of the sum 
(of the following numbers) that one (number) is of an¬ 
other. 



For let a number AB be parts of a number C, and an¬ 
other (number) DE (be) the same parts of another (num¬ 
ber) F that AB (is) of C. I say that the sum AB, DE is 
also the same parts of the sum C, F that AB (is) of C. 

For since which (ever) parts AB is of C, DE (is) also 
the same parts of F, thus as many parts of C as are in AB, 
so many parts of F are also in DE. Let AB have been 
divided into the parts of C, AG and GB, and DE into the 
parts of F, DH and HE. So the multitude of (divisions) 
AG, GB will be equal to the multitude of (divisions) DH, 
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auxo pipoc; eaxl xal 6 A© xou Z, o apa pepoc; Eaxlv 6 AH 
xou T, to auxo pepoc; Saxl xod auvapcpoxcpoi; 6 AH, A© 
auvapcpoxcpou xou T, Z. 8 i.ot xa auxa 8 rj xal o pspo<; eaxlv 6 
HB xou F, xo auxo pspo; eaxl xal auvapicpoxepot; 6 HB, 0E 
auvapcpoxepou xou F, Z. a apa pepr) eaxlv 6 AB xou T, xa 
auxa pepr] eaxl xal auvapicpoxepot; 6 AB, AE auvapcpoxspou 
xou r, Z• oitep e 8 ei Oelpai. 

' In modem notation, this proposition states that if a = (m/n ) b and 
numbers. 

c. 

’Eav apiDpoc; apuOpou pepo<; fj, oitep acpaipeDelt; acpai- 
peDevxoc;, xal 6 Xontoc; xou Xoutou xo auxo piepot; eaxai, 
oitep 6 oXot; xou oXou. 

A E B 

i—i-1 

H r Z A 

I-1-1-1 

Apidpoc; yap 6 AB apiOpou xou TA piepot; eaxto, oitep 
acpaipeDelc; 6 AE acpaipeOevxoc; xou TZ' Xeyco, oxi xal Xontoc; 
6 EB Xoutou xou ZA to auxo pepo; eaxlv, oitep oXo; 6 AB 
oXou xou TA. 

"O yap piepot; eaxlv 6 AE xou TZ, to auxo piepot; eaxco 
xal 6 EB xou EH. xal end, o pepo; eaxlv 6 AE xou TZ, xo 
auxo pepo; eaxl xal 6 EB xou EH, o apa pepo; eaxlv 6 AE 
xou rZ, xo auxo pepo; eaxl xal 6 AB xou HZ. 6 Se pepo; 
eaxlv 6 AE xou TZ, xo auxo piepot; uitoxeixai xal 6 AB xou 
TA- o apa piepot; eaxl xal 6 AB xou HZ, to auxo piepot; eaxl 
xal xou TA- laot; apa eaxlv 6 HZ xA TA. xoivot; acprjp^aDo 
6 TZ- Xomot; apa 6 Hr XoutA xA ZA eaxiv I'ao;. xal eitei, 
o piepo; eaxlv 6 AE xou TZ, xo auxo piepot; [eaxl] xal 6 EB 
xou Hr, lao; 8 e 6 Hr xA ZA, o apa piepot; eaxlv 6 AE xou 
rZ, to auxo piepot; eaxl xal 6 EB xou ZA. aXXa o piepo; 
eaxlv 6 AE xou TZ, xo auxo piepo; eaxl xal 6 AB xou TA- 
xal Xontoc; apa 6 EB Xoutou xou ZA to auxo piepo; eaxlv, 
oitep 6 X 0 ; 6 AB oXou xou TA- oitep eoei 8 eT^ai. 


t In modern notation, this proposition states that if a = (1/n) b and e = 

E 

’Eav apiDpiot; apiDptou piepr] fj, aitep acpaipeDelc; acpai- 
peDevxoc;, xal 6 Xonto<; xou Xoutou xa auxa piepr) eaxai, 
aitep 6 oXot; xou oXou. 


HE. And since which(ever) part AG is of C, DH is also 
the same part of F, thus which(ever) part AG is of C, 
the sum AG, DH is also the same part of the sum C, F 
[Prop. 7.5]. And so, for the same (reasons), which(ever) 
part GB is of C, the sum GB, HE is also the same part 
of the sum C, F. Thus, which (ever) parts AB is of C, 
the sum AB, DE is also the same parts of the sum C, F. 
(Which is) the very thing it was required to show. 

= (m/n) d then (a + c) = (m/n) (b + d), where all symbols denote 


Proposition 7 f 

If a number is that part of a number that a (part) 
taken away (is) of a (part) taken away then the remain¬ 
der will also be the same part of the remainder that the 
whole (is) of the whole. 

A E B 

i—i-1 

G C F D 

i-1-1-1 

For let a number AB be that part of a number CD 
that a (part) taken away AE (is) of a part taken away 
CF. I say that the remainder EB is also the same part of 
the remainder FD that the whole AB (is) of the whole 
CD. 

For which(ever) part AE is of CF, let EB also be the 
same part of CG. And since which(ever) part AE is of 
CF, EB is also the same part of CG, thus which(ever) 
part AE is of CF, AB is also the same part of GF 
[Prop. 7.5]. And which(ever) part AE is of CF, AB is 
also assumed (to be) the same part of CD. Thus, also, 
which (ever) part AB is of GF, ( AB ) is also the same 
part of CD. Thus, GF is equal to CD. Let CF have been 
subtracted from both. Thus, the remainder GC is equal 
to the remainder FD. And since which(ever) part AE is 
of CF, EB [is] also the same part of GC, and GC (is) 
equal to FD, thus which(ever) part AE is of CF, EB is 
also the same part of FD. But, which(ever) part AE is of 
CF, AB is also the same part of CD. Thus, the remain¬ 
der EB is also the same part of the remainder FD that 
the whole AB (is) of the whole CD. (Which is) the very 
thing it was required to show. 

(l/n) d then (a — c) = (1/n) (b— d), where all symbols denote numbers. 

Proposition 8 f 

If a number is those parts of a number that a (part) 
taken away (is) of a (part) taken away then the remain¬ 
der will also be the same parts of the remainder that the 
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r z a 

i-1-1 

H M K N 0 

i-1—i-1—i 

A A E B 

i-1-1-1 

ApiOpoc yap 6 AB otpidpou tou TA pepr) screw, aitep 
dcpaipebslc 6 AE ckpaipeDevToc tou TZ• Xeycn, oxi xal Xoutoc 
6 EB Xoutou tou ZA xa auxa [jiepr] eaxtv, cutep oXoc 6 AB 
oXou tou TA. 

Keia'dw yap to AB taoc 6 H@, a apa pepr] eaxlv 6 H© 
tou TA, xa auxa pepr] eaxl xal 6 AE tou TZ. 8tr]pr]af)co 6 
pev H0 etc xa tou TA (jispr) xa HK, K0, 6 8e AE etc xa tou 
TZ pepr] xa AA, AE- eaxai 8f] I'aov to itArydoc xwv HK, K0 
xw TtXryOsi xwv AA, AE. xal eitei, o pepoc eaxlv 6 HK tou 
TA, to auxo pepoc eaxl xal 6 AA tou TZ, peii^oiv 8s 6 TA 
tou TZ, pe[((cnv apa xal 6 HK tou AA. xdcrdw xw AA taoc 
6 HM. 6 apa (iepoc eaxlv 6 HK tou TA, to auxo (iepoc eaxl 
xal 6 HM tou TZ- xal Xoutoc apa 6 MK Aoirtou tou ZA 
to auxo (iepoc eaxiv, oxep oXoc 6 HK oXou tou TA. naXtv 
eitei, o (iepoc eaxlv 6 K0 tou TA, to auxo (iepoc eaxl xal 6 
EA xou TZ, (lei^ov 8e 6 TA tou TZ, (ict^wv apa xal 6 0K 
xou EA. xetaDw to EA taoc 6 KN. 6 apa (iepoc eaxlv 6 K0 
xou TA, to auxo (iepoc eaxl xal 6 KN xou TZ- xal Aoitcoc 
apa 6 N0 Aoirtou xou ZA to auxo (iepoc eaxlv, oTiep oXoc 6 
K0 oXou xou TA. eBelxllr) 8e xal Xotxoc 6 MK Xotxou xou 
ZA to auxo (iepoc wv, oxep oXoc 6 HK oXou xou TA- xal 
auva(i<p6xepoc apa 6 MK, N0 xou AZ xa auxa (icpr] eaxtv, 
axep oXoc 6 0H oXou xou TA. taoc 8e auva(i<poxepoc (lev 
6 MK, N0 to EB, 6 8e 0H to BA- xal Xotxoc apa 6 EB 
Xotxou xou ZA xa auxa (icpr) eaxtv, Sweep oXoc 6 AB oXou 
xou TA- oTeep e8et 8eTc;at. 


whole (is) of the whole. 

C F D 

i-1-1 

G M K N H 

i-1—i-1—i 

A L E B 

i-1-1-1 

For let a number AB be those parts of a number CD 
that a (part) taken away AE (is) of a (part) taken away 
CF. I say that the remainder EB is also the same parts 
of the remainder FD that the whole AB (is) of the whole 
CD. 

For let GH be laid down equal to AB. Thus, 
which (ever) parts GH is of CD, AE is also the same 
parts of CF. Let GH have been divided into the parts 
of CD, GK and KH, and AE into the part of CF, AL 
and LE. So the multitude of (divisions) GK, KH will be 
equal to the multitude of (divisions) AL, LE. And since 
which(ever) part GK is of CD, AL is also the same part 
of CF, and CD (is) greater than CF, GK (is) thus also 
greater than AL. Let GM be made equal to AL. Thus, 
which(ever) part GK is of CD, GM is also the same part 
of CF. Thus, the remainder ALK is also the same part of 
the remainder FD that the whole GK (is) of the whole 
CD [Prop. 7.5], Again, since which(ever) part KH is of 
CD, EL is also the same part of CF, and CD (is) greater 
than CF, HK (is) thus also greater than EL. Let KN be 
made equal to EL. Thus, which(ever) part KH (is) of 
CD, KN is also the same part of CF. Thus, the remain¬ 
der NH is also the same part of the remainder FD that 
the whole KH (is) of the whole CD [Prop. 7.5]. And the 
remainder MK was also shown to be the same part of 
the remainder FD that the whole GK (is) of the whole 
CD. Thus, the sum MK, NH is the same parts of DF 
that the whole HG (is) of the whole CD. And the sum 
MK, NH (is) equal to EB, and HG to BA. Thus, the 
remainder EB is also the same parts of the remainder 
FD that the whole AB (is) of the whole CD. (Which is) 
the very thing it was required to show. 


t In modem notation, this proposition states that if a = ( m/n ) b and c = (m/n) d then (a — c) = (m/n) (b — d), where all symbols denote 
numbers. 


d'. 

’Eav dptOpdc apiOpou pipoc fj, xal exepoc sxepou to 
auxo pipoc fj, xal evaXXa^, 6 pepoc eaxlv fj peprj 6 Ttpwxoc 
xou xplxou, to auxo pepoc eaxai fj xa auxa pepr) xal 6 
8euxepoc xou xexapxou. 


Proposition 9 f 

If a number is part of a number, and another (num¬ 
ber) is the same part of another, also, alternately, 
which(ever) part, or parts, the first (number) is of the 
third, the second (number) will also be the same part, or 
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the same parts, of the fourth. 



ApiOpoc yap 6 A dpiOpou xou BT pcpo<; caxo, xal exe- For let a number A be part of a number BC, and an- 
poc; 6 A exepou xou EZ xo auxo pspo<;, oxsp 6 A xou BH other (number) D (be) the same part of another EF that 
Xsyw, oxi xod svaXXac;, 6 pspoc; saxlv 6 A xou A fj pspr], xo A (is) of BC. I say that, also, alternately, which(ever) 
auxo pspoc; caxl xal 6 Br xou EZ fj pspr). part, or parts, A is of D, BC is also the same part, or 

Tkei yap 6 pspoi; saxlv 6 A xou BT, xo auxo pspoc sax! parts, of EF. 
xal 6 A xou EZ, oaoi apa sialv ev xA Br apidpoi i'aot xA For since which(ever) part A is of BC, D is also the 
A, xooouxoi siai xal ev xA EZ foot xA A. 8 irjpf]G , d 60 6 psv same part of EF, thus as many numbers as are in BC 
Br sic xouc xA A foouc xouc BH, Hr, 6 5 e EZ sic xouc xA equal to A, so many are also in EF equal to D. Let BC 
A foouc xouc E0, 0Z- saxai 5f] foov xo xXfj'doc xAv BH, have been divided into BG and GC, equal to A, and EF 
Hr xA xXfpki xAv E0, 0Z. into EH and HF, equal to D. So the multitude of (di- 

Kal ex si (aoi sialv ol BH, Hr dpiilpoi aXXfjXoic;, etal visions) BG, GC will be equal to the multitude of (divi- 
8 e xal ol E0, 0Z dpidpol foot aXXfjXoti;, xal saxtv taov xo sions) EH, HF. 

xXfjhoi; xAv BH, Hr xA xXfjhEi xAv E0, 0Z, 6 apa pspo<; And since the numbers BG and GC are equal to one 
saxlv 6 BH xou E0 f| pcpr), xo auxo pcpo? egxI xal 6 Hr another, and the numbers EH and HF are also equal to 
xou 0Z f] xa auxa pcpr)- Agxe xal 6 pcpo<; saxlv 6 BH xou one another, and the multitude of (divisions) BG, GC 
E0 fj psprj, xo auxo pcpoi; egxI xal auvapcpoxEpot; 6 Br is equal to the multitude of (divisions) EH, HC, thus 
ouvaptpoxcpou xou EZ f] xa auxa pspr). foot; 8 e 6 pcv BH which(ever) part, or parts, BG is of EH, GC is also 
xA A, 6 5 e E0 xA A- 6 apa pcpoi; saxlv 6 A xou A fj pcpr], the same part, or the same parts, of HF. And hence, 
xo auxo pcpoi; caxl xal 6 Br xou EZ fj xa auxa pspiy oTicp which(ever) part, or parts, BG is of EH, the sum BC 

s8st Bclcat. is also the same part, or the same parts, of the sum EF 

[Props. 7.5, 7.6]. And BG (is) equal to A, and EH to D. 
Thus, which(ever) part, or parts, A is of D, BC is also 
the same part, or the same parts, of EF. (Which is) the 
very thing it was required to show. 

t In modern notation, this proposition states that if a = (1/n) b and c = (1/n) d then if a = ( k/l) c then b = (k/l) d, where all symbols denote 
numbers. 

i'. Proposition ICE 

’Eav aptdpoc apidpou pcpr) fj, xal Excpoi; Exepou xa auxa If a number is parts of a number, and another (num- 
pspr) fj, xal evaXXa^, a pepq saxlv 6 itpAxoc; xou xplxou fj ber) is the same parts of another, also, alternately, 

pspoi;, xa auxa pspr) eaxai xal 6 BcuxEpoi; xou xexapxou f] which(ever) parts, or part, the first (number) is of the 

xo auxo pepo<;. third, the second will also be the same parts, or the same 

ApiDpoc; yap 6 AB apfopou xou T pepr) eoxco, xal Exepoc; part, of the fourth. 

6 AE Exepou xou Z xa auxa pepr) - Xcyo, oxi xal cvaXXa^, For let a number AB be parts of a number C, and 
a pcpr) saxlv 6 AB xou AE fj pcpoi;, xa auxa pcpr) caxl xal another (number) DE (be) the same parts of another F. 
6 r xou Z f] xo auxo pfpo;. I say that, also, alternately, which(ever) parts, or part, 
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’Etc! yap, a pipr] saxiv 6 AB xou T, xa auxa pspr] sax! 
xa! 6 AE xou Z, oaa apa saxiv sv xcb AB pspr] xou T, 
xoaauxa xa! sv xo AE pspr] xou Z. Sirjpija'do 6 psv AB si<; 
xa xou T (jispr) xa AH, HB, 6 8 s AE si<; xa xou Z pspr] xa 
A 0 , 0 E- saxai Sr] laov xo TxXfjHoc; xwv AH, HB xw 71X7)1)61 
xov A 0 , 0 E. xa! stci, 6 pspoc; sax'iv 6 AH xou T, xo auxo 
pspoc; sax! xa! 6 A 0 xou Z, xa! svaXXa^, o pspo<; sax'iv 6 
AH xou A 0 rj psprj, xo auxo pspo? sax! xa! 6 T xou Z rj 
xa auxa pspr). 81a xa auxa 5 f) xai, 6 pspoc; sax'iv 6 HB xou 
0 E rj pspr), xo auxo pspoc; sax! xa! 6 T xou Z rj xa auxa 
pspr]- waxs xai [o pspoc; sax'iv 6 AH xou A 0 rj pspr], xo 
auxo pspoc; sax! xa! 6 HB xou 0 E fj xa auxa (ispr) - xa! o 
apa pispoc; sax'iv 6 AH xou A 0 fj pispr), xo auxo (ispo<; sax! 
xa! 6 AB xou AE f) xa auxa pispiy aXX’ o pispoi; sax'iv 6 AH 
xou A 0 fj pispr), xo auxo pispo<; s 5 s(xi)r) xa! 6 T xou Z fj xa 
auxa (ispr), xa!] a [apa] ptspr] sax'iv 6 AB xou AE fj (ispoc;, 
xa auxa (ispr) sax! xa! 6 T xou Z fj xo auxo (ispo<;- oxsp s8si 
8sT^ai. 


t In modem notation, this proposition states that if a = ( m/n ) b and c 
numbers. 


AB is of DE, C is also the same parts, or the same part, 
ofF. 



For since which (ever) parts AB is of C, DE is also 
the same parts of F, thus as many parts of C as are in 
AB, so many parts of F (are) also in DE. Let AB have 
been divided into the parts of C, AG and GB, and DE 
into the parts of F, DH and HE. So the multitude of 
(divisions) AG, GB will be equal to the multitude of (di¬ 
visions) DH, HE. And since which (ever) part AG is 
of C, DH is also the same part of F, also, alternately, 
which (ever) part, or parts, AG is of DH, C is also the 
same part, or the same parts, of F [Prop. 7 . 9 ]. And so, 
for the same (reasons), which (ever) part, or parts, GB is 
of HE, C is also the same part, or the same parts, of F 
[Prop. 7 . 9 ]. And so [which(ever) part, or parts, AG is of 
DH, GB is also the same part, or the same parts, of HE. 
And thus, which(ever) part, or parts, AG is of DH, AB is 
also the same part, or the same parts, of DE [Props. 7 . 5 , 
7 . 6 ]. But, which(ever) part, or parts, AG is of DH, C 
was also shown (to be) the same part, or the same parts, 
of F. And, thus] which (ever) parts, or part, AB is of DE, 
C is also the same parts, or the same part, of F. (Which 
is) the very thing it was required to show. 

(m/n) d then if a = ( k/l ) c then b = ( k/l) d , where all symbols denote 


ia. 

’Eav fj 6k o\oq xp oz oXov, ouxok acpaipeDs'u; 7tpo<; acpai- 
psDsvxa, xai 6 Xoitioc; itpoc; xov Xontov saxai, «<; oXog 7tpo<; 
oXov. 

’'Eaxco Ac; 6Xo<; 6 AB itpoc; oXov xov TA, ouxctx; acpai- 
psDsu; 6 AE 7tpo<; acpaipsDsvxa xov TZ- Xsycn, oxi xa! Xoixoc; 
6 EB Tipoc; Xontov xov ZA saxiv, <b<; oXo<; 6 AB Tipoc; oXov 
xov TA. 


Proposition 11 

If as the whole (of a number) is to the whole (of an¬ 
other), so a (part) taken away (is) to a (part) taken away, 
then the remainder will also be to the remainder as the 
whole (is) to the whole. 

Let the whole AB be to the whole CD as the (part) 
taken away AE (is) to the (part) taken away CF. I say 
that the remainder EB is to the remainder FD as the 
whole AB (is) to the whole CD. 
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r 


c 


A 


z 


A 


F 


E 


E 


B 1 A 1 

Tkei eaxiv Ac; 6 AB Tipoc; xov TA, ouxtoc; 6 AE xpoc; 
xov rZ, o apa pepoc; eaxiv 6 AB xou TA fj (J.epr), xo auxo 
pepoc; eaxi xod 6 AE xou TZ fj xa auxa pepr). xod Xoitioc; 
apa 6 EB Xoitiou xou ZA xo auxo pepoc; eaxlv f\ (Jieprj, axep 
6 AB xou TA. eaxiv apa Ac; 6 EB xpoc; xov ZA, ouxcog 6 
AB xpoc; xov TA- oxep e8ei Sel^ai. 


B 1 D 1 

(For) since as AB is to CD, so AE (is) to CF, thus 
which(ever) part, or parts, AB is of CD, AE is also the 
same part, or the same parts, of CF [Def. 7.20], Thus, 
the remainder EB is also the same part, or parts, of the 
remainder FD that AB (is) of CD [Props. 7.7, 7.8]. 
Thus, as EB is to FD, so AB (is) to CD [Def. 7.20]. 
(Which is) the very thing it was required to show. 


' In modern notation, this proposition states that if a : b :: c : d then a : b :: a — c : b — d, where all symbols denote numbers. 


’Eotv gSgiv OTtoQoiouv api'dfiol avaXoyov, eaxai tb<; etc; 
tcov t)you(jI£vcav Tcpoc eva tcov STiofievtov, outcoc; 6atavT£<; ol 
7 )yo6(jI£voi Tipoc; aTcavxac tou<; £KO[i£vou<;. 



A B r A 


Tlaxcoaav oxoaotouv apoDpol avaXoyov ol A, B, T, A, 
Ac; 6 A xpoc; xov B, ouxoc; 6 T Tipoc; xov A- Xcyo, oxi eaxiv 
Ac; 6 A Tipoc; xov B, ouxcoc; ol A, T Tipoc; xouc; B, A. 

’Enel yap eaxiv Ac; 6 A Tipoc; xov B, ouxtoc; 6 T Tipoc; 
xov A, 6 apa piepoc; eaxiv 6 A xou B fj peprj, xo auxo pepoc; 
eaxi xai 6 T xou A r] pepr). xai auvapepoxepoc; apa 6 A, 
T auvapcpoxepou xou B, A xo auxo pepoc; eaxiv i] xa auxa 
peprj, aTiep 6 A xou B. eaxiv apa Ac; 6 A Tipoc; xov B, ouxwc; 
ol A, T Tipoc; xouc; B, A- oxep e8ei Sei^ai. 


Proposition 121 

If any multitude whatsoever of numbers are propor¬ 
tional then as one of the leading (numbers is) to one of 
the following so (the sum of) all of the leading (numbers) 
will be to (the sum of) all of the following. 



A B C D 


Let any multitude whatsoever of numbers, A, B, C, 
D, be proportional, (such that) as A (is) to B, so C (is) 
to D. I say that as A is to B, so A, C (is) to B, D. 

For since as A is to B, so C (is) to I), thus which(ever) 
part, or parts, A is of B, C is also the same part, or parts, 
of D [Def. 7.20], Thus, the sum A, C is also the same 
part, or the same parts, of the sum B, D that A (is) of B 
[Props. 7.5, 7.6]. Thus, as A is to B, so A, C (is) to B, D 
[Def. 7.20]. (Which is) the very thing it was required to 
show. 
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t In modern notation, this proposition states that if a : b :: c : d then a : b :: a + c : b + d, where all symbols denote numbers. 


iy'. 

’Eav teaaapec; apiDpol dvaXoyov Sctlv, xal EvaXXac; 
dvaXoyov Eaovxai. 


A B r A 

’'Eaxcoaav xcaaapEc; dpiOpol dvaXoyov ol A, B, T, A, 
uc 6 A Ttpoc; tov B, out«<; 6 T Ttpoc; xov A- Xeyo, oti xal 
EvaXXac; dvaXoyov eaovxai, Ac; 6 A Ttpoc; tov F, outwc; 6 B 
Ttpoc; tov A. 

’Eitel yap eotiv w; 6 A Ttpoc; tov B, outm; 6 T Ttpoc; tov 
A, 6 apa (ispoc; eotiv 6 A tou B fj (ispr), to auxo pspoc; soxl 
xal 6 r tou A f) xa auxa pspr). svaXXaf; apa, 6 pspoc; eotiv 
6 A tou r fj pspr), to auxo pspoc; eoti xal 6 B tou A fj xa 
auxa pspr]. eotiv apa w; 6 A Ttpoc; xov T, outco; 6 B Ttpo; 
xov A- oTtsp e8ei. 8El£ai. 

t In modern notation, this proposition states that if a : b :: c : d then a : 

l§'. 

’Eav Qoiv oTtoooiouv dpiDjiol xal aXXoi auxolc; loot to 
T tXfjDoc; ouv8uo Xap.pav6p.svoi xal ev tA auxA Xoytp, xal 5i’ 
loou ev tA auxA XoyA Eoovxau 

A'-1 A i- 1 

B-1 E 1 - 1 

F-1 Z>-1 

TloTCOoav oitoooiouv apiDpol ol A, B, T xal aXXoL auxolc; 
Tool to TtXfj'doc; ouv5uo XapPavopsvoi ev tA auxA Xoyo ol 
A, E, Z, A; psv 6 A Ttpo; xov B, ouxwc; 6 A Ttpoc; xov E, 
A; 5 e 6 B Ttpoc; xov T, outok 6 E Ttpoc; xov Z- Xsyo, oti 
xal 8F loou soxlv Ac; 6 A Ttpo; xov T, ouxcoc; 6 A Ttpoc; xov 
Z. 

’Eitsl yap eotiv Ac; 6 A Ttpo; xov B, ouxtoc; 6 A Ttpoc; 
xov E, svaXXac; apa soxlv A; 6 A Ttpo; xov A, outco; 6 B 
Ttpo; xov E. TtaXiv, sitsl eotiv Ac; 6 B Ttpoc; xov F, ouxtoc; 6 


Proposition 13 f 

If four numbers are proportional then they will also 
be proportional alternately. 



A B C D 


Let the four numbers A, B, C, and D be proportional, 
(such that) as A (is) to B, so C (is) to D. I say that they 
will also be proportional alternately, (such that) as A (is) 
to C, so B (is) to D. 

For since as A is to B, so C (is) to D, thus which(ever) 
part, or parts, A is of B, C is also the same part, 
or the same parts, of D [Def. 7.20], Thus, alterately, 
which (ever) part, or parts, A is of C, B is also the same 
part, or the same parts, of D [Props. 7.9, 7.10], Thus, as 
A is to C, so B (is) to D [Def. 7.20]. (Which is) the very 
thing it was required to show. 

:: b : d, where all symbols denote numbers. 

Proposition 14 f 

If there are any multitude of numbers whatsoever, 
and (some) other (numbers) of equal multitude to them, 
(which are) also in the same ratio taken two by two, then 
they will also be in the same ratio via equality. 

A i- 1 D 1 -1 

B i-1 E i-1 

C 1 - 1 F 1 - 1 

Let there be any multitude of numbers whatsoever, A, 
B, C, and (some) other (numbers), D, E, F, of equal 
multitude to them, (which are) in the same ratio taken 
two by two, (such that) as A (is) to B, so D (is) to E, 
and as B (is) to C, so E (is) to F. I say that also, via 
equality, as A is to C, so D (is) to F. 

For since as A is to B, so D (is) to E, thus, alternately, 
as A is to D, so B (is) to E [Prop. 7.13]. Again, since 
as B is to C, so E (is) to F, thus, alternately, as B is 
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E Ttpoc tov Z, EvaXXac; apa ecttIv Lx; 6 B npo; tov E, outcx 
6 r Tipoc; tov Z. Lx; 8 e 6 B xpoc; tov E, outcx 6 A npo; 
tov A- xai ex apa 6 A xpo; tov A, outcx 6 T xpcx; tov 
Z- evaXXa^ apa ecttIv u; 6 A upo; tov T, outcx 6 A upo; 
tov Z- oTiep e6ei osl^ai. 

t In modern notation, this proposition states that if a : b :: d : e and b : c 

is'. 

’Eav (iovac; apibpov Tiva pETpfj, iaaxi; 8s ETEpoc; apnlpbc; 
aXXov Tiva apiOpov [iSTpfj, xal evaXXa^ ioaxic; V] (iovac; tov 
T piTov apibiiov pETprpsi xal 6 8suTspoc; tov TETapTov. 

b h © r 

J\\ -1 i-1-1-1 

A E K A Z 

/\\ -1 i-1-1-1 

Mova; yap f] A apidpov Tiva tov Br psTpEiTCii, laaxic; Ss 
ETEpoc; apibpoc; 6 A aXXov Tiva apiif)|ibv tov EZ (lETpsiTCir 
Xsyco, oti xal EvaXXa^ ioaxic; f] A (iovac; tov A apibiiov 
(lETpsT xal 6 Br tov EZ. 

End yap iaaxi<; f) A povac; tov BT apiOpov pETpsT xal 6 
A tov EZ, oaai apa sialv ev to BT pova8£<;, togoutoi siai 
xal ev tcp EZ apiOpol laoi tw A. 8ir]pr]CT , dw 6 psv BT sic; Tac 
ev sauTW pova8a<; too; BH, H@, @r, 6 8s EZ sic; touc; tco A 
laou; touc; EK, KA, AZ. saTai 8rj laov to KXrjdoc; twv BH, 
H0, 0r to TiXrjbEi tov EK, KA, AZ. xal ekeI laai sialv al 
BH, H0, 0T pova8£<; aXXrjXau;, sial 8e xal ol EK, KA, AZ 
apibpol laoi aXXrjXoic;, xai eotiv laov to TcXfjHoc; tov BH, 
H0, 0T pova8cov to tcX^iIei tov EK, KA, AZ apibpLiv, 
saTai apa Lx; fj BH pova<; xpoc; tov EK apibpov, outcx f) 
H0 (iovac; xpoc; tov KA apibpov xal f) 0r (iovac; xpoc; tov 
AZ apibpov. soTai apa xal <x si; tov fjyoujiEvcov xpoc; sva 
tov etioJjIevov, outcx axavTs; ol rjyoupsvoi xpoc; ajiavTa; 
too; snops vouc;- ecttiv apa L>c f) BH pova; xpo; tov EK 
apnlpov, outcx 6 Br xpbc; tov EZ. lor) 8s f) BH (iovac; Tfj 
A povaoi, 6 Ss EK apibpbc; to A apibpLi. eotiv apa Lx; f) 
A pova; xpo; tov A apibpov, outcx 6 Br xpo; tov EZ. 
laaxic; apa f) A (iovac; tov A apnlpov psTpsI xal 6 Br tov 
EZ- ojisp e8ei OsT^ai. 


t This proposition is a special case of Prop. 7.9. 


to E, so C (is) to F [Prop. 7.13], And as B (is) to E, 
so A (is) to D. Thus, also, as A (is) to D, so C (is) to F. 
Thus, alternately, as A is to C, so D (is) to F [Prop. 7.13]. 
(Which is) the very thing it was required to show. 

:: e : / then a : c :: d : f, where all symbols denote numbers. 

Proposition 15 

If a unit measures some number, and another num¬ 
ber measures some other number as many times, then, 
also, alternately, the unit will measure the third num¬ 
ber as many times as the second (number measures) the 
fourth. 



E K L F 

D i-1 i-1-1-1 

For let a unit A measure some number BC, and let 
another number D measure some other number EF as 
many times. I say that, also, alternately, the unit A also 
measures the number D as many times as BC (measures) 
EF. 

For since the unit A measures the number BC as 
many times as D (measures) EF, thus as many units as 
are in BC, so many numbers are also in EF equal to 
D. Let BC have been divided into its constituent units, 
BG, GH, and // C, and EF into the (divisions) EK, KL, 
and LF, equal to D. So the multitude of (units) BG, 
GH, HC will be equal to the multitude of (divisions) 
EK, KL, LF. And since the units BG, GH, and HC 
are equal to one another, and the numbers EK, KL, and 
LF are also equal to one another, and the multitude of 
the (units) BG, GH, HC is equal to the multitude of the 
numbers EK, KL, LF, thus as the unit BG (is) to the 
number EK, so the unit GH will be to the number KL, 
and the unit HC to the number LF. And thus, as one of 
the leading (numbers is) to one of the following, so (the 
sum of) all of the leading will be to (the sum of) all of 
the following [Prop. 7.12]. Thus, as the unit BG (is) to 
the number EK, so BC (is) to EF. And the unit BG (is) 
equal to the unit A, and the number EK to the number 
D. Thus, as the unit A is to the number D, so BC (is) to 
EF. Thus, the unit A measures the number D as many 
times as BC (measures) EF [Def. 7.20]. (Which is) the 
very thing it was required to show. 
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19 '. 

Eav Suo apidpol itoXXaTiXaaiaaavxec; aXXr]Xou<; itoiAai 
xiva<;, oi yevopevoi z\ auxAv Taoi aXXfjXou; eaovxai. 

A>-' 

B'-1 

r>- 1 

Ai-1 

E'-' 

’'Eaxcoaav Suo dpitlpoi oi A, B, xod 6 pev A xov B noX- 
XaxXaaiaaac; xov T xoieixw, 6 8s B xov A TCoXXaTiXaaiaaac; 
xov A tioieixco' Xeycu, otl Taoc; eaxiv 6 T xw A. 

’Exei yap 6 A xov B xoXXaxXaaiaaac; xov T xexoirjxev, 
6 B apa xov T pexpeT xaxa xac; ev xA A povaSac;. pexpel 8e 
xod rj E pova<; xov A apidpov xaxa xa<; ev auxA povaSac 
iaaxic; apa f] E povac xov A apihpov pexpel xod 6 B xov 
F. evaXXal; apa iaaxic; f] E povac; xov B apidpov pexpel xai 
6 A xov E. xaXiv, exei 6 B xov A xoXXaxXaaiaaac; xov A 
xexoiqxev, 6 A apa xov A pexpel xaxa xac; ev xA B pova8ac;. 
pexpel Se xai f] E povac; xov B xaxa xac; ev auxA pova8ac;- 
iaaxic; apa f] E povac; xov B apiOpov pexpel xai 6 A xov A. 
iaaxic; 8e f) E povac; xov B apiOpov epexpei xai 6 A xov T- 
iaaxic; apa 6 A exaxepov xAv T, A pexpel. Taoc; apa eaxiv 
6 r xA A- oxep e8ei 8el£ai. 


Proposition 16 t 

If two numbers multiplying one another make some 
(numbers) then the (numbers) generated from them will 
be equal to one another. 

A 1 -1 

B 1 -1 

O- 1 

D 1 -1 

Ei- 1 

Let A and B be two numbers. And let A make C (by) 
multiplying B, and let B make D (by) multiplying A. I 
say that C is equal to D. 

For since A has made C (by) multiplying B, B thus 
measures C according to the units in A [Def. 7.15]. And 
the unit E also measures the number A according to the 
units in it. Thus, the unit E measures the number A as 
many times as B (measures) C. Thus, alternately, the 
unit E measures the number B as many times as A (mea¬ 
sures) C [Prop. 7.15], Again, since B has made D (by) 
multiplying A, A thus measures D according to the units 
in B [Def. 7.15]. And the unit E also measures B ac¬ 
cording to the units in it. Thus, the unit E measures the 
number B as many times as A (measures) D. And the 
unit E was measuring the number B as many times as 
A (measures) C. Thus, A measures each of C and D an 
equal number of times. Thus, C is equal to D. (Which is) 
the very thing it was required to show. 


' In modern notation, this proposition states that ab = b a, where all symbols denote numbers. 


iC. 

’Eav apiOpoc; 860 aprdpouc; xoXXaxXaaiaaac; xoifj xivac;, 
oi yevopevoi z\ auxAv xov auxov e^ouoi Xoyov xolc; xoXXa- 
xXaaiaahelaiv. 

A'-' 

b -1 r-1 

A'- 1 E 1 - 1 

Z —1 

ApiOpoc; yap 6 A Suo dpidpouc xouc; B, T xoXXa¬ 
xXaaiaaac; xouc; A, E xoieixw Xeyw, 6x1 eaxiv Ac; 6 B xpoc; 
xov T, ouxw<; 6 A xpoc; xov E. 

’Exei yap 6 A xov B xoXXaxXaaiaaac; xov A xexoirjxev, 
6 B apa xov A pexpel xaxa xac; ev xA A pova8a<;. pexpel 


Proposition 17 f 

If a number multiplying two numbers makes some 
(numbers) then the (numbers) generated from them will 
have the same ratio as the multiplied (numbers). 

A'-' 

B 1 - 1 C 1 - 1 

D'-1 E 1-1 

F 1-1 

For let the number A make (the numbers) D and 
E (by) multiplying the two numbers B and C (respec¬ 
tively). I say that as B is to C, so D (is) to E. 

For since A has made D (by) multiplying B, B thus 
measures D according to the units in A [Def. 7.15], And 
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8 s xal f] Z pova; tov A apiOpov xaxa toc; ev auxA povaba; - 
iaaxi; apa f) Z pova; tov A apidpov pexpeT xal 6 B tov A. 
eaxiv apa A; f) Z pova; xpo; tov A apidpov, ouxo; 6 B 
xpo; tov A. 5 ia xa auxa 5 r) xal Ac; f) Z pova; xpo; xov A 
apnDpov, ouxo; 6 T xpoc; xov E- xal A; apa 6 B xpoc; xov 
A, outq; 6 r xpoc; xov E. evaXXac; apa eaxlv Ac; 6 B xpoc; 
xov r, ouxco; 6 A xpoc; xov E- oxep e8ei 8 el 2 ;ai. 


the unit F also measures the number A according to the 
units in it. Thus, the unit F measures the number A as 
many times as B (measures) 1). Thus, as the unit F is 
to the number A, so B (is) to D [Def. 7.20], And so, for 
the same (reasons), as the unit F (is) to the number A, 
so C (is) to E. And thus, as B (is) to D, so C (is) to E. 
Thus, alternately, as B is to C, so D (is) to E [Prop. 7.13]. 
(Which is) the very thing it was required to show. 


t In modern notation, this proposition states that if d = ab and e = ac then d : e :: b : c, where all symbols denote numbers. 


ir L 

’Eav 8uo apidpol apihpov xiva xoXXaxXaaiaaavxe; 
xoiAai xiva;, ol yevopevoi zE, auxAv xov auxov ec;ouai Xoyov 
xolc; xoXXaxXaCTiaoaaiv. 

A'-' 

B 1 -' 

ri-1 

A'- 1 

E'-' 

Auo yap apidpoi oi A, B apiDpov xiva xov T xoXXa- 
xXaoiaaavxsc; xouc; A, E xoidxcoaav Xeyto, oxi eaxlv Ac; 6 
A xpoc; xov B, ouxwc; 6 A xpoc; xov E. 

’Exel yap 6 A xov T xoXXaxXaaiaaac; xov A xexolrjxev, 
xal 6 T apa xov A xoXXaxXaaiaaac; xov A xexolrjxev. 8ia 
xa auxa 8f] xal 6 T xov B xoXXaxXaaiaaac; xov E xexolrjxev. 
apihpoc; 5 f) 6 T 8uo apiUpouc; xouc; A, B xoXXaxXaaiaaac; 
tou; A, E xexoiqxev. eaxiv apa A; 6 A xpo; xov B, ouxor; 
6 A xpo; xov E- oxep e8ei 8el;ai. 


Proposition lS 1 ^ 

If two numbers multiplying some number make some 
(other numbers) then the (numbers) generated from 
them will have the same ratio as the multiplying (num¬ 
bers). 

A 1 - 1 

B 1 -1 

Ci- 1 

D 1 -1 

Ei- 1 

For let the two numbers A and B make (the numbers) 
D and E (respectively, by) multiplying some number C. 
I say that as A is to B, so D (is) to E. 

For since A has made D (by) multiplying C, C has 
thus also made D (by) multiplying A [Prop. 7.16]. So, for 
the same (reasons), C has also made E (by) multiplying 
B. So the number C has made D and E (by) multiplying 
the two numbers A and B (respectively). Thus, as A is to 
B, so D (is) to E [Prop. 7.17]. (Which is) the very thing 
it was required to show. 


t In modern notation, this propositions states that if ac = d and be = e then a : b :: d : e, where all symbols denote numbers. 


It)'. 

’Edv xeaaape; apolpol avaXoyov Aaiv, 6 ex xpAxou xal 
xexapxou yevopevo; apidpo; (ao; eaxai xA ex Seuxepou xal 
xpixou yevopevtp apnlpA- xal eav 6 ex xpAxou xal xexapxou 
yevopevo; apiOpo; lao; fj xA ex 8euxepou xal xpixou, ol 
xeaaaape; apiDpol avaXoyov eaovxai. 

"Eaxcoaav xeaaape; apiDpoi avaXoyov oi A, B, T, A, 
A; 6 A xpo; xov B, ouxen; 6 T xpo; xov A, xal 6 pev A 
xov A xoXXaxXaaiaaa; xov E xoieixw, 6 8e B xov T xoX- 
XaxXaaiaaa; xov Z xoieixw Xeyto, oxi lao; eaxlv 6 E xA Z. 


Proposition 19 f 

If four number are proportional then the number cre¬ 
ated from (multiplying) the first and fourth will be equal 
to the number created from (multiplying) the second and 
third. And if the number created from (multiplying) the 
first and fourth is equal to the (number created) from 
(multiplying) the second and third then the four num¬ 
bers will be proportional. 

Let A, B, C, and D be four proportional numbers, 
(such that) as A (is) to B, so C (is) to D. And let A make 
E (by) multiplying D, and let B make F (by) multiplying 
C. I say that E is equal to F. 
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ABTAEZH ABCDEFG 


O yap A tov T noXkcaika.oia.ooLc; tov H xoieito. exeI 
ouv 6 A tov r xoXXaxXacndCTa; tov H xexoliqxev, tov Be 
A xoXXaxXaCTiaCTa; tov E xExoiqxEv, apihpo; Sr] 6 A Buo 
apdlpou; tou; T, A xoXXaxXaCTidcra; tou; H, E xsxobjXEv. 
ecttiv apa o; 6 T Tip6; tov A, outco; 6 H xpo; tov E. aXX’ 
Ac; 6 r xpo; tov A, outw; 6 A xpo; tov B- xal Ac; apa 
6 A xpo; tov B, outco; 6 H xpo; tov E. xaXiv, exeI 6 A 
tov r xoXXaxXaaiaaac; tov H xsxoiqxsv, aXXa pr]v xal 6 
B tov E xoXXaxXaCTidcra; tov Z xsxoiqxsv, Buo Br] apihpoi 
oi A, B apiDpov Tiva tov T xoXXaxXaCTiaCTavTS; tou; H, Z 
xExoir]xaCTiv. ecttiv apa Ac; 6 A xpoc; tov B, outco; 6 H xpoc; 
tov Z. aXXa pqv xal Ac; 6 A xpoc; tov B, outw; 6 H xpoc; 
tov E' xal Ac; apa 6 H xpoc; tov E, outco; 6 H xpoc; tov 
Z. 6 H apa xpoc; Exanxpov tAv E, Z tov auTov sysi Xoyov 
Tcto; apa eotIv 6 E tA Z. 

"Ecttco Br] xaXiv Tcto; 6 E tA Z- Xsyai, oti eot'lv A; 6 A 
xpoc; tov B, outgk 6 T xpoc; tov A. 

TAv yap auTAv xaTaaxEuaa'dsvTWv, exeI Ictoc; ecttIv 6 
E tA Z, ecttiv apa Ac; 6 H xpoc; tov E, outgx; 6 H xpoc; tov 
Z. aXX’ Ac; pisv 6 H xpoc; tov E, outco; 6 T xpo; tov A, A; 
Be 6 H xpo; tov Z, outco; 6 A xpoc; tov B. xal A; apa 6 A 
xpoc; tov B, ouTto; 6 T xpo; tov A- oxsp eBei Bsl^ai. 


For let A make G (by) multiplying C. Therefore, since 
A has made G (by) multiplying C, and has made E (by) 
multiplying D, the number A has made G and E by mul¬ 
tiplying the two numbers C and D (respectively). Thus, 
as C is to D, so G (is) to E [Prop. 7.17]. But, as C (is) to 

D, so A (is) to B. Thus, also, as A (is) to B, so G (is) to 

E. Again, since A has made G (by) multiplying C, but, 
in fact, B has also made F (by) multiplying C, the two 
numbers A and B have made G and F (respectively, by) 
multiplying some number C. Thus, as A is to B, so G (is) 
to F [Prop. 7.18]. But, also, as A (is) to B, so G (is) to 
E. And thus, as G (is) to E, so G (is) to F. Thus, G has 
the same ratio to each of E and F. Thus, E is equal to F 
[Prop. 5.9]. 

So, again, let E be equal to F. I say that as A is to B, 
so C (is) to D. 

For, with the same construction, since E is equal to F, 
thus as G is to E, so G (is) to F [Prop. 5.7]. But, as G 
(is) to E, so C (is) to D [Prop. 7.17]. And as G (is) to F, 
so A (is) to B [Prop. 7.18]. And, thus, as A (is) to B, so 
C (is) to D. (Which is) the very thing it was required to 
show. 


* In modern notation, this proposition reads that if a : b :: c : d then ad = be, and vice versa, where all symbols denote numbers. 


X. 

Oi EXayiCTTOi apulpoi tAv tov auTov Xoyov exovtgtv 
auTol; (iETpouCTi tou; tov auTov Xoyov EyovTa; ictaxic; o 
te psi^cov tov psi^ova xal 6 sXaCTCTWv tov sXaCTCTova. 

’'EuTCOCTav yap sXayiCTTOi apiDpol tAv tov auTov Xoyov 
syovTtov toT; A, B oi TA, EZ' XsyGT, oti maxi; 6 TA tov 
A psTpsl xal 6 EZ tov B. 


Proposition 20 

The least numbers of those (numbers) having the 
same ratio measure those (numbers) having the same ra¬ 
tio as them an equal number of times, the greater (mea¬ 
suring) the greater, and the lesser the lesser. 

For let CD and EF be the least numbers having the 
same ratio as A and B (respectively). I say that CD mea¬ 
sures A the same number of times as EF (measures) B. 
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'O TA yap xou A oux eaxi pspr). si yap 8uvaxov, eaxcr 
xal 6 EZ apa tou B xa auxa pipr] eaxlv, axep 6 TA xou 
A. oaa apa eaxlv ev xA TA pepr] xou A, xoaauxa eaxi xal 
ev xA EZ pipr] xou B. 8ir]pr)af>u> 6 pev TA etc; xa xou A 
pepr] xa TH, HA, 6 Se EZ elc xa xou B pepr] xa E@, 0 Z- 
eaxai 8r] laov xo TxXfjHoc xAv EH, HA xA TiX/plei xAv E 0 , 
0 Z. xal exel laoi eialv o'l TH, HA apiDpol aXXrjXoic, elal 
8 e xal ol E 0 , 0 Z apiDpol laoi aXXf|Xoic, xal eaxiv laov xo 
TiXrjiloc xAv TH, HA xA xX^tDci xAv E 0 , 0 Z, eaxiv apa Ac; 
6 TH Tipoc xov E 0 , ouxtoc 6 HA Tipoc xov 0 Z. eaxai apa 
xal Ag elc xAv fjyoupevtov Tipoc eva xAv exopevcov, ouxu>c 
axavxec ol fjyoupevoi Tipoc axavxac xouc exopevouc- eaxiv 
apa Ac 6 TH xpoc xov E 0 , ouxoc 6 TA xpoc xov EZ- ol 
TH, E 0 apa xolc TA, EZ ev xA auxA Xoyw eialv eXaaaovec 
ovxec auxAv- oxep eaxlv aSuvaxov- uxoxeivxai yap ol TA, 
EZ eXa)(iaxoi xAv xov auxov Xoyov exovxwv auxolc- oux 
apa pepr) eaxlv 6 TA xou A- pepoc apa. xal 6 EZ xou B xo 
auxo pepoc eaxlv, oxep 6 TA xou A- iaaxic apa 6 EA xov 
A pexpel xal 6 EZ xov B- oxep e8ei BeT^ai- 


xa'. 

Ol xpAxoi xpoc aXX/]Xouc apiDpol eXd)(iaxol elai xAv xov 
auxov Xoyov exovxiov auxolc • 

Tlaxcuaav xpAxoi xpoc aXXrjXouc apiDpol ol A, B- Xeycu, 
oxi ol A, B eXa)(iaxol elai xAv xov auxov Xoyov exovxiov 
auxolc- 

El yap pr|, eaovxal xivec xAv A, B eXaaaovec apiDpol 
ev xA auxA Xoycp ovxec xolc A, B. eaxwaav ol T, A. 



For CD is not parts of A. For, if possible, let it be 
(parts of A). Thus, EF is also the same parts of B that 
CD (is) of A [Def. 7.20, Prop. 7.13]. Thus, as many parts 
of A as are in CD, so many parts of B are also in EF. Let 
CD have been divided into the parts of A, CG and CD, 
and EF into the parts of B, EH and HF. So the multi¬ 
tude of (divisions) CG, CD will be equal to the multitude 
of (divisions) EH, HF. And since the numbers CG and 
GD are equal to one another, and the numbers EH and 
HF are also equal to one another, and the multitude of 
(divisions) CG, GD is equal to the multitude of (divi¬ 
sions) EH, HF, thus as CG is to EH, so GD (is) to HF. 
Thus, as one of the leading (numbers is) to one of the 
following, so will (the sum of) all of the leading (num¬ 
bers) be to (the sum of) all of the following [Prop. 7.12]. 
Thus, as CG is to EH, so CD (is) to EF. Thus, CG 
and EH are in the same ratio as CD and EF, being less 
than them. The very thing is impossible. For CD and 
EF were assumed (to be) the least of those (numbers) 
having the same ratio as them. Thus, CD is not parts of 
A. Thus, (it is) a part (of A) [Prop. 7.4]. And EF is the 
same part of B that CD (is) of A [Def. 7.20, Prop 7.13]. 
Thus, CD measures A the same number of times that EF 
(measures) B. (Which is) the very thing it was required 
to show. 

Proposition 21 

Numbers prime to one another are the least of those 
(numbers) having the same ratio as them. 

Let A and B be numbers prime to one another. I say 
that A and B are the least of those (numbers) having the 
same ratio as them. 

For if not then there will be some numbers less than A 
and B which are in the same ratio as A and B. Let them 
be C and D. 
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A B r A E ABCDE 


’Eits! ouv oi eXayiaxoi dpi’Opoi tuv xov auxov Xoyov 
exovxtov pexpouai xou; xov auxov Xoyov eyovxa; ladxi; 
6 xe [teI^cov xov psli^ova xai 6 sXaxxwv xov sXaxxova, 
xouxeoxlv 6 xe r)you|i£vo; xov rjyoujievov xai 6 sxopsvo; 
xov sxopEvov, ladxi; apa 6 F xov A pexpel xai 6 A xov B. 
oaaxi; Sr) 6 F xov A p.expel, xoaauxai povaSs; saxojaav ev 
xo E. xai 6 A apa xov B pExpEl xaxa xai; ev xA E povaSa;. 
xai sxsi 6 T xov A psxpsT xaxa xa; ev xA E pova8a;, xai 6 
E apa xov A pcxpsl xaxa xa; ev xA T pova8a;. 8ia xa auxa 
8f) 6 E xai xov B psxpEl xaxa xa; ev xA A povaOa;. 6 E 
apa xou; A, B psxpsl xpAxou; ovxa; xpo; aXXr]Xou;' oxep 
saxlv a8uvaxov. oux apa saovxal xive; xAv A, B eXaaaove; 
apulpoi ev xA auxA Xoyco ovxe; xoT; A, B. ol A, B apa 
EXayiaxol siai xAv xov auxov Xoyov syovxGrv auxol;' oxep 
eSsi SsT^ai. 


x(3\ 

Oi sXayiaxoi apiDpoi xAv xov auxov Xoyov exovxiov 
auxol; xpAxoi xpo; aXXf]Xou; eialv. 

A'-1 

B'-' 

T'-' 

A'- 1 

E'-1 

TlaxMaav sXayiaxoi apnlpoi xwv xov auxov Xoyov 
syovxGrv auxol; oi A, B- Xeyw, oxi oi A, B xpAxoi xpo; 
aXXr]Xou; eialv. 

Ei yap pr] slai xpAxoi xpo; aXXfjXou;, psxpfjaEi xi; 
auxou; aprdpo;. pExpslxco, xai saxto 6 F. xai oaaxi; psv 
6 F xov A (iexpel, xoaauxai pova8s; eaxtoaav ev xA A, 


Therefore, since the least numbers of those (num¬ 
bers) having the same ratio measure those (numbers) 
having the same ratio (as them) an equal number of 
times, the greater (measuring) the greater, and the lesser 
the lesser—that is to say, the leading (measuring) the 
leading, and the following the following —C thus mea¬ 
sures A the same number of times that D (measures) B 
[Prop. 7.20]. So as many times as C measures A, so many 
units let there be in E. Thus, D also measures B accord¬ 
ing to the units in E. And since C measures A according 
to the units in E, E thus also measures A according to 
the units in C [Prop. 7.16]. So, for the same (reasons), E 
also measures B according to the units in D [Prop. 7.16]. 
Thus, E measures A and B, which are prime to one an¬ 
other. The very thing is impossible. Thus, there cannot 
be any numbers less than A and B which are in the same 
ratio as A and B. Thus, A and B are the least of those 
(numbers) having the same ratio as them. (Which is) the 
very thing it was required to show. 

Proposition 22 

The least numbers of those (numbers) having the 
same ratio as them are prime to one another. 

A 1 -1 

B 1 - 1 

Ci-1 

D 1 -1 

Ei-1 

Let A and B be the least numbers of those (numbers) 
having the same ratio as them. I say that A and B are 
prime to one another. 

For if they are not prime to one another then some 
number will measure them. Let it (so measure them), 
and let it be C. And as many times as C measures A, so 
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oaaxic Ss 6 T xov B (jisxpsT, xoaauxai povaSsc saxwaav sv 
t£S E. 

’Enel 6 r tov A pExpsT xaxa xac sv xw A povaSac, 6 
E apa xov A xoXXaxXaaiaaac xov A xsxoir]XEv. 8ia xa 
auxa 8r] xai 6 T xov E xoXXaxXaaiaaac xov B xsxoirjxsv. 
apiDpoc 8f) 6 r 8uo apihpouc xouc A, E xoXXaxXaaiaaac 
xouc A, B xsxoirjxsv saxiv apa wc 6 A xpoc xov E, ouxwc 
6 A xpoc xov B' oi A, E apa toTc A, B sv xo auxA Xoyw 
siaiv sXaaaovsc ovxsc auxfiv oxsp saxiv aSuvaxov. oux 
apa xouc A, B apihpouc apihpoc xic piexpr^aei. oi A, B apa 
xpwxoi xpoc aXXfjXouc siaiv oxsp s8si Sei^ai. 

xy'. 

’Eav 8uo apiOpoi xpwxoi xpoc aXXrjXouc Saiv, 6 xov Eva 
auxwv (iexpwv apihpoc xpoc xov Xoixov xpwxoc saxai. 



A B r A 


’'Eaxaxrav 8uo apiDpoi xpwxoi xpoc aXXrjXouc oi A, B, 
xov 8s A psTpsixco xu; apiOpoc 6 T- Xsyo, oxi xai oi T, B 
xpoxoi xpoc aXXr|Xouc siaiv. 

Ei yap pf| siaiv oi T, B xpwxoi xpoc aXXfjXouc, (isxpf|aEi 
[xic] xouc r, B apihpoc. psxpsixu), xai saxa> 6 A. sxsi 6 
A xov T (isxpsl, 6 8s T xov A pisxpsT, xai 6 A apa xov A 
piSTpsi. piExpsi 8s xai xov B- 6 A apa xouc A, B pisxpsi 
xpAxouc ovxac xpoc aXXrjXouc • oxsp saxiv aSuvaxov. oux 
apa xouc r, B apihpouc apihpoc xic psxpf|aEi. oi T, B apa 
xpGxoi xpoc aXXf|Xouc siaiv oxsp s8si 8sT<;ai. 

xo'. 

’Eav 8uo apihpoi xpoc xiva apihpov xpwxoi Saiv, xai 6 
sc; auxwv ysvopisvoc xpoc xov auxov xpwxoc saxai. 


many units let there be in D. And as many times as C 
measures B, so many units let there be in E. 

Since C measures A according to the units in D, C 
has thus made A (by) multiplying D [Def. 7.15]. So, for 
the same (reasons), C has also made B (by) multiplying 
E. So the number C has made A and B (by) multiplying 
the two numbers D and E (respectively). Thus, as D is 
to E, so A (is) to B [Prop. 7.17]. Thus, D and E are in 
the same ratio as A and B, being less than them. The 
very thing is impossible. Thus, some number does not 
measure the numbers A and B. Thus, A and B are prime 
to one another. (Which is) the very thing it was required 
to show. 

Proposition 23 

If two numbers are prime to one another then a num¬ 
ber measuring one of them will be prime to the remaining 
(one). 


A B C D 

Let A and B be two numbers (which are) prime to 
one another, and let some number C measure A. I say 
that C and B are also prime to one another. 

For if C and B are not prime to one another then 
[some] number will measure C and B. Let it (so) mea¬ 
sure (them), and let it be D. Since D measures C, and C 
measures A, D thus also measures A. And ( D ) also mea¬ 
sures B. Thus, I) measures A and B, which are prime 
to one another. The very thing is impossible. Thus, some 
number does not measure the numbers C and B. Thus, 
C and B are prime to one another. (Which is) the very 
thing it was required to show. 

Proposition 24 

If two numbers are prime to some number then the 
number created from (multiplying) the former (two num¬ 
bers) will also be prime to the latter (number). 
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A B r A E Z ABCDEF 


Auo yap apuOpoi oi A, B npoc; xiva apidpov xov T npAxoi 
eaxtoaav, xai 6 A xov B TtoXXaitXaaiaaac; xov A Ttoieixor 
Xeyco, oxi oi T, A itpAxoi npoc; aXXf|Xouc; eiaiv. 

Ei yap [iTj eiaiv oi T, A xpAxoi npog aXXf|Xouc;, pexpf|aei 
[xic] xouc; r, A apiUpoc;. pexpeixw, xai eaxto 6 E. xai end 
oi E, A npAxoi npoc; aXXf|Xouc; eiaiv, xov 8e T pexpet xic; 
dpidpoc; 6 E, oi A, E apa itpAxoi itpoc; aXXf|Xou<; eiaiv. 
oaaxic; 8r) 6 E xov A pexpeT, xoaauxai povaSec; eaxtoaav ev 
xA Z' xai 6 Z apa xov A (iexpe'i xaxa xdg ev xA E povaBac;. 
6 E apa xov Z xoXXaxXaaidaac; xov A Tiexoirjxev. aXXa 
[if]v xai 6 A xov B TtoXXaxXaaidaac; xov A xe7ioir)xev iaoc; 
apa eaxiv 6 ex xAv E, Z xA ex xAv A, B. eav Be 6 uxo 
xAv axpwv laog ^ xA 0 x 6 xAv (ieaa>v, oi xeaaapec; apd)(ioi 
avaXoyov eiaiv eaxiv apa Ac; 6 E xpog xov A, ouxtoc; 6 B 
xpog xov Z. oi Se A, E xpAxoi, oi 8e xpAxoi xai eXa)(iaxoi, oi 
Se eXa)(iaxoi apii 9 (ioi xAv xov auxov Xoyov exovxtov auxolg 
(iexpouai xouc; xov auxov Xoyov exovxac; iaaxic; o xe (iei^tov 
xov (iei^ova xai 6 eXaaatov xov eXaaaova, xouxeaxiv o xe 
f)you(ievo<; xov rjyoujievov xai 6 eTiojievoc; xov exojievov 6 
E apa xov B (iexpe'i. (iexpe'i 8e xai xov T' 6 E apa xouc; B, T 
(iexpe'i xpAxouc; ovxac; xpoc; dXXr^Xouc;- oxep eaxiv a8uvaxov. 
oux apa xouc; T, A api'dp.ouc; api'dpoc; xi<; (iexpr]aei. oi T, A 
apa xpAxoi xpoc; oiXXiqXouc; eiaiv oxep e8ei Sei^ai. 


X£'. 

’Eav 8uo api , 8(ioi upAxoi 7ipo<; aXXr)Xou<; Aaiv, 6 ex xou 
evoc; auxAv yevojievoc; xpog xov Xouiov xpAxoc; eaxai. 

’'Eaxcoaav 8uo api , 8(ioi xpAxoi xpoc; aXXrjXouc; oi A, B, 
xai 6 A eauxov xoXXaxXaaidaac; xov T xoieixw Xeyco, oxi 


For let A and B be two numbers (which are both) 
prime to some number C. And let A make D (by) multi¬ 
plying B. I say that C and D are prime to one another. 

For if C and D are not prime to one another then 
[some] number will measure C and D. Let it (so) mea¬ 
sure them, and let it be E. And since C and A are prime 
to one another, and some number E measures C, A and 
E are thus prime to one another [Prop. 7.23]. So as 
many times as E measures D, so many units let there 
be in F. Thus, F also measures I) according to the units 
in E [Prop. 7.16]. Thus, E has made D (by) multiply¬ 
ing F [Def. 7.15]. But, in fact, A has also made D (by) 
multiplying B. Thus, the (number created) from (multi¬ 
plying) E and F is equal to the (number created) from 
(multiplying) A and B. And if the (rectangle contained) 
by the (two) outermost is equal to the (rectangle con¬ 
tained) by the middle (two) then the four numbers are 
proportional [Prop. 6.15], Thus, as E is to A, so B (is) 
to F. And A and E (are) prime (to one another). And 
(numbers) prime (to one another) are also the least (of 
those numbers having the same ratio) [Prop. 7.21], And 
the least numbers of those (numbers) having the same 
ratio measure those (numbers) having the same ratio as 
them an equal number of times, the greater (measuring) 
the greater, and the lesser the lesser—that is to say, the 
leading (measuring) the leading, and the following the 
following [Prop. 7.20]. Thus, E measures B. And it also 
measures C. Thus, E measures B and C, which are prime 
to one another. The very thing is impossible. Thus, some 
number cannot measure the numbers C and D. Thus, 
C and I) are prime to one another. (Which is) the very 
thing it was required to show. 

Proposition 25 

If two numbers are prime to one another then the 
number created from (squaring) one of them will be 
prime to the remaining (number). 

Let A and B be two numbers (which are) prime to 
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oi B, F xpwxoi xpoc aXXfjXouc eiaiv. 


A B r A 



Keia'dw yap to A laoc 6 A. Intel oi A, B xpSxoi upoc; 
aXXijXouc eiaiv, iaoc 8s 6 A to A, xai oi A, B apa xpwxoi 
xpoc aXXrjXouc eiatv exaxepoc apa tov A, A xpoc xov B 
xpoxoc eaxiv xai 6 ex tov A, A apa yevopevoc xpoc tov B 
xpoxoc saxai. 6 8 e ex tov A, A yevopevoc apiifpoc eaxiv 6 
T. oi F, B apa xpoxoi xpoc aXXrjXouc eiaiv oxep eSei Sel'cai. 


X?'. 

’Eav 8uo apidpol xpoc 8uo dpt'Opouc apcpoxepoi xpoc 
exaxepov xpoxoi oaiv, xai oi ei; aUxov yevopevoi xpoxoi 
xpoc aXXrjXouc eaovxai. 

Ai-1 IN-1 

B 1 -1 A'- 1 

E'- 1 

Z'- 1 

Auo yap apiDpol oi A, B xpoc Suo dpi'Opouc xouc T, 
A apcpoxepoi xpoc exaxepov xpoxoi eaxoaav, xai 6 (lev 
A xov B xoXXaxXaaiaaac xov E xoieixo, 6 8e T xov A 
xoXXaxXaaiaaac xov Z xoieixw Xeyo, otl oi E, Z xpoxoi 
xpoc aXXrjXouc eiaiv. 

’Exei yap exaxepoc xov A, B xpoc xov T xpoxoc eaxLv, 
xai 6 ex xov A, B apa yevopievoc xpoc xov T xpoxoc eaxai. 
6 8e ex xov A, B yevo^ievoc eaxiv 6 E - oi E, T apa xpoxoi 
xpoc aXX/]Xouc eiaiv. 8ia xa auxa Srj xai oi E, A xpoxoi 
xpoc aXXrjXouc eiaiv. exaxepoc apa xov T, A xpoc xov E 
xpoxoc eaxiv. xai 6 ex xov F, A apa yevojievoc xpoc xov 
E xpoxoc eaxai. 6 8e ex xov T, A yevo^ievoc eaxiv 6 Z. oi 
E, Z apa xpoxoi xpoc aXXrjXouc eiaiv oxep e8ei 8sTcai. 


one another. And let A make C (by) multiplying itself. I 
say that B and C are prime to one another. 


A B C D 



For let D be made equal to A. Since A and B are 
prime to one another, and A (is) equal to D, D and B are 
thus also prime to one another. Thus, D and A are each 
prime to B. Thus, the (number) created from (multily- 
ing) D and A will also be prime to B [Prop. 7.24]. And C 
is the number created from (multiplying) D and A. Thus, 
C and B are prime to one another. (Which is) the very 
thing it was required to show. 

Proposition 26 

If two numbers are both prime to each of two numbers 
then the (numbers) created from (multiplying) them will 
also be prime to one another. 

A'-1 C i-1 

B i-1 D-1 

E i-1 

F i-1 

For let two numbers, A and B, both be prime to each 
of two numbers, C and D. And let A make E (by) mul¬ 
tiplying B, and let C make F (by) multiplying D. I say 
that E and F are prime to one another. 

For since A and B are each prime to C, the (num¬ 
ber) created from (multiplying) A and B will thus also 
be prime to C [Prop. 7.24]. And E is the (number) cre¬ 
ated from (multiplying) A and B. Thus, E and C are 
prime to one another. So, for the same (reasons), E and 
D are also prime to one another. Thus, C and D are each 
prime to E. Thus, the (number) created from (multiply¬ 
ing) C and 1) will also be prime to E [Prop. 7.24]. And 
F is the (number) created from (multiplying) C and 1). 
Thus, E and F are prime to one another. (Which is) the 
very thing it was required to show. 
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xC- 

’Eav Suo apihpol xpAxoi xpoc; aXXf|Xou<; Saiv, xal xoX- 
XaxXaaiaaac; sxaxspoc; sauxov xoifj xiva, oi ysvopsvoi sc; 
auxAv xpAxoi xpoc; aXXrjXouc; saovxai, xav oi sc; dpyrjc; 
xouc; ysvopsvouc; xoXXaxXaaiaaavxEc; xoiAoi xivac;, xdxsTvoi 
xpAxoi Tipoc aXXrjXouc; saovxai [xod del xspl xouc; axpouc; 
xouxo aupPaivsi]. 


A B T A E Z 



’'Eaxcuaav Suo apiDpol xpAxoi xpoc; aXXrjXouc; oi A, B, 
xal 6 A sauxov psv xoXXaxXaaiaaac; xov T xoisixcu, xov 
8 s T xoXXaxXaaiaaac; xov A xoisixw, 6 8s B sauxov psv 
xoXXaxXaaiaaac; xov E xoisixw, xov 8s E xoXXaxXaaiaaac; 
xov Z xoisixw Xsyw, oxi oi' xs T, E xai oi A, Z xpAxoi xpoc; 
aXXr]Xoui; siaiv. 

’Exsl yap oi A, B xpAxoi xpoc; aXXrjXouc; siaiv, xai 6 
A sauxov xoXXaxXaaiaaac; xov T nsxoirjxsv, oi T, B apa 
xpAxoi xpoc; aXXrjXouc; siaiv. sxsl ouv oi T, B xpAxoi xpoc; 
aXXrjXouc; siaiv, xai 6 B sauxov xoXXaxXaaiaaac; xov E 
xsxoir)XSv, oi F, E apa xpAxoi xpoc; aXXrjXouc; siaiv. xaXiv, 
sxsl oi A, B xpAxoi xpoc; aXXrjXouc; siaiv, xai 6 B sauxov 
xoXXaxXaaiaaac; xov E xsxo[r]XSv, oi A, E apa xpAxoi xpoc; 
aXXrjXouc; siaiv. sxsl ouv 8uo apiDpol oi A, T xpoc; 8uo 
apn 9 |iou<; xouc; B, E apcpoxspoi xpoc; sxaxspov xpAxoi siaiv, 
xai 6 sx xAv A, F apa ysvopsvoc; xpoc; xov sx xAv B, E 
xpAxoc; saxiv. xai saxiv 6 psv sx xAv A, F 6 A, 6 8s sx 
xAv B, E 6 Z. oi A, Z apa xpAxoi xpoc; aXXrjXouc; siaiv 
oxsp s8si Sslljai. 


Proposition 27 f 

If two numbers are prime to one another and each 
makes some (number by) multiplying itself then the num¬ 
bers created from them will be prime to one another, and 
if the original (numbers) make some (more numbers by) 
multiplying the created (numbers) then these will also be 
prime to one another [and this always happens with the 
extremes]. 


A B C D E F 



Let A and B be two numbers prime to one another, 
and let A make C (by) multiplying itself, and let it make 
D (by) multiplying C. And let B make E (by) multiplying 
itself, and let it make F by multiplying E. I say that C 
and E, and D and F, are prime to one another. 

For since A and B are prime to one another, and A has 
made C (by) multiplying itself, C and B are thus prime 
to one another [Prop. 7.25]. Therefore, since C and B 
are prime to one another, and B has made E (by) mul¬ 
tiplying itself, C and E are thus prime to one another 
[Prop. 7.25]. Again, since A and B are prime to one an¬ 
other, and B has made E (by) multiplying itself, A and 
E are thus prime to one another [Prop. 7.25]. Therefore, 
since the two numbers A and C are both prime to each 
of the two numbers B and E, the (number) created from 
(multiplying) A and C is thus prime to the (number cre¬ 
ated) from (multiplying) B and E [Prop. 7.26], And D is 
the (number created) from (multiplying) A and C, and F 
the (number created) from (multiplying) B and E. Thus, 
D and F are prime to one another. (Which is) the very 
thing it was required to show. 


t In modem notation, this proposition states that if a is prime to b, then a 2 is also prime to b 2 , as well as a 3 to b 3 , etc., where all symbols denote 
numbers. 


XT]. 

’Eav Suo apihpol xpAxoi xpoc; aXXrjXouc; Aaiv, xal au- 
vap/poxspoc; xpoc; sxaxspov auxAv xpAxoi saxac xal sav 
auvapcpoxspoc; xpoc; sva xiva auxAv xpAxoc; rj, xal ol sc; 
apyfjc; apiOpol xpAxoi xpoc; aXXrjXouc; saovxai. 


Proposition 28 

If two numbers are prime to one another then their 
sum will also be prime to each of them. And if the sum 
(of two numbers) is prime to any one of them then the 
original numbers will also be prime to one another. 
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A b r 

i-1-1 

A'-1 

EuYXSia-dooaav yap Suo dpitlfiol xpAxoi xpoc aXXf)X- 
ouc oi AB, BT- XsyGi, oxi xal auvapcpoxspoc 6 AT xpoc 
sxaxspov tuv AB, BT xpAxoc saxiv. 

El yap (if) siaiv oi LA, AB xpAxoi xpoc aXXf]Xouc, 
psxp^asi xic xouc LA, AB api-dpoc. (isxpsixw, xai saxo 6 A. 
sxsl ouv 6 A xouc; LA, AB pExpsT, xai Xoixov apa xov Br 
(isxpf)asi. (isxpsl 8s xai xov BA- 6 A apa xouc AB, Br ps- 
xpsl xpcoxouc ovxac xpoc aXXr^Xouc;- oxsp saxiv aSuvaxov. 
oux apa xouc; LA, AB apibpouc apibpoc xic (isxpf)asr oi 
FA, AB apa xpAxoi xpoc aXXf]Xouc siaiv. Sia xa auxa or) 
xai oi AT, TB xpAxoi xpoc aXXf]Xouc siaiv. 6 TA apa xpoc 
sxaxspov xwv AB, BT xpAxoc saxiv. 

"Eaxcoaav 8f) xaXiv oi LA, AB xpAxoi xpoc aXXr)Xouc 
Xsya>, oxi xai oi AB, Br xpAxoi xpoc aXXf]Xouc siaiv. 

Ei yap pfj siaiv oi AB, Br xpAxoi xpoc aXXf]Xouc, 
(isxpf)asi xic xouc; AB, Br apibpoc. (isxpsixco, xai saxo 6 A. 
xai sxsl 6 A sxaxspov xwv AB, Br pExpst, xai oXov apa xov 
EA [isxpfjasi. pExpsl 5 s xai xov AB- 6 A apa xouc BA, AB 
pExpsT xpAxouc ovxac; xpoc aXXf)Xouc" oxsp saxiv aSuvaxov. 
oux apa xouc; AB, Br apif)|iouc apibpoc xic (isxpf)asi. oi 
AB, Br apa xpAxoi xpoc aXXf]Xouc siaiv- oxsp sSsi SsT^ai. 


xi)'. 

"Axac xpAxoc apibpoc xpoc axavxa apibiiov, ov pf] ps- 
xpsl, xpAxoc saxiv. 

A<-' 

B'-' 

ri-1 

Tiaxco xpAxoc apibpoc 6 A xai xov B (if) psxpsixw Xsyu, 
oxi oi B, A xpAxoi xpoc aXXfjXouc siaiv. 

Ei yap (if) siaiv oi B, A xpoxoi xpoc aXXfjXouc, (isxpf)asi 
xic auxouc apibpoc. psxpsixo 6 T. sxsl 6 T xov B psxpsT, 
6 Os A xov B ou psxpsT, 6 T apa xA A oux saxiv 6 auxoc- 
xai ETisi 6 r xouc B, A psxpsT, xai xov A apa psxpsT xpAxov 
ovxa (if) ov auxA 6 auxoc oxsp saxiv aSuvaxov. oux apa 
xouc B, A (isxpfjasi xic dpibpoc. oi A, B apa xpAxoi xpoc 
aXXf]Xouc siaiv oxsp sSsi SsT<;ai. 


A B C 

i-1-1 

D'- 1 

For let the two numbers, AB and BC, (which are) 
prime to one another, be laid down together. I say that 
their sum AC is also prime to each of AB and BC. 

For if CA and AB are not prime to one another then 
some number will measure CA and AB. Let it (so) mea¬ 
sure (them), and let it be D. Therefore, since D measures 
CA and AB, it will thus also measure the remainder BC. 
And it also measures BA. Thus, D measures AB and 
BC, which are prime to one another. The very thing is 
impossible. Thus, some number cannot measure (both) 
the numbers CA and AB. Thus, CA and AB are prime 
to one another. So, for the same (reasons), AC and CB 
are also prime to one another. Thus, CA is prime to each 
of AB and BC. 

So, again, let CA and AB be prime to one another. I 
say that AB and BC are also prime to one another. 

For if AB and BC are not prime to one another then 
some number will measure AB and BC. Let it (so) mea¬ 
sure (them), and let it be D. And since D measures each 
of AB and BC, it will thus also measure the whole of 
CA. And it also measures AB. Thus, D measures CA 
and AB, which are prime to one another. The very thing 
is impossible. Thus, some number cannot measure (both) 
the numbers AB and BC. Thus, AB and BC are prime 
to one another. (Which is) the very thing it was required 
to show. 

Proposition 29 

Every prime number is prime to every number which 
it does not measure. 

A 1 -1 

B '-1 

C'-' 

Let A be a prime number, and let it not measure B. I 
say that B and A are prime to one another. For if B and 
A are not prime to one another then some number will 
measure them. Let C measure (them). Since C measures 
B, and A does not measure B, C is thus not the same as 
A. And since C measures B and A, it thus also measures 
A, which is prime, (despite) not being the same as it. 
The very thing is impossible. Thus, some number cannot 
measure (both) B and A. Thus, A and B are prime to 
one another. (Which is) the very thing it was required to 
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X'. 

’Eav 8uo otpi'dpol TtoXXaTtAaaidaavxEc; aXXrjXou<; 71016 x 71 
xiva, xov 8e yevopevov z\ auxwv pexpfj Tig upSnoc; dprdpoc;, 
xal eva tuv ec; apxfjc; pexpqaei. 

A>-1 

B'- 1 

r>- 1 

A>- 1 

E'-1 

Auo yap apidpoi oi A, B TtoXXa7tXaaiaaavxec; dXXrjXou<; 
xov r itoielxtoaav, xov 8e T pexpelxw xtc 7tpc5xo<; dpi'Opoc 6 
A' Xeyw, oxi 6 A evoc xwv A, B psxpei. 

Tov yap A pi) pexpeixcr xai eaxi upcoxot; 6 A- oi A, 
A apa upwxoi Ttpoc; aXXf]Xou<; eiaiv. xai oaaxic; 6 A xov T 
pexpei, xoaauxai povd8ec; eaxwaav ev xw E. eitel ouv 6 A 
xov T pexpet xaxa xa<; ev xw E povdSag, 6 A apa xov E 
noXXauXaaiaaac; xov T Tteitoirjxev. aXXa pqv xai 6 A xov 
B KoXXauXaaiaaac; xov T nenoirjxev iao<; apa eaxiv 6 ex 
xov A, E xo ex xov A, B. eaxiv apa ox; 6 A Tipoc; xov A, 
ouxox; 6 B npoc; xov E. oi 8e A, A upoxoi, oi 8e Tipoxoi xai 
eXayiaxoi, oi 8e eXayiaxoi pexpouai xouc; xov auxov Xoyov 
eyovxai; iaaxic; o xe pei^ov xov pei^ova xai 6 eXaaaov xov 
eXaaaova, xouxeaxiv o xe rjyoupevoc; xov rjyoupevov xai 6 
enopevoc; xov eiiopevov 6 A apa xov B pexpet. opoiox; 8r) 
8eic;opev, oxi xai eav xov B pr] pexprj, xov A pexprpei. 6 A 
apa eva xov A, B pexper orcep e8ei 8el^ai. 


A ex'. 

"Aitac; auvdevxoc; apidpoc; (mo upoxou xivo; apidpou pe- 
xpelxai. 

’Taxor auvdevxo; dpiOpo; 6 A - Aeyo, oxi 6 A (mo xpoxou 
xivo<; apiOpou pexpetxai. 

Tkel yap auvdexoc; eaxiv 6 A, pexprpei xi; auxov 


show. 

Proposition 30 

If two numbers make some (number by) multiplying 
one another, and some prime number measures the num¬ 
ber (so) created from them, then it will also measure one 
of the original (numbers). 

A 1 -1 

B 1 - 1 

Ci-1 

D i-1 

Ei-1 

For let two numbers A and B make C (by) multiplying 
one another, and let some prime number D measure C. I 
say that D measures one of A and B. 

For let it not measure A. And since D is prime, A 
and D are thus prime to one another [Prop. 7.29]. And 
as many times as D measures C, so many units let there 
be in E. Therefore, since D measures C according to 
the units E, D has thus made C (by) multiplying E 
[Def. 7.15]. But, in fact, A has also made C (by) multi¬ 
plying B. Thus, the (number created) from (multiplying) 
D and E is equal to the (number created) from (mul¬ 
tiplying) A and B. Thus, as D is to A, so B (is) to E 
[Prop. 7.19]. And D and A (are) prime (to one another), 
and (numbers) prime (to one another are) also the least 
(of those numbers having the same ratio) [Prop. 7.21], 
and the least (numbers) measure those (numbers) hav¬ 
ing the same ratio (as them) an equal number of times, 
the greater (measuring) the greater, and the lesser the 
lesser—that is to say, the leading (measuring) the lead¬ 
ing, and the following the following [Prop. 7.20]. Thus, 
D measures B. So, similarly, we can also show that if 
{!)) does not measure B then it will measure A. Thus, 
D measures one of A and B. (Which is) the very thing it 
was required to show. 

Proposition 31 

Every composite number is measured by some prime 
number. 

Let A be a composite number. I say that A is measured 
by some prime number. 

For since A is composite, some number will measure 
it. Let it (so) measure ( A ), and let it be B. And if B 
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dpidpoc;. psxpsiTM, xal sotm 6 B. xai si psv xp65x6<; sgtiv 6 
B, ysyovoc av sir) to sxixax'Osv. si os guvOstoc, psxpfpsi 
tic; auxov apn)po<;. psTpsmo, xal sgtco 6 T. xai sxsi 6 T 
tov B (iETpsi, 6 5s B tov A (iETpsi, xai 6 F apa tov A 
piSTpsI. xai si (isv xpwxoc; sgtiv 6 T, ysyovoi; av sir) to 
E iuTax'dsv. si 8s ouvdsToc;, (isxprjGEi tic; auxov apidpoc;. 
ToiauTTjc; Sr) yivopsvrjc sxioxs^sax; Xr]cp , 6r)OETai tic; xpwxoc; 
dpn)p6<;, o<; psTpr)asi. si yap ou Xr)cpi}r)asTai, psTprjoouoi 
tov A apidpov axsipoi apiOpoi, £>v sxspoc; sxspou sXaoawv 
sgtiv oxsp sgtiv aBuvaxov sv apidpoic;. XrjcpdriGETai tic; apa 
ixpwToc; apii)|ji6c;, oc; (i£Tpr)osi tov xpo sauxou, o<; xai tov A 
psTpfpsi. 


A--■ 

B 1 -1 

T'-' 

"Axa<; apa guvUsvtoi; apidpoc; 0x6 xpwxou tlvoc; apidpou 
(iSTpsixai- oxsp s8si SsT^ai. 

xpx 

"Axac; apidpoc; f)TOi xpwxoc; sgtiv f) uxo xpwxou tivoc; 
apidpou psTpsIxai. 

A 1 1 

TiGTO) apidpoc; 6 A- Xsyco, oxi 6 A rjxoi xpfiruoc; sgtiv r) 
0x6 xpwTou tivoc; apidpou (iSTpsIxai. 

Ei (isv ouv xpoToc; sgtiv 6 A, ysyovoc; av sir) to 
ExiTaxdsv. si os ouvdsxoc;, psTpr)asi tic; auxov xpwxoc; 
apidpoc;. 

Axac; apa apidpoc; fjxoi xpwxoc; sgtiv fj 0x6 xpwxou 
tivoc; apidpou psTpsixai- oxsp s8si Osi^ai. 

Xy'. 

ApiOpdiv OoOsvtov oxogwvouv supsvv touc; sXaxioxouc; 
tov tov auxov Xoyov syovTcav aux6i<;. 

’'EoTwaav oi SoDevtsc; oxogoiouv apidpoi oi A, B, T- 8si 
Srj sOpsiv touc; sXaxioxouc; tov tov auxov Xoyov exovtov 
xoic; A, B, r. 

Oi A, B, r yap fjxoi xpoxoi xpoc; aXXfjXouc; sioiv fj ou. 
si psv ouv oi A, B, r xpoxoi xpoc; aXXrjXouc; sioiv, sXdxioxoi 
sioi tov tov auxov Xoyov exovtov aOxoic;. 


is prime then that which was prescribed has happened. 
And if (B is) composite then some number will measure 
it. Let it (so) measure ( B ), and let it be C. And since 
C measures B, and B measures A, C thus also measures 
A. And if C is prime then that which was prescribed has 
happened. And if (C is) composite then some number 
will measure it. So, in this manner of continued inves¬ 
tigation, some prime number will be found which will 
measure (the number preceding it, which will also mea¬ 
sure A ). And if (such a number) cannot be found then an 
infinite (series of) numbers, each of which is less than the 
preceding, will measure the number A. The very thing is 
impossible for numbers. Thus, some prime number will 
(eventually) be found which will measure the (number) 
preceding it, which will also measure A. 

A 1 -1 

B 1 - 1 

C-1 

Thus, every composite number is measured by some 
prime number. (Which is) the very thing it was required 
to show. 

Proposition 32 

Every number is either prime or is measured by some 
prime number. 

A'- 1 

Let A be a number. I say that A is either prime or is 
measured by some prime number. 

In fact, if A is prime then that which was prescribed 
has happened. And if (it is) composite then some prime 
number will measure it [Prop. 7.31], 

Thus, every number is either prime or is measured 
by some prime number. (Which is) the very thing it was 
required to show. 

Proposition 33 

To find the least of those (numbers) having the same 
ratio as any given multitude of numbers. 

Let A, B, and C be any given multitude of numbers. 
So it is required to find the least of those (numbers) hav¬ 
ing the same ratio as A, B, and C. 

For A, B, and C are either prime to one another, or 
not. In fact, if A, B, and C are prime to one another then 
they are the least of those (numbers) having the same 
ratio as them [Prop. 7.22]. 
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El Be ou, eiXrjcp'Oco tuv A, B, T to (ieyiaTov xoivov 
psxpov 6 A, xod oaaxi; 6 A exaaxov xAv A, B, T pexpsi, 
xoaauxai povaBs; eaxwaav ev exaaxa) xAv E, Z, H. xal 
sxaaxo; apa xAv E, Z, H exaaxov xAv A, B, T pexpel xaxa 
xa; ev xA A povaSa;. oi E, Z, H apa xou; A, B, T iaaxi; 
pexpouaiv oi E, Z, H apa xoT; A, B, T ev xA auxA Xoyw 
eiaiv. Xeyw Br], oxl xai eLayiaxoi. ei yap pf| eiaiv oi E, Z, 
H eLayiaxoi xAv xov auxov Xoyov eyovTCov xoT; A, B, T, 
eaovxai [xLve;] xAv E, Z, H eAaaaove; apnlpol ev xA auxA 
Xoya) ovxe; xoT; A, B, T. eaxwaav oi 0 , K, A- iaaxi; apa 6 
0 xov A pexpel xai exaxepo; xAv K, A exaxepov xAv B, T. 
oaaxi; Be 6 0 xov A pexpel, xoaauxai povaBe; eaxwaav ev 
xA M- xai exaxepo<; apa xAv K, A exaxepov xAv B, T jexpel 
xaxa xa; ev xA M povaBa;. xai exei 6 0 xov A jexpel xaxa 
xa; ev xA M povaBa;, xai 6 M apa xov A pexpel xaxa xa; 
ev xA 0 povaBa;. Bia xa auxa 8f) 6 M xai exaxepov xAv B, 
T pexpel xaxa xa; ev exaxepw xAv K, A povaBa;' 6 M apa 
xou; A, B, r jexpel. xai eitei 6 0 xov A jexpel xaxa xa; 
ev xA M povaBa;, 6 0 apa xov M xoXXaxXaaiaaa; xov A 
xexoirjxev. Bia xa auxa Br) xai 6 E xov A xoXXaxXaaiaaa; 
xov A xexoirjxev. iao; apa eaxiv 6 ex xAv E, A xA ex 
xAv 0 , M. eaxiv apa A; 6 E xpo; xov 0 , ouxw; 6 M xpo; 
xov A. pei((wv Be 6 E xou 0 - peii^Mv apa xai 6 M xou A. 
xai jexpel xou; A, B, T- oxep eaxiv aSuvaxov uxoxeixai 
yap 6 A xAv A, B, T xo peyiaxov xoivov pexpov. oux apa 
eaovxai xive; xAv E, Z, H eAaaaove; apibpoi ev xA auxA 
Xoya) ovxe; xol; A, B, T. oi E, Z, H apa eXaxiaxoi eiai xAv 
xov auxov Aoyov eyovxorv xol; A, B, E oxep eBei BeT^ai. 


Xd'. 

Auo apibpAv Bobevxtov eupelv, ov eAdyiaxov pexpouaiv 
apibpov. 

Tiaxwaav oi BoDevxe; Suo apibpoi oi A, B- Bel Br] eupelv, 


ABCDEF GHKL M 



And if not, let the greatest common measure, D, of 

A, B, and C have be taken [Prop. 7.3]. And as many 
times as D measures A, B, C, so many units let there 
be in E, F, G, respectively. And thus E, F, G mea¬ 
sure A, B, C, respectively, according to the units in D 
[Prop. 7.15]. Thus, E, F, G measure A, B, C (respec¬ 
tively) an equal number of times. Thus, E, F, G are in 
the same ratio as A, B, C (respectively) [Def. 7.20]. So I 
say that (they are) also the least (of those numbers hav¬ 
ing the same ratio as A, B, C ). For if E, F, G are not 
the least of those (numbers) having the same ratio as A, 

B, C (respectively), then there will be [some] numbers 
less than E, F, G which are in the same ratio as A, B, C 
(respectively). Let them be FI, K, L. Thus, H measures 
A the same number of times that K, L also measure B, 

C, respectively. And as many times as H measures A, so 
many units let there be in Ad. Thus, K, L measure B, 
C, respectively, according to the units in Ad. And since 
H measures A according to the units in Ad, M thus also 
measures A according to the units in H [Prop. 7.15], So, 
for the same (reasons), Ad also measures B, C accord¬ 
ing to the units in K, L, respectively. Thus, Ad measures 
A, B, and C. And since H measures A according to the 
units in Ad, Fd has thus made A (by) multiplying Ad. So, 
for the same (reasons), E has also made A (by) multiply¬ 
ing D. Thus, the (number created) from (multiplying) 
E and D is equal to the (number created) from (multi¬ 
plying) H and Ad. Thus, as E (is) to Fd, so Ad (is) to 
D [Prop. 7.19]. And E (is) greater than H. Thus, Ad 
(is) also greater than D [Prop. 5.13]. And (Ad) measures 
A, B, and C. The very thing is impossible. For D was 
assumed (to be) the greatest common measure of A, B, 
and C. Thus, there cannot be any numbers less than E, 
F, G which are in the same ratio as A, B, C (respec¬ 
tively). Thus, E, F, G are the least of (those numbers) 
having the same ratio as A, B, C (respectively). (Which 
is) the very thing it was required to show. 

Proposition 34 

To find the least number which two given numbers 
(both) measure. 

Let A and B be the two given numbers. So it is re- 
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ov EXayiaxov pcxpouaiv apibpov. 

A 1 -1 B 1 -1 

ri- 1 

A>-' 

E 1 - 1 Z 1 - 1 

Oi A, B yap fjxoi xpAxoi xpoc; aXXf|Xou<; Etaiv fj ou. 
Eaxtoaav xpoxcpov oi A, B xpAxoi xpoc; aXXr^Xout;, xai 6 A 
xov B xoXXaxkaaiaaac; xov T xoisixor xai 6 B apa xov A 
xoXXaxXaaiaaac; xov T x£xoir]X£v. oi A, B apa xov T pc- 
xpouoiv. Xcyw Sf), oxi xai EXayiaxov. si yap pr], pExprpouai 
xiva apidpov oi A, B EXaaaova ovxa xou T. pExpsixwaav 
xov A. xai oaaxic; 6 A xov A psxpEl, xoaauxai pova8s<; 
saxuaav ev xA E, oaaxic; 8s 6 B xov A psxpsT, xoaauxai 
povaSEc; soxtoaav ev xA Z. 6 psv A apa xov E xoXXa¬ 
xXaaiaaac; xov A xsxoir]XEv, 6 8e B xov Z xoXXaxXaaiaaac; 
xov A xsxoitjxev Iao<; apa Eaxiv 6 ex xAv A, E xA ex xAv 
B, Z. Eaxiv apa Ac; 6 A Tipoc; xov B, ouxcoc; 6 Z Tipoc; xov 
E. oi 8e A, B xpAxoi, oi 8e xpAxoi xai sXayiaxoi, oi 8e 
sXa)(iaxoi psxpouai xouc; xov auxov Xoyov Exovxag iaaxic; o 
xe [xsi^wv xov (isi^ova xai 6 sXaaawv xov EXaaaova' 6 B 
apa xov E ^Expsi, Ac; sxopiEvoc; £Tiop.Evov. xai etie'i 6 A xou<; 
B, E TioXXaiiXaaidaac; xouc; T, A TiETioirjXEv, saxiv apa Ac; 
6 B Tipoc; xov E, ouxwc; 6 T Tipoc; xov A. (isxpei 8e 6 B xov 
E- [iExpei apa xai 6 T xov A 6 (isi^tov xov sXaaaova- oxsp 
eaxiv aSuvaxov. oux apa oi A, B p.expoua[ xiva api'dp.ov 
eXaaaova ovxa xou F. 6 T apa eXd)(iaxoc; Av 0x6 xAv A, B 
(jiexpeixai. 


A-1 B i-1 

Z i-1 E 1 - 1 

r i-1 

A'-' 

H-1 ©i—i 

Mr) eaxwaav 8f) oi A, B xpAxoi xpoc; aXXrjXouc;, 
xai eiX^cpiSwaav eXa)(iaxoi api'djioi xAv xov auxov Xoyov 
£)(6vx6tv xou; A, B oi Z, E- iaoc; apa saxiv 6 ex xAv A, E xA 


quired to find the least number which they (both) mea¬ 
sure. 

A i-1 B i-1 

Ci- 1 

D 1 -1 

E i-1 F i-1 

For A and B are either prime to one another, or not. 
Let them, first of all, be prime to one another. And let A 
make C (by) multiplying B. Thus, B has also made C 
(by) multiplying A [Prop. 7.16], Thus, A and B (both) 
measure C. So I say that (C) is also the least (num¬ 
ber which they both measure). For if not, A and B will 
(both) measure some (other) number which is less than 
C. Let them (both) measure D (which is less than C). 
And as many times as A measures D, so many units let 
there be in E. And as many times as B measures D, 
so many units let there be in F. Thus, A has made D 
(by) multiplying E, and B has made D (by) multiply¬ 
ing F. Thus, the (number created) from (multiplying) 
A and E is equal to the (number created) from (multi¬ 
plying) B and F. Thus, as A (is) to B, so F (is) to E 
[Prop. 7.19]. And A and B are prime (to one another), 
and prime (numbers) are the least (of those numbers 
having the same ratio) [Prop. 7.21], and the least (num¬ 
bers) measure those (numbers) having the same ratio (as 
them) an equal number of times, the greater (measuring) 
the greater, and the lesser the lesser [Prop. 7.20]. Thus, 
B measures E, as the following (number measuring) the 
following. And since A has made C and D (by) multi¬ 
plying B and E (respectively), thus as B is to E, so C 
(is) to D [Prop. 7.17]. And B measures E. Thus, C also 
measures D, the greater (measuring) the lesser. The very 
thing is impossible. Thus, A and B do not (both) mea¬ 
sure some number which is less than C. Thus, C is the 
least (number) which is measured by (both) A and B. 

A i-1 B i-1 

F 1 - 1 E 1 - 1 

C i-1 

D i-1 

G i-1 H i-1 

So let A and B be not prime to one another. And 
let the least numbers, F and E, have been taken having 
the same ratio as A and B (respectively) [Prop. 7.33]. 
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ex tov B, Z. xai 6 A xov E TtoXXaitXaaiaaac; xov T Ttoieixor 
xai 6 B apa xov Z TtoXXanXaaiaaac; xov F nenoirjxev oi A, 
B apa xov T pexpouaiv. Xeyw 8V), oxi xal eXayiaxov. ei yap 
[nrj, [rexpfjaouai xiva apibpov ol A, B eXaaaova ovxa xou 
F. (iexpeixtoaav xov A. xal oaaxic; [rev 6 A xov A [iexpei, 
xoaauxai povaBec; eaxtoaav ev xA H, oaaxic; Be 6 B xov A 
[iexpei, xoaauxai povaBec; eaxtoaav ev xA 0 . 6 [lev A apa 
xov H TioXXauXaaiaaac; xov A neTioiqxev, 6 Be B xov 0 
noXXauXaaidaac; xov A neTCoiqxev. iaoc; apa eaxiv 6 ex xAv 
A, H xA ex xAv B, ©• eaxiv apa Ac; 6 A npog xov B, ouxcoc; 
6 0 np6<; xov H. Ac; Be 6 A Tipoc; xov B, ouxgx; 6 Z Tipoc; 
xov E - xal Ac; apa 6 Z Tipoc; xov E, ouxcoc; 6 0 Tipoc; xov 
H. oi Be Z, E eXayiaxoi, oi Be eXayiaxoi pexpouai xou<; xov 
auxov Xoyov eyovxac; iaaxu; o xe [iei£a>v xov [icic^ova xai 6 
eXaaawv xov eXaaaova - 6 E apa xov H (iexpei. xai enei 6 
A xoug E, H noXXanXaaiaaac; xouc; T, A nenoirjxev, eaxiv 
apa Ac; 6 E Tipoc; xov H, ouxtog 6 F 7ipo<; xov A. 6 Se E xov 
H [iexpei - xai 6 T apa xov A [iexpei 6 [iei^wv xov eXaaaova - 
onep eaxiv a8uvaxov. oux apa oi A, B [iexpr]aouai xiva 
apiDjiov eXaaaova ovxa xou T. 6 F apa eXd)(iaxoc; Av utio 
xAv A, B [iexpeixai - on:ep enei 8 ei 5 ai. 


Xe'. 

’Eav 8uo apiDpoi apiDiiov xiva [iexpAaiv, xai 6 eXd)(iaxoc; 
uti’ auxAv [iexpoujievoc; xov aOxov [iexprpei. 

A'-1 Bi-1 

r z a 

i-1-1 

Ei-1 

Auo yap apn 9 [ioi oi A, B apiDpov xiva xov TA [ie- 
xpeixwaav, eXaxiaxov 5 e xov E - Xeyo, oxi xai 6 E xov TA 
[iexpei. 

Ei yap ou [iexpei 6 E xov FA, 6 E xov AZ [iexpAv 
XeiTiexw eauxou eXaaaova xov TZ. xai eiiei oi A, B xov E 
[iexpouaiv, 6 8e E xov AZ [iexpei, xai oi A, B apa xov 
AZ [iexprpouaiv. [iexpouai Be xai oXov xov TA - xai Xomov 
apa xov rZ [iexprjaouaiv eXaaaova ovxa xou E - oiiep eaxiv 
aBuvaxov. oux apa ou [iexpei 6 E xov TA - [iexpei apa - onep 
eBei oei^a.i. 


Thus, the (number created) from (multiplying) A and E 
is equal to the (number created) from (multiplying) B 
and F [Prop. 7.19]. And let A make C (by) multiplying 
E. Thus, B has also made C (by) multiplying F. Thus, 
A and B (both) measure C. So I say that (C) is also the 
least (number which they both measure). For if not, A 
and B will (both) measure some number which is less 
than C. Let them (both) measure I) (which is less than 
C). And as many times as A measures D, so many units 
let there be in G. And as many times as B measures D, 
so many units let there be in H. Thus, A has made D 
(by) multiplying G, and B has made D (by) multiplying 
H. Thus, the (number created) from (multiplying) A and 
G is equal to the (number created) from (multiplying) B 
and H. Thus, as A is to B, so H (is) to G [Prop. 7.19]. 
And as A (is) to B, so F (is) to E. Thus, also, as F (is) 
to E, so H (is) to G. And F and E are the least (num¬ 
bers having the same ratio as A and B ), and the least 
(numbers) measure those (numbers) having the same ra¬ 
tio an equal number of times, the greater (measuring) 
the greater, and the lesser the lesser [Prop. 7.20]. Thus, 
E measures G. And since A has made C and D (by) mul¬ 
tiplying E and G (respectively), thus as E is to G, so C 
(is) to D [Prop. 7.17]. And E measures G. Thus, C also 
measures D, the greater (measuring) the lesser. The very 
thing is impossible. Thus, A and B do not (both) mea¬ 
sure some (number) which is less than C. Thus, C (is) 
the least (number) which is measured by (both) A and 
B. (Which is) the very thing it was required to show. 

Proposition 35 

If two numbers (both) measure some number then the 
least (number) measured by them will also measure the 
same (number). 

A'- 1 B i-1 

C F D 

i-1-1 

Ei-1 

For let two numbers, A and B, (both) measure some 
number CD, and (let) E (be the) least (number mea¬ 
sured by both A and B ). I say that E also measures CD. 

For if E does not measure CD then let E leave CF 
less than itself (in) measuring DF. And since A and B 
(both) measure E, and E measures DF, A and B will 
thus also measure DF. And (A and B) also measure the 
whole of CD. Thus, they will also measure the remainder 
CF, which is less than E. The very thing is impossible. 
Thus, E cannot not measure CD. Thus, ( E ) measures 
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Xt'. 

TpiAv apibpAv So’devxwv eupelv, ov eXaxiaxov (ie¬ 
xpouaiv apibpov. 

’'Ecraoaav oi 8oi)evxec; xpeTc; dpitlpol oi A, B, T- 8eT Bf) 
eupelv, ov eXayiaxov [iexpouaiv apibpov. 

A'-' 

B i-1 

r i-1 

A i-1 

E'-' 

Z-1 

ElXr)(p , da> yap 0 x 6 Buo twv A, B eXaxiaxoc; pexpoupevoc; 
6 A. 6 8f) T xov A fjxoi pexpel fj ou pexpeT. pexpeixw 
xpoxepov. pexpouai Be xal o'l A, B xov A- oi A, B, T 
apa xov A (iexpouaiv. Xeyco By), oxi xai eX&xiaxov. si yap 
(J.T), (lexpiqaouaiv [xiva] apibpov oi A, B, T eXaaaova ovxa 
xou A. (lexpeixwaav xov E. exei oi A, B, T xov E (iexpouaiv, 
xai oi A, B apa xov E [iexpouaiv. xai 6 eXa^iaxoc; apa 0 x 6 
xAv A, B [lexpoupevoc; [xov E] [lexprjaei. eXa^iaxoc; Be 0 x 6 
xAv A, B (lexpoupevoc; eaxiv 6 A' 6 A apa xov E (iexpf]aei 
6 [ieii^tov xov eXaaaova' oxep eaxiv aSuvaxov. oOx apa oi 
A, B, T (iexpf|aoua[ xiva apif>(i6v eXaaaova ovxa xou A- oi 
A, B, r apa eXa^iaxov xov A [iexpouaiv. 

Mf) [lexpeixcu 8f) xaXiv 6 T xov A, xai eiX^cpiko 0 x 6 xAv 
E, A eXa^iaxoc; (iexpoujievoc; apOpiot; 6 E. exei oi A, B 
xov A (uexpouaiv, 6 8e A xov E (iexpel, xai oi A, B apa 
xov E piexpouaiv. (iexpe'i 8e xai 6 E [xov E- xai] oi A, B, 
E apa xov E piexpouaiv. Xeyw 8rj, oxi xai eXa^iaxov. ei 
yap [iTj, (iexpr]aouai xiva oi A, B, T eXaaaova ovxa xou E. 
piexpeixtoaav xov Z. exei oi A, B, T xov Z piexpouaiv, xai oi 
A, B apa xov Z (iexpouaiv xai 6 eXa^iaxoc; apa 0 x 6 xAv 
A, B piexpoupevoc; xov Z jiexpVjaei. eXa)(i.axo<; oe 0 x 6 xAv 
A, B piexpouptevoc; eaxiv 6 A- 6 A apa xov Z (lexpeT. piexpei 
Se xai 6 T xov Z- oi A, T apa xov Z [iexpouaiv Aaxe xai 6 
eXaxiaxoc; 0 x 6 xAv A, T (iexpou[ievo<; xov Z [lexprjaei. 6 8e 
eXaxiaxoc; 0 x 6 xAv T, A [iexpou[ievo<; eaxiv 6 E- 6 E apa 
xov Z piexpel 6 |iei£a>v xov eXaaaova' oxep eaxiv aSuvaxov. 
oOx apa oi A, B, T piexprpouai xiva apiiJpiov eXaaaova ovxa 
xou E. 6 E apa eXaxiaxo<; Av 0 x 6 xAv A, B, T piexpeixai' 
oxep e8ei BeT^ai. 


(CD). (Which is) the very thing it was required to show. 

Proposition 36 

To find the least number which three given numbers 
(all) measure. 

Let A, B, and C be the three given numbers. So it is 
required to find the least number which they (all) mea¬ 
sure. 

A i-1 

B '-' 

C '-' 

D i-1 

E '-1 

F '-1 

For let the least (number), D, measured by the two 
(numbers) A and B have been taken [Prop. 7.34]. So C 
either measures, or does not measure, D. Let it, first of 
all, measure (D). And A and B also measure D. Thus, 
A, B, and C (all) measure D. So I say that ( D is) also 
the least (number measured by A, B, and C). For if not, 
A, B, and C will (all) measure [some] number which 
is less than D. Let them measure E (which is less than 
D). Since A, B, and C (all) measure E then A and B 
thus also measure E. Thus, the least (number) measured 
by A and B will also measure \_E~\ [Prop. 7.35], And D 
is the least (number) measured by A and B. Thus, D 
will measure E, the greater (measuring) the lesser. The 
very thing is impossible. Thus, A, B, and C cannot (all) 
measure some number which is less than D. Thus, A, B, 
and C (all) measure the least (number) D. 

So, again, let C not measure D. And let the least 
number, E, measured by C and D have been taken 
[Prop. 7.34]. Since A and B measure D, and D measures 
E, A and B thus also measure E. And C also measures 
[E ]. Thus, A, B, and C [also] measure E. So I say that 
(E is) also the least (number measured by A, B, and C). 
For if not, A, B, and C will (all) measure some (number) 
which is less than E. Let them measure F (which is less 
than E). Since A, B, and C (all) measure F, A and B 
thus also measure F. Thus, the least (number) measured 
by A and B will also measure F [Prop. 7.35]. And D 
is the least (number) measured by A and B. Thus, D 
measures F. And C also measures F. Thus, D and C 
(both) measure F. Hence, the least (number) measured 
by D and C will also measure F [Prop. 7.35]. And E 


223 




ETOIXEIfiN C'- 


ELEMENTS BOOK 7 


AC- 

’Eav apiOpoc uno xivoc apibpou pexpfjxai, 6 pexpoupevoc 
opcovupov pepoc £c;ei. xo pexpouvxi. 

A 1 -1 

Bi-1 

ri-1 

A '— 1 

ApiOpoc yap 6 A uko xivoc apidpou xou B pexpeiadw 
Xeyco, oxi 6 A opAvupov pepoc eyci B. 

'Oaaxic yap 6 B xov A pexpei, xoaauxai povaBec eaxo- 
aav ev xo T. end 6 B xov A pexpei xaxa xdc ev xA T 
pova8ac, pexpd 8e xai rj A povac xov T apidpov xaxa xac 
ev auxA povaSac, iaaxic apa fj A povac xov T apidpov pe¬ 
xpei xai 6 B xov A. evaXXac; apa iaaxic f) A povac xov B 
apnlpov pexpei xai 6 T xov A- 6 apa pepoc; eaxiv f) A povac; 
xou B apOpou, xo auxo pepoc; eaxi xai 6 T xou A. yj 8e A 
povac; xou B api/dpou pepoc; eaxiv opwvupov auxw' xai 6 T 
apa xou A pepoc eaxiv opAvupov xG B. Saxe 6 A pepoc 
exei xov T opAvupov ovxa xG B- oTiep e8ei oel^ai. 


A- 

’Eav apnSpoc pepoc SXTI oxiouv, uko opwvupou apiDpou 
pexprj'drjaexai xG pepeu 

-1 

B'-1 

ri- 1 

A'—i 

ApOpoc yap 6 A pepoc exexw oxiouv xov B, xai xG B 
pepei opwvupoc eaxw [apiUpoc] 6 F- Xeyw, oxi 6 T xov A 
pexpei. 

’Eiiei yap 6 B xou A pepoc eaxiv opcovupov xw T, eaxi 
8e xai f] A povac xou T pepoc opAvupov auxA, o apa pepoc 


is the least (number) measured by C and D. Thus, E 
measures F, the greater (measuring) the lesser. The very 
thing is impossible. Thus, A, B, and C cannot measure 
some number which is less than E. Thus, E (is) the least 
(number) which is measured by A, B, and C. (Which is) 
the very thing it was required to show. 

Proposition 37 

If a number is measured by some number then the 
(number) measured will have a part called the same as 
the measuring (number). 

A'-' 

B 1 - 1 

C'- 1 

D 1 -1 

For let the number A be measured by some number 
B. I say that A has a part called the same as B. 

For as many times as B measures A, so many units 
let there be in C. Since B measures A according to the 
units in C, and the unit D also measures C according 
to the units in it, the unit D thus measures the number 
C as many times as B (measures) A. Thus, alternately, 
the unit D measures the number B as many times as C 
(measures) A [Prop. 7.15]. Thus, which(ever) part the 
unit D is of the number B, C is also the same part of A. 
And the unit D is a part of the number B called the same 
as it (i.e., a Bth part). Thus, C is also a part of A called 
the same as B (i.e., C is the Bth part of A). Hence, A has 
a part C which is called the same as B (i.e., A has a Bth 
part). (Which is) the very thing it was required to show. 

Proposition 38 

If a number has any part whatever then it will be mea¬ 
sured by a number called the same as the part. 

A i-' 

Bi-1 

Ci-1 

D'-1 

For let the number A have any part whatever, B. And 
let the [number] C be called the same as the part B (i.e., 
B is the Cth part of A). I say that C measures A. 

For since B is a part of A called the same as C, and 
the unit D is also a part of C called the same as it (i.e., 
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eaxiv f] A povac; xou T apdlpoO, to auxo pepo<; sax! xod 6 B 
xou A- iaaxic; apa f] A povac; xov T aprdpov pexpel xocl 6 B 
xov A. evaXXa 5 apa tadxi; t] A povac; xov B aprdpov pexpel 
xal 6 T xov A. 6 T apa xov A pexpeT oxep e8ei 8sl^ai. 


XtT. 

Apibpov eupeTv, oq eXaxicrcoc; Av ec;ei. xa Bobevxa pept]. 

a b r 

i—i i-1 i-1 

A E 

i-1 i-1 

2 


H 


© 


”Eaxw xa Sobevxa [aepyj xa A, B, T- 8eT 8r) apibpov 
eupeTv, oc; eXa^iaxoc; Av e£ei xa A, B, T pept). 

’'Eaxwaav yap xoic; A, B, T pepeaiv opAvupoi api/dpol 
oi A, E, Z, xal eiXyjcp'do 0x6 xAv A, E, Z eXaxiaxoc; pe- 
xpoupevoc; apibpoc; 6 H. 

O H apa opAvupa pept) eyci. toT; A, E, Z. toT; 8s A, 
E, Z opAvupa pepy) eaxl xa A, B, T- 6 H apa eyci. xa A, B, 
r pepy). Xeyw 8yj, otl xal eXaxiaxo<; Av, el yap pay eaxat xu; 
too H eXaaaoov apibpoc;, oc; ec;et xa A, B, T pepy). eaxw 6 
0. exel 6 0 exei xa A, B, E pepy], 6 0 apa 0x6 opwvupoov 
api/dpAv pcxp^D/peTai tou; A, B, T pepeaiv. tou; 8e A, B, 
r pepeaiv opAvupoi apibpol elaiv ol A, E, Z- 6 0 apa 0x6 
xAv A, E, Z pexpeTxai. xal eaxiv eXaaawv xou H- oxep 
eaxiv aSuvaxov. oOx apa eaxai xu; xou H eXaaawv apnSpo;, 
6; ei;ei xa A, B, T pepy)- oxep e8ei 8eTc;ai. 


D is the (7th part of G), thus which (ever) part the unit D 
is of the number C, B is also the same part of A. Thus, 
the unit D measures the number G as many times as B 
(measures) A. Thus, alternately, the unit D measures the 
number B as many times as G (measures) A [Prop. 7.15]. 
Thus, G measures A. (Which is) the very thing it was 
required to show. 


Proposition 39 

To find the least number that will have given parts. 





H 


D 


H 


E 


H 


F 


H 


H 


Let A, B, and C be the given parts. So it is required 
to find the least number which will have the parts A, B, 
and G (i.e., an ,1 th part, a /7th part, and a (7th part). 

For let D, E, and F be numbers having the same 
names as the parts A, B, and (7 (respectively). And let 
the least number, (7, measured by D, E, and F, have 
been taken [Prop. 7.36], 

Thus, G has parts called the same as D, E, and F 
[Prop. 7.37]. And A, B, and (7 are parts called the same 
as D, E, and F (respectively). Thus, G has the parts A, 
B, and (7. So I say that (G) is also the least (number 
having the parts A, B, and G). For if not, there will be 
some number less than G which will have the parts A, 
B, and G. Let it be H. Since H has the parts A, B, and 
G, H will thus be measured by numbers called the same 
as the parts A, B, and G [Prop. 7.38]. And D, E, and 
F are numbers called the same as the parts A, B, and G 
(respectively). Thus, H is measured by D, E, and F. And 
(//) is less than G. The very thing is impossible. Thus, 
there cannot be some number less than G which will have 
the parts A, B, and G. (Which is) the very thing it was 
required to show. 
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Continued Proportiom 


tThe propositions contained in Books 7-9 are generally attributed to the school of Pythagoras. 
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a. 

’Eav Aaiv oaoiBrjuoxouv apibpoi e^fjc; avaXoyov, oi 8e 
axpoi auxAv TtpAxoi Kpo<; aXXf|Xou<; Aaiv, eXayiaxoi eiai 
xAv xov auxov Xoyov eyovxGrv auxou;. 



Tlaxaiaav onoooioOv apiifpoi cc;fj<; avaXoyov oi A, B, 
F, A, oi 8e axpoi auxAv oi A, A, rcpAxoi upoc; aXXf|Xou<; 
eaxtoaav Xeyco, oxi oi A, B, F, A eXayiaxoi eiai xAv xov 
auxov Xoyov £)(6vxmv auxou;. 

Ei yap (j.rj, eaxuaav eXaxxovec; xAv A, B, F, A oi E, 
Z, H, 0 ev xA auxA Xoytp ovxec; auxou;. xai end oi A, 
B, r, A ev xA auxA Xoyw eiai xou; E, Z, H, 0, xai eaxiv 
Ictov xo itXrjboc; [xAv A, B, F, A] xA xX^ei [xAv E, Z, H, 
0], OX Ictou apa eaxiv 6; 6 A Ttpoc; xov A, 6 E Ttpoc; xov 
0. oi Se A, A itpAxoi, oi Se upAxoi xai eXayiaxoi, oi 8e 
eXdyiaxoi apiOpoi pexpouai xouc; xov auxov Xoyov exovxac; 
iaaxu; o xe pei^tov xov (iei^ova xai 6 eXaaaorv xov eXaaaova, 
xouxeaxiv o xe fjyoupevoc; xov qyoupevov xai 6 eitopevoc; 
xov eitopevov. pexpel apa 6 A xov E 6 (iei^tov xov eXaaaova' 
oitep eaxiv aSuvaxov. oux apa oi E, Z, H, 0 eXaaaovec; 
ovxec; xAv A, B, F, A ev xA auxA Xoyw eiaiv auxou;. oi A, 
B, r, A apa eXayiaxoi eiai xAv xov auxov Xoyov e)(6vx«v 
auxou;' oitep e8ei Sei^ai. 


P- 

Apii)(ioU(; eupelv e^fjc; avaXoyov eXayiaxouc;, oaouc; av 
eiuxa^T) xic, ev xA Sobevxi Xoycp. 

’'Eaxco 6 So'deii; Xoyoc; ev eXocyiaxoic; apiDpou; 6 xou 
A Ttpoc; xov B- 8el 8f) aprOpouc; eupdv e^fjc; avaXoyov 
eXayiaxouc;, oaouc; av xu; eiuxa^r), ev xA xou A itpoc; xov B 
Xoyo. 

’ETUxexajcdwaav 8f) xeaaapec;, xai 6 A eauxov itoXXa- 
TtXaaiaaac; xov T noieixw, xov 8e B TtoXXaitXaaiaaac; xov A 
xoieixw, xai exi 6 B eauxov TtoXXaitXaaiaaac; xov E noieixw, 
xai exi 6 A xouc; T, A, E TtoXXaitXaaiaaac; xouc; Z, H, 0 
itoieixw, 6 8e B xov E TtoXXaitXaaiaaac; xov K Ttoieixor. 


Proposition 1 

If there are any multitude whatsoever of continuously 
proportional numbers, and the outermost of them are 
prime to one another, then the (numbers) are the least 
of those (numbers) having the same ratio as them. 



Let A, B, C, D be any multitude whatsoever of con¬ 
tinuously proportional numbers. And let the outermost 
of them, A and D, be prime to one another. I say that 
A, B, C, D are the least of those (numbers) having the 
same ratio as them. 

For if not, let E, F, G, H be less than A, B, C, D 
(respectively), being in the same ratio as them. And since 
A, B, C, D are in the same ratio as E, F, G, H, and the 
multitude [of A, B, C, l)\ is equal to the multitude [of E, 
F, G, H ], thus, via equality, as A is to D, (so) E (is) to H 
[Prop. 7.14]. And A and D (are) prime (to one another). 
And prime (numbers are) also the least of those (numbers 
having the same ratio as them) [Prop. 7.21]. And the 
least numbers measure those (numbers) having the same 
ratio (as them) an equal number of times, the greater 
(measuring) the greater, and the lesser the lesser—that 
is to say, the leading (measuring) the leading, and the 
following the following [Prop. 7.20]. Thus, A measures 
E, the greater (measuring) the lesser. The very thing is 
impossible. Thus, E, F, G, H, being less than A, B, C, 

D, are not in the same ratio as them. Thus, A, B, C, D 
are the least of those (numbers) having the same ratio as 
them. (Which is) the very thing it was required to show. 

Proposition 2 

To find the least numbers, as many as may be pre¬ 
scribed, (which are) continuously proportional in a given 
ratio. 

Let the given ratio, (expressed) in the least numbers, 
be that of A to B. So it is required to find the least num¬ 
bers, as many as may be prescribed, (which are) in the 
ratio of A to B. 

Let four (numbers) have been prescribed. And let A 
make C (by) multiplying itself, and let it make D (by) 
multiplying B. And, further, let B make E (by) multiply¬ 
ing itself. And, further, let A make F, G, II (by) mul¬ 
tiplying C, D, E. And let B make K (by) multiplying 

E. 
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a i- 1 r i- 1 

B i-1 A i-1 

Ei-1 

Z'-1 

H'-1 

0i-1 

K'-1 

Kal etieI 6 A sauxov (jlev TioXXaTiXaGiaGai; xov T 
TiSTiolrjXEv, xov 5s B TioXXaTiXaGiaoac; xov A tietioltjxev, 
egxlv apex (be 6 A xpoc; xov B, [ouxcoc] 6 T xpoe xov A. 
TiaXiv, etieI 6 psv A xov B xoXXaxXaaiaaae xov A tistioitjxev, 
6 os B sauxov TioXXaTiXaoLaaa<; xov E TiETiolrjXEv, Exaxspoc; 
apa xAv A, B xov B KoXXaxXaoidaae Exaxspov xAv A, E 
TiEKOirjXEv. egxlv apa Ac; 6 A xpoe xov B, ouxwe 6 A xpoe 
xov E. aXX’ Ac; 6 A xpoe xov B, 6 T xpoc; xov A- xai Ae 
apa 6 T xpoc; xov A, 6 A xpoc; xov E. xai exe'l 6 A xouc; T, 
A xoXXaxXaGiaoac; xouc; Z, H xsxoltjxev, egxlv apa Ac; 6 r 
xpoc; xov A, [ouxwe] 6 Z xpoc; xov H. Ae 5 e 6 r xpoc; xov 
A, ouxorc; rjv 6 A xpoc; xov B- xai Ae apa 6 A xpoc; xov B, 6 
Z xpoc; xov H. xolXlv, exe'l 6 A xouc; A, E xoXXaxAaoiaoac; 
xoue H, 0 xExolqxEv, egxiv apa Ac; 6 A xpoc; xov E, 6 H 
xpoc; xov 0. aXX’ Ac; 6 A xpoc; xov E, 6 A xpoc; xov B. xai 
Ae apa 6 A xpoe xov B, ouxwe 6 H xpoe xov 0. xai etieI 
ol A, B xov E xoXXa7iXaoi.doavx£<; xoue 0, K 7i£xoi.r]xaGiv, 
egxlv apa Ae 6 A xpoe xov B, ouxwe 6 0 xpoe xov K. aXX’ 
Ae 6 A xpoe xov B, ouxwe o XE Z xpoe xov H xai 6 H xpoe 
xov 0. xai Ae apa 6 Z xpoe xov H, ouxcoe 6 xs H xpoe 
xov 0 xai 6 0 Tipoe xov K- ol T, A, E apa xai ol Z, H, 
0, K avaXoYov elglv ev xA xou A xpoe xov B Xoyw. Xsyw 
Sr], oxi xai sXa)(iGxoi. etieI yap ol A, B sXaxioxol elgl xAv 
xov auxov Xoyov exovxcov auxole, ol 6 e sXaxioxoi xAv xov 
auxov Xoyov sxovxov TipAxoL Tipoe aXX/]Xoue elglv, ol A, B 
apa xpAxoi Tipoe aXXrjXoue elglv. xai Exaxspoe ^ev xAv A, 
B sauxov TioXXaTiXaoiaGae Exaxspov xAv T, E tietioltjxev, 
Exaxspov 5e xAv T, E TioXXaiiXaoidoae Exaxspov xAv Z, K 
TiSTiolrjXEv ol r, E apa xai ol Z, K xpAxoi Tipoe aXXrjXoue 
elglv. sav 5e Aglv otiogolouv dpLiS^iol s^fje avaXoyov, ol 
6e axpoi auxAv xpAxoi xpoe aXX/]Xoue Aglv, eX6lxlgxo[ elgl 
xAv xov auxov Xoyov exovxmv auxole- ol T, A, E apa xai 
ol Z, H, 0, K eXocxioxol elgl xAv xov auxov Xoyov sxovxtov 
xole A, B- oiiEp e8el BsT^aL. 


A'-1 C i-1 

B i-1 D-1 

Ei-1 

F i-1 

G'-1 

Hi- 1 

K'-1 

And since A has made C (by) multiplying itself, and 
has made D (by) multiplying B, thus as A is to B, [so] C 
(is) to D [Prop. 7.17]. Again, since A has made D (by) 
multiplying B, and B has made E (by) multiplying itself, 

A, B have thus made D, E, respectively, (by) multiplying 

B, Thus, as A is to B, so D (is) to E [Prop. 7.18], But, as 
A (is) to B, (so) C (is) to D. And thus as C (is) to D, (so) 
D (is) to E. And since A has made F, G (by) multiplying 

C, D, thus as C is to D, [so] F (is) to G [Prop. 7.17]. 
And as C (is) to D, so A was to B. And thus as A (is) 
to B, (so) F (is) to G. Again, since A has made G, H 
(by) multiplying D, E, thus as D is to E, (so) G (is) to 
El [Prop. 7.17]. But, as D (is) to E, (so) A (is) to B. 
And thus as A (is) to B, so G (is) to H. And since A, B 
have made H, K (by) multiplying E, thus as A is to B, 
so H (is) to I\. But, as A (is) to B, so F (is) to G, and 
G to H. And thus as F (is) to G, so G (is) to H, and H 
to K. Thus, C, D, E and F, G, H, K are (both continu¬ 
ously) proportional in the ratio of A to B. So I say that 
(they are) also the least (sets of numbers continuously 
proportional in that ratio). For since A and B are the 
least of those (numbers) having the same ratio as them, 
and the least of those (numbers) having the same ratio 
are prime to one another [Prop. 7.22], A and B are thus 
prime to one another. And A, B have made C, E, respec¬ 
tively, (by) multiplying themselves, and have made F, K 
by multiplying C, E, respectively. Thus, C, E and F, K 
are prime to one another [Prop. 7.27]. And if there are 
any multitude whatsoever of continuously proportional 
numbers, and the outermost of them are prime to one 
another, then the (numbers) are the least of those (num¬ 
bers) having the same ratio as them [Prop. 8.1]. Thus, C, 

D, E and F, G, H, K are the least of those (continuously 
proportional sets of numbers) having the same ratio as A 
and B. (Which is) the very thing it was required to show. 
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IIopiCT^a. 

’Ex 8f] xouxou cpavcpov, oxi cav xpcu; dpitlpol £c;fj<; 
avaXoyov EXayiaxoi Sai tuv x ov auxov Xoyov exovxgjv 
auxoTc, o'l axpov auxwv xExpaywvoi siaiv, Eav 8s xsaaapsc;, 
xupoi. 


Corollary 

So it is clear, from this, that if three continuously pro¬ 
portional numbers are the least of those (numbers) hav¬ 
ing the same ratio as them then the outermost of them 
are square, and, if four (numbers), cube. 


Y- 

’Edv Saiv oxoaoiouv dpidpol ec;fj<; avaXoyov sXayiax- 
oi xwv xov auxov Xoyov syovxuv auxou;, oi axpoi auxSv 
xpoxoi xpog dXXf)Xou<; siaiv. 


A 

B 

r 

A 


El-1 Hi 

ZI ©I 

K> 


Proposition 3 

If there are any multitude whatsoever of continu¬ 
ously proportional numbers (which are) the least of those 
(numbers) having the same ratio as them then the outer¬ 
most of them are prime to one another. 


A 

B 

C 

D 


E i- 

F h 


G 1 - 

Hi- 


K !- 


A i-1 

Mi-1 

N'-1 

E i- 1 

’'Eaxwaav oxoaoiouv dpiOpol s$rjc; avaXoyov sXayiaxoi 
xdv xov auxov Xoyov eyovxwv auxou; oi A, B, T, A' Xsyto, 
oxi oi axpoi auxov oi A, A xpoxoi xpoc; aXXr|Xouc; siaiv. 

EiX/icpOwaav yap Suo pev apiDpoi eXa^ioxoi ev xq xov 
A, B, F, A Xoyo oi E, Z, xpsTc 8s oi H, 0, K, xai sc;fj<; 
svi tiXeiouc;, eo<; xo XapPavopsvov TrXfj'do<; i'oov ysvr]xai xo 
xXrjhEi xov A, B, T, A. EiXrjiphoaav xai coxoaav oi A, M, 
N,H 

Kai exeI oi E, Z sXaxiaxoi siai xov xov auxov Xoyov 
EXovxov auxou;, xpoxoi rxpoc aXXyjXotx; siaiv. xai exei 
Exaxspoc; xov E, Z sauxov psv xoXXaxXaaiaoac; sxdxspov 
xov H, K xsxoirjXEv, sxaxspov 8e xov H, K xoXXa- 
xXaaiaaac; sxaxspov xov A, 5 KExoirjXEv, xai oi H, K apa 
xai oi A, E xpoxoi xpo<; aXXr)Xou<; siaiv. xai eke! oi A, B, 
T, A EXa^iaxoi siai xov xov auxov Xoyov exovxov auxou;, 
siai os xai oi A, M, N, E sXdyiaxoi ev xo auxo Xoyo ovxe; 
xou; A, B, r, A, xai saxiv iaov xo xXyydoc; xov A, B, T, 
A xo xXrjhEi xov A, M, N, S, sxaaxo<; apa xov A, B, T, 
A sxaaxo xov A, M, N, S loot; saxiv Tooc; apa saxiv 6 
pcv A xo A, 6 8e A xo S. xai siaiv oi A, S xpoxoi xpoc; 
aXXf]Xouc;. xai oi A, A apa xpoxoi xpo<; aXXfjXouc; siaiv 
oxsp e8ei OEt^ai. 


L i-1 

Mi- 1 

Ni-1 

0-1 

Let A, B, C, D be any multitude whatsoever of con¬ 
tinuously proportional numbers (which are) the least of 
those (numbers) having the same ratio as them. I say 
that the outermost of them, A and D, are prime to one 
another. 

For let the two least (numbers) E, F (which are) 
in the same ratio as A, B, C, D have been taken 
[Prop. 7.33]. And the three (least numbers) G, H, K 
[Prop. 8.2]. And (so on), successively increasing by one, 
until the multitude of (numbers) taken is made equal to 
the multitude of A, B, C, D. Let them have been taken, 
and let them be L, M, N, O. 

And since E and F are the least of those (numbers) 
having the same ratio as them they are prime to one an¬ 
other [Prop. 7.22]. And since E, F have made G, K, re¬ 
spectively, (by) multiplying themselves [Prop. 8.2 corn], 
and have made L, O (by) multiplying G, K, respec¬ 
tively, G, K and L, O are thus also prime to one another 
[Prop. 7.27]. And since A, B, C, D are the least of those 
(numbers) having the same ratio as them, and L, M, N, 
O are also the least (of those numbers having the same 
ratio as them), being in the same ratio as A, B, C, D, and 
the multitude of A, B, C, D is equal to the multitude of 
L, M, N, O, thus A, B, C, D are equal to L, M, N, O, 
respectively. Thus, A is equal to L, and D to (). And L 
and O are prime to one another. Thus, A and D are also 
prime to one another. (Which is) the very thing it was 
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8 '. 

Aoycw Bobsvxov oxoawvouv ev eXaylaxoi; api'dpoi; 
apnlpou; eupeTv e?;fj; avaXoyov eXa)(laxou; ev xoT; Bo-delai 


Xoyoi;. 

A i B 

r i- 1 a 

E>-1 Z 

N 1 - 1 © 

S'-1 H 

Mi-1 K 

O'-' A 


’'Eaxwaav ol 8of>evxe; Xoyoi ev eXaylaxoi; apiOpot; o 
xe xou A xpo; xov B xal 6 xou T xpo; xov A xal exi 6 
xou E xpo; xov Z- 8eT Sf] dtpidpou; eupevv e5rj; avaXoyov 
eXa)(laxou; ev xe xA xou A xpo; xov B Xoycp xal ev xA xou 
r xpo; xov A xal exi xA xou E xpo; xov Z. 

EiX^cpiSw yap 6 0x6 xAv B, T eXaxiaxo; pexpoupevo; 
otpiOpo; 6 H. xal oaaxi; pev 6 B xov H pexpeT, xoaauxaxi; 
xal 6 A xov 0 pexpelxu), oaaxi<; 8e 6 T xov H pexpeT, xo¬ 
aauxaxi; xal 6 A xov K pexpelxo. 6 8e E xov K fjxoi pexpeT 
fj ou pexpeT. pexpelxa> xpoxepov. xal oaaxi; 6 E xov K pe- 
xpel, xoaauxaxi; xal 6 Z xov A pexpelxo. xal exel iaaxi; 6 
A xov 0 pexpeT xal 6 B xov H, eaxiv apa Ac; 6 A xpo; xov 
B, ouxa>; 6 0 xpoc; xov H. 8ia xa auxa 8rj xal w; 6 T xpoc; 
xov A, ouxw; 6 H xpoc; xov K, xal exi Ac; 6 E xpoc; xov Z, 
ouxo; 6 K xpoc; xov A - ol 0, H, K, A apa el;fj; avaXoyov 
eiaiv ev xe xA xou A xpoc; xov B xal ev xA xou E xpoc; xov 
A xal exi ev xA xou E xpo; xov Z Xoyo. Xeyw Sr), oxi xal 
eXaxiaxoi. ei yap p.r| eiaiv ol 0, H, K, A e^fj; avaXoyov 
eXaxiaxoi ev xe xoT; xou A xpo; xov B xal xou T xpo; xov 
A xal ev xA xou E xpo; xov Z Xoyoi;, eaxooaav ol N, S, 
M, O. xal exel eaxiv A; 6 A xpo; xov B, ouxw; 6 N xpo; 
xov S, ol Se A, B eXaxiaxoi, ol Se eXaxiaxoi ^icxpouai xou; 
xov auxov Xoyov exovxa; laaxi; o xe ^ici^wv xov piel^ova 
xal 6 eXaaaoov xov eXaaaova, xouxeaxiv 5 xe rjyou(ievo; 
xov fjyoujievov xal 6 exo^ievo; xov exo^ievov, 6 B apa xov 
5 ^expeT. 8ia xa auxa 8r) xal 6 T xov S (lexpeT' ol B, T 
apa xov 5 piexpouaiv xal 6 eXaxiaxo; apa uxo xAv B, T 
piexpou^ievo; xov 5 ^expr]aei. eXaxiaxo; 8e 0x6 xAv B, T 
piexpeTxai 6 H- 6 H apa xov S piexpel 6 nei^wv xov eXaaaova- 
oxep eaxiv a8uvxaxov. oux apa eaovxal xive; xAv 0, H, K, 
A eXaaaove; api-dpiol e^fj; sv xe xA xou A xpo; xov B xal 
xA xou r xpo; xov A xal exi xA xou E xpo; xov Z XoyA. 


required to show. 

Proposition 4 

For any multitude whatsoever of given ratios, (ex¬ 
pressed) in the least numbers, to find the least numbers 
continuously proportional in these given ratios. 

A'-1 B '-' 

C i-1 D'-1 

E '-1 F '-1 

N'-' H'-' 

O'-' G'- 

M'-1 K'-' 

P i-1 L i-1 

Let the given ratios, (expressed) in the least numbers, 
be the (ratios) of A to B, and of C to D, and, further, 
of E to F. So it is required to find the least numbers 
continuously proportional in the ratio of A to B, and of 
C to B, and, further, of E to F. 

For let the least number, G, measured by (both) B and 
C have be taken [Prop. 7.34]. And as many times as B 
measures G, so many times let A also measure H. And as 
many times as C measures G, so many times let D also 
measure K. And E either measures, or does not measure, 
K. Let it, first of all, measure (AT). And as many times as 
E measures AT, so many times let F also measure L. And 
since A measures H the same number of times that B also 
(measures) G, thus as A is to B, so H (is) to G [Def. 7.20, 
Prop. 7.13]. And so, for the same (reasons), as C (is) to 
D, so G (is) to K, and, further, as E (is) to F, so AT (is) 
to L. Thus, H, G, K, L are continuously proportional in 
the ratio of A to B, and of C to D, and, further, of E to 
F. So I say that (they are) also the least (numbers con¬ 
tinuously proportional in these ratios). For if H, G, K, 
L are not the least numbers continuously proportional in 
the ratios of A to B, and of C to D, and of E to F, let N, 
O, M, P be (the least such numbers). And since as A is 
to B, so N (is) to O, and A and B are the least (numbers 
which have the same ratio as them), and the least (num¬ 
bers) measure those (numbers) having the same ratio (as 
them) an equal number of times, the greater (measur¬ 
ing) the greater, and the lesser the lesser—that is to say, 
the leading (measuring) the leading, and the following 
the following [Prop. 7.20], B thus measures O. So, for 
the same (reasons), C also measures O. Thus, B and C 
(both) measure O. Thus, the least number measured by 
(both) B and C will also measure O [Prop. 7.35], And 
G (is) the least number measured by (both) B and C. 
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n>-' 

p'-' 

X '-' 

T-' 

Mr) psTpsiTM 8f) 6 E tov K, xod siXrjcp'dQ 0x6 twv E, 
K sXo!)(lctto<; psTpoupsvoc; dpnlpoc; 6 M. xal ooaxic; psv 
6 K tov M psTpsI, TooauTaxic; xod sxorcspoc; xwv 0, H 
cxorcspov twv N, H psTpslxcd, ooaaxu; os 6 E tov M ps- 
TpsI, TooauTaxic xal 6 Z tov O psxpslTM. sxsl loaxic; 6 0 
tov N psTpsI xal 6 H tov S, sotiv apa uc 6 0 xpoc; tov 
H, outw<; 6 N xpoc; tov 5. Ac; 8s 6 0 xpoc; tov H, outwc; 
6 A xpoc; tov B- xal Ac; apa 6 A xpoc; tov B, outox 6 N 
xpoc; tov S. 8ia Ta auTa 5f] xal w? 6 T xpoc; tov A, outcx 
6 5 xpoc; tov M. xaXiv, sxsl loaxic; 6 E tov M psTpsI xal 
6 Z tov O, £aTi.v apa Ac; 6 E xpoc; tov Z, outcx 6 M xpoc; 
tov O- oi N, S, M, O apa s$rjc; avaXoyov sioiv sv toTc; tou 
te A xpoc; tov B xal too T xpoc; tov A xal sti too E xpoc; 
tov Z Xoyoic;. Xsyw 8rj, oti xal sXaxioxoi sv toTc; A B, T 
A, E Z Xoyoic;. si yap pf|, soovxal tlvs<; tAv N, S, M, O 
sXaooovsc; apiDiiol s^fjc; avaXoyov sv toTc; A B, T A, E Z 
Xoyoic;. soTwaav ol II, P, E, T. xal sxsl sotiv Ac; 6 II xpoc; 
tov P, outok 6 A xpoc; tov B, ol 8s A, B sXd)(ioToi, ol 8s 
sXaxioToi (iSTpouoi touc; tov auTov Xoyov sxovTac auToIc; 
loaxic; o ts fjyoupisvoc; tov f)you^isvov xal 6 sxojisvoc; tov 
exojjevov, 6 B apa tov P (iSTpsI. 8ia Ta auTa 8rj xal 6 T 
tov P ^xsTpsT- ol B, r apa tov P ^STpouoiv. xal 6 sXaxioToc; 
apa 0x6 tAv B, T (jetoO^svoc; tov P )X£Tpr]osi. sXaxioToc; 
8s 0x6 tAv B, r )i£Tpou(i£vo<; sotiv 6 IP 6 H apa tov P 
piSTps!. xal sotiv Ac; 6 H xpoc; tov P, outgk 6 K xpoc; tov 
E- xal 6 K apa tov E ^xsTpsT. (iSTpsI 8s xal 6 E tov E- ol E, 
K apa tov E (iSTpouoiv. xal 6 sXaxioToc; apa 0x6 tAv E, K 
)X£Tpo0^isvoc; tov E (!STpr) 0 £i. sXaxioToc; 8s 0x6 tAv E, K 
piSTpoO^isvoi; sotiv 6 M - 6 M apa tov E (iSTpsI 6 pisl^wv tov 
sXaooova- oxsp sotiv aSOvaTov. oOx apa soovTal tivsc; tAv 


Thus, G measures O, the greater (measuring) the lesser. 
The very thing is impossible. Thus, there cannot be any 
numbers less than H, G, K, L (which are) continuously 
(proportional) in the ratio of A to B, and of C to D, and, 
further, of E to F. 



So let E not measure K. And let the least num¬ 
ber, M, measured by (both) E and K have been taken 
[Prop. 7.34]. And as many times as K measures A/, so 
many times let H, G also measure N, O, respectively. 
And as many times as E measures M, so many times let 
F also measure P. Since IT measures N the same num¬ 
ber of times as G (measures) O, thus as FI is to G, so 
N (is) to O [Def. 7.20, Prop. 7.13]. And as H (is) to G, 
so A (is) to B. And thus as A (is) to B, so N (is) to 
O. And so, for the same (reasons), as C (is) to D, so O 
(is) to M. Again, since E measures M the same num¬ 
ber of times as F (measures) P, thus as E is to F, so 
M (is) to P [Def. 7.20, Prop. 7.13], Thus, N, O, M, P 
are continuously proportional in the ratios of A to B, and 
of C to D, and, further, of E to F. So I say that (they 
are) also the least (numbers) in the ratios of A B, C D, 
E F. For if not, then there will be some numbers less 
than N, O, M, P (which are) continuously proportional 
in the ratios of A B, C D, E F. Let them be Q, R, S, 
T. And since as Q is to R, so A (is) to B, and A and B 
(are) the least (numbers having the same ratio as them), 
and the least (numbers) measure those (numbers) hav¬ 
ing the same ratio as them an equal number of times, 
the leading (measuring) the leading, and the following 
the following [Prop. 7.20], B thus measures R. So, for 
the same (reasons), C also measures R. Thus, B and C 
(both) measure R. Thus, the least (number) measured by 
(both) B and C will also measure R [Prop. 7.35], And G 
is the least number measured by (both) B and C. Thus, 
G measures R. And as G is to II, so K (is) to S. Thus, 
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N, S, M, O EXdaaovEc; apibpol E^fjc; avaXoyov sv xe xou; 
xou A xpoc; xov B xai xou T xpoc; xov A xal exi xou E xpoc; 
xov Z Xoyou;- oi N, 5, M, O apa s$rjc; avaXoyov EXcayiaxoi 
eiaiv sv xou; A B, T A, E Z Xoyoic oxe p e8et BsT^ai. 


s'. 

Oi exixeBoi api'djjioi xpoc; dXXrjXouc; Xoyov syouai tov 
auyxEipsvov ex xov xXsupGv. 

A'-' 

B i- 1 

r i-1 a i-1 

E'- 1 Z-' 

H'-' 

0f-1 

K'-' 

A i-1 

’'Eaxoaav exixeBoi apiOpol oi A, B, xai xou pev A 
xXsupal saxcraav oi T, A apiilpoi, xou Be B oi E, Z - Xsyo, 
oxi 6 A xpoc; xov B Xoyov sysi xov auyxEipsvov sx xov 
xXsupov. 

Aoyov yap SoiJevxov xou xe ov sysi 6 E xpoc; xov E xai 
6 A xpoc; xov Z siXr]cp , doaav apibpol s$rjc; sXdyiaxoi sv xou; 
r E, A Z Xoyoi;, oi H, O, K, oaxs elvai o<; psv xov T xpoc; 
xov E, ouxoc; xov H xpoc; xov 0, o<; Be xov A xpoc; xov Z, 
ouxoc; xov 0 xpoc; xov K. xai 6 A xov E xoXXaxXaaiaaac; 
xov A xoisixo. 

Kai sxsi 6 A xov jjev T xoXXaxXaaiaaa; xov A 
x£xoir]XEv, xov 8 e E xoXXaxXaaiaaac; xov A xsxoirjxsv, 
saxiv apa u; 6 T xpoc; xov E, ouxoc; 6 A xpoc; xov A. o<; 
Be 6 T xpoc; xov E, ouxoc; 6 H xpoc; xov 0- xai o<; apa 6 
H xpoc; xov 0, ouxo; 6 A xpoc; xov A. xaXiv, Exsi 6 E xov 
A xoXXaxXaaiaaac; xov A xExoirjXEv, aXXa (irjv xai xov Z 
xoXXaxXaaiaaac; xov B xexoitjxev, saxiv apa w; 6 A xpoc; 
xov Z, ouxoc; 6 A xpoc; xov B. aXX’ u;o A xpoc; xov Z, 
ouxoc; 6 0 xpoc; xov K- xai o<; apa 6 0 xpo; xov K, ouxox; 
6 A xpoc; xov B. sBsix'dr] Be xai o; 6 H xpo; xov 0, ouxoc; 
6 A xpoc; xov A- 5i° iaou apa saxiv o; 6 H xpoc; xov K, 
[ouxo;] 6 A xpoc; xov B. 6 Be H xpoc; xov K Xoyov e^si 


K also measures S [Def. 7.20]. And E also measures 
S [Prop. 7.20]. Thus, E and K (both) measure S. Thus, 
the least (number) measured by (both) E and K will also 
measure S [Prop. 7.35]. And M is the least (number) 
measured by (both) E and K. Thus, M measures S, the 
greater (measuring) the lesser. The very thing is impos¬ 
sible. Thus there cannot be any numbers less than N, O, 

M, P (which are) continuously proportional in the ratios 
of A to B, and of C to D, and, further, of E to F. Thus, 

N, O, M, P are the least (numbers) continuously propor¬ 
tional in the ratios of A B, C D, E F. (Which is) the very 
thing it was required to show. 

Proposition 5 

Plane numbers have to one another the ratio compoun¬ 
ded! out 0 f (the ratios of) their sides. 

A i-1 

B 

C i-1 D-1 

E i-1 F i-1 

G-1 

Hi-1 

K-1 

L i-1 

Let A and B be plane numbers, and let the numbers 
C, D be the sides of A, and (the numbers) E, F (the 
sides) of B. I say that A has to B the ratio compounded 
out of (the ratios of) their sides. 

For given the ratios which C has to E, and D (has) to 
F, let the least numbers, G, fT, K, continuously propor¬ 
tional in the ratios C E, D F have been taken [Prop. 8.4], 
so that as C is to E, so G (is) to H, and as D (is) to F, so 
F[ (is) to K. And let D make L (by) multiplying E. 

And since D has made A (by) multiplying C, and has 
made L (by) multiplying E, thus as C is to E, so A (is) to 
L [Prop. 7.17]. And as C (is) to E, so G (is) to F[. And 
thus as G (is) to FI, so A (is) to L. Again, since E has 
made L (by) multiplying D [Prop. 7.16], but, in fact, has 
also made B (by) multiplying F, thus as D is to F, so L 
(is) to B [Prop. 7.17]. But, as D (is) to F, so H (is) to 
K. And thus as H (is) to K, so L (is) to B. And it was 
also shown that as G (is) to H, so A (is) to L. Thus, via 
equality, as G is to K, [so] A (is) to B [Prop. 7.14]. And 
G has to K the ratio compounded out of (the ratios of) 
the sides (of A and B). Thus, A also has to B the ratio 
compounded out of (the ratios of) the sides (of A and B). 
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xov ouyxsipsvov sx xAv xXsupAv xai 6 A apa xpoc xov 
B Xoyov sysi xov auyxsi|jisvov ex xAv xXsupAv oxsp s8si 
SsTc;ai. 

' i.e., multiplied. 

’Eav Saiv oxoaoiouv dpn'Jpoi sc;fjc avaXoyov, 6 Ss 
xpAxoc xov 8suxspov jar) psxprj, ouSs aXXoc ouSsic ou8sva 
psxpqasi. 

A'-' 

B 1 - 1 

r 1-1 

A 1 - 1 

E'-1 

Z>-1 

H'-' 

©1 - 1 

"Eaxwaav oxoaoiouv apiOpoi sc;fjc avaXoyov oi A, B, 
r, A, E, 6 Ss A xov B (jir) [isxpsixor Xsyo, oxi ou8s aXXoc 
ouOsic ou8sva pexpi/jasi. 

"Oxi psv ouv oi A, B, r, A, E s<;fjc aXXfjXouc ou ps- 
xpouaiv, cpavspov ouSe yap 6 A xov B pexpei. Xsya> 
8r), oxi ouSs aXXoc ou8sic ou8sva (lexp/joei. ei yap 8u- 
vaxov, psxpsixw 6 A xov T. xai oaoi siaiv oi A, B, T, 
xoaouxoi siXr](p , dwCTav sXayLaxoL aprdpoi xwv xov auxov 
Xoyov e)(6vx«v xolc A, B, F oi Z, H, 0. xai end oi Z, 
H, 0 sv xA auxA Xoyw siai xoic A, B, F, xai saxiv iaov xo 
xXfydoc xAv A, B, T xA xXyj'dei xAv Z, H, 0, 8F iaou apa 
Eaxiv A<; 6 A xpoc xov T, ouxcrc 6 Z xpoc xov 0. xai sxsi 
saxiv Ac 6 A xpoc xov B, ouxoc 6 Z xpoc xov H, ou psxpsi 
8s 6 A xov B, ou psxpsT apa ou8s 6 Z xov IF oux apa povac 
saxiv 6 Z- fj yap povac xavxa apiDpov psxpsi. xai siaiv oi 
Z, 0 xpAxoi xpoc aXXrjXouc [ou8s 6 Z apa xov 0 psxpsi]. 
xai saxiv Ac 6 Z xpoc xov 0, ouxoc 6 A xpoc xov T- ou8s 
6 A apa xov T psxpsi. opoiorc 8rj 8sic;op£v, oxi ouSs aXXoc 
ouSsic ouSsva psxpqasi' oxsp s8si Ssi'cai. 


C- 

’Eav Aaiv oxoaoiouv apiOpoi [s<;rjc] avaXoyov, 6 8s 
xpAxoc xov sayaxov psxprj, xai xov 8suxspov psxprjasi. 


(Which is) the very thing it was required to show. 


Proposition 6 

If there are any multitude whatsoever of continuously 
proportional numbers, and the first does not measure the 
second, then no other (number) will measure any other 
(number) either. 

A'-' 

B'-' 

O- 1 

D'-' 

Ei-1 

F 1 - 1 

G- 

H'- 1 

Let A, B, C, D, E be any multitude whatsoever of 
continuously proportional numbers, and let A not mea¬ 
sure B. I say that no other (number) will measure any 
other (number) either. 

Now, (it is) clear that A, B, C, D, E do not succes¬ 
sively measure one another. For A does not even mea¬ 
sure B. So I say that no other (number) will measure 
any other (number) either. For, if possible, let A measure 
C. And as many (numbers) as are A, B, C, let so many 
of the least numbers, F, G, H, have been taken of those 
(numbers) having the same ratio as A, B, C [Prop. 7.33]. 
And since F, G, E[ are in the same ratio as A, B, C, and 
the multitude of A, B, C is equal to the multitude of F, 
G, H, thus, via equality, as A is to C, so F (is) to H 
[Prop. 7.14]. And since as A is to B, so F (is) to G, 
and A does not measure B, F does not measure G either 
[Def. 7.20]. Thus, F is not a unit. For a unit measures 
all numbers. And F and H are prime to one another 
[Prop. 8.3] [and thus F does not measure H]. And as 
F is to FT, so A (is) to C. And thus A does not measure 
C either [Def. 7.20], So, similarly, we can show that no 
other (number) can measure any other (number) either. 
(Which is) the very thing it was required to show. 

Proposition 7 

If there are any multitude whatsoever of [continu¬ 
ously] proportional numbers, and the first measures the 


234 




STQIXEK1N jg 


ELEMENTS BOOK 8 


A 1 -1 

B'-' 

ri-1 

A'- 1 

’'Ecraoaav otcoctoiouv apiOpol e^fj<; avaXoyov oi A, B, T, 
A, 6 8 e A xov A pExpEixtiy Xcyw, oxi xai 6 A xov B (iexpsT. 

Ei yap ou (iexpsT 6 A xov B, ou8e aXXoc o08e1c o08sva 
^Exp/pEc psxpsT 8s 6 A xov A. piExpEl apa xal 6 A xov B- 
o7i£p eSei Osl'cai. 


*]'• 

’Eav Suo apidptbv (iExa^u xaxd xo CTUvsysc avaXoyov 
EjiKiKxwoiv apidpoi, octoi sic auxouc psxaEu xaxd xo ctu- 
vsysc avoXoyov spjuxxouCTiv apidpol, xoctouxoi xal sic xouc 
xov auxov Xoyov E)(ovxac [auxoac] [isxa^u xaxd xo CTUvsysc 
avaXoyov spxECToOvxai 

A i-1 E 1 - 1 

T i-1 M'-1 

A i-1 N'-1 

B i-1 Z i-1 

H-1 

©i-1 

IO-1 

A'-1 

Auo yap apd)p(bv x£3v A, B pisxa^u xaxd xo ctuve^ec 
avaXoyov E^ixiKxsxwaav dpii)(jioi ol T, A, xal xEKOiTjo-dw (be 
6 A xpoc xov B, ouxwc 6 E upoc xov Z- Xsyw, oxi oaoi sic 
xouc A, B (i£xac;u xaxd xo oweyez avaXoyov E^ixExxcbxaaiv 
apn9|ioi, xoctouxoi xal sic xouc E, Z (isxa^u xaxd xo ctuve^ec 
avaXoyov EpuiECTOuvxai. 

"Octoi yap eicti x£3 xXt]tl)ei ol A, B, T, A, xoctouxoi 
s!Xr|cpTL>MCTav sXd)(iCTxoi apiDjiol xebv xov aUxov Xoyov 
e xovxtov xolc A, F, A, B ol H, 0, K, A- ol apa axpoi 
auxebv ol H, A xpcbxoi xpoc aXXr]Xouc eictiv. xal exeI ol A, 
F, A, B xolc H, 0, K, A ev xw aUxcb Xoyw eictiv, xal ectxiv 
’Ictov xo xX/jlloc xebv A, T, A, B xeb xX^ei xlbv H, 0, K, 
A, 8i’ Ictou apa ectxIv (be 6 A xpoc xov B, ouxwc 6 H xpoc 
xov A. (be 8 e 6 A xpoc xov B, ouxcoe 6 E xpoe xov Z- xal 


last, then (the first) will also measure the second. 

A 1 -1 

B 1 -1 

C'-' 

D 1 -1 

Let A, B, C, D be any number whatsoever of continu¬ 
ously proportional numbers. And let A measure D. I say 
that A also measures B. 

For if A does not measure B then no other (number) 
will measure any other (number) either [Prop. 8.6]. But 
A measures D. Thus, A also measures B. (Which is) the 
very thing it was required to show. 

Proposition 8 

If between two numbers there fall (some) numbers in 
continued proportion then, as many numbers as fall in 
between them in continued proportion, so many (num¬ 
bers) will also fall in between (any two numbers) having 
the same ratio [as them] in continued proportion. 

A'-1 E i-1 

©-1 M'-1 

D'-1 N'-1 

B i-1 F i-1 

G'-1 

Hi-1 

K'-1 

L i-1 

For let the numbers, C and I), fall between two num¬ 
bers, A and B, in continued proportion, and let it have 
been contrived (that) as A (is) to B, so E (is) to F. I say 
that, as many numbers as have fallen in between A and 
B in continued proportion, so many (numbers) will also 
fall in between E and F in continued proportion. 

For as many as A, B, C, D are in multitude, let so 
many of the least numbers, G, H, I\, L, having the same 
ratio as A, B, C, D, have been taken [Prop. 7.33]. Thus, 
the outermost of them, G and L, are prime to one another 
[Prop. 8.3]. And since A, B, C, D are in the same ratio 
as G, H, K, L, and the multitude of A, B, C, D is equal 
to the multitude of G, H, K, L, thus, via equality, as A is 
to B, so G (is) to L [Prop. 7.14]. And as A (is) to B, so 
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Ac; apa 6 H upoc; xov A, ouxok 6 E xpog xov Z. oi Se H, A 
rcpAxoi, oi 8e xpAxoi xal eXotyiaxoi, oi 8e eXayiaxoi apiflpoi 
pexpouai xouc; xov auxov Xoyov exovxac; iadxic; o xe (ieii[cov 
xov (iei^ova xod 6 eXaaacov xov eXaaaova, xouxeaxiv o xe 
fjyoupevoc; xov qyoupevov xal 6 exopevoc; xov exopevov. 
iadxic apa 6 H xov E pexpel xal 6 A xov Z. oaaxic 8f) 6 H 
xov E pexpel, xoaauxaxic xal exaxepoc xAv 0, K exaxepov 
xAv M, N pexpeixor ol H, 0, K, A apa xouc E, M, N, Z 
iaaxic pexpouaiv. ol H, 0, K, A apa xou; E, M, N, Z ev xA 
auxA Xoycp eiaiv. aXXa ol H, 0, K, A xofc A, T, A, B ev xA 
auxA Xoycp elalv xal ol A, T, A, B apa xolc E, M, N, Z ev 
xA auxA Xoycp elalv. ol 8e A, E, A, B e^fjc; avaXoyov eiaiv 
xal ol E, M, N, Z apa e?;rjc avaXoyov elaiv. oaoi apa eic 
xouc A, B pexa^u xaxa xo auveyec avaXoyov epxexxAxaaiv 
apiflpoi, xoaouxoi xal elc xouc; E, Z (iexa^u xaxa xo auveyec 
avaXoyov epxexxAxaaiv apiOpoc oxep e8ei Sel^ai. 


6 '. 

’Eav 8uo apdlpoi xpAxoi xpoc aXXqXouc Aaiv, xal 
elc; auxouc pexal;u xaxa xo auveyec avaXoyov epxixxooaiv 
apiApoi, oaoi elc; auxouc pexa^u xaxa xo auveyec avaXoyov 
epxixxouaiv apiApoi, xoaouxoi xal exaxepou auxAv xal 
pova8oc pexal;u xaxa xo auveyec avaXoyov epxeaouvxai. 



Tlaxwaav Suo apidpoi xpAxoi xpoc aXXrjXouc ol A, 
B, xal el<; auxouc; pexal;u xaxa xo auveyec avaXoyov 
epxixxexooaav ol T, A, xal exxelaAoi f) E povac Xeyco, 
oxi oaoi elc; xouc; A, B pexal;u xaxa xo auveyec avaXoyov 
epxexxAxaaiv apihpoi, xoaouxoi xal exaxepou xAv A, 
B xal xrjc povaBoc pexaEh xaxa xo auveyec avaXoyov 
epxeaouvxai. 

ElX/icpDcjaav yap Suo pev apiOpoi eXayiaxoi ev xA xAv 
A, r, A, B Xoycp ovxec ol Z, H, xpelc; Se ol 0, K, A, xal del 


E (is) to F. And thus as G (is) to L, so E (is) to F. And 
G and L (are) prime (to one another). And (numbers) 
prime (to one another are) also the least (numbers hav¬ 
ing the same ratio as them) [Prop. 7.21]. And the least 
numbers measure those (numbers) having the same ratio 
(as them) an equal number of times, the greater (measur¬ 
ing) the greater, and the lesser the lesser—that is to say, 
the leading (measuring) the leading, and the following 
the following [Prop. 7.20]. Thus, G measures E the same 
number of times as L (measures) F. So as many times as 
G measures E, so many times let H, K also measure M, 
N, respectively. Thus, G, H, K, L measure E, M, N, 
F (respectively) an equal number of times. Thus, G, H, 
K, L are in the same ratio as E, M, N, F [Def. 7.20]. 
But, G, H, K, L are in the same ratio as A, C, D, B. 
Thus, A, C, D, B are also in the same ratio as E, M, N, 
F. And A, C, D, B are continuously proportional. Thus, 
E, M, N, F are also continuously proportional. Thus, 
as many numbers as have fallen in between A and B in 
continued proportion, so many numbers have also fallen 
in between E and F in continued proportion. (Which is) 
the very thing it was required to show. 

Proposition 9 

If two numbers are prime to one another and there 
fall in between them (some) numbers in continued pro¬ 
portion then, as many numbers as fall in between them 
in continued proportion, so many (numbers) will also fall 
between each of them and a unit in continued proportion. 



Let A and B be two numbers (which are) prime to 
one another, and let the (numbers) C and D fall in be¬ 
tween them in continued proportion. And let the unit E 
be set out. I say that, as many numbers as have fallen 
in between A and B in continued proportion, so many 
(numbers) will also fall between each of A and B and 
the unit in continued proportion. 

For let the least two numbers, F and G, which are in 
the ratio of A, C, D, B, have been taken [Prop. 7.33]. 
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e^fjc; svl TtXsiouc, sue; av laov ysvrjxai to TtXfjhoc; auxwv ifi 
TtXffOsi ifiv A, T, A, B. eiX^cp^waav, xal saxtoaav ol M, N, 
H, O. cpavspov 8f|, oxi 6 psv Z sauxov TioXXaxXaaiaaac; xov 
0 TtETtolqxsv, xov Ss 0 TtoXXaxXaaiaaac; xov M TCSxolrjxsv, 
xal 6 H sauxov psv xoXXaTiXaaiaaac; xov A Kexotrjxsv, xov 
8s A xoXXaTiXaaiaaac; xov O xsTioirjxsv. xal sit si ol M, N, 
S, O sXd)(LCTxo[ slai xwv xov auxov Xoyov sxovxtov toTc; Z, 
H, sial 8s xal ol A, T, A, B sXaxiaxoi xov xov auxov Xoyov 
sxovxtov xou; Z, H, xal saxiv laov xo TiXfjhoc; xov M, N, S, 
O xo kX^Dsl xov A, T, A, B, sxaaxoc; apa xov M, N, S, O 
sxaaxo xdv A, T, A, B laoc; saxiv iao<; apa saxiv 6 psv M 
xo A, 6 8s O xo B. xal etisI 6 Z sauxov KoXXaTiXaaiaaai; 
xov 0 KETiolrjxsv, 6 Z apa xov 0 psxpsT xaxa xa<; sv xo Z 
pova8a<;. psxpsT 8s xal f) E povac; xov Z xaxa xac; sv auxo 
pova8a<;- iaaxu; apa f) E povac; xov Z apihpbv psxpsT xal 6 Z 
xov 0. saxiv apa o<; f) E povac; xpoc; xov Z apihpov, ouxo<; 
6 Z xpoc; xov 0. xaXiv, sxsl 6 Z xov 0 xoXXaxXaaiaaac; 
xov M xsxolrjxsv, 6 0 apa xov M psxpsT xaxa xac; sv xo Z 
pova8a<;. psxpsT 8s xal f] E povac; xov Z apnfpbv xaxa xac; sv 
auxo pova8a<;- iaaxic; apa f) E povac; xov Z apiDpiov pisxpsl 
xal 6 0 xov M. saxiv apa dc; f) E (iova<; xpoc; xov Z apiUpiov, 
ouxoc; 6 0 xpoc; xov M. sSslxUr] 8s xal dc; f) E piovac; xpoc; 
xov Z apiDpiov, ouxoc; 6 Z xpo? xov 0- xal dc; apa f] E piovac; 
xpoc; xov Z apiDpiov, ouxoc; 6 Z xpoc; xov 0 xal 6 0 xpoc; 
xov M. iao<; 8s 6 M xd A - saxiv apa dc; fj E piovai; xpoc; xov 
Z apiDpiov, ouxoc; 6 Z xpoc; xov 0 xal 6 0 xpoc; xov A. 8ia 
xd auxa 8f] xal dc; f) E (jovac; xpoc; xov H apiDpiov, ouxoc; 6 
H xpoc; xov A xal 6 A xpoc; xov B. oaoi apa sic; xouc; A, B 
pisxa^u xaxa xo auvsxec; avaXoyov spixsxxdxaaiv apiDpiol, 
xoaouxoi xal sxaxspou xdv A, B xal (iovaSoc; xfjc; E pisxa^u 
xaxa to auvsxec; avaXoyov sjixsxxdxaaiv apiDpior oxsp s8si 
8sT^ai. 


/ 

l. 

’Eav 8uo apiDpidv sxaxspou xal ptova8o<; (isxa^u xaxa 
to auvsxec; avaXoyov sjixlxxoaiv apiDpiol, oaoi sxaxspou 
auxov xal (jova8oc; pisxa^u xaxa xo auvsxec; avaXoyov 
sjiTUTCxouaiv apiDpiol, xoaouxoi xal sic; auxouc; pisxa^u xaxa 
xo auvsxec; avaXoyov spmsaouvxai. 

Auo yap apiDpidv xdv A, B xal (iovaSoc; xfjc; T [is- 
xa^u xaxa xo auvsxsc; avaXoyov E(i7ii7ixsxoaav dpiDiiol oi 
xs A, E xal ol Z, H- Xsyo, oxi oaoi sxaxspou xdv A, 
B xal (jova8oc; xfjc; T (isxa^u xaxa xo auvsxec; avaXoyov 
spmsTixdxaaiv dpi'd(ioi, xoaouxoi xal sic; xouc; A, B pisxa^u 
xaxa xo auvsxsc; avaXoyov sjjmsaouvxai. 


And the (least) three (numbers), H, K, L. And so on, 
successively increasing by one, until the multitude of the 
(least numbers taken) is made equal to the multitude of 
A, C, D, B [Prop. 8.2]. Let them have been taken, and 
let them be M, N, O, P. So (it is) clear that F has made 
H (by) multiplying itself, and has made M (by) multi¬ 
plying H. And G has made L (by) multiplying itself, and 
has made P (by) multiplying L [Prop. 8.2 corr.]. And 
since M, N, O, P are the least of those (numbers) hav¬ 
ing the same ratio as F, G, and A, C, D, B are also the 
least of those (numbers) having the same ratio as F, G 
[Prop. 8.2], and the multitude of M, N, O, P is equal 
to the multitude of A, C, D, B, thus M, N, O, P are 
equal to A, C, D, B, respectively. Thus, M is equal to 
A, and P to B. And since F has made H (by) multiply¬ 
ing itself, F thus measures II according to the units in F 
[Def. 7.15]. And the unit E also measures F according to 
the units in it. Thus, the unit E measures the number F 
as many times as F (measures) H. Thus, as the unit E is 
to the number F, so F (is) to H [Def. 7.20]. Again, since 
F has made M (by) multiplying H, H thus measures M 
according to the units in F [Def. 7.15]. And the unit E 
also measures the number F according to the units in it. 
Thus, the unit E measures the number F as many times 
as El (measures) M. Thus, as the unit E is to the number 
F, so E[ (is) to M [Prop. 7.20]. And it was shown that as 
the unit E (is) to the number F, so F (is) to IT. And thus 
as the unit E (is) to the number F, so F (is) to H, and H 
(is) to M. And M (is) equal to A. Thus, as the unit E is 
to the number F, so F (is) to H, and H to A. And so, for 
the same (reasons), as the unit E (is) to the number G, 
so G (is) to L, and L to B. Thus, as many (numbers) as 
have fallen in between A and B in continued proportion, 
so many numbers have also fallen between each of A and 
B and the unit E in continued proportion. (Which is) the 
very thing it was required to show. 

Proposition 10 

If (some) numbers fall between each of two numbers 
and a unit in continued proportion then, as many (num¬ 
bers) as fall between each of the (two numbers) and the 
unit in continued proportion, so many (numbers) will 
also fall in between the (two numbers) themselves in con¬ 
tinued proportion. 

For let the numbers D, E and F, G fall between the 
numbers A and B (respectively) and the unit C in con¬ 
tinued proportion. I say that, as many numbers as have 
fallen between each of A and B and the unit C in contin¬ 
ued proportion, so many will also fall in between A and 
B in continued proportion. 
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r i—i r i—i 

A '-' Z '-' 

E'-' H'-' 

A-' B '-' 

O 1 -1 

IO-' 

A i-1 

O A yap xov Z xoXXaxXaaiaaa; xov 0 xoisixw, 
Exaxcpo; 6 e xAv A, Z xov 0 xoXXaxXaaiaaa; exaxepov 
xAv K, A xoieixu. 

Kal sxsl saxiv A; r] T pova; xpo; xov A apiOpov, ouxw; 
6 A xpo; xov E, iaaxi; apa f] T pova; xov A apiDpov pcxpcl 
xal 6 A xov E. rj 6 e r pova; xov A apibpov pcxpcl xaxa xa; 
ev xA A povaOa; - xal 6 A apa apibpo; xov E psxpsT xaxa 
xa; ev xA A pova8a;' 6 A apa sauxov xoXXaxXaaiaaa; xov 
E xsxoitjxev. xaXiv, sxsl saxiv A; f] T [pova;] xpo; xov 
A apnlpov, ouxw; 6 E xpo; xov A, iaaxi; apa f) T pova; 
xov A apiOpov psxpsT xal 6 E xov A. fj 8 e T pova; xov 
A apibpov psxpEl xaxa xa; ev xA A pova8a;' xal 6 E apa 
xov A psxpsT xaxa xa; ev xA A pova8a; - 6 A apa xov E 
xoXXaxXaaiaaa; xov A xsxoirjxsv. 8ia xa auxa 5f] xal 6 
psv Z sauxov xoXXaxXaaiaaa; xov H xsxoirjxsv, xov os H 
xoXXaxXaaiaaa; xov B xsxoirjxsv. xal sxsl 6 A sauxov psv 
xoXXaxXaaiaaa; xov E xexoitjxev, xov 5e Z xoXXaxXaaiaaa; 
xov 0 xsxoirjxsv, saxiv apa A; 6 A xpo; xov Z, ouxo; 6 E 
xpo; xov 0. 8 loc xa auxa 8rj xal A<; 6 A xpo<; xov Z, ouxw<; 6 
0 xpo<; xov H. xal A<; apa 6 E xpoc; xov 0, ouxo<; 6 0 xpoc; 
xov H. xaXiv, exeI 6 A sxaxspov xAv E, 0 xoXXaxXaaiaaac; 
Exaxspov xAv A, K xexoltjxev, saxiv apa Ac; 6 E xpoc; xov 0, 
ouxok 6 A xpoc; xov K. aXA’ Ac; 6 E xpoc; xov 0, ouxwc; 6 A 
xpoc; xov Z- xal A<; apa 6 A xpoc; xov Z, ouxoc; 6 A xpoc; xov 
K. xaXiv, exeI Exaxspoc; xAv A, Z xov 0 xoXXaxXaaiaaac; 
Exaxspov xAv K, A xsxoirjxsv, saxiv apa A; 6 A xpo; xov 
Z, ouxw; 6 K xpo; xov A. aXX’ A; 6 A xpo; xov Z, ouxw; 6 
A xpo; xov K- xal A; apa 6 A xpo; xov K, ouxw; 6 K xpo; 
xov A. exi exeI 6 Z Exaxspov xAv 0, H xoAAaxAaaiaaa; 
Exaxspov xAv A, B xexoitjxev, saxiv apa A; 6 0 xpo; xov 
H, ouxw; 6 A xpo; xov B. A; 8 e 6 0 xpo; xov H, ouxw; 
6 A xpo; xov Z- xal A; apa 6 A xpo; xov Z, ouxw; 6 A 
xpo; xov B. EBsix'Dr] 8 e xal A; 6 A xpo; xov Z, ouxw; 6 xs 
A xpo; xov K xal 6 K xpo; xov A- xal A; apa 6 A xpo; 
xov K, ouxo; 6 K xpo; xov A xal 6 A xpo; xov B. ol A, 
K, A, B apa xaxa xo auvs^s; £$fj; siaiv avaXoyov. oaoi 
apa sxaxspou xAv A, B xal xfj; T ptova8o; pisxa^u xaxa 
xo auvE^e; avaXoyov spixixxouaiv apiDpiol, xoaouxoi xal si; 
xou; A, B (i£xac;u xaxa xo auv£)(£; EjixEaouvxai- oxsp e8ei 


C i—i C 1 — 1 

Di-1 F i-1 

E 1 - 1 G 1 - 1 

A i-1 B i-1 

Hi-1 

K 1 -1 

L i-1 

For let D make H (by) multiplying F. And let D, F 
make K, L, respectively, by multiplying FI. 

As since as the unit C is to the number D, so D (is) to 

E, the unit C thus measures the number D as many times 
as D (measures) E [Def. 7.20]. And the unit C measures 
the number D according to the units in D. Thus, the 
number D also measures E according to the units in 1). 
Thus, D has made E (by) multiplying itself. Again, since 
as the [unit] C is to the number D, so E (is) to A, the 
unit C thus measures the number D as many times as E 
(measures) A [Def. 7.20]. And the unit C measures the 
number D according to the units in D. Thus, E also mea¬ 
sures A according to the units in D. Thus, D has made 
A (by) multiplying E. And so, for the same (reasons), F 
has made G (by) multiplying itself, and has made B (by) 
multiplying G. And since D has made E (by) multiplying 
itself, and has made FI (by) multiplying F, thus as D is to 

F, so E (is) to fT [Prop 7.17]. And so, for the same rea¬ 
sons, as D (is) to F, so FI (is) to G [Prop. 7.18]. And thus 
as E (is) to H, so II (is) to G. Again, since I) has made 
A, K (by) multiplying E, H, respectively, thus as E is to 
FI, so A (is) to K [Prop 7.17]. But, as E (is) to FI, so D 
(is) to F. And thus as D (is) to F, so A (is) to K. Again, 
since D, F have made K, L, respectively, (by) multiply¬ 
ing H, thus as D is to F, so K (is) to L [Prop. 7.18]. But, 
as D (is) to F, so A (is) to K. And thus as A (is) to K, 
so K (is) to L. Further, since F has made L, B (by) mul¬ 
tiplying H, G, respectively, thus as II is to G, so L (is) to 
B [Prop 7.17]. And as FI (is) to G, so D (is) to F. And 
thus as D (is) to F, so L (is) to B. And it was also shown 
that as D (is) to F, so A (is) to K, and K to L. And thus 
as A (is) to K, so K (is) to L, and L to B. Thus, A, K, 
L, B are successively in continued proportion. Thus, as 
many numbers as fall between each of A and B and the 
unit C in continued proportion, so many will also fall in 
between A and B in continued proportion. (Which is) 
the very thing it was required to show. 


238 




ETOIXEKIN jg 


ELEMENTS BOOK 8 


SsI^aL. 


ia'. 

Auo xsxpayAvcnv aprdpAv clq pEtroq dvaXoyov ectxiv 
apolpoq, xal 6 xExpaytovoq xpoq xov xsxpdycnvov Si- 
xXachova Xoyov eyei fjxsp f) xXsupa xpoq xf)v xXsupav. 

A'-1 

B i-1 

r i-1 a i-1 

El-1 

’'Eaxaxrav xsxpaycovoi dpiOpol ol A, B, xal xou psv A 
xXsupa ectx(p 6 T, xou Be B 6 A' Xsyw, oxi xAv A, B slq 
(isaoc; dvaXoyov ectxiv apihpoq, xal 6 A xpoq xov B Bi- 
xXachova Xoyov s)(si fjxsp 6 F xpoq xov A. 

'O F yap xov A xoXXaxXacridCTaq xov E xoieixcp. xal 
sxsl xExpaycuvoq ectxiv 6 A, xXsupa Be auxou ectxiv 6 F, 6 T 
apa sauxov xoXXaxXaCTidoaq xov A xsxoLr]X£v. Bid xa auxa 
or) xal 6 A sauxov xoXXaxXaCTiaCTaq xov B xsxoirjxsv. sxsl 
ouv 6 r Exaxspov xAv F, A xoXXaxXaCTidcraq sxaxspov xAv 
A, E xsxoirjxsv, ectxiv apa Aq 6 T xpog xov A, ouxtoc; 6 A 
xpog xov E. Bid xa auxa Br) xal Ac; 6 F xpoc; xov A, ouxtog 6 
E xpoc; xov B. xal Ac; apa 6 A xpog xov E, ouxw<; 6 E xpoc; 
xov B. xAv A, B apa sl<; p.ECTO<; dvaXoyov ectxiv dpiD(io<;. 

Asyco Br), oxi xal 6 A xpoc; xov B BixXaCTiova Xoyov sysi 
rjitsp 6 F xpoc; xov A. sxsl yap xpslc; apnEljiol dvaXoyov eictiv 
oi A, E, B, 6 A apa xpoc; xov B BixXacriova Xoyov £)(£i fjxsp 
6 A xpoc; xov E. Ac; Be 6 A xpoc; xov E, ouxox 6 T xpoc; 
xov A. 6 A apa xpoc; xov B BixXaoiova Xoyov £)(£i rjxsp r) 
r xXsupa xpoc; xrjv A- oxsp eBei BsT^ai.. 


Proposition 11 

There exists one number in mean proportion to two 
(given) square numbers. 1 ' And (one) square (number) 
has to the (other) square (number) a squared 1 - ratio with 
respect to (that) the side (of the former has) to the side 
(of the latter). 

A 1 -1 

B 1 -1 

C 1 - 1 D 1 -1 

Ei-1 

Let A and B be square numbers, and let C be the side 
of A, and D (the side) of B. I say that there exists one 
number in mean proportion to A and B, and that A has 
to B a squared ratio with respect to (that) C (has) to I). 

For let C make E (by) multiplying 1). And since A is 
square, and C is its side, C has thus made A (by) multi¬ 
plying itself. And so, for the same (reasons), D has made 
B (by) multiplying itself. Therefore, since C has made A, 
E (by) multiplying C, D, respectively, thus as C is to D, 
so A (is) to E [Prop. 7.17]. And so, for the same (rea¬ 
sons), as C (is) to D, so E (is) to B [Prop. 7.18]. And 
thus as A (is) to E, so E (is) to B. Thus, one number 
(namely, E ) is in mean proportion to A and B. 

So I say that A also has to B a squared ratio with 
respect to (that) C (has) to D. For since A, E, B are 
three (continuously) proportional numbers, A thus has 
to B a squared ratio with respect to (that) A (has) to E 
[Def. 5.9]. And as A (is) to E, so C (is) to D. Thus, A has 
to B a squared ratio with respect to (that) side C (has) 
to (side) D. (Which is) the very thing it was required to 
show. 


t In other words, between two given square numbers there exists a number in continued proportion, 
t Literally, “double”. 


ipy. 

Auo xbpwv aptdpAv Buo (iectoi. dvaXoyov eictiv apibpoi, 
xal 6 xu[3oc; xpoc; xov xupov xpixXachova Xoyov sysi qxEp f] 
xXsupa xpoq xrjv xXsupav. 

"Eoxcocrav xbpot apiOpol oi A, B xal xou psv A xXsupa 
ectxco 6 r, xou Be B 6 A- Xsyo, oxi xAv A, B Buo pscroi 
dvaXoyov eictiv apnlpoi, xal 6 A xpoq xov B xpixXacxova 
Xoyov e^ei fjxsp 6 r xpoq xov A. 


Proposition 12 

There exist two numbers in mean proportion to two 
(given) cube numbers. 1 And (one) cube (number) has to 
the (other) cube (number) a cubed 1 ratio with respect 
to (that) the side (of the former has) to the side (of the 
latter). 

Let A and B be cube numbers, and let C be the side 
of A, and D (the side) of B. I say that there exist two 
numbers in mean proportion to A and B, and that A has 
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to B a cubed ratio with respect to (that) C (has) to D. 



'O yocp T eauxov pev xoXXaxXaaiaaa; xov E xoielxco, For let C make E (by) multiplying itself, and let it 
xov 5e A xoXXaxXaaiaaa; xov Z xoielxw, 6 8s A eauxov make F (by) multiplying D. And let D make G (by) mul- 
xoXXaxXaaiaaa; xov H xoielxw, exaxepo; os xov T, A xov tiplying itself, and let C, D make H, K, respectively, (by) 
Z xoXXaxXaaiaaa; exaxepov xAv 0, K xoielxo. multiplying F. 

Kal site! xu|3o; eaxiv 6 A, xXeupa 5s auxou 6 T, xai 6 And since A is cube, and C (is) its side, and C has 
T eauxov pev xoXXaxXaaiaaa; xov E xexolqxev, 6 F apa made E (by) multiplying itself, C has thus made E (by) 
eauxov pev xoXXaxXaaiaaa; xov E xexolqxev, xov 8s E multiplying itself, and has made A (by) multiplying E. 
xoXXaxXaaiaaa; xov A xexolrjxev. 8ia xa auxa 8f] xai 6 And so, for the same (reasons), D has made G (by) mul- 
A eauxov pev xoXXaxXaaiaaa; xov H xexolrjxev, xov Be H tiplying itself, and has made B (by) multiplying G. And 
xoXXaxXaaiaaa; xov B xexolrjxev. xai Site! 6 T sxaxepov since C has made E, F (by) multiplying C, D, respec- 
xbv r, A xoXXaxXaaiaaa; Sxaxepov xov E, Z xexolrjxev, tively, thus as C is to D, so E (is) to F [Prop. 7.17]. And 
eaxiv apa u; 6 T xpo; xov A, oux«; 6 E xpo; xov Z. so, for the same (reasons), as C (is) to D, so F (is) to G 
Bid xa auxa Bf) xai oc 6 T xpoc; xov A, ouxo; 6 Z xpoc; [Prop. 7.18]. Again, since C has made A, H (by) multi- 
xov H. xaXiv, exei 6 T sxaxepov xAv E, Z xoXXaxXaaiaaa; plying E, F, respectively, thus as E is to F, so A (is) to 
sxaxepov xAv A, 0 xexolrjxev, eaxiv apa Ac; 6 E xpoc; xov H [Prop. 7.17]. And as E (is) to F, so C (is) to D. And 
Z, ouxer; 6 A xpoc; xov 0. A; Be 6 E xpoc; xov Z, ouxw; 6 T thus as C (is) to D, so A (is) to H. Again, since C, D 
xpoc; xov A- xai Ac; apa 6 T xpoc; xov A, ouxor; 6 A xpo; xov have made H, K, respectively, (by) multiplying F, thus 
0. xaXiv, exei exaxepo; xAv T, A xov Z xoXXaxXaaiaaa; as C is to D, so H (is) to K [Prop. 7.18]. Again, since D 
sxaxepov xAv 0, K xexoirjxsv, eaxiv apa Ac; 6 T xpo<; xov has made K, B (by) multiplying F, G, respectively, thus 
A, ouxok 6 0 xpoc; xov K. xaXiv, sxei 6 A sxaxepov xAv as F is to G, so K (is) to B [Prop. 7.17]. And as F (is) 
Z, H xoXXaxXaaiaaac; sxaxepov xAv K, B xexoirjxsv, soxiv to G, so C (is) to D. And thus as C (is) to D, so A (is) 
apa Ac; 6 Z xpoc; xov H, ouxw<; 6 K xpoc; xov B. Ac; 8e 6 Z to H, and H to K, and K to B. Thus, H and K are two 
xpoc; xov H, ouxox 6 T xpoc; xov A- xai Ac; apa 6 T xpoc; (numbers) in mean proportion to A and B. 
xov A, ouxwc; oxe A xpoc; xov 0 xai 6 0 xpoc; xov K xai So I say that A also has to 6 a cubed ratio with re- 
6 K xpoc; xov B. xAv A, B apa 8uo peaoi dvaXoyov eiaiv spect to (that) C (has) to D. For since A, H, K, B are 
oi 0, K. four (continuously) proportional numbers, A thus has 

Asyw Sr), oxi xai 6 A xpoc; xov B xpixXaaiova Xoyov sysi to B a cubed ratio with respect to (that) A (has) to H 
fjxsp 6 r xpoc; xov A. sxei yap xeaaapec; apnlpol avaXoyov [Def. 5.10], And as A (is) to H, so C (is) to D. And 
siaiv ol A, 0, K, B, 6 A apa xpoc; xov B xpixXaaiova Xoyov [thus] A has to B a cubed ratio with respect to (that) C 
sxei t]XEp 6 A xpoc; xov 0. Ac; Be 6 A xpoc; xov 0, ouxo; 6 (has) to D. (Which is) the very thing it was required to 
r xpo; xov A- xai 6 A [apa] xpo; xov B xpixXaaiova Xoyov show, 
sxei fjxsp 6 r xpo; xov A- oxep e8si BeTljai. 

t In other words, between two given cube numbers there exist two numbers in continued proportion, 
t Literally, “triple”. 

iy'. Proposition 13 

’Edv Aaiv oaoiBqxoxoOv aptdpoi £;rj; avaXoyov, xai If there are any multitude whatsoever of continuously 
xoXXaxXaaiaaa; sxaaxo; eauxov xoifj xiva, ol yevopevoi proportional numbers, and each makes some (number 
z\ auxAv avaXoyov eaovxar xai sav ol sc; apxfjc; xou; by) multiplying itself, then the (numbers) created from 
yevopevou; xoXXaxXaaiaaavxe; xoiAal xiva;, xai auxoi them will (also) be (continuously) proportional. And if 
avaXoyov saovxai [xai del xepi xou; axpou; xouxo aupPalvei] . the original (numbers) make some (more numbers by) 

’'Eaxwaav oxoaoiouv apiApoi e$rj; avaXoyov, oi A, B, multiplying the created (numbers) then these will also 
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F, (be; 6 A xpoc; xov B, ouxtoc; 6 B xpoc; xov F, xai oi 
A, B, F eauxo bz pev xoXXaTtXaaiaaavxec; xou<; A, E, Z 
xoieixtoaav, xobi; 8s A, E, Z xoXXaiiXaaiaaavxec; xouc; H, 
0, K xoieixcoaav- Xeyw, oxi oi xe A, E, Z xai oi H, 0, K 
e^fjc; avaXoyov eiaiv. 


A 

B 

r 

A 

E 

Z 


A 

M 

N 

O 

n 


be (continuously) proportional [and this always happens 
with the extremes]. 

Let A, B, C be any multitude whatsoever of contin¬ 
uously proportional numbers, (such that) as A (is) to B, 
so B (is) to C. And let A, B, C make D, E, F (by) 
multiplying themselves, and let them make G, H, K (by) 
multiplying D, E, F. I say that D, E, F and G, H, K are 
continuously proportional. 

A'-1 L i-1 


B 

C 

D 

E 

F 


O 

M 

N 

P 

Q 


H'-' 

0i- 

K- 

O pev yap A xov B TtoXXaxXaaiaaac; xov A Ttoieixw, 
exaxepoc; 8e xAv A, B xov A 7ioXXaxXaaiaaa<; exaxepov xAv 
M, N xoieixco. xai xaXiv 6 pev B xov T 7toXXa7tXaaiaaa<; xov 
5 itoieixu, exaxepoc; 8e xAv B, T xov 5 TtoXXaxXaaiaaac; 
exaxepov xAv O, II xoieixw. 

'Opolcoc; 8f] xot<; exavw 8ei^opev, oxi oi A, A, E xai oi 
H, M, N, 0 zE,f\z eiaiv avaXoyov ev xA xou A xpoc; xov 
B Xoycp, xai exi oi E, S, Z xai oi 0, O, II, K ec;rj<; eiaiv 
avaXoyov ev xA xou B xpo<; xov T Xoycp. xai eaxiv w; 6 A 
xpog xov B, ouxut; 6 B xpoc; xov T- xai oi A, A, E apa xolc; 
E, S, Z ev xA auxA Xoyw eiai xai exi oi H, M, N, 0 xou; 
0, O, II, K. xai eaxiv iaov xo pev xAv A, A, E TArydoc; xA 
xAv E, 5, Z xX^Dei, xo 8e xAv H, M, N, 0 xA xAv 0, O, 
II, K' 8i’ iaou apa eaxiv A<; pev 6 A xpoc; xov E, ouxok 6 
E Tipoc; xov Z, A<; 8e 6 H xpot; xov 0, ouxcoc; 6 0 xpot; xov 
K- oTiep e5ei oeT^a.i. 


G'- 1 

Hi- 1 

K 1 -1 

For let A make L (by) multiplying B. And let A, B 
make M, N, respectively, (by) multiplying L. And, again, 
let B make O (by) multiplying C. And let B, C make P, 
Q, respectively, (by) multplying (). 

So, similarly to the above, we can show that D, L, 
E and G, M, N, H are continuously proportional in the 
ratio of A to B, and, further, (that) E, O, F and H, P, Q, 
K are continuously proportional in the ratio of B to C. 
And as A is to B, so B (is) to C. And thus D, L, E are in 
the same ratio as E, O, F, and, further, G, M, N, H (are 
in the same ratio) as II, P, Q, K. And the multitude of 
D, L, E is equal to the multitude of E, O, F, and that of 
G, M, N, H to that of H, P, Q, K. Thus, via equality, as 
D is to E, so E (is) to F, and as G (is) to P, so FI (is) to 
K [Prop. 7.14]. (Which is) the very thing it was required 
to show. 


l8\ 

’Eav xexpaycuvoi; xsxpaycuvov pexpfj, xai f\ xXeupa xqv 
xXeupav pcxp^acu xai cav f) xXsupa xf]v xXsupav pexpfj, xai 
6 xexpaycuvoi; xov xexpaycuvov psxpf|aei. 

’'Eaxoaav xexpaywvoi apidpol oi A, B, xXeupal 8e auxAv 
eaxcoaav oi T, A, 6 5e A xov B pexpeixw Xeyco, oxi xai 6 
F xov A psxpsi. 


Proposition 14 

If a square (number) measures a(nother) square 
(number) then the side (of the former) will also mea¬ 
sure the side (of the latter). And if the side (of a square 
number) measures the side (of another square number) 
then the (former) square (number) will also measure the 
(latter) square (number). 

Let A and B be square numbers, and let C and D be 
their sides (respectively). And let A measure B. I say that 
C also measures D. 
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0 r yap xov A TtoXXaiiXaaidaac xov E xoielxcy oi A, E, 
B apa e<;fjc; avaXoyov eiaLv ev xA xou T Ttpoc; tov A Xoyw. 
xal £7td oi A, E, B e^fjc; avaXoyov eiaiv, xal pexpeT 6 A xov 
B, pexpeT apa xal 6 A xov E. xal eaxiv 6 k 6 A xpoc; xov E, 
OUT6K 6 r xpoc; xov A- pexpeT apa xal 6 T xov A. 

IlaXiv of] 6 r xov A pexpelxcr Xeyw, oxi xal 6 A xov B 
pexpel. 

TAv yap auxAv xaxaoxeuaaDevxcov opolcx; Oei^opisv, 
oxi ol A, E, B e<;fjc; avaXoyov eiaiv ev xA xou T xpoc; xov A 
Xoyo. xal end eaxiv A<; 6 T xpo<; xov A, outmc 6 A xpoc; 
xov E, pexpel 8s 6 r xov A, pexpeT apa xal 6 A xov E. xal 
eiaiv ol A, E, B e£fj<; avaXoyov pexpeT apa xal 6 A xov B. 

’Eav apa xexpaywvoc; xexpaywvov pexpfj, xal f] xXeupa 
xf]v xXeupav pexp^aei' xal Eav f] xXeupa xfjv xXeupav pexpfj, 
xal 6 xexpaywvoc; xov xexpaywvov pexpf]a£i' oxep e8ei 
oel'^ai. 


is'. 

’Eav xupo<; apiilpbi; xupov apibpov ptexpfj, xal f] xXeupa 
xf]v xXeupav pexpf]a£i' xal eav f] xXeupa xfjv xXeupav [jiexpfj, 
xal 6 xupoi; xov xupov pexpiqaei. 

Kupog yap aprdpoc; 6 A xupov xov B (iexpelxw, xal xou 
(iev A xXeupa eaxw 6 T, xou 8e B 6 A' Xeyw, oxi 6 T xov 
A pexpeL 



'O T yap eauxov xoXXaxXaaiaaac; xov E xoieItm, 6 8e A 



For let C make E (by) multiplying D. Thus, A, E, 
B are continuously proportional in the ratio of C to D 
[Prop. 8.11], And since A, E, B are continuously pro¬ 
portional, and A measures B, A thus also measures E 
[Prop. 8.7]. And as A is to E, so C (is) to D. Thus, C 
also measures D [Def. 7.20]. 

So, again, let C measure D. I say that A also measures 
B. 

For similarly, with the same construction, we can 
show that A, E, B are continuously proportional in the 
ratio of C to D. And since as C is to D, so A (is) to E, 
and C measures D, A thus also measures E [Def. 7.20]. 
And A, E, B are continuously proportional. Thus, A also 
measures B. 

Thus, if a square (number) measures a(nother) square 
(number) then the side (of the former) will also measure 
the side (of the latter). And if the side (of a square num¬ 
ber) measures the side (of another square number) then 
the (former) square (number) will also measure the (lat¬ 
ter) square (number). (Which is) the very thing it was 
required to show. 

Proposition 15 

If a cube number measures a(nother) cube number 
then the side (of the former) will also measure the side 
(of the latter). And if the side (of a cube number) mea¬ 
sures the side (of another cube number) then the (for¬ 
mer) cube (number) will also measure the (latter) cube 
(number). 


For let the cube number A measure the cube (num¬ 
ber) B, and let C be the side of A, and D (the side) of B. 
I say that C measures D. 



For let C make E (by) multiplying itself. And let 
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Eauxov TtoXXaxXaoiaaac xov H tioieIxco, xal sxi 6 T xov A 
7ioAAa7i;Xaoiaoac xov Z [tcoieIxm], Exaxcpoc 6s xAv T, A xov 
Z xoAAanXaoiaaac sxdxspov xov 0, K tcoieixco. cpavspov 
Srj, oxi ol E, Z, H xal ol A, 0, K, B e£fjc avaAoyov eioiv 
ev x£> xou F itpoc xov A Xoytp. xal stieI ol A, 0, K, B sc;fjc 
avaAoyov siaiv, xal piExps! 6 A xov B, (lExpsI apa xal xov 
0. xal sgxiv o<; 6 A itpoc xov 0, ouxoc 6 T Tipoc xov A- 
ptExpEl apa xal 6 T xov A. 

AXXa 8f] (lExpslxw 6 T xov A' Asyu, oxi xal 6 A xov B 
(i£xpf)OEi. 

TAv yap auxAv xaxaoxEuao'dsvxorv opolorc 8fj osl^opiEv, 
oxi ol A, 0, K, B sc;fjc avaAoyov eioiv ev xA xou T Tipoc 
xov A Aoyo. xal stieI 6 T xov A piExpsI, xal sgxiv Ac 6 r 
Tipoc xov A, ouxwc 6 A Tipoc xov 0, xal 6 A apa xov 0 
piExpsT- Agxe xal xov B pisxpsT 6 A- oiiEp e5ei 8sT^ai. 

19'. 

’Eav xsxpaywvoc apnJpioc xsxpaywvov apuDpiov (if) 
(isxpr), ou8s f) jiXsupa xfjv nXEupav (isxpfpsi' xav f) nXEupa 
xf]v xXsupav (if) (iexpfj, ou8e 6 xsxpdywvoc xov xsxpdywvov 

(iEXpfjGEl. 


A'- 

h r >- 

B '- 

-' A i 


TSoxcdoav xsxpaywvoi apiD^ol ol A, B, xXsupal 8 e auxAv 
Eoxwoav ol r, A, xal (if) (iExpslxw 6 A xov B- Xsyo, oxi ouSe 
6 r xov A (iExpsl. 

Ei yap (iExpsT 6 T xov A, (i£xpf]G£i xal 6 A xov B. ou 
(iExpsT os 6 A xov B- ouSe apa 6 T xov A (i£xpf)OEi. 

Mf) (isxpslxw [8f)] xaXiv 6 T xov A- Xsyo, oxi ouSe 6 A 

XOV B (iEXpfjGEl. 

El yap (iExpsT 6 A xov B, (i£xpf)OEi xal 6 T xov A. ou 
(iExpsT 8s 6 r xov A- ou8’ apa 6 A xov B (i£xpf) 0 £i' ousp 
e8ei 8sTc;ai. 


iC'. 

’Eav xupoc api'dtioc xupov dpiij^ov (if) (i£xp^, ou8s f] 
xXEupa xf)v nXEupav (i£xpf)GEi' xav f) nXEupd xf)v xXEupav 
(if) (iexpfj, ouSe 6 xupoc xov xupov (iEXpfjGEl. 


D make G (by) multiplying itself. And, further, [let] C 
[make] F (by) multiplying D, and let C, D make II, K, 
respectively, (by) multiplying F. So it is clear that E, F, 
G and A, H, K, B are continuously proportional in the 
ratio of C to D [Prop. 8.12]. And since A, H, K, B are 
continuously proportional, and A measures B, (A) thus 
also measures H [Prop. 8.7]. And as A is to H, so C (is) 
to D. Thus, C also measures D [Def. 7.20]. 

And so let C measure D. I say that A will also mea¬ 
sure B. 

For similarly, with the same construction, we can 
show that A, H, K, B are continuously proportional in 
the ratio of C to D. And since C measures D, and as C is 
to D, so A (is) to H, A thus also measures H [Def. 7.20]. 
Hence, A also measures B. (Which is) the very thing it 
was required to show. 

Proposition 16 

If a square number does not measure a(nother) 
square number then the side (of the former) will not 
measure the side (of the latter) either. And if the side (of 
a square number) does not measure the side (of another 
square number) then the (former) square (number) will 
not measure the (latter) square (number) either. 

A'- 1 C 1 - 1 

B i-1 D 1 -1 

Let A and B be square numbers, and let C and D be 
their sides (respectively). And let A not measure B. I say 
that C does not measure D either. 

For if C measures D then A will also measure B 
[Prop. 8.14]. And A does not measure B. Thus, C will 
not measure D either. 

[So], again, let C not measure D. I say that A will not 
measure B either. 

For if A measures B then C will also measure D 
[Prop. 8.14]. And C does not measure D. Thus, A will 
not measure B either. (Which is) the very thing it was 
required to show. 

Proposition 17 

If a cube number does not measure a(nother) cube 
number then the side (of the former) will not measure the 
side (of the latter) either. And if the side (of a cube num¬ 
ber) does not measure the side (of another cube number) 
then the (former) cube (number) will not measure the 
(latter) cube (number) either. 
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A'- 

n r! 

B i- 

-1 A f 


Kupo; yap apnlpo; 6 A xu[3ov dpibpov xov B pfj jjle- 
xpEixw, xal xou pcv A xXEupa ectxm 6 T, xou 5e B 6 A 1 
Xcyor, oxi 6 T xov A ou psxpfjCTEi. 

El yap pcxpEl 6 T xov A, xai 6 A xov B pExpfjCTEi. ou 
pExpcl 8 e 6 A xov B - ouS’ apa 6 T xov A pExpEl. 

AXXa Srj (if) pExpEixo 6 T xov A- Xsyw, oxl ouSe 6 A 
xov B pExpfjCTEi. 

El yap 6 A xov B pExpsT, xal 6 T xov A psxprjCTEi. ou 
]X£xp£i Se 6 T xov A- ou8’ apa 6 A xov B pExprjCTEi' oxsp 
eSsl Sa^ai. 


ir L 

Auo ojjlolgtv exlxeBcov api'dp.Av eT; [jisooi; avaXoyov ectxiv 
dpibpo;- xal 6 exlxe 8 o; xpo; xov exlxs 8 ov SixXacuova Xoyov 
£X£i rjusp fj opoXoyo; xXsupa xpo; xfjv opoXoyov xXsupav. 

A i-1 B i-1 

r i- 1 e i- 1 

A i-1 Z i-1 

H-1 

’'Eaxcoaav Suo opoioi exlxeSol apnlpoi oi A, B, xal xou 
psv A xXsupai saxwaav oi T, A apibp.oi, xou 8e B oi E, 
Z. xai exeI opoioi sxlxe8o[ elctiv oi avaXoyov syovxs; xa; 
xXsupa;, ectxiv apa A; 6 V xpo; xov A, ouxo; 6 E xpoc; 
xov Z. Xsyco ouv, oxi xov A, B eu; p.Eao<; avaXoyov ectxiv 
apiDjioc;, xai 6 A xpoc; xov B 8ixXa(j[ova Xoyov e^ei fjxsp 6 
F xpog xov E r] 6 A xpog xov Z, xouxectxiv fjxsp f] opioXoyoc; 
xXsupa xpog xr]v opioXoyov [xXsupav]. 

Kal £x£t ectxiv Lx; 6 T xpoc; xov A, ouxog 6 E xpoc; xov 
Z, EvaXXa^ apa ectxIv (be; 6 T xpoc; xov E, 6 A xpoc; xov Z. 
xai exeI Exixs86<; ectxiv 6 A, xXsupai 8s auxou oi T, A, 6 A 
apa xov r xoXXaxXaCTiaCTac; xov A xexoltjxev. 8ia xa auxa 
Srj xai 6 E xov Z xoXXaxXaCTidcrac; xov B xexoltjxev. 6 A 
Srj xov E xoXXaxXaCTiaCTac; xov H xoielxo. xai exeI 6 A xov 
jjlev T xoXXaxXaCTiaCTac; xov A xexoltjxev, xov 8e E xoXXa- 
xXaCTiaCTac; xov H xexoltjxev, ectxiv apa w; 6 T xpoc; xov E, 
ouxax; 6 A xpoc; xov H. aXX’ (be; 6 T xpoc; xov E, [ouxgx] 
6 A xpoc; xov Z- xai cb<; apa 6 A xpoc; xov Z, ouxw<; 6 A 
xpoc; xov H. xaXiv, exe'l 6 E xov (isv A xoXXaxXaCTiaCTac; xov 
H xexoltjxev, xov 8e Z xoXXaxXaCTidcra; xov B xexoltjxev, 
ectxiv apa A; 6 A xpo; xov Z, ouxw; 6 H xpo; xov B. 
eBslxUt) 8e xai A; 6 A xpo; xov Z, ouxw; 6 A xpo; xov 


A 1 - 


B 1 - 

-1 D! 


For let the cube number A not measure the cube num¬ 
ber B. And let C be the side of A, and D (the side) of B. 
I say that C will not measure D. 

For if C measures D then A will also measure B 
[Prop. 8.15]. And A does not measure B. Thus, C does 
not measure D either. 

And so let C not measure D. I say that A will not 
measure B either. 

For if A measures B then C will also measure D 
[Prop. 8.15]. And C does not measure D. Thus, A will 
not measure B either. (Which is) the very thing it was 
required to show. 

Proposition 18 

There exists one number in mean proportion to two 
similar plane numbers. And (one) plane (number) has to 
the (other) plane (number) a squared! ra tio with respect 
to (that) a corresponding side (of the former has) to a 
corresponding side (of the latter). 

A'- 1 B i-1 

C'-1 E i-1 

D 1 - 1 F 1 - 1 

G'-' 

Let A and B be two similar plane numbers. And let 
the numbers C, D be the sides of A, and E, F (the sides) 
of B. And since similar numbers are those having pro¬ 
portional sides [Def. 7.21], thus as C is to D, so E (is) to 
F. Therefore, I say that there exists one number in mean 
proportion to A and B, and that A has to B a squared 
ratio with respect to that C (has) to E, or D to F —that is 
to say, with respect to (that) a corresponding side (has) 
to a corresponding [side]. 

For since as C is to D, so E (is) to F, thus, alternately, 
as C is to E, so D (is) to F [Prop. 7.13]. And since A is 
plane, and C, D its sides, D has thus made A (by) mul¬ 
tiplying C. And so, for the same (reasons), E has made 
B (by) multiplying F. So let D make G (by) multiplying 
E. And since D has made A (by) multiplying G, and has 
made G (by) multiplying E, thus as G is to E, so A (is) to 
G [Prop. 7.17]. But as C (is) to E, [so] D (is) to F. And 
thus as D (is) to F, so A (is) to G. Again, since E has 
made G (by) multiplying D, and has made B (by) multi¬ 
plying F, thus as D is to F, so G (is) to B [Prop. 7.17]. 
And it was also shown that as D (is) to F, so A (is) to G. 
And thus as A (is) to G, so G (is) to B. Thus, A, G, B are 
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FF xal cb; apa 6 A xpo; tov H, outm; 6 H xpo; xov B. ol 
A, H, B apa £<;fj; avaXoyov elaiv. iwv A, B apa el; (i£ao; 
avaXoyov eaxiv aprdpo;. 

Asyo or], otl xal 6 A xpo; tov B oixXaalova Xoyov 
eyei fjxep f) opoXoyo; xXeupa xpo; ttjv opoXoyov xXeupav, 
xouxeaxiv fjxep 6 T xpo; tov E rj 6 A xpo; tov Z. exd yap 
ol A, H, B s<;rj; avaXoyov elaiv, 6 A xpo; tov B SixXaalova 
Xoyov eyei r]xep xpo; tov H. xal eaxiv (be; 6 A xpo; tov H, 
outo; o xe T xpo; tov E xal 6 A xpo; tov Z. xal 6 A apa 
xpo; tov B SixXaalova Xoyov eyei rjxep 6 T xpo; tov E fj 
6 A xpoc; tov Z- oxep eSei 6si;ai. 

' Literally, “double”. 

riT. 

Auo opolwv axepecbv apiOpov Suo peaoi avaXoyov 
epxlxxouaiv apiDpoc xal 6 axepeo; xpo; tov opoiov axepeov 
xpixXaaiova Xoyov zyp. f]xep f) opioXoyo; xXeupa xpo; xrjv 
opioXoyov xXeupav. 

A- 1 r i- 1 

A'-H 

E'- 1 

B '-1 Z'-' 

H'-1 

0i-1 

K>-h 

M i-1 ]Sf i-1 

tV 1 - 1 S i-1 

’'Eaxcoaav 8uo ojioioi axepeol ol A, B, xal xou piev A 
xXeupal eaxtoaav ol E, A, E, xou 5e B ol Z, H, 0. xal exel 
opioioi axepeol elaiv ol avaXoyov exovxe; xa; xXeupac;, eaxiv 
apa 6k piev 6 T xpcx; xov A, outok 6 Z xpo; xov H, cb<; 8e 
6 A xpo<; xov E, ouxco; 6 H xpo; xov 0. Xeyo, oxi xov A, 
B 8uo pieaoi avaXoyov ejixlxxouaiv apiApiol, xal 6 A xpo; 
xov B xpixXaaiova Xoyov exei r]xep 6 T xpo<; xov Z xal 6 
A xpoc; xov H xal exi 6 E xpo; xov 0. 

'O r yap xov A xoXXaxXaaiaaa; xov K xoielxco, 6 8e 
Z xov H xoXXaxXaaiaaac; xov A xoielxw. xal exel ol T, 
A xou; Z, H ev xco auxco Xoycp elaiv, xal ex piev xcov E, 
A eaxiv 6 K, ex 8e xebv Z, H 6 A, ol K, A [apa] opioioi 
exlxe8ol elaiv apiUpiol' xov K, A apa etc; (icaoc; avaXoyov 
eaxiv apiApioe;. eaxto 6 M. 6 M apa eaxiv 6 ex xebv A, 
Z, (be; ev xeb xpo xouxou De(upr](iaxi eSelxUr). xal exel 6 
A xov piev r xoXXaxXaaiaaac; xov K xexolrjxev, xov 8e Z 
xoXXaxXaaiaaac; xov M xexolrjxev, eaxiv apa (b; 6 T xpo; 
xov Z, outco; 6 K xpo; xov M. aXX’ (b; 6 K xpo; xov M, 
6 M xpo; xov A. ol K, M, A apa e;rj; elaiv avaXoyov ev 


continously proportional. Thus, there exists one number 
(namely, G ) in mean proportion to A and B. 

So I say that A also has to B a squared ratio with 
respect to (that) a corresponding side (has) to a corre¬ 
sponding side—that is to say, with respect to (that) C 
(has) to E, or D to F. For since A, G, B are continuously 
proportional, A has to B a squared ratio with respect to 
(that A has) to G [Prop. 5.9]. And as A is to G, so C (is) 
to E, and D to F. And thus A has to B a squared ratio 
with respect to (that) C (has) to E, or D to F. (Which 
is) the very thing it was required to show. 


Proposition 19 

Two numbers fall (between) two similar solid num¬ 
bers in mean proportion. And a solid (number) has to 
a similar solid (number) a cubed! ra tio with respect to 
(that) a corresponding side (has) to a corresponding side. 

A'-1 C i-1 

D-1 

E i-1 


B '- 

-' F 


G 


H 

K- 

H 

Mi- 

—' N 

L i- 

- 0 


Let A and B be two similar solid numbers, and let 
C, D, E be the sides of A, and F, G, H (the sides) of 
B. And since similar solid (numbers) are those having 
proportional sides [Def. 7.21], thus as C is to D, so F 
(is) to G, and as D (is) to E, so G (is) to H. I say that 
two numbers fall (between) A and B in mean proportion, 
and (that) A has to B a cubed ratio with respect to (that) 
C (has) to F, and D to G, and, further, E to H. 

For let C make K (by) multiplying D, and let F make 
L (by) multiplying G. And since C, D are in the same 
ratio as F, G, and I\ is the (number created) from (mul¬ 
tiplying) C, D, and L the (number created) from (multi¬ 
plying) F, G, [thus] K and L are similar plane numbers 
[Def. 7.21]. Thus, there exits one number in mean pro¬ 
portion to K and L [Prop. 8.18]. Let it be M. Thus, M is 
the (number created) from (multiplying) D, F, as shown 
in the theorem before this (one). And since D has made 
K (by) multiplying C, and has made M (by) multiplying 
F, thus as C is to F, so K (is) to M [Prop. 7.17]. But, as 
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to toO F xpo<; xov Z Aoy£>. xal exel eaxiv wcoF xpoc; xov 
A, outoc; 6 Z xpoc; xov H, evaAAac; apa eaxiv u; 6 T xpoc; 
xov Z, ouxoc; 6 A xpoc; xov H. 8iot xa auxa 8f] xal cx 6 A 
xpoc; xov H, ouxoc; 6 E Tipoc; xov 0. oi K, M, A apa e^fjc; 
eiaiv avaAoyov ev xe to xou T Tipoc; xov Z Aoyo xal to 
xou A Tipoc; xov H xod exi to xou E Tipoc; xov 0. exaxepoc; 
Sr] xov E, 0 xov M xoAAaxAaaiaaac; exaxepov xov N, S 
xoieixo. xal sue! axepeoc; eaxiv 6 A, xAeupal 8e auxou eiaiv 
ol r, A, E, 6 E apa xov ex xov E, A xoAAaxAaaiaaai; xov 
A xexoirjxev. 6 8e ex xov T, A eaxiv 6 K- 6 E apa xov K 
xoAAaxAaaiaaac; xov A xexoirjxev. 8ia xa auxa Sr] xal 6 0 
xov A xoAAaxAaaiaaac; xov B TiSTio(r]xev. xal exel 6 E xov 
K xoAAaxAaaiaaac; xov A xexoirjxev, aAAa (if]v xal xov M 
xoAAaxAaaiaaac; xov N xexoirjxev, eaxiv apa o<; 6 K Tipoc; 
xov M, ouxoc; 6 A Tipoc; xov N. o<; Se 6 K xpoc; xov M, 
ouxoc; 6 xe r xpoc; xov Z xal 6 A xpoc; xov H xal exi 6 E 
xpoc; xov 0- xal o<; apa 6 T xpoc; xov Z xal 6 A xpoc; xov 
H xal 6 E xpoc; xov 0, ouxoc; 6 A xpoc; xov N. xaAiv, exel 
exaxepoc; xov E, 0 xov M xoAAaxAaaiaaac; exaxepov xov 
N, S xexoirjxev, eaxiv apa o<; 6 E xpoc; xov 0, ouxoc; 6 N 
xpoc; xov S. aAA’ u;oE xpoc; xov 0, ouxoc; o xe T xpoc; xov 
Z xal 6 A xpoc; xov Eb xal oc; apa 6 T xpoc; xov Z xal 6 A 
xpoc; xov H xal 6 E xpoc; xov 0, ouxoc; 6 xe A xpoc; xov N 
xal 6 N xpoc; xov 5. xaAiv, exel 6 0 xov M xoAAaxAaaiaaac; 
xov 5 xexoirjxev, aAAa pfjv xal xov A xoAAaxAaaiaaac; xov 
B xexoirjxev, eaxiv apa oc; 6 M xpoc; xov A, ouxoc; 6 £ xpoc; 
xov B. aAA’ o<; 6 M xpoc; xov A, ouxoc; 8 xe T xpoc; xov Z 
xal 6 A xpoc; xov H xal 6 E xpoc; xov 0. xal o<; apa 6 T 
xpoc; xov Z xal 6 A xpoc; xov H xal 6 E xpoc; xov 0, ouxoc; 
ou (iovov 6 S xpoc; xov B, aAAa xal 6 A xpoc; xov N xal 6 
N xpoc; xov 5. oi A, N, S, B apa ec;fj<; eiaiv avaAoyov ev 
xoTc; eipr)(ievoi<; xov xAeupov Aoyoic;. 

Aeyo, oxi xal 6 A xpoc; xov B xpixAaaiova Aoyov 
exei fjxep f] 6]xoAoyo<; xAeupa xpoc; x/]v 6(ioAoyov xAeupav, 
xouxeaxiv fjxep 6 T apiD^oc; xpoc; xov Z fj 6 A xpoc; xov 
H xal exi 6 E xpoc; xov 0. exel yap xeaaapec; api'diuol ec;fj<; 
avaAoyov eiaiv oi A, N, S, B, 6 A apa xpoc; xov B xpi¬ 
xAaaiova Aoyov exsi fjxep 6 A xpoc; xov N. aAA’ 6; o A 
xpoc; xov N, ouxoc; eBeixDr] 6 xe T xpoc; xov Z xai 6 A xpoc; 
xov H xai exi 6 E xpoc; xov 0. xai 6 A apa xpoc; xov B 
xpixAaaiova Aoyov exei fjxep f] o(ioAoyoc; xAeupa xpoc; xf]v 
6]xoAoyov xAeupav, xouxeaxiv fjxep 6 T apn5]x6<; xpoc; xov 
Z xai 6 A xpoc; xov H xai exi 6 E xpoc; xov 0- oxep e8ei 
8eTc;ai. 

t Literally, “triple”. 

/ 

X . 

’Eav 8uo apiD^ov elc; ]teaoc; avaAoyov ejixixxfj dpiDjjioc;, 
ojioioi exixe8oi eaovxai oi dpiDjjioi. 


I< (is) to M, (so) M (is) to L. Thus, I\, M, L are contin¬ 
uously proportional in the ratio of C to F. And since as 
C is to D, so F (is) to G, thus, alternately, as C is to F, so 
D (is) to G [Prop. 7.13]. And so, for the same (reasons), 
as D (is) to G, so E (is) to H. Thus, K, M, L are contin¬ 
uously proportional in the ratio of C to F, and of D to G, 
and, further, of E to IT. So let E, H make N, O, respec¬ 
tively, (by) multiplying M. And since A is solid, and C, 

D, E are its sides, E has thus made A (by) multiplying 
the (number created) from (multiplying) C, D. And K 
is the (number created) from (multiplying) C, D. Thus, 
E has made A (by) multiplying K. And so, for the same 
(reasons), H has made B (by) multiplying L. And since 
E has made A (by) multiplying K, but has, in fact, also 
made N (by) multiplying M, thus as K is to M, so A (is) 
to N [Prop. 7.17]. And as K (is) to M, so C (is) to F, 
and D to G, and, further, E to FI. And thus as C (is) to 
F, and D to G, and E to //, so A (is) to N. Again, since 

E, FI have made N, O, respectively, (by) multiplying M, 
thus as E is to FI, so N (is) to O [Prop. 7.18]. But, as 
E (is) to F[, so C (is) to F, and D to G. And thus as C 
(is) to F, and D to G, and E to FI, so (is) A to N, and 
N to O. Again, since H has made O (by) multiplying M, 
but has, in fact, also made B (by) multiplying L, thus as 
M (is) to L, so 0 (is) to B [Prop. 7.17]. But, as M (is) 
to L, so C (is) to F, and D to G, and E to H. And thus 
as C (is) to F, and D to G, and E to H, so not only (is) 
O to B, but also A to N, and N to O. Thus, A, N, O, 
B are continuously proportional in the aforementioned 
ratios of the sides. 

So I say that A also has to B a cubed ratio with respect 
to (that) a corresponding side (has) to a corresponding 
side—that is to say, with respect to (that) the number C 
(has) to F, or D to G, and, further, E to H. For since A, 
N, O, B are four continuously proportional numbers, A 
thus has to B a cubed ratio with respect to (that) A (has) 
to N [Def. 5.10]. But, as A (is) to N, so it was shown (is) 
C to F, and D to G, and, further, E to H. And thus A has 
to B a cubed ratio with respect to (that) a corresponding 
side (has) to a corresponding side—that is to say, with 
respect to (that) the number C (has) to F, and D to G, 
and, further, E to H. (Which is) the very thing it was 
required to show. 


Proposition 20 

If one number falls between two numbers in mean 
proportion then the numbers will be similar plane (num- 
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Auo yap apidpfiiv xwv A, B eT<; (leooi; avaXoyov 
sPtutxtstco apidpoc; 6 T- Xsyco, oti oi A, B opoioi smxsSoi 
siaiv apidpoi. 


A i- 


r h 

B H 


bers). 

For let one number C fall between the two numbers A 
and B in mean proportion. I say that A and B are similar 
plane numbers. 


A'-' 

A'- 

r* i 

- D h 

i 17 1 

Z, 1 - 1 

L, 1 

1 JH h 


B'- 

-1 

E' -' 



H- 

—1 

G^ 


EiXr)Cp , da>aav [yap] cXa/iaTOi apidpoi ifiv tov auTov 
Xoyov eyovxwv toT; A, T oi A, E- iaaxi; apa 6 A tov A 
psxps’i xai 6 E tov r. oaaxi<; Sr] 6 A tov A psTpsl, ToaauTai 
pova8s<; saTCoaav ev tw Z' 6 Z apa tov A 7xoXXa7iXaaiaaa<; 
tov A xETioirjXEv. wctte 6 A sransSoc; saTLv, xXsupai 8s 
auTou oi A, Z. xaXiv, etis'i oi A, E sXayiaToi siai twv tov 
auTov Xoyov s)(6vtmv tou; F, B, iadxi; apa 6 A tov T ps- 
TpEl xai 6 E tov B. oaaxu; 8f) 6 E tov B peTpsi, ToaauTai 
pova8s<; saTwaav sv to H. 6 E apa tov B psTpsl xoltol t a<; 
ev tw H povdoa; - 6 H apa tov E KoXXaTiXaaiaaai; tov B 
7isxoi7]X£v. 6 B apa siuixsSoc; ectti, xXsupai 8 e auTou siaiv 
oi E, H. oi A, B apa sraxsBoi siaiv apnlpoi. Xsyo 8rj, oti 
xai opoioi. etie'i yap 6 Z tov psv A TioXXaTxXaaiaaa; tov 
A TEKoirjXEv, tov 8s E xoXXaTxXaaiaaac; tov T xsTioirjxsv, 
saTiv apa o; o A npoc; tov E, outcx 6 A xpoc tov T, 
touteotiv 6 r xpo<; tov B. xaXiv, Exsi 6 E Exonxpov tov Z, 
H TxoXXaTiXaaiaaai; touc; T, B xsiioirjXEv, eotiv apa b; 6 Z 
npoc; tov H, outox 6 T xpo<; tov B. b; 8e 6 T 7ipo<; tov B, 
outox 6 A npoc; tov E- xai A<; apa 6 A npoc tov E, outo<; 
6 Z 7ipo<; tov H' xai svaXXac; fix; 6 A xpo; tov Z, outcx 6 
E Kpo<; tov H. oi A, B apa opoioi etuxeOoi apidpoi siaiv ai 
yap TxXsupai auTov avaXoyov siaiv oxsp e8ei SsT^ai. 


[For] let the least numbers, D and E, having the 
same ratio as A and C have been taken [Prop. 7.33]. 
Thus, D measures A as many times as E (measures) C 
[Prop. 7.20]. So as many times as D measures A, so 
many units let there be in F. Thus, F has made A (by) 
multiplying D [Def. 7.15]. Hence, A is plane, and D, 
F (are) its sides. Again, since D and E are the least 
of those (numbers) having the same ratio as C and B, 
D thus measures C as many times as E (measures) B 
[Prop. 7.20]. So as many times as E measures B, so 
many units let there be in G. Thus, E measures B ac¬ 
cording to the units in G. Thus, G has made B (by) mul¬ 
tiplying E [Def. 7.15]. Thus, B is plane, and E, G are 
its sides. Thus, A and B are (both) plane numbers. So I 
say that (they are) also similar. For since F has made A 
(by) multiplying D, and has made C (by) multiplying E, 
thus as D is to E, so A (is) to C —that is to say, C to B 
[Prop. 7.17].* Again, since E has made C, B (by) multi¬ 
plying F, G, respectively, thus as F is to G, so C (is) to 
B [Prop. 7.17]. And as C (is) to B, so D (is) to E. And 
thus as D (is) to E, so F (is) to G. And, alternately, as D 
(is) to F, so E (is) to G [Prop. 7.13]. Thus, A and B are 
similar plane numbers. For their sides are proportional 
[Def. 7.21], (Which is) the very thing it was required to 
show. 


' This part of the proof is defective, since it is not demonstrated that F x E = C. Furthermore, it is not necessary to show that D : E :: A : C , 
because this is true by hypothesis. 


xa. 

’Eav 8uo apidpov SOo pcaoi avaXoyov EpraxTcraiv 
apiOpoi, opoioi aTEpcoi siaiv oi apihpoi. 

Auo yap apidpAv t&v A, B Suo pcaoi avaXoyov 
EpraxTEToraav apidpoi oi T, A- Xcyo, oti oi A, B opoioi 
aTEpcoi siaiv. 

EiXficpdcPaav yap sXayiaToi apidpoi twv tov auTov 
Xoyov £)(6vTorv toT; A, T, A Tpsu; oi E, Z, H- oi apa axpoi 
auTtSv oi E, H xponoi npoc; aXX/]Xouc; siaiv. xai sitci t£>v 
E, H si; psaoc; avaXoyov EpxsTtTcoxEv apidpoc; 6 Z, oi E, 
H apa aptdpoi opoioi etuxeOoi siaiv. saTtuaav ouv tou psv 


Proposition 21 

If two numbers fall between two numbers in mean 
proportion then the (latter) are similar solid (numbers). 

For let the two numbers C and D fall between the two 
numbers A and B in mean proportion. I say that A and 
B are similar solid (numbers). 

For let the three least numbers E, F, G having the 
same ratio as A, C, D have been taken [Prop. 8.2]. Thus, 
the outermost of them, E and G, are prime to one an¬ 
other [Prop. 8.3]. And since one number, F, has fallen 
(between) E and G in mean proportion, E and G are 
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E TtXeupal oi 0, K, xou Se H oi A, M. cpavspov apa saxiv 
ex tou npo xouxou, oxi oi E, Z, H e<;rj; eiaiv avaXoyov ev 
xe xo xou 0 xpo; xov A Xoyco xai xw xou K xpo; xov M. 
xai exei o'l E, Z, H eXayiaxoi eiai xov xov auxov Xoyov 
exovxov xou; A, T, A, xai eaxiv laov xo xXfj'Oo; xov E, 
Z, H xo xX/i'Oei xov A, T, A, Si’ laou apa eaxiv cb; 6 E 
xpo; xov H, ouxto; 6 A xpo; xov A. oi 8e E, H xpoxoi, oi 
8e upoxoi xai eXayiaxoi, oi Se eXayiaxoi pexpouai xou; xov 
auxov Xoyov eyovxa; auxou; iaaxi; o xe peii(tov xov peii(ova 
xai 6 eXaaaov xov eXaaaova, xouxeaxiv 6 xe iqyoupevo; 
xov f]youpevov xai 6 exopevo; xov exopevov iaaxu; apa 
6 E xov A pexpel xai 6 H xov A. oaaxi; 8f] 6 E xov A 
pexpel, xoaauxai pova8e; eaxoaav ev xo N. 6 N apa xov E 
xoXXaxXaaiaaa; xov A xexoirjxev. 6 8e E eaxiv 6 ex xov 
0, K' 6 N apa xov ex xov 0, K xoXXaxXaaiaaa; xov A 
xexoirjxev. axepeo; apa eaxiv 6 A, xXeupai 8e auxou eiaiv 
oi 0, K, N. xaXiv, exei oi E, Z, H eXa)(iaxoi eiai xov xov 
auxov Xoyov e^ovxov xoi; E, A, B, iaaxi; apa 6 E xov T 
piexpeT xai 6 H xov B. oaaxu; Sr] 6 E xov T (jexpeT, xoaauxai 
piovd8e; eaxoaav ev xo 5. 6 H apa xov B piexpel xaxa xa; 
ev xo 5 (iovdSa;' 6 S apa xov H xoXXaxXaaiaaa; xov B 
xexoir]xev. 6 5e H eaxiv 6 ex xov A, M> 6 5 apa xov ex 
xov A, M xoXXaxXaaidaa; xov B xexoir]xev. axepeo; apa 
eaxiv 6 B, xXeupai 8e auxou eiaiv oi A, M, 5- oi A, B apa 
axepeoi eiaiv. 



Aeyo [Sr]], oxi xal opioioi. exei yap oi N, S xov E xoX- 
XaxXaaiaaavxe; xou; A, T xexoir^xaaiv, eaxiv apa o; 6 N 
xpo; xov 5, 6 A xpo; xov T, xouxeaxiv 6 E xpo; xov Z. 
aXX’ o; 6 E xpo; xov Z, 6 0 xpo; xov A xai 6 K xpo; xov 
M- xai o; apa 6 0 xpo; xov A, ouxo; 6 K xpo; xov M xai 
6 N xpo; xov 5. xai eiaiv oi (iev 0, K, N xXeupai xou A, 


thus similar plane numbers [Prop. 8.20]. Therefore, let 
H, K be the sides of E, and L, M (the sides) of G. Thus, 
it is clear from the (proposition) before this (one) that E, 
F, G are continuously proportional in the ratio of H to 
L, and of I\ to M. And since E, F, G are the least (num¬ 
bers) having the same ratio as A, C, D, and the multitude 
of E, F, G is equal to the multitude of A, C, D, thus, 
via equality, as E is to G, so A (is) to D [Prop. 7.14]. 
And E and G (are) prime (to one another), and prime 
(numbers) are also the least (of those numbers having 
the same ratio as them) [Prop. 7.21], and the least (num¬ 
bers) measure those (numbers) having the same ratio as 
them an equal number of times, the greater (measuring) 
the greater, and the lesser the lesser—that is to say, the 
leading (measuring) the leading, and the following the 
following [Prop. 7.20]. Thus, E measures A the same 
number of times as G (measures) D. So as many times as 
E measures A, so many units let there be in N. Thus, N 
has made A (by) multiplying E [Def. 7.15]. And E is the 
(number created) from (multiplying) H and K. Thus, N 
has made A (by) multiplying the (number created) from 
(multiplying) II and K. Thus, A is solid, and its sides are 
IT, K, N. Again, since E, F, G are the least (numbers) 
having the same ratio as C, D, B, thus E measures C the 
same number of times as G (measures) B [Prop. 7.20]. 
So as many times as E measures C, so many units let 
there be in O. Thus, G measures B according to the units 
in O. Thus, O has made B (by) multiplying G. And 
G is the (number created) from (multiplying) L and M. 
Thus, O has made B (by) multiplying the (number cre¬ 
ated) from (multiplying) L and M. Thus, B is solid, and 
its sides are L, M, O. Thus, A and B are (both) solid. 



[So] I say that (they are) also similar. For since N, O 
have made A, C (by) multiplying E, thus as N is to O, so 
A (is) to C —that is to say, E to F [Prop. 7.18]. But, as 
E (is) to F, so HI (is) to L, and K to M. And thus as H 
(is) to L, so K (is) to M, and N to O. And H, K, N are 
the sides of A, and L, M, O the sides of B. Thus, A and 
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oi Se 5, A, M nks upai xou B. oi A, B apa apcdpoi opoioi 
CTxspeoi statv oitep eSsi Scl^ai. 

' The Greek text has “O, L, M”, which is obviously a mistake. 

x(3'. 

’Eav xpeli; apiDpoi e<;rj(; avaXoyov Saiv, 6 8 e Ttpwxoc; 
x£xpayMvo<; fj, xod 6 xpixo<; xExpaywvoc; eaxai. 

A'-1 

B i-1 

F i-1 

’'Eaxcoaav xpslc; apcdpoi ec;fj<; avaXoyov oi A, B, T, 6 Se 
upOxoc 6 A xexpayorvoc; eaxw Xeyco, oxi xai 6 xpixoc; 6 T 
xexpaywvoc; eaxiv. 

Tkei yap xwv A, T eu; peaoc; avaXoyov eaxiv apnlpcx; 
6 B, oi A, r apa opoioi eiujieOoi eiaiv. xexpayovoc; 8e 6 A- 
xexpaywvo<; apa xai 6 T- oxep e8ei 8eTc;ai. 

xy'- 

’Eav xeaaape<; apiOpoi ec;fj<; avaXoyov Saiv, 6 8e xpioxoc; 
xu[3o<; fj, xai 6 xexapxoi; xupo<; eaxai. 

A'-1 

B i-1 

r i-1 

A i-1 

’'Eaxcoaav xeaaapec apiOpol ec;fj<; avaXoyov oi A, B, T, 
A, 6 8e A xOpoi; eaxw Xeyo, oxi xai 6 A xOpoi; eaxiv. 

’Exei yap xwv A, A 8uo peaoi avaXoyov eiaiv apiDpoi 
oi B, T, oi A, A apa opoioi eiai axepeoi apnlpoi. xupo<; 8e 
6 A- xupo<; apa xai 6 A- oxep e8ei oei^ai. 


x§'. 

’Eav 8uo apnlpoi itpoc; dXXr]Xouc; Xoyov eywaiv, ov 
xexpaywvo<; aprdpoc; xpoc; xexpayovov apnlpov, 6 8e 
xpAxoc; xexpay«vo<; fj, xai 6 8euxepo<; xexpdya>vo<; eaxai. 

A'-—i r i-' 

B i-1 A i-1 

Auo yap apiDpoi oi A, B 7tpo<; aXXfjXouc; Xoyov 


B are similar solid numbers [Def. 7.21]. (Which is) the 
very thing it was required to show. 

Proposition 22 

If three numbers are continuously proportional, and 
the first is square, then the third will also be square. 

A 1 -1 

B 1 -1 

C'-' 

Let A, B, C be three continuously proportional num¬ 
bers, and let the first A be square. I say that the third C 
is also square. 

For since one number, B, is in mean proportion to 
A and C, A and C are thus similar plane (numbers) 
[Prop. 8.20]. And A is square. Thus, C is also square 
[Def. 7.21]. (Which is) the very thing it was required to 
show. 

Proposition 23 

If four numbers are continuously proportional, and 
the first is cube, then the fourth will also be cube. 

A 1 -1 

B 1 -1 

Ci-1 

D 1 -' 

Let A, B, C, D be four continuously proportional 
numbers, and let A be cube. I say that D is also cube. 

For since two numbers, B and C, are in mean propor¬ 
tion to A and D, A and D are thus similar solid numbers 
[Prop. 8.21]. And A (is) cube. Thus, D (is) also cube 
[Def. 7.21]. (Which is) the very thing it was required to 
show. 

Proposition 24 

If two numbers have to one another the ratio which 
a square number (has) to a(nother) square number, and 
the first is square, then the second will also be square. 


A 1 - 


B 1 - 

-1 


For let two numbers, A and B, have to one another 
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Eyexoraav, ov xExpaywvog apiOpog 6 T xpog xcxpaycovov 
dpiDpov xov A, 6 8e A xExpaycovog ecttco - Xsyo, oxi xcd 6 
B xExpayotvog ectxlv. 

’ExeI yap oi T, A xExpaywvoi siaiv, oi T, A apa opoioi 
Exixsboi siaiv. xAv T, A apa sic; (isaog avaXoyov spxixxsi 
apihpog. xai saxiv uc 6 T Tipoc; xov A, 6 A xpoc; xov B- 
xai xov A, B apa sic psaog avaXoyov spxixxEi apiOpog. xai 
saxiv 6 A xsxpayuvog- xai 6 B apa xsxpayovog saxiv oxcp 
e8ei 8sT^ai. 

xs'. 


’Eav Suo apihpoi Tipoc; aXXqXoug Xoyov syoaiv, ov 
xu[3og apihpog xpoc; xu[3ov dpi'djjov, 6 Se xpAxog xupog rj, 
xai 6 ScuxEpog xupoc; saxai. 



Auo yap apihpoi oi A, B xpoc; aXXr]Xoug Xoyov 
EXExoCTav, ov xupog apidpog 6 T xpog xupov apidpov xov 
A, xupoc; Se ectxo 6 A- Xsyo [Sq], oxi xai 6 B xupog saxiv. 

’Exsi yap oi T, A xupoi siaiv, oi F, A opoioi axs- 
psoi siaiv xov F, A apa Suo psaoi avaXoyov spxixxouaiv 
apnlpoi. boo i 8s sig xoug T, A psxa^u xaxa xo auvEysg 
avaXoyov spxixxouaiv, xoaouxoi xai sig xoug xov auxov 
Xoyov syovxag auxolg' oaxs xai xov A, B 8uo psaoi 
avaXoyov spxixxouaiv apihpoi. spxixxsxoaav oi E, Z. exeI 
ouv xsaaapsg api , 8(ioi oi A, E, Z, B s^fjg avaXoyov siaiv, 
xai saxi xupog 6 A, xupog apa xai 6 B- oxsp e8ei SeT^m- 


Xf'. 

Oi opoioi exixe8oi apiDpoi xpog aXXrjXoug Xoyov syou- 
aiv, ov xsxpayovog apidpog xpog xsxpayoovov apiOirov. 



Tlaxoaav opoioi exixeSoi apiOpoi oi A, B- Xsyo, oxi 
6 A xpog xov B Xoyov s/si, xsxpayovog dpd}|ji6g xpog 


the ratio which the square number C (has) to the square 
number D. And let A be square. I say that B is also 
square. 

For since C and D are square, C and I) are thus sim¬ 
ilar plane (numbers). Thus, one number falls (between) 
C and D in mean proportion [Prop. 8.18]. And as C is 
to D, (so) A (is) to B. Thus, one number also falls (be¬ 
tween) A and B in mean proportion [Prop. 8.8]. And A 
is square. Thus, B is also square [Prop. 8.22]. (Which is) 
the very thing it was required to show. 

Proposition 25 


If two numbers have to one another the ratio which 
a cube number (has) to a(nother) cube number, and the 
first is cube, then the second will also be cube. 



For let two numbers, A and B, have to one another 
the ratio which the cube number C (has) to the cube 
number D. And let A be cube. [So] I say that B is also 
cube. 

For since C and D are cube (numbers), C and D are 
(thus) similar solid (numbers). Thus, two numbers fall 
(between) C and D in mean proportion [Prop. 8.19]. 
And as many (numbers) as fall in between C and D in 
continued proportion, so many also (fall) in (between) 
those (numbers) having the same ratio as them (in con¬ 
tinued proportion) [Prop. 8.8]. And hence two numbers 
fall (between) A and B in mean proportion. Let E and F 
(so) fall. Therefore, since the four numbers A, E, F, B 
are continuously proportional, and A is cube, B (is) thus 
also cube [Prop. 8.23]. (Which is) the very thing it was 
required to show. 

Proposition 26 

Similar plane numbers have to one another the ratio 
which (some) square number (has) to a(nother) square 
number. 



Let A and B be similar plane numbers. I say that A 
has to B the ratio which (some) square number (has) to 
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xsxpaycovov apnfpov. 

’Exd yap oi A, B opoioi exIxeBoI siaiv, xAv A, B apa 
sic; (isaoc; avaXoyov spxlxxsi apihpoc;. spxixxsxM xal saxto 6 
F, xal slXficphMaav sXaxiaxoi apihpoi xov xov auxov Xoyov 
E)(6vxwv xolc; A, T, B ol A, E, Z- oi apa axpoi auxAv oi 
A, Z xsxpaywvol siaiv. xal sxsl saxiv Ac; 6 A xpoc; xov Z, 
ouxcoc; 6 A xpoc; xov B, xal siaiv ol A, Z xsxpdycovoi, 6 A 
apa xpoc; xov B Xoyov sxei, ° v xsxpaywvoc; apidpoc; xpoc; 
xsxpaywvov apihpov oxsp e8ei bs'i^ai. 

xC'. 

Ol opoioi axspsol apihpol xpoc; aXXrjXouc; Xoyov syou- 
aiv, ov xu|3oc; apiOpoc; xpoc; xupov apnlpov. 

A i-1 E i-1 

r-1 z-1 

A i-1 H>-1 

B i-1 ©i-1 

’'Eaxcoaav opoioi axspsol apihpol ol A, B- Xsyo, oxi 6 
A xpoc; xov B Xoyov cyci, ° v xupoc; api'dpoc; xpoc; xupov 
apihpov. 

’Exsl yap ol A, B opoioi axspsol siaiv, xAv A, B apa 8uo 
psaoi avaXoyov spxlxxouaiv apihpol. spxixxsxwaav ol T, 
A, xal siXr](p , dwaav sXaxiaxoi apnlpoi xAv xov auxov Xoyov 
EXovxwv xolc; A, T, A, B laoi auxolc; xo xXfydoc; ol E, Z, H, 
©• ol apa axpoi auxAv ol E, O xOpoi siaiv. xal saxiv Ac; 6 
E xpoc; xov O, ouxoc; 6 A xpoc; xov B- xal 6 A apa xpoc; 
xov B Xoyov sysi, ov xupoc; apihpoc; xpoc; xupov apihpov 
oxsp e8ei SsT^ai. 


a(nother) square number. 

For since A and B are similar plane numbers, one 
number thus falls (between) A and B in mean propor¬ 
tion [Prop. 8.18]. Let it (so) fall, and let it be C. And 
let the least numbers, D, E, F, having the same ratio 
as A, C, B have been taken [Prop. 8.2]. The outermost 
of them, D and F, are thus square [Prop. 8.2 corr.]. And 
since as D is to F, so A (is) to B, and D and F are square, 
A thus has to B the ratio which (some) square number 
(has) to a(nother) square number. (Which is) the very 
thing it was required to show. 

Proposition 27 

Similar solid numbers have to one another the ratio 
which (some) cube number (has) to a(nother) cube num¬ 
ber. 

A i-1 E i-1 

C i-1 F i-1 

D-1 G-1 

B-1 Hi-1 

Let A and B be similar solid numbers. I say that A 
has to B the ratio which (some) cube number (has) to 
a(nother) cube number. 

For since A and B are similar solid (numbers), two 
numbers thus fall (between) A and B in mean proportion 
[Prop. 8.19]. Let C and D have (so) fallen. And let the 
least numbers, E, F, G, FI, having the same ratio as A, 
C, D, B, (and) equal in multitude to them, have been 
taken [Prop. 8.2]. Thus, the outermost of them, E and 
W, are cube [Prop. 8.2 corr.]. And as E is to H, so A (is) 
to B. And thus A has to B the ratio which (some) cube 
number (has) to a(nother) cube number. (Which is) the 
very thing it was required to show. 
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Applications of Number Theory .| 


tThe propositions contained in Books 7-9 are generally attributed to the school of Pythagoras. 
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a. 

’Eav Suo ojioioi ex(xe8oi apiOpoi xoXXaxXaCTiaaavxEC 
aXXqXouc; xoiActI xiva, 6 YEvopEvot; vExpaytovoc; saxat. 

A'-1 

B '-' 

r i- 1 

A i-1 

’'Eaxwaav 8uo opoioi exIxeSoi dprdpoi oi A, B, xal 6 
A xov B KoXXaxXaoiaaai; xov T xotslxcy Xeym, oxi 6 T 
xexpdY«vo<; eaxiv. 

’0 yap A sauxov xoXXaxXacndCTac; xov A xoislxco. 6 A 
apa xsxpaYMvoc; soxiv. sxsi ouv 6 A Eauxov psv xoXXa- 
TiXaaiaaac; xov A xexoItjxev, xov 8e B xoXXaxXaaiaCTac; xov 
T xsxolqxsv, ectxiv apa u? 6 A xpoc; xov B, ouxax; 6 A 
xpoc; xov r. xal sxci oi A, B opoioi exIxeSoI slew apiDiioi, 
xAv A, B apa sic (iectoc; avaXoYov s(j.txltxxei apulpoc;. sav 8s 
8uo aprdpAv psxac;u xaxa xo CTUvsysc; avaXoYov spxlxxooCTiv 
apulpol, octoi sic; auxouc; spxlxxouCTt, xoaouxoi xal sic; xouc; 
xov auxov Xoyov E)(ovxa<;- Actxe xal xAv A, T sic; pEooc; 
avaXoYov s(jltiltixei apiilpoc;. xal sctxl xsxpaYtovoc; 6 A- 
x£xpaYWvo<; apa xai 6 T- oxcp sSsi 8sT^ai.. 


A- 

’Eav 8uo api/dpoi xoXXaxXaai.daavxE<; aXXrjXouc; xoiActi 
xsxpaYWvov, opotoi exIxe8oI siaiv api/dpol. 

A'-' 

B '-1 

r'- 1 

A i-1 

’'Eaxwaav Suo apihpoi oi A, B, xai 6 A xov B xoXXa- 
xXaaiaaac; xsxpaYWvov xov T xoislxcr \eya, oxi oi A, B 
ojioioi exIxeSoI siaiv apihpol. 

'O yap A Eauxov xoXXaxXaCTiaaac; xov A xoislxcr 6 A 
apa xsxpdytovoi; ectxiv. xai exeI 6 A Eauxov psv xoXXa- 
xXaCTiaaac; xov A xexoItjxev, xov 8e B xoXXaxXaCTidcrac; xov 
F xExolqxsv, ectxiv apa Ac; 6 A xpoc; xov B, 6 A xpoc; xov 
F. xai exeI 6 A xExpaywvoc; ectxiv, aXXa xai 6 T, oi A, T 
apa opoioi exIxeSoI eEctiv. xAv A, T apa sic; psaoc; avaXoyov 


Proposition 1 

If two similar plane numbers make some (number by) 
multiplying one another then the created (number) will 
be square. 

A 1 -1 

B 1 -1 

Ci-1 

D 1 -1 

Let A and B be two similar plane numbers, and let A 
make C (by) multiplying B. I say that C is square. 

For let A make D (by) multiplying itself. D is thus 
square. Therefore, since A has made D (by) multiply¬ 
ing itself, and has made C (by) multiplying B, thus as A 
is to B, so D (is) to C [Prop. 7.17]. And since A and 
B are similar plane numbers, one number thus falls (be¬ 
tween) A and B in mean proportion [Prop. 8.18]. And if 
(some) numbers fall between two numbers in continued 
proportion then, as many (numbers) as fall in (between) 
them (in continued proportion), so many also (fall) in 
(between numbers) having the same ratio (as them in 
continued proportion) [Prop. 8.8]. And hence one num¬ 
ber falls (between) D and C in mean proportion. And D 
is square. Thus, C (is) also square [Prop. 8.22]. (Which 
is) the very thing it was required to show. 

Proposition 2 

If two numbers make a square (number by) multiply¬ 
ing one another then they are similar plane numbers. 

A 1 - 1 

B 1 -1 

Ci- 1 

D 1 - 1 

Let A and B be two numbers, and let A make the 
square (number) C (by) multiplying B. I say that A and 
B are similar plane numbers. 

For let A make D (by) multiplying itself. Thus, D is 
square. And since A has made D (by) multiplying itself, 
and has made C (by) multiplying B, thus as A is to B, so 
D (is) to C [Prop. 7.17]. And since D is square, and C 
(is) also, D and C are thus similar plane numbers. Thus, 
one (number) falls (between) D and C in mean propor- 
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epxlxxsi. xal saxiv Ac; 6 A xpoc; xov T, outoc; 6 A xpoc; xov 
B- xal tuv A, B apa sic; psaoc; avaXoyov spxlxxsi. sav 8s 
8uo apnlpAv sic; psaoc; avdXoyov spxlxxr], opoioi sxixsOol 
siaiv [ol] apnlpot oi apa A, B opoiol siaiv sxlxsSor oxsp 
s8si 8sTl;ai. 


y'- 

’Eav xOpoi; apnlpoc; sauxov xoXXaxXaaiaaac; xoifj xiva, 
6 ysvopsvoc; xupoc; saxai. 

A 1 -1 

B i-1 

r i-1 

A i-1 

Kuf3o<; yap apnlpoc; 6 A sauxov xoXXaxXaaiaaac; tov B 
xoisitw Xsyco, oxi 6 B xupoc; screw. 

EiXricp'dw yap xou A xXsupa 6 T, xal 6 T Sauxov xoXXa¬ 
xXaaiaaac; xov A xoisitm. epavspov 8f| saxiv, oxi 6 T xov A 
xoXXaxXaaiaaac; xov A xsxolrjxsv. xal sxsl 6 T sauxov xoX¬ 
XaxXaaiaaac; xov A xsxolrjxsv, 6 T apa xov A pisxpsl xaxa 
xac; sv aUxA povaSac;. aXXa ptrjv xal f] povac; xov T psxpst 
xaxa xac; sv auxA povaOac;- saxiv apa (be; rj povac; xpoc; xov 
r, 6 T xpoc; xov A. xaXiv, sxsl 6 T xov A xoXXaxXaaiaaac 
xov A xsxolrjxsv, 6 A apa xov A psxpsl xaxa xac; sv xA T 
pova8a<;. psxpsT 8s xal f) povac; xov T xaxa xac; sv auxA 
piova8a<;- saxiv apa Ac; V) povac; xpoc xov T, 6 A xpoc xov 
A. aXX’ Ac; f) povac xpoc xov T, 6 T xpoc xov A' xal Ac 
apa f) povac xpoc xov T, ouxwc 6 T xpoc xov A xal 6 A 
xpoc xov A. xfjc; apa povaboc xal xou A apiDpoO 8uo psaoi 
avaXoyov xaxa xo auvsxec spxsxxAxaaiv apnlpol ol T, A. 
xaXiv, sxsl 6 A sauxov xoXXaxXaaiaaac xov B xsxolrjxsv, 
6 A apa xov B psxpsl xaxa xac; sv auxA povaSac psxpsl 8s 
xal f) povac xov A xaxa xac; sv auxA pova8ac saxiv apa Ac 
V) povac xpoc; xov A, 6 A xpoc; xov B. xfjc; 8s povaSoc xal 
xou A Suo psaoi avaXoyov spxsxxAxaaiv apihpoL- xal xAv 
A, B apa 8uo psaoi avaXoyov Epxsaouvxai apihpol. sav 8s 
8uo apihpAv 8uo psaoi avaXoyov spxlxxwaiv, 6 8s xpAxoc 
xupoc fj, xal 6 Ssuxspoc xupoc saxai. xal saxiv 6 A xupoc 
xal 6 B apa xupoc; saxiv oxsp s8si 8sTc;ai. 

8 '. 

’Eav xupoc; apnlpoc xupov apnlpov xoXXaxXaaiaaac 
xoifj xiva, 6 ysvopsvoc xupoc; saxai. 


tion [Prop. 8.18]. And as D is to C, so A (is) to B. Thus, 
one (number) also falls (between) A and B in mean pro¬ 
portion [Prop. 8.8]. And if one (number) falls (between) 
two numbers in mean proportion then [the] numbers are 
similar plane (numbers) [Prop. 8.20], Thus, A and B are 
similar plane (numbers). (Which is) the very thing it was 
required to show. 

Proposition 3 

If a cube number makes some (number by) multiply¬ 
ing itself then the created (number) will be cube. 

A i-1 

B 1 -1 

C'-1 

D 1 -1 

For let the cube number A make B (by) multiplying 
itself. I say that B is cube. 

For let the side C of A have been taken. And let C 
make D by multiplying itself. So it is clear that C has 
made A (by) multiplying D. And since C has made D 
(by) multiplying itself, C thus measures D according to 
the units in it [Def. 7.15]. But, in fact, a unit also mea¬ 
sures C according to the units in it [Def. 7.20], Thus, as 
a unit is to C, so C (is) to D. Again, since C has made A 
(by) multiplying D, D thus measures A according to the 
units in C. And a unit also measures C according to the 
units in it. Thus, as a unit is to C, so D (is) to A. But, 
as a unit (is) to C, so C (is) to D. And thus as a unit (is) 
to C, so C (is) to D, and D to A. Thus, two numbers, C 
and D, have fallen (between) a unit and the number A 
in continued mean proportion. Again, since A has made 
B (by) multiplying itself, A thus measures B according 
to the units in it. And a unit also measures A according 
to the units in it. Thus, as a unit is to A, so A (is) to B. 
And two numbers have fallen (between) a unit and A in 
mean proportion. Thus two numbers will also fall (be¬ 
tween) A and B in mean proportion [Prop. 8.8]. And if 
two (numbers) fall (between) two numbers in mean pro¬ 
portion, and the first (number) is cube, then the second 
will also be cube [Prop. 8.23]. And A is cube. Thus, B 
is also cube. (Which is) the very thing it was required to 
show. 

Proposition 4 

If a cube number makes some (number by) multiply¬ 
ing a(nother) cube number then the created (number) 
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A'-1 

B i-1 

r i - 1 

A i-1 

Kuf3o<; yap api/dpoc; 6 A xupov api/dpov tov B xoXXa- 
xXaaiaaac; tov T tcoieItw Xsyw, oti 6 T xupoc; sgtIv. 

O yap A sauxov xoXXaxXaGiaGac; tov A tcoieItw 6 
A apa xupoc; egtiv. xal etceI 6 A sauTov (iev xoXXa- 
xXaoiaoac; tov A x£7iolr]X£v, tov 8e B xoXXaTiXaoiaoai; tov 
T xexolrjXEv, egtiv apa Ac; 6 A xpoc; tov B, outox; 6 A xpoi; 
tov T. xal etcsI ol A, B xupoi eigIv, opoioi GTEpsol sioiv oi A, 
B. tAv A, B apa Suo (isaoi avaXoyov spxlxTOuaiv apihp.ol' 
Agts xal tAv A, F 8uo psGoi avaXoyov EjixEGoOvTai 
apnlpol. xa[ egti xupoc; 6 A- xupoc; apa xal 6 T- oxEp 
e8si SsTc;ai. 

s'. 

’Eav xupoc; apiDpoc; apiDpov Tiva jioXXaxXaoiaoac; xupov 
xoirj, xal 6 7ioXXaxXaaiaa , d£l<; xupoc; soTai. 

A 1 -1 

B i-1 

r i- 1 

A i-1 

Kupog yap apiOiioc; 6 A apihpov Tiva tov B xoXXa- 
xXaoiaoac; xupov tov T tioieitw Xsyco, oti. 6 B xupoc; sgtIv. 

O yap A sauTov xoXXaxXaGiaGac; tov A tcoieItw xupoc; 
apa sgtIv 6 A. xal exsl 6 A sauTov psv KoXXaxXaoiaaac; tov 
A TEKOirjXEv, tov 8e B TioXXaxXaaiaGac; tov T KExolrjXEv, 
egtiv apa Ac; 6 A xpoc; tov B, 6 A xpoc; tov T. xal etie'l 
ol A, F xupoi sioiv, opoioi GTEpsol sioiv. tAv A, T apa 
Suo (isaoi avaXoyov spiuxTouaiv apidpol. xal egtiv Ac; 6 A 
xpoi; tov r, outmc; 6 A xpoc; tov B' xal tAv A, B apa Suo 
(isaoi avaXoyov EjixlxTouaiv apihpol. xal egti xupoc; 6 A- 
xupoc; apa egti xal 6 B- oxsp sSsi 8El^ai. 


9'. 

’Eav apiDpoc; sauTov xoXXaxXaoidoac; xupov xoifj, xal 


will be cube. 

A 1 -1 

B 1 - 1 

C'-1 

D 1 - 1 

For let the cube number A make C (by) multiplying 
the cube number B. I say that C is cube. 

For let A make D (by) multiplying itself. Thus, D is 
cube [Prop. 9.3]. And since A has made D (by) multi¬ 
plying itself, and has made C (by) multiplying B, thus 
as A is to B, so D (is) to C [Prop. 7.17]. And since A 
and B are cube, A and B are similar solid (numbers). 
Thus, two numbers fall (between) A and B in mean pro¬ 
portion [Prop. 8.19]. Hence, two numbers will also fall 
(between) D and C in mean proportion [Prop. 8.8]. And 
D is cube. Thus, C (is) also cube [Prop. 8.23]. (Which 
is) the very thing it was required to show. 

Proposition 5 

If a cube number makes a(nother) cube number (by) 
multiplying some (number) then the (number) multi¬ 
plied will also be cube. 

A1-1 

B 1 - 1 

Ci- 1 

D 1 - 1 

For let the cube number A make the cube (number) 
C (by) multiplying some number B. I say that B is cube. 

For let A make D (by) multiplying itself. D is thus 
cube [Prop. 9.3]. And since A has made D (by) multiply¬ 
ing itself, and has made C (by) multiplying B, thus as A 
is to B, so D (is) to C [Prop. 7.17]. And since D and C 
are (both) cube, they are similar solid (numbers). Thus, 
two numbers fall (between) D and C in mean proportion 
[Prop. 8.19]. And as D is to C, so A (is) to B. Thus, 
two numbers also fall (between) A and B in mean pro¬ 
portion [Prop. 8.8]. And A is cube. Thus, B is also cube 
[Prop. 8.23]. (Which is) the very thing it was required to 
show. 

Proposition 6 

If a number makes a cube (number by) multiplying 
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aurog xu|3og saxai. 

A'-1 

B i-1 

r i-1 

Apihpog yap 6 A eaurov TioXXaiiXaaiaaag xOpov tov B 
tioicItw Xey«, oti xal 6 A xbpog eaTiv. 

'O yap A xov B xoXXaTiXaaidaag tov F iioielTto. enel ouv 
6 A eauTov pev TioXXauXaaidaag tov B Tieiiolr]X£v, tov 8s 
B TioXXaiiXaaidaag tov T TieTiolqxev, 6 T apa xupog eaTiv. 
xal enel 6 A eauTov TioXXaiiXaaidaag tov B Tieiiolrjxev, 6 
A apa tov B peTpel xaTa Tag ev auTA povaSag. peTpel Be 
xal f] povag tov A xara Tag ev auTA povaBag. eaTiv apa 
Ag fj povag npog tov A, ouTwg 6 A npog tov B. xal enel 
6 A tov B TioXXaTiXaaiaaag tov T neTiolqxev, 6 B apa tov 
r peTpel xaTa Tag ev to A povaBag. peTpel Be xal f) povag 
tov A xaTa Tag ev auTW povaBag. eaTiv apa Ag f) povag 
Tipog tov A, ouTwg 6 B xpog tov T. aXX’ Ag fj povag npog 
tov A, ouTog 6 A Tipog tov B- xal Ag apa 6 A Tipog tov B, 
6 B Tipog tov r. xal enel ol B, T xOpoi eiaiv, opoioi aTepeoi 
eiaiv. tov B, T apa Buo peaoi avaXoyov eiaiv apihpol. xal 
eaTiv Ag 6 B Tipog tov T, 6 A Tipog tov B. xal tov A, B 
apa Buo peaoi avaXoyov eiaiv apihpol. xal eaTiv xOpog 6 
B- xupog apa eaFi xal 6 A- oiiep eBei 8eU;ai. 

C- 

5 Eav aOv'dexoc; api/d(a6<; apidjiov xiva TtoXXonrXaaiaaac; 
Tcoifj xiva, 6 yevo^ievoc; axepsoc; eaxai. 

A'-1 

B i-1 

r i-1 

A-1 

E>-1 

SuvdeTog yap apnlpog 6 A apihpov Tiva tov B TioXXa- 
TiXaaiaaag tov T TioieiTor Xeyu, oti 6 T aTepeog eaTiv. 

’Enel yap 6 A auvheTog eaTiv, utio apihpou Tivog pe- 
TprjhfjaeTai. peTpelahu utio tou A, xal oaaxig 6 A tov A 
peTpel, ToaauTai povaBeg eaTwaav ev tA E. enel ouv 6 A 
tov A peTpel xaTa Tag ev tA E povaBag, 6 E apa tov A 
TioXXaiiXaaidaag tov A ti£tioIt)X£v. xal end 6 A tov B tioX- 
XaTiXaaiaaag tov T TieTiolr]X£v, 6 Be A eaTiv 6 ex tAv A, E, 
6 apa ex tAv A, E tov B iioXXaTiXaaidaag tov T Tienolrjxev. 
6 r apa aTepeog eaTiv, nXeupal Be auTou eiaiv oi A, E, B- 


itself then it itself will also be cube. 

A 1 -1 

B 1 -1 

Ci-1 

For let the number A make the cube (number) B (by) 
multiplying itself. I say that A is also cube. 

For let A make C (by) multiplying B. Therefore, since 
A has made B (by) multiplying itself, and has made C 
(by) multiplying B, C is thus cube. And since A has made 
B (by) multiplying itself, A thus measures B according to 
the units in (A). And a unit also measures A according 
to the units in it. Thus, as a unit is to A, so A (is) to 
B. And since A has made C (by) multiplying B, B thus 
measures C according to the units in A. And a unit also 
measures A according to the units in it. Thus, as a unit is 
to A, so B (is) to C. But, as a unit (is) to A, so A (is) to 
B. And thus as A (is) to B, (so) B (is) to C. And since B 
and C are cube, they are similar solid (numbers). Thus, 
there exist two numbers in mean proportion (between) 
B and C [Prop. 8.19]. And as B is to C, (so) A (is) to B. 
Thus, there also exist two numbers in mean proportion 
(between) A and B [Prop. 8.8]. And B is cube. Thus, A 
is also cube [Prop. 8.23], (Which is) the very thing it was 
required to show. 

Proposition 7 

If a composite number makes some (number by) mul¬ 
tiplying some (other) number then the created (number) 
will be solid. 

A 1 -1 

B 1 -1 

Ci-1 

D 1 -1 

Ei-1 

For let the composite number A make C (by) multi¬ 
plying some number B. I say that C is solid. 

For since A is a composite (number), it will be mea¬ 
sured by some number. Let it be measured by D. And, 
as many times as D measures A, so many units let there 
be in E. Therefore, since D measures A according to 
the units in E, E has thus made A (by) multiplying D 
[Def. 7.15]. And since A has made C (by) multiplying B, 
and A is the (number created) from (multiplying) D, E, 
the (number created) from (multiplying) D, E has thus 
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oxcp eBei oa^ai. 


*)'• 

’Eav axo povaBoc; oxoctoiouv dpitlpol £c;fj<; avaXoyov 
Scuv, 6 pcv xplxoc; axo xrjc; povaBoc; xExpayorvoc; scraa. 
xal ol Eva BiaXrixovxEt;, 6 Be xsxapxoc; xupoc; xal ol 
Buo BiaXslxovxsi; xavxsc;, 6 Bs spBopoc; xupoc; apa xal 
x£xpaya>vo<; xal ol xsvxs BiaXslxovxsc;. 


A'-1 

B i-1 

r i-1 

A'-1 

El-1 

Zi-1 

’'Eaxcoaav axo povaBoc; oxoctoiouv apidpol E^fjg avaXoy- 
ov ol A, B, r, A, E, Z- Xsya), oxl 6 pcv xplxoc; axo 
xqc; povaBoc; 6 B xsxpdytovoc; ectxi xal ol Eva BiaXslxovxsc; 
xavxsc;, 6 Bs xsxapxoc; 6 T xupoc; xal ol Buo BiaXslxovxsc; 
xavxsc;, 6 Be spBopoc; 6 Z xupoc; apa xal xsxpayuvoc; xal ol 
xevxe BiaXslxovxsc; xavxsc;. 

’End yap ectxiv 6c f\ pova; xpo; xov A, ouxto; 6 A 
xpo; xov B, iaaxu; apa f) pova; xov A apiDpov psxpsl xal 
6 A xov B. rj Be pova; xov A apiDpov psxpsl xaxa xa; 
sv aux6 povaBa;' xal 6 A apa xov B psxpsl xaxa xa; sv 
x6 A povaBa;. 6 A apa sauxov xoXXaxXaCTiacra; xov B 
xExolqxsv xExpaytovo; apa ectxIv 6 B. xal sxsl ol B, F, A 
E^fjc avaXoyov slaiv, 6 Be B xExpaytovo; ectxiv, xal 6 A apa 
xsxpdytovo; ectxiv. Bia xa auxa Brj xal 6 Z xsxpayMvo; 
ectxiv. opolw; Bf) Bsl^opsv, oxi xal ol Eva BiaXslxovxs; 
xavxs; xExpaywvol eIctiv. Xsyco 6f|, oxi xal 6 xsxapxo; axo 
xfjc povaBo; 6 F xu^oc ectxI xal ol Buo BiaXslxovxs; xavxs;. 
exeI yap ectxiv 6c f] pova; xpo; xov A, ouxco; 6 B xpo; xov 
r, loaxic apa f] pova; xov A apihpov psxpsl xal 6 B xov T. f) 
Be pova; xov A apiDpov pcxpsl xaxa xa; ev x6 A povaBa; - 
xal 6 B apa xov T pcxpsl xaxa xac sv x6 A povaBa; - 6 A 
apa xov B xoXXaxXaCTiaCTac xov F xExolrjXEv. exeI ouv 6 
A sauxov psv xoXXaxXaCTiaCTac xov B xexoItjxev, xov Be B 
xoXXaxXaCTiaCTac xov T xexo1t]XEv, xupoc apa ectxIv 6 T. xal 
exeI ol r, A, E, Z E^fjc avaXoyov slcnv, 6 Be T xupoc ectxiv, 


made C (by) multiplying B. Thus, C is solid, and its sides 
are D, E, B. (Which is) the very thing it was required to 
show. 

Proposition 8 

If any multitude whatsoever of numbers is continu¬ 
ously proportional, (starting) from a unit, then the third 
from the unit will be square, and (all) those (numbers 
after that) which leave an interval of one (number), and 
the fourth (will be) cube, and all those (numbers after 
that) which leave an interval of two (numbers), and the 
seventh (will be) both cube and square, and (all) those 
(numbers after that) which leave an interval of five (num¬ 
bers). 

A 1 -1 

B 1 -1 

Ci- 1 

D i-1 

Ei- 1 

F i-1 

Let any multitude whatsoever of numbers, A, B, C, 
D, E, F, be continuously proportional, (starting) from 
a unit. I say that the third from the unit, B, is square, 
and all those (numbers after that) which leave an inter¬ 
val of one (number). And the fourth (from the unit), C, 
(is) cube, and all those (numbers after that) which leave 
an interval of two (numbers). And the seventh (from the 
unit), F, (is) both cube and square, and all those (num¬ 
bers after that) which leave an interval of five (numbers). 

For since as the unit is to A, so A (is) to B, the unit 
thus measures the number A the same number of times 
as A (measures) B [Def. 7.20]. And the unit measures 
the number A according to the units in it. Thus, A also 
measures B according to the units in A. A has thus made 
B (by) multiplying itself [Def. 7.15]. Thus, B is square. 
And since B, C, D are continuously proportional, and B 
is square, D is thus also square [Prop. 8.22], So, for the 
same (reasons), F is also square. So, similarly, we can 
also show that all those (numbers after that) which leave 
an interval of one (number) are square. So I also say that 
the fourth (number) from the unit, C, is cube, and all 
those (numbers after that) which leave an interval of two 
(numbers). For since as the unit is to A, so B (is) to C, 
the unit thus measures the number A the same number 
of times that B (measures) C. And the unit measures the 
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xod 6 Z apa xu|3o<; saxiv. e8eCx' 1 ® r ] xal vsxpaYMvoc;- 6 apa 
spSopoc; axo xrjc povaooc; xOpoc; te saxi xal xsxpaYMvoc;. 
opolwc; Sf) 8sl?[op£v, oxi xal ol xsvxs 8iaXslxovxs<; xavxsc; 
xOpoi xs slai xal TETpaYcovoi - oxsp s8si BsT^ai. 


fl'. 

’Eav axo pova8o<; oxoaoiouv s^fj c, xaxa to auvsysc; 
apihpol avaXoYov Saiv, 6 8s (isxa xrjv povaSa xExpaYWvoc; 
fj, xal ol Xoixol xavxsc; xsxpaYWvoi saovxai. xal sav 6 psxa 
xf]v povaSa xu|3o<; fj, xal ol Xoixol xavxsc; xu|3oi saovxai. 

A i-1 

B i-1 

r i-1 

A'-1 

El-1 

Zi-1 

’'Eaxwaav axo pova8o<; s<;rjc; avaXoYov oaoiSrjxoxouv 
apihpol ol A, B, T, A, E, Z, 6 8s psxa xqv pova8a 
6 A xsxpaYWvoc; saxw Xsyw, oxi xal ol Xoixol xavxsc; 
xsxpaYWvoi saovxai. 

"Oxi psv ouv 6 xplxoc; axo xfjc; povaSoc; 6 B xsxpaYWvoc; 
saxi xal ol sva OiaxXslxovxsc; xavxsc;, 8s8£ixxar Xsyw [8rj], 
oxi xal ol Xoixol xavxsc; xExpaYWvol slaiv. sxsl y“P ol A, 
B, T sc;fj<; avaXoYov slaiv, xal saxiv 6 A x£xpaY«vo<;, xal 6 
r [apa] xExpaYWvoc; saxiv. xaXiv, Sxsl [xal] ol B, T, A sc;fj<; 
avaXoYov slaiv, xal saxiv 6 B xsxpaYMvoc;, xal 6 A [apa] 
TExpaYWvot; saxiv. opolorc; 8rj 8s[^o(isv, oxi xal ol Xoixol 
xavxsc; xsxpaYWvol slaiv. 

AXXa 8f) saxw 6 A xupoc;- XsyM, oxi xal ol Xoixol xavxsc; 
xupoi slaiv. 

"Oxi psv ouv 6 Tsxapxoc; axo xfjg pova8o<; 6 T xu|3o<; saxl 
xal ol Suo 8iaXslxovxsc; xavxsc;, 8s8sixxar XsyM [8rj], oxi xal 
ol Xoixol xavxsc xupoi slaiv. sxsl Y“P eaxiv dx; f] povac; xpoc 
xov A, ouxax; 6 A xpoc xov B, iaaxic; apa f) povac; xov A 
psxpsT xal 6 A xov B. f) 8s povac; xov A psxpEl xaxa xac sv 


number A according to the units in A. And thus B mea¬ 
sures C according to the units in A. A has thus made C 
(by) multiplying B. Therefore, since A has made B (by) 
multiplying itself, and has made C (by) multiplying B, C 
is thus cube. And since C, D, E, F are continuously pro¬ 
portional, and C is cube, F is thus also cube [Prop. 8.23]. 
And it was also shown (to be) square. Thus, the seventh 
(number) from the unit is (both) cube and square. So, 
similarly, we can show that all those (numbers after that) 
which leave an interval of five (numbers) are (both) cube 
and square. (Which is) the very thing it was required to 
show. 

Proposition 9 

If any multitude whatsoever of numbers is continu¬ 
ously proportional, (starting) from a unit, and the (num¬ 
ber) after the unit is square, then all the remaining (num¬ 
bers) will also be square. And if the (number) after the 
unit is cube, then all the remaining (numbers) will also 
be cube. 

A 1 -1 

B 1 -1 

Ci- 1 

D i-1 

Ei- 1 

F i-1 

Let any multitude whatsoever of numbers, A, B, C, 
D, E, F, be continuously proportional, (starting) from a 
unit. And let the (number) after the unit, A, be square. I 
say that all the remaining (numbers) will also be square. 

In fact, it has (already) been shown that the third 
(number) from the unit, B, is square, and all those (num¬ 
bers after that) which leave an interval of one (number) 
[Prop. 9.8]. [So] I say that all the remaining (num¬ 
bers) are also square. For since A, B, C are continu¬ 
ously proportional, and A (is) square, C is [thus] also 
square [Prop. 8.22], Again, since B, C, D are [also] con¬ 
tinuously proportional, and B is square, D is [thus] also 
square [Prop. 8.22]. So, similarly, we can show that all 
the remaining (numbers) are also square. 

And so let A be cube. I say that all the remaining 
(numbers) are also cube. 

In fact, it has (already) been shown that the fourth 
(number) from the unit, C, is cube, and all those (num¬ 
bers after that) which leave an interval of two (numbers) 
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aux£> povaSac xal 6 A apa xov B pexpsfi xaxa xac, ev aux& 
pova8a<;- 6 A apa eauxov xoXXaxXaaiaaac; xov B xexolrjxev. 
xal eaxiv 6 A xu[3o<;. eav Se xu[3o<; apidpoc; eauxov xoXXa¬ 
xXaaiaaac; xoirj xLva, 6 yevopevoc; xupoc; eaxiv xal 6 B apa 
xupoc; eaxiv. xal exel xeaaapec; apihpol ol A, B, T, A ec;fj<; 
avaXoyov elaiv, xal eaxiv 6 A xupoc;, xal 6 A apa xupoc; 
eaxiv. 8ia xa auxa 8f) xal 6 E xupoc; eaxiv, xal opolcrc; ol 
Xoixol xavxec; xupoi eialv oxep e8ei 8eTc;ai. 


/ 

l. 

’Eav axo pova8o<; oxoaoiouv apihpol [e^rjc] avaXoyov 
Saiv, 6 Se pexa xf]v pova8a pr] fj xexpaywvoc;, ouS’ aXXoc; 
ou8elc; xexpaywvoc; eaxai xoopic; toO xplxou axo xrjc; pova8o<; 
xal xwv eva SiaXeixovxwv xavxwv. xal eav 6 pexa xf]v 
pova8a xupoc pr] fj, ou8e aXXoc; ouSelc xupoc eaxai ytoplc; 
xou xexapxou axo xfjc (iova8oc xal xwv 8uo BiaXeixovxorv 
xavxwv. 

A i-1 

B i-1 

r i-1 

A'-1 

El-1 

Zi-1 

’'Eaxwaav axo pova8o<; e^fjc avaXoyov 6aoi8rjxoxouv 
apihpol ol A, B, r, A, E, Z, 6 pexa xrjv pova8a 6 A pr) 
eaxu> xexpayorvoc;- Xeyor, oxi ou8e aXXoc; ou8el<; xexpayorvoc; 
eaxai xorpic; xplxou axo xfjc; povaSo; [xal xov eva 8ia- 
Xeixovxwv]. 

El yap Suvaxov, eaxw 6 T xexpayorvoc;. eaxi 8e xal 6 
B xexpaywvoc ol B, T apa xpo; aXXrjXouc; Xoyov e)(ou- 
aiv, ov xexpaywvoc apihpoc; xpoc; xexpaywvov apihpov. xal 
eaxiv Ac 6 B xpoc; xov T, 6 A xpoc xov B- ol A, B apa 
xpoc aXXrjXouc; Xoyov eyouaiv, ov xexpaywvoc apihpoc; xpoc 
xexpaytovov apihpov Aaxe ol A, B opoioi exlxeSol elaiv. 
xal eaxi xexpaywvoc 6 B- xexpaywvoc apa eaxi xal 6 A- 
oxep oux uxexeixo. oux apa 6 T xexpaywvoc eaxiv. opolux; 
Srj 8elJ;opev, oxi ouS’ aXXoc; ou8elc xexpaywvoc eaxi ycoplc; 


[Prop. 9.8]. [So] I say that all the remaining (numbers) 
are also cube. For since as the unit is to A, so A (is) to 
B, the unit thus measures A the same number of times 
as A (measures) B. And the unit measures A according 
to the units in it. Thus, A also measures B according to 
the units in (A) . A has thus made B (by) multiplying it¬ 
self. And A is cube. And if a cube number makes some 
(number by) multiplying itself then the created (number) 
is cube [Prop. 9.3]. Thus, B is also cube. And since the 
four numbers A, B, C, D are continuously proportional, 
and A is cube, D is thus also cube [Prop. 8.23]. So, for 
the same (reasons), E is also cube, and, similarly, all the 
remaining (numbers) are cube. (Which is) the very thing 
it was required to show. 

Proposition 10 

If any multitude whatsoever of numbers is [continu¬ 
ously] proportional, (starting) from a unit, and the (num¬ 
ber) after the unit is not square, then no other (number) 
will be square either, apart from the third from the unit, 
and all those (numbers after that) which leave an inter¬ 
val of one (number). And if the (number) after the unit 
is not cube, then no other (number) will be cube either, 
apart from the fourth from the unit, and all those (num¬ 
bers after that) which leave an interval of two (numbers). 

A 1 -1 

B 1 -1 

Ci- 1 

D i-1 

Ei- 1 

F i-1 

Let any multitude whatsoever of numbers, A, B, C, 
D, E, F, be continuously proportional, (starting) from 
a unit. And let the (number) after the unit, A, not be 
square. I say that no other (number) will be square ei¬ 
ther, apart from the third from the unit [and (all) those 
(numbers after that) which leave an interval of one (num¬ 
ber)]. 

For, if possible, let C be square. And B is also 
square [Prop. 9.8]. Thus, B and C have to one another 
(the) ratio which (some) square number (has) to (some 
other) square number. And as B is to C, (so) A (is) 
to B. Thus, A and B have to one another (the) ratio 
which (some) square number has to (some other) square 
number. Flence, A and B are similar plane (numbers) 
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xou xplxou duo xfjc; pova8o<; xal it5v eva 8iaXeixovxa>v. 

AXXa Sf) pr) eaxco 6 A xupo<;. Xeyw, oxi ouS’ aXXoi; 
ouSsl; xupo<; saxai ywplc; tou xsxapxou axo xfj<; pova8o<; 
xal xwv 8uo BiaAsixovxwv. 

El yap Suvaxov, saxox 6 A xupoc;. saxi 8s xal 6 T xupoc;- 
xsxapxoc; yap saxiv axo xrjc pova8o<;. xal saxiv Ac; 6 T xpoc; 
xov A, 6 B xpoc; xov T- xal 6 B apa xpoc; xov T Xoyov ex £l > 
ov xupoc; xpoc; xupov. xal saxiv 6 T xupoc;- xal 6 B apa 
xupoi; saxiv. xal sxsl saxiv A<; f) povac; xpoc; xov A, 6 A xpoc; 
xov B, V) 8s povai; xov A psxpsT xaxa xac; sv auxA pova8ac;, 
xal 6 A apa xov B psxpsT xaxa xac; sv auxA pova8a<;- 6 A 
apa sauxov xoXXaxXaaiaaac; xupov xov B xsxolrjxsv. sav 
8s apibpoc; sauxov xoXXaxXaaiaaac; xupov xoifj, xal auxoc; 
xupoc; saxai. xupoc; apa xal 6 A- oxsp oux Oxoxsixai. oux 
apa 6 A xupoc; saxiv. opolooc; 8rj 8sll;opsv, oxi ouS’ aXXoc; 
ouSslc; xupoc; saxl x^pk vou xsxapxou axo xrj<; pova8o<; xal 
xAv 8uo SiaXsixovxwv- oxsp s8si 8sTl;ai. 


la'. 

’Eav axo pova8oc; oxoaoiouv api-dpol sc;fj<; avaXoyov 
Saiv, 6 sXaxxwv xov pskova psxpET xaxa xiva xAv uxapxovx- 
ov sv xoTg avaXoyov apiDpoTc;. 

A'-1 

B i-1 

r i-1 

A'-1 

El-1 

Tlaxwaav axo povaSoc; xfjc; A oxoaoiouv apidpol sc;fjc; 
avaXoyov oi B, T, A, E- Xsyo, oxi xAv B, T, A, E 6 
sXaxiaxoc; 6 B xov E psxpsT xaxa xiva xAv T, A. 

’Exsl yap saxiv Ac; f) A povac; xpoc; xov B, ouxck 6 A 
xpoc; xov E, iaaxic; apa fj A povac; xov B apibpov psxpsT 
xal 6 A xov E- svaXXa^ apa iaaxic; rj A povai; xov A psxpsT 
xal 6 B xov E. rj 6s A pova; xov A psxpsT xaxa xac; sv 


[Prop. 8.26]. And B is square. Thus, A is also square. 
The very opposite thing was assumed. C is thus not 
square. So, similarly, we can show that no other (number 
is) square either, apart from the third from the unit, and 
(all) those (numbers after that) which leave an interval 
of one (number). 

And so let A not be cube. I say that no other (num¬ 
ber) will be cube either, apart from the fourth from the 
unit, and (all) those (numbers after that) which leave an 
interval of two (numbers). 

For, if possible, let D be cube. And C is also cube 
[Prop. 9.8]. For it is the fourth (number) from the unit. 
And as C is to D, (so) B (is) to C. And B thus has to 
C the ratio which (some) cube (number has) to (some 
other) cube (number). And C is cube. Thus, B is also 
cube [Props. 7.13, 8.25]. And since as the unit is to 
A, (so) A (is) to B, and the unit measures A accord¬ 
ing to the units in it, A thus also measures B according 
to the units in (A). Thus, A has made the cube (num¬ 
ber) B (by) multiplying itself. And if a number makes a 
cube (number by) multiplying itself then it itself will be 
cube [Prop. 9.6]. Thus, A (is) also cube. The very oppo¬ 
site thing was assumed. Thus, D is not cube. So, simi¬ 
larly, we can show that no other (number) is cube either, 
apart from the fourth from the unit, and (all) those (num¬ 
bers after that) which leave an interval of two (numbers). 
(Which is) the very thing it was required to show. 

Proposition 11 

If any multitude whatsoever of numbers is continu¬ 
ously proportional, (starting) from a unit, then a lesser 
(number) measures a greater according to some existing 
(number) among the proportional numbers. 

A 1 -1 

B 1 -1 

C-1 

D 1 -1 

E i-1 

Let any multitude whatsoever of numbers, B, C, D, 
E, be continuously proportional, (starting) from the unit 
A. I say that, for B, C, D, E, the least (number), B, 
measures E according to some (one) of C, D. 

For since as the unit A is to B, so D (is) to E, the 
unit A thus measures the number B the same number of 
times as D (measures) E. Thus, alternately, the unit A 
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aux£> povaSac xai. 6 B apa xov E pExpsi xaxa xac; sv xfi 
A pova^ac woxe 6 sXaaaow 6 B xov psi^ova xov E ps- 
xpsi xaxa xLva apihpov xov uxapyovxwv sv xolc; avaXoyov 
apiOpou;. 


IIopiGjJioc. 

Kai cpavspov, oxi rjv sysi xacpv 6 psxpwv axo pova8o<;, 
xf]v auxrjv sysi xai 6 xa(E ov psxpsi axo xou psxpoupsvou 
sxi xo xpo auxou. oxsp s8si 8el^ai. 


’Eav axo povaSoc; oxoaoiouv apnlpoi sc;fj<; avaXoyov 
octiv, ucp’ oaov av 6 sayaxoc; xpoxov apiDpciv psxprjxai, 
0x6 xov auxov xai 6 xapa xf)v pova8a psxprjhitjaExai. 

A i-1 E i-1 

B i-1 Z i-1 

r I-1 Hi-1 

A 1 - 1 © 1 - 1 

’Eaxoaav axo pova8o<; 6xoaoi8r]xoxouv apdJpoi avaXoy- 
ov oi A, B, r, A' Xeyo, oxi ucp’ octov av 6 A xpoxov 
apiDpov psxprjxai, 0x6 xov auxov xai 6 A pExprydfjasxai. 

MExpsiaho yap 6 A 0x6 xivoc; xpoxou apiOpou xou E- 
Xeyo, oxi 6 E xov A psxpsi. [if] yap- xai saxiv 6 E xpoxoc;, 
axac; 86 xpoxoc; apihpoc; xpoc; axavxa, ov pfj pExpsl, xpoxoc; 
saxiv oi E, A apa xpoxoi xpoc; aAArjAouc; siaiv. xai sxsl 
6 E xov A psxpsi, psxpsixo auxov xaxa xov Z- 6 E apa 
xov Z xoXXaxXaaiaaac; xov A xsxoirjxsv. xaAiv, sxsi 6 A 
xov A psxpsi xaxa xac; sv xo T povaSac;, 6 A apa xov T 
xoXXaxXaaiaaac; xov A xsxoirjxsv. aXXa prjv xai 6 E xov Z 
xoXXaxXaaiaaac; xov A xsxoirjxsv 6 apa sx xov A, T iaoc; 
saxi xo sx xov E, Z. saxiv apa 6; 6 A xpoi; xov E, 6 Z 
xpoc; xov r. oi 8s A, E xpoxoi, oi 8s xpoxoi xai sXayiaxoi, 
oi 8s sAdyiaxoi psxpouai xouc; xov auxov Xoyov sxovxac; 
iaaxic; 6 xs fjyoupsvoc; xov rjyoupsvov xai 6 sxopsvoc; xov 
sxopsvov psxpsi apa 6 E xov E. psxpsixo auxov xaxa xov 
H' 6 E apa xov H xoXXaxXaaiaaac; xov E xsxoirjxsv. aXXa 
(ifjv 6ia xo xpo xouxou xai 6 A xov B xoAAaxAaaiaaac; xov 
E xsxoirjxsv. 6 apa sx xov A, B Taoc; saxi xo sx xov E, H. 
saxiv apa 6; 6 A xpoc; xov E, 6 H xpoc; xov B. oi 8s A, E 
xpoxoi, oi 8s xpoxoi xai sAayiaxoi, oi 8s sAayiaxoi apiDpoi 


measures D the same number of times as B (measures) 
E [Prop. 7.15]. And the unit A measures D according to 
the units in it. Thus, B also measures E according to the 
units in D. Elence, the lesser (number) B measures the 
greater E according to some existing number among the 
proportional numbers (namely, D). 

Corollary 

And (it is) clear that what(ever relative) place the 
measuring (number) has from the unit, the (number) 
according to which it measures has the same (relative) 
place from the measured (number), in (the direction of 
the number) before it. (Which is) the very thing it was 
required to show. 

Proposition 12 

If any multitude whatsoever of numbers is continu¬ 
ously proportional, (starting) from a unit, then however 
many prime numbers the last (number) is measured by, 
the (number) next to the unit will also be measured by 
the same (prime numbers). 

A'-1 E i-1 

B i-1 F i-1 

C i-1 G'-1 

D-1 Hi-1 

Let any multitude whatsoever of numbers, A, B, C, 
D, be (continuously) proportional, (starting) from a unit. 
I say that however many prime numbers D is measured 
by, A will also be measured by the same (prime numbers). 

For let D be measured by some prime number E. I 
say that E measures A. For (suppose it does) not. E is 
prime, and every prime number is prime to every num¬ 
ber which it does not measure [Prop. 7.29]. Thus, E 
and A are prime to one another. And since E measures 
D, let it measure it according to F. Thus, E has made 
D (by) multiplying F. Again, since A measures D ac¬ 
cording to the units in C [Prop. 9.11 corn], A has thus 
made D (by) multiplying C. But, in fact, E has also 
made D (by) multiplying F. Thus, the (number cre¬ 
ated) from (multiplying) A, C is equal to the (number 
created) from (multiplying) E, F. Thus, as A is to E, 
(so) F (is) to C [Prop. 7.19]. And A and E (are) prime 
(to one another), and (numbers) prime (to one another 
are) also the least (of those numbers having the same ra¬ 
tio as them) [Prop. 7.21], and the least (numbers) mea¬ 
sure those (numbers) having the same ratio as them an 
equal number of times, the leading (measuring) the lead- 
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(iSTpoijCTL xouc; xov auxov Xoyov Eyovxac; auxoic; iadxic 6 xe 
r)you|iEvoc; xov f]youp£vov xal 6 Exopsvoc; tov sxopEvov 
pExpsT apa 6 E xov B. pExpslxw auxov xaxa xov ©• 6 E apa 
xov 0 xoXXaxXaaiaaac xov B xsxolrjXEv. aXXa (if]v xal 6 A 
sauxov xoXXaxXamaaac; xov B xsxolrjXEv 6 apa ex xwv E, 
0 Taoc; saxl xw axo xou A. eaxiv apa Ac; 6 E xpoc; xov A, 6 A 
xpoc; xov 0. ol Be A, E xpoxoL, ol Be xpAxoi xal EXocyiaxoi, ol 
Be EXa^iaxoi (isxpouai xouc; xov auxov Xoyov sxovxac; laaxic; 
6 fjyoupEvoc; xov rjyoupiEvov xal 6 Exopsvoc; xov sxopiEvov 
[iExpsI apa 6 E xov A Ac; r)you(i£vo<; fjyoupsvov. aXXa (jf]v 
xal ou pExpsr oxsp aBuvaxov. oux apa ol E, A xpAxoi xpoc; 
aXXf)Xou<; sialv. auvDsxoi apa. ol Be auvhsxoi 0x6 [xpAxou] 
apufpou xivoc; pExpouvxai. xal exeI 6 E xpAxoc; OxoxEixai, 6 
Be xpAxoc; 0x6 sxspou dpihpou ou [isxpElxai fj ucp’ sauxou, 6 
E apa xouc A, E piExpsI' wax e 6 E xov A pExpsT. pExpsl Be 
xal xov A- 6 E apa xoug A, A pExpsT. opolox Brj Bei^o^ev, 
oxi ucp’ oao3v av 6 A xpAxcov apcdpAv (isxpfjxai., 0x6 xov 
auxov xal 6 A pExpitydfiaExai- oxsp eBei. BsT^oa. 


ty'- 

’Eav axo povaBoc; oxoctoiouv api/dpol sc;fjc; avaXoyov 
octiv, 6 Be psxa xrjv povaBa xpAxoc; rj, 6 psyiaxoc; Ox’ 
oOBevoc; [aXXou] pExprydf|CTSxai xapsE] xov Oxapxovxov ev 
xou; avaXoyov apiDpou;. 

’'Eaxcoaav axo povaBoc; oxoaoiouv apihpol sc;fj<; avaXoyov 
ol A, B, r, A, 6 Be pcxa xrjv povaBa 6 A xpdxoc; screw 
Xsyo, oxi 6 pEycaxoc; aOxdv 6 A Ox’ oOBevoc; aXXou ps- 
xprjDr^aexai xapsl; xov A, B, T. 


ing, and the following the following [Prop. 7.20]. Thus, 
E measures C. Let it measure it according to G. Thus, 
E has made C (by) multiplying G. But, in fact, via the 
(proposition) before this, A has also made C (by) multi¬ 
plying B [Prop. 9.11 corn]. Thus, the (number created) 
from (multiplying) A, B is equal to the (number created) 
from (multiplying) E, G. Thus, as A is to E, (so) G 
(is) to B [Prop. 7.19]. And A and E (are) prime (to 
one another), and (numbers) prime (to one another are) 
also the least (of those numbers having the same ratio 
as them) [Prop. 7.21], and the least (numbers) measure 
those (numbers) having the same ratio as them an equal 
number of times, the leading (measuring) the leading, 
and the following the following [Prop. 7.20], Thus, E 
measures B. Let it measure it according to H. Thus, 
E has made B (by) multiplying El. But, in fact, A has 
also made B (by) multiplying itself [Prop. 9.8]. Thus, 
the (number created) from (multiplying) E, H is equal 
to the (square) on A. Thus, as E is to A, (so) A (is) 
to H [Prop. 7.19]. And A and E are prime (to one an¬ 
other), and (numbers) prime (to one another are) also 
the least (of those numbers having the same ratio as 
them) [Prop. 7.21], and the least (numbers) measure 
those (numbers) having the same ratio as them an equal 
number of times, the leading (measuring) the leading, 
and the following the following [Prop. 7.20]. Thus, E 
measures A, as the leading (measuring the) leading. But, 
in fact, ( E ) also does not measure (A). The very thing 
(is) impossible. Thus, E and A are not prime to one 
another. Thus, (they are) composite (to one another). 
And (numbers) composite (to one another) are (both) 
measured by some [prime] number [Def. 7.14]. And 
since E is assumed (to be) prime, and a prime (number) 
is not measured by another number (other) than itself 
[Def. 7.11], E thus measures (both) A and E. Hence, E 
measures A. And it also measures D. Thus, E measures 
(both) A and D. So, similarly, we can show that however 
many prime numbers D is measured by, A will also be 
measured by the same (prime numbers). (Which is) the 
very thing it was required to show. 

Proposition 13 

If any multitude whatsoever of numbers is continu¬ 
ously proportional, (starting) from a unit, and the (num¬ 
ber) after the unit is prime, then the greatest (number) 
will be measured by no [other] (numbers) except (num¬ 
bers) existing among the proportional numbers. 

Let any multitude whatsoever of numbers, A, B, C, 
D, be continuously proportional, (starting) from a unit. 
And let the (number) after the unit, A, be prime. I say 
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A i—i E i-1 

B i-1 Z i-1 

r I-1 Hi-1 

A 1 - 1 0!-1 

Ei yap Suvaxov, psxpsiahM uxo tou E, xai 6 E |ir]8svi 
ifiv A, B, r sotco 6 auxoc. cpavspov 8f], oxi 6 E xpAxoc 
oux saxiv. s’l yap 6 E xpAxoc saxi xai (isxps'i xov A, xai xov 
A (isxpfjasi xpAxov ovxa (if) Av auxA 6 auxoc' oxsp saxiv 
a8uvaxov. oux apa 6 E xpAxoc saxiv. auvOsxoc apa. xac 
8s auvOsxoc apiDpoc uxo xpAxou xivoc aprdpou pExpsixai- 
6 E apa 0x6 xpAxou xivoc apiDpou pExpsixai. Xsyu 8 r\, oxi 
Ox’ ou8sv6c aXXou xpAxou (isxprydfiasxai xXfjv xou A. si yap 
Ocp’ sxspou pExpsixai 6 E, 6 5s E xov A (isxps'i, xdxsivoc apa 
xov A (isxpfjasi* Aaxs xai xov A (isxpf)aEi xpAxov ovxa (if) 
Av aOxA 6 auxoc oxsp saxiv aSuvaxov. 6 A apa xov E 
(isxps'i. xai sxsi 6 E xov A (isxps'i, (isxpsixa> auxov xaxa xov 
Z. Xsya>, oxi 6 Z ouBsvi xAv A, B, T saxiv 6 auxoc- ci yap 6 
Z svi xAv A, B, r saxiv 6 auxoc xai [isxps'i xov A xaxa xov 
E, xai sic apa xAv A, B, E xov A [isxps'i xaxa xov E. aXXa 
sic xAv A, B, r xov A (isxps'i xaxa xiva xAv A, B, ]?• xai 6 
E apa svi xAv A, B, F saxiv 6 auxoc oxsp oux Oxoxsixai. 
oux apa 6 Z svi xAv A, B, T saxiv 6 auxoc- opoiatc 8f] 
8sic;o[isv, oxi (isxpslxai 6 Z 0x6 xou A, Bsixvuvxsc xaXiv, 
oxi 6 Z oux saxi xpAxoc- si yap, xai (isxps'i xov A, xai xov 
A (isxpf]asi xpAxov ovxa (if) Av aOxA 6 auxoc oxsp saxiv 
aSuvaxov oOx apa xpAxoc saxiv 6 Z- auvdsxoc apa. axac 
8s auvfisxoc apif)(i6c 0x6 xpAxou xivoc aprdptou (lExpsixai- 6 
Z apa 0x6 xpAxou xivoc apifijiou (isxpslxai. Xsyw 8f], oxi Oip’ 
Sxspou xpAxou oO (isxpr)f)f)aExai xXf)v xou A. si yap sxspoc 
xic xpAxoc xov Z (isxpsl, 6 5s Z xov A (isxpsT, xdxsTvoc 
apa xov A (isxpf)asi' Aaxs xai xov A (isxpf)asi xpAxov ovxa 
(if) Av auxA 6 auxoc oxsp saxiv aSuvaxov. 6 A apa xov Z 
(isxps'i. xai sxsi 6 E xov A (isxpsl xaxa xov Z, 6 E apa xov 
Z xoXXaxXaaiaaac xov A xsxoirjxsv. aXXa (ifjv xai 6 A xov 
r xoXXaxXaaiaaac xov A xsxoirjxsv 6 apa sx xAv A, T 
Taoc saxi xA sx xAv E, Z. avaXoyov apa saxiv Ac 6 A xpoc 
xov E, ouxwc 6 Z xpoc xov T. 6 5s A xov E (isxpsl' xai 6 Z 
apa xov r (isxps'i. (isxpsixw aOxov xaxa xov H. ojioiwc Sf) 
8si^o(isv, oxi 6 H ou8svi xAv A, B saxiv 6 auxoc, xai oxi 
(isxpslxai uxo xou A. xai sxsi 6 Z xov T (isxps'i xaxa xov H, 
6 Z apa xov H xoXXaxXaaiaaac xov T xsxoirjxsv. aXXa |if)v 
xai 6 A xov B xoXXaxXaaiaaac xov T xsxoirjxsv 6 apa sx 
xAv A, B iaoc saxi xA sx xAv Z, H. avaXoyov apa Ac 6 A 
xpoc xov Z, 6 H xpoc xov B. (isxpsi 5s 6 A xov Z- (isxpsi 
apa xai 6 H xov B. (isxpsixw auxov xaxa xov 0. 6(ioiwc Sf) 
8sic;o(iEv, oxi 6 0 xA A oux saxiv 6 auxoc. xai sxsi 6 H xov 


that the greatest of them, D, will be measured by no other 
(numbers) except A, B, C. 


A'-1 E i- 

B i-1 F i 

C i-1 

D'-1 EB 


For, if possible, let it be measured by E, and let E not 
be the same as one of A, B, C. So it is clear that E is 
not prime. For if E is prime, and measures D, then it will 
also measure A, (despite A ) being prime (and) not being 
the same as it [Prop. 9.12]. The very thing is impossible. 
Thus, E is not prime. Thus, (it is) composite. And every 
composite number is measured by some prime number 
[Prop. 7.31]. Thus, E is measured by some prime num¬ 
ber. So I say that it will be measured by no other prime 
number than A. For if E is measured by another (prime 
number), and E measures D, then this (prime number) 
will thus also measure D. Hence, it will also measure A, 
(despite A ) being prime (and) not being the same as it 
[Prop. 9.12], The very thing is impossible. Thus, A mea¬ 
sures E. And since E measures D, let it measure it ac¬ 
cording to F. I say that F is not the same as one of A, B, 
C. For if F is the same as one of A, B, C, and measures 
D according to E, then one of A, B, C thus also measures 
D according to E. But one of A, B, C (only) measures 
D according to some (one) of A, B, C [Prop. 9.11]. And 
thus E is the same as one of A, B, C. The very oppo¬ 
site thing was assumed. Thus, F is not the same as one 
of A, B, C. Similarly, we can show that F is measured 
by A, (by) again showing that F is not prime. For if (F 
is prime), and measures D, then it will also measure A, 
(despite A ) being prime (and) not being the same as it 
[Prop. 9.12]. The very thing is impossible. Thus, F is 
not prime. Thus, (it is) composite. And every composite 
number is measured by some prime number [Prop. 7.31]. 
Thus, F is measured by some prime number. So I say 
that it will be measured by no other prime number than 
A. For if some other prime (number) measures F, and 
F measures D, then this (prime number) will thus also 
measure D. Hence, it will also measure A, (despite A ) 
being prime (and) not being the same as it [Prop. 9.12]. 
The very thing is impossible. Thus, A measures F. And 
since E measures D according to F, E has thus made 
D (by) multiplying F. But, in fact, A has also made D 
(by) multiplying C [Prop. 9.11 corr.]. Thus, the (number 
created) from (multiplying) A, C is equal to the (number 
created) from (multiplying) E, F. Thus, proportionally, 
as A is to E, so F (is) to C [Prop. 7.19]. And A measures 
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B pexpel xaxa xov 0, 6 H apa xov 0 xoAAaxXaaiaaa<; xov 
B xexoirjxev. aAAa pf]v xal 6 A eauxov xoAAaxAaaiaaac; 
xov B xexoirjxev 6 apa uxo 0, H foot; eaxl xo axo xou A 
xexpayAvcr eaxiv apa w; 6 0 xpoc; xov A, 6 A xpo<; xov H. 
pexpel 8s 6 A xov EL pexpeT apa xal 6 0 xov A xpoxov ovxa 
(jnr) ov auxA 6 auxoc;- oxep axoxov. oux apa 6 piyiaxoc; 6 
A 0x6 exepou apblpou pexpr) , df|aExai xapel; xAv A, B, F- 
oxep e8ei oefoai. 


i§'. 

’Eav eAayiaxoc; apidpoi; 0x6 xpAxwv apulpAv pexprjxai, 
Ox’ ouOevoc; aAAou xpAxou apiOpou pexpT]Df|aExai xapel; 
xov kE apXOC pexpouvxov. 

A-1 B i-1 

e i- 1 r i- 1 

Z 1 — 1 A 1 - 1 

’EAayiaxoc; yap apdlpoc; 6 A 0x6 xpoxov apfopAv xov 
B, r, A pexpefoDor Xeyo, oxi 6 A Ox’ oOoevot; aAAou 
xpoxou apiDpou (iexprydriCTSxai xapel; xov B, F, A. 

Ei yap Buvaxov, pexpefoOto 0x6 xpoxou xou E, xal 6 
E pr)6evl xov B, F, A saxo 6 auxoc;. xal exel 6 E xov 
A pexpel, (iexpelxo auxov xaxa xov Z' 6 E apa xov Z 
xoXXaxXaaiaaac; xov A xexoirjxev. xal pexpelxai 6 A 0x6 
xpoxov apfojiov xov B, T, A. eav 8e 8uo apiDpol xoX- 
XaxXaaiaaavxst; aXX/]Xouc; xoioat xiva, xov oe ysvopsvov 
eE, aOxov psxprj xi<; xpoxoc; apfopot;, xal eva xov eE apx^ 
psxprjasi' o'l B, T, A apa sva xov E, Z ^expiqaouaiv. xov 
psv ouv E ou psxprpouaiv 6 yap E xpoxot; saxi xal o08evl 
xov B, r, A 6 aOxot;. xov Z apa psxpouaiv eXaaaova ovxa 
xou A- oxep a5uvaxov. 6 yap A Oxoxeixai eXa)(iaxo<; 0x6 
xov B, r, A pexpoupevoi;. oOx apa xov A pexprpei xpoxoc; 
apfopot; xape^ xov B, F, A- oxep e8ei 8eT^ai. 


E. Thus, F also measures C. Let it measure it according 
to G. So, similarly, we can show that G is not the same 
as one of A, B, and that it is measured by A. And since 
F measures C according to G, F has thus made C (by) 
multiplying G. But, in fact, A has also made C (by) mul¬ 
tiplying B [Prop. 9.11 corr.]. Thus, the (number created) 
from (multiplying) A, B is equal to the (number created) 
from (multiplying) F, G. Thus, proportionally, as A (is) 
to F, so G (is) to B [Prop. 7.19]. And A measures F. 
Thus, G also measures B. Let it measure it according to 
//. So, similarly, we can show that II is not the same as 
A. And since G measures B according to FI, G has thus 
made B (by) multiplying //. But, in fact, A has also made 
B (by) multiplying itself [Prop. 9.8]. Thus, the (number 
created) from (multiplying) II, G is equal to the square 
on A. Thus, as H is to A, (so) A (is) to G [Prop. 7.19]. 
And A measures G. Thus, H also measures A, (despite 
A) being prime (and) not being the same as it. The very 
thing (is) absurd. Thus, the greatest (number) D cannot 
be measured by another (number) except (one of) A, B, 
C. (Which is) the very thing it was required to show. 

Proposition 14 

If a least number is measured by (some) prime num¬ 
bers then it will not be measured by any other prime 
number except (one of) the original measuring (num¬ 
bers). 

A'- 1 B i-1 

E i-1 C'-1 

F 1 - 1 D 1 - 1 

For let A be the least number measured by the prime 
numbers B, C, D. I say that A will not be measured by 
any other prime number except (one of) B, C, D. 

For, if possible, let it be measured by the prime (num¬ 
ber) E. And let E not be the same as one of B, C, D. 
And since E measures A, let it measure it according to F. 
Thus, E has made A (by) multiplying F. And A is mea¬ 
sured by the prime numbers B, C, D. And if two num¬ 
bers make some (number by) multiplying one another, 
and some prime number measures the number created 
from them, then (the prime number) will also measure 
one of the original (numbers) [Prop. 7.30]. Thus, B, C, 
D will measure one of E, F. In fact, they do not measure 
E. For E is prime, and not the same as one of B, C, D. 
Thus, they (all) measure F, which is less than A. The 
very thing (is) impossible. For A was assumed (to be) the 
least (number) measured by B, C, D. Thus, no prime 
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is'. 

’Eav xpsTc; apihpol sc;rj<; avdXoyov oaiv sXdyiaxoi tuv 
tov aUxov Xoyov e^ovtov auxolc;, Suo oxoioiouv auv- 
TS'OSVTSC Xpoc; TOV XoiXOV XpOTOl siaiv. 

, A E Z 

A i-1 i-1-1 

B i-1 

r i-1 

TlaToaav xpeu; dpi'Opoi sc;fjc; avdXoyov sXaxiaxoi xwv 
xov auxov Xoyov e^ovtov auxolc; oi A, B, T - Xsyo, oxi xwv 
A, B, r 8uo oxoioiouv auvxe’devxec; xpoc; xov Xoixov xpoxoi 
siaiv, oi psv A, B Tipoc; xov F, oi 8s B, T xpoc; xov A xai 
sxi oi A, F Tipoc; xov B. 

EiXqcpOoaav yap EXdyiaxoi apihpoi xov xov auxov 
Xoyov Eyovxov xoi<; A, B, F Suo oi AE, EZ. cpavspov 
8r), oxi 6 psv AE Sauxov xoXXaxXaaiaaac; xov A xsxoirjxsv, 
xov 8s EZ TioXXaTiXaaiaaac; xov B xsxoiqxsv, xai sxi 6 EZ 
sauxov TioXXaTiXaaiaaac; xov T xsxoirjxsv. xai sxsi oi AE, 
EZ sXdxiaxoi siaiv, xpoxoi xpoc; aXXr]Xouc; siaiv. sav 8s 
8uo aprdpoi xpoxoi xpoc; aXXfjXouc; oaiv, xai auvapcpoxspoc; 
xpoc; sxaxspov xpoxoc; saxiv xai 6 AZ apa xpoc; sxaxspov 
xov AE, EZ xpox6c; saxiv. aXXa pqv xai 6 AE xpoc; xov 
EZ xpoxoc; saxiv oi AZ, AE apa xpoc; xov EZ xpoxoi siaiv. 
sav 8s Suo apiDpoi xpoc; xiva apni)(i6v xpwxoi Saiv, xai 6 
z\ auxwv ysvopiEvoc; xpoc; xov Xoixov xpwxo<; saxiv waxs 
6 sx xwv ZA, AE xpoc; xov EZ xpwxoc; saxiv waxs xai 6 
sx xov ZA, AE xpoc; xov axo xou EZ xpwxoc; saxiv. [sav 
yap 8uo dpuL>(ioi xpwxoi xpoc; aXXr]Xoui; Saiv, 6 sx xou svoc; 
auxwv ysvojisvoc; xpoc; xov Xoixov xpwxoc; saxiv]. aXX’ 6 
sx xwv ZA, AE 6 axo xou AE saxi pisxa xou Sx xov AE, 
EZ - 6 apa axo xou AE (isxd xou sx xov AE, EZ xpoc; xov 
axo xou EZ xpwxoc; saxiv. xai saxiv 6 (isv axo xou AE 
6 A, 6 8s sx xwv AE, EZ 6 B, 6 Ss axo xou EZ 6 T - oi 
A, B apa aovTS^EVTSc; xpoc; xov T xpwxoi siaiv. ojioiwc; Srj 
8si^o(isv, oxi xai oi B, T xpoc; xov A xpwxoi siaiv. Xsyo 
Sr], oxi xai oi A, T xpoc; xov B xpwxoi siaiv. sxsi yap 6 AZ 
xpoc; sxaxspov xov AE, EZ xpwxoc; saxiv, xai 6 axo xou 
AZ xpoc; xov sx xov AE, EZ xpwxoc; saxiv. aXXa xo axo 
xou AZ laoi siaiv oi axo xov AE, EZ (isxa xou 8i<; sx xov 
AE, EZ' xai oi axo xov AE, EZ apa (isxa xou Sic; 0x6 xov 
AE, EZ xpoc; xov 0x6 xov AE, EZ xpoxoi [siai]. SisXovti 
oi axo xov AE, EZ (jsxa xou axac; 0x6 AE, EZ xpoc; xov 
0x6 AE, EZ xpoxoi siaiv. sxi 8isXovxi oi axo xov AE, EZ 
apa xpoc; xov 0x6 AE, EZ xpoxoi siaiv. xai saxiv 6 (isv 


number can measure A except (one of) B, C, D. (Which 
is) the very thing it was required to show. 

Proposition 15 

If three continuously proportional numbers are the 
least of those (numbers) having the same ratio as them 
then two (of them) added together in any way are prime 
to the remaining (one). 

D E F 

A i-1 i-1-1 

B 1 -1 

O'-1 

Let A, B, C be three continuously proportional num¬ 
bers (which are) the least of those (numbers) having the 
same ratio as them. I say that two of A, B, C added to¬ 
gether in any way are prime to the remaining (one), (that 
is) A and B (prime) to C, B and C to A, and, further, A 
and C to B. 

Let the two least numbers, DE and EF, having the 
same ratio as A, B, C, have been taken [Prop. 8.2]. 
So it is clear that DE has made A (by) multiplying it¬ 
self, and has made B (by) multiplying EF, and, fur¬ 
ther, EF has made C (by) multiplying itself [Prop. 8.2]. 
And since DE, EF are the least (of those numbers hav¬ 
ing the same ratio as them), they are prime to one an¬ 
other [Prop. 7.22]. And if two numbers are prime to 
one another then the sum (of them) is also prime to each 
[Prop. 7.28]. Thus, DF is also prime to each of DE, EF. 
But, in fact, DE is also prime to EF. Thus, DF, DE 
are (both) prime to EF. And if two numbers are (both) 
prime to some number then the (number) created from 
(multiplying) them is also prime to the remaining (num¬ 
ber) [Prop. 7.24]. Hence, the (number created) from 
(multiplying) FD, DE is prime to EF. Hence, the (num¬ 
ber created) from (multiplying) FD, DE is also prime 
to the (square) on EF [Prop. 7.25]. [For if two num¬ 
bers are prime to one another then the (number) created 
from (squaring) one of them is prime to the remaining 
(number).] But the (number created) from (multiplying) 
FD, DE is the (square) on DE plus the (number cre¬ 
ated) from (multiplying) DE, EF [Prop. 2.3]. Thus, the 
(square) on DE plus the (number created) from (multi¬ 
plying) DE, EF is prime to the (square) on EF. And 
the (square) on DE is A, and the (number created) from 
(multiplying) DE, EF (is) B, and the (square) on EF 
(is) C. Thus, A, B summed is prime to C. So, similarly, 
we can show that B, C (summed) is also prime to A. So 
I say that A, C (summed) is also prime to B. For since 
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duo tou AE 6 A, 6 8s uito xwv AE, EZ 6 B, 6 6s aito tou 
EZ 6 T. oi A, r apa ouvxsOsvxsc itpoc xov B itpAxoi eiaiv 
oitsp eSei. oei^ai. 


DF is prime to each of DE, EF then the (square) on DF 
is also prime to the (number created) from (multiplying) 
DE, EF [Prop. 7.25], But, the (sum of the squares) on 
DE, EF plus twice the (number created) from (multiply¬ 
ing) DE, EF is equal to the (square) on DF [Prop. 2.4]. 
And thus the (sum of the squares) on DE, EF plus twice 
the (rectangle contained) by DE, EF [is] prime to the 
(rectangle contained) by DE, EF. By separation, the 
(sum of the squares) on DE, EF plus once the (rect¬ 
angle contained) by DE, EF is prime to the (rectangle 
contained) by DE, EF 7 Again, by separation, the (sum 
of the squares) on DE, EF is prime to the (rectangle 
contained) by DE, EF. And the (square) on DE is A, 
and the (rectangle contained) by DE, EF (is) B, and 
the (square) on EF (is) C. Thus, A, C summed is prime 
to B. (Which is) the very thing it was required to show. 


t Since if a /3 measures a 2 + j3 2 + 2 a f3 then it also measures a 2 + /3 2 + a f3, and vice versa. 


If'. 

’Eav Suo dpidpol itpAxoi itpoc aXXrjXouc Scnv, oux ecttou. 
(Ik; 6 itpAxoc itpoc tov Ssuxspov, ouxcoc 6 Ssuxspoc itpoc 
dXXov xivd. 

A'-' 

B '-' 

r i-1 

Auo yap dpihpol oi A, B itpAxoi itpoc; aXXf|Xouc eaxcu- 
aav Xsy«, oxt oux saxiv Ac; 6 A itpoc xov B, ouxwc 6 B 
itpoc aXXov xiva. 

Ei yap 8uvaxov, screw Ac 6 A itpoc xov B, 6 B itpoc 
xov r. oi 8s A, B itpAxoi, oi 8s itpAxoi xai eXayiaxoi, oi 8s 
sXayiaxoi apidpol psxpouai xouc xov auxov Xoyov sxovxac 
iaaxic o xs f]youpsvoc xov Vjyoupevov xod 6 sitopsvoc xov 
sitopsvov pexpsf apa 6 A xov B Ac qyoupsvoc qyoupsvov. 
[isxpsT 8s xai sauxov 6 A apa xouc A, B pcxpsl itpAxouc 
ovxac itpoc aXX/]Xouc' oitsp axoitov. oux apa saxai Ac 6 A 
itpoc xov B, outwc 6 B itpoc xov T- oitsp s8si 8sT^ai.. 


iC'. 

’Eav Activ oaoi8r)itoxouv apitlpol s^qc avaXoyov, oi 8s 
axpoi auxAv itpAxoi itpoc aXXrjXouc Aaiv, oux saxat Ac o 
itpAxoc itpoc xov Ssuxspov, ouxwc 6 sayaxoc itpoc aXXov 


Proposition 16 

If two numbers are prime to one another then as the 
first is to the second, so the second (will) not (be) to some 
other (number). 

A 1 -1 

B 1 -1 

C- 1 

For let the two numbers A and B be prime to one 
another. I say that as A is to B, so B is not to some other 
(number). 

For, if possible, let it be that as A (is) to B, (so) 
B (is) to C. And A and B (are) prime (to one an¬ 
other). And (numbers) prime (to one another are) also 
the least (of those numbers having the same ratio as 
them) [Prop. 7.21]. And the least numbers measure 
those (numbers) having the same ratio (as them) an 
equal number of times, the leading (measuring) the lead¬ 
ing, and the following the following [Prop. 7.20]. Thus, 
A measures B, as the leading (measuring) the leading. 
And (A) also measures itself. Thus, A measures A and B, 
which are prime to one another. The very thing (is) ab¬ 
surd. Thus, as A (is) to B, so B cannot be to C. (Which 
is) the very thing it was required to show. 

Proposition 17 

If any multitude whatsoever of numbers is continu¬ 
ously proportional, and the outermost of them are prime 
to one another, then as the first (is) to the second, so the 
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TlVOl. 

TilCTTWCTav oaoi8r]7ioTouv dpitlpol e $rjc; avaXoyov oi A, 
B, r, A, oi Se axpoi auxAv oi A, A TipAxoi xpoc; aXXf|Xou<; 
Eoiooav Xeyw, oti oux saxiv Ac; 6 A xpoc; tov B, outck; 6 
A xpoc; aXXov xiva. 

A>-' 

B i-1 

r i- 1 

A i-1 

E'-1 

Ei yap 8uvaxov, saxco o; 6 A xpoc; tov B, outo; 6 A 
xpoc; tov E- EvaXXal; apa Eaxlv A; 6 A xpo; tov A, 6 B xpo; 
tov E. oi Se A, A xpAxoi, oi 8s xpAxoi xai EXayiaxoi, oi 8s 
sXdxiaxoi apiOpol psxpouai xou; tov auxov Xoyov E)(ovTa; 
iaaxi; o te r]youp£vo; tov V]youp£vov xai 6 Exopsvo; tov 
Exopsvov. piETpsT apa 6 A tov B. xai saxiv Ac; 6 A xpo; 
tov B, 6 B xpoc; tov T. xai 6 B apa tov T (iETpEr Aaxc 
xai 6 A tov T pExpEL xai exei saxiv A; 6 B Tipoc; tov T, 
6 r Tipoc; tov A, pExpsT 8s 6 B tov T, piETpei apa xai 6 T 
tov A. aXX’ 6 A tov T EpsxpEi' Acts 6 A xai tov A (iETpsi. 
piETpsI 8e xai sauxov. 6 A apa xou; A, A pETpsT xpAxou; 
ovxac; Tipoc; aXX/]Xouc;- oiisp saxiv aSOvaTov. oux apa scnai. 
Ac; 6 A Tipoc; tov B, outwc; 6 A xpoc; aXXov Tiva- oTisp e8ei. 
8£i^ai. 


IT]'. 

Auo apnSpiAv Bo'Oevtwv ETuaxEtjiaa'dai., si Suvaxov eotiv 
auToic; TptTov avaXoyov Tipoasupslv. 

a i- 1 r i- 1 

B i-1 A i-1 

’'Ecnuaav oi Sot[)£vt£<; Suo api'djioi oi A, B, xai 
8 eov eotw £Tnox£c|>aa , dai, si 8uvax6v eotiv auxolc; xpixov 
avaXoyov TipooEupsIv. 

Oi 8rj A, B f)Toi TipAxoi Tipoc; aXXr]Xou<; siaiv f) ou. xai ei 
TipAxoi Tipoc; aXXr]Xouc; siaiv, 8s8EiXTai, oti aSuvaxov ecttiv 
auToic; TptTov avaXoyov Tipoasupsiv. 

AXXa 8r) pir) saTtoaav oi A, B TipAxoi Tipoc; dXXr^Xouc;, 
xai 6 B sauxov TioXXaTiXaaiaaac; tov T Tioisixcd. 6 A 8r) tov 
F fjxoi ptETpsI fj ou piExpsI. pLETpsixto Tipoxspov xaxd TOV A- 
6 A apa tov A TioXXaTiXaaiaaac; tov F TiETioirjxsv. aXXa pir]v 
xai 6 B sauxov TioXXaTiXaaiaaac; tov F KETioirjXEv 6 apa 


last will not be to some other (number). 

Let A, B, C, D be any multitude whatsoever of con¬ 
tinuously proportional numbers. And let the outermost 
of them, A and D, be prime to one another. I say that as 
A is to B, so D (is) not to some other (number). 

A 1 -1 

B i-1 

C'-1 

Di- 1 

Ei-1 

For, if possible, let it be that as A (is) to B, so D 
(is) to E. Thus, alternately, as A is to D, (so) B (is) 
to E [Prop. 7.13]. And A and D are prime (to one 
another). And (numbers) prime (to one another are) 
also the least (of those numbers having the same ra¬ 
tio as them) [Prop. 7.21], And the least numbers mea¬ 
sure those (numbers) having the same ratio (as them) an 
equal number of times, the leading (measuring) the lead¬ 
ing, and the following the following [Prop. 7.20], Thus, 
A measures B. And as A is to B, (so) B (is) to C. Thus, B 
also measures C. And hence A measures C [Def. 7.20]. 
And since as B is to C, (so) C (is) to D, and B mea¬ 
sures C, C thus also measures D [Def. 7.20]. But, A was 
(found to be) measuring C. And hence A also measures 
D. And (A) also measures itself. Thus, A measures A 
and D, which are prime to one another. The very thing is 
impossible. Thus, as A (is) to B, so D cannot be to some 
other (number). (Which is) the very thing it was required 
to show. 

Proposition 18 

For two given numbers, to investigate whether it is 
possible to find a third (number) proportional to them. 

A'- 1 C 1 - 1 

B i-1 D'-1 

Let A and B be the two given numbers. And let it 
be required to investigate whether it is possible to find a 
third (number) proportional to them. 

So A and B are either prime to one another, or not. 
And if they are prime to one another then it has (already) 
been show that it is impossible to find a third (number) 
proportional to them [Prop. 9.16]. 

And so let A and B not be prime to one another. And 
let B make C (by) multiplying itself. So A either mea¬ 
sures, or does not measure, C. Let it first of all measure 
(C) according to D. Thus, A has made C (by) multiply- 
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ex ifiv A, A 100 c; sera xA axo xou B. eaxiv apa 6; 6 A 
xpoc; xov B, 6 B xpoc; xov A- xolc; A, B apa xpixoc; apnlpoc; 
avaXoyov xpoar]upr]xai 6 A. 

AXXa Or] pr] pexpeixto 6 A xov T - Xeyoo, oxi xoli; A, B 
aBuvaxov cgxl xpixov avaXoyov xpoaeupelv apihpov. ei yap 
Buvaxov, xpoarjuprja'dw 6 A. 6 apa ex xAv A, A !ao<; eaxi 
xA axo xou B. 6 Be axo xou B eaxiv 6 T- 6 apa ex xAv A, 
A laoc; Saxi xA T. Aaxe 6 A xov A xoXXaxXaaiaoac; xov 
T xexoirjxev 6 A apa xov T pexpeT xaxa xov A. aXXa pf]v 
uxoxeixai xai [if] pexpAv oxep axoxov. oux apa Buvaxov 
eaxL xolc; A, B xpixov avaXoyov xpoaeupelv apihpov, oxav 
6 A xov r pf) pexpfj- oxep eBei Beipai. 


i'd'. 

TpiAv apihpAv BohevxMv exiaxetjjaahai, xoxe Buvaxov 
eaxiv auxolc; xexapxov avaXoyov xpoaeupelv. 

A i-1 

B i-1 

r i-1 

A i-1 

E'-1 

Tiaxwaav oi Bohevxec; xpelc; apihpol oi A, B, T, xai oeov 
eaxw eiuaxetjiaa'dai, xoxe Buvaxov eaxiv auxolc; xexapxov 
avaXoyov xpoaeupeiv. 

’Uxoi ouv oux eiaiv e^fj<; avaXoyov, xai oi axpoi auxAv 
xpAxoi xpoc; aXX/]Xouc; eiaiv, r] e^fjg eiaiv avaXoyov, xai oi 
axpoi auxAv oux eiai xpAxoi xpoc; aXXr]Xou<;, Y] ouxe e^fjc; 
eiaiv avaXoyov, ouxe oi axpoi auxAv xpAxoi xpoc; aXXr]Xou<; 
eiaiv, fj xai e^fjc; eiaiv avaXoyov, xai oi axpoi auxAv xpAxoi 
xpoc; aXXrjXouc; eiaiv. 

Ei (iev ouv oi A, B, T e^fjc; eiaiv avaXoyov, xai oi 
axpoi auxAv oi A, T xpAxoi xpoc; aXXrjXouc; eiaiv, BeBeixxai, 
oxi aBuvaxov eaxiv auxolc; xexapxov avaXoyov xpoaeupelv 
apidpiov. (if) eaxwaav 8f] oi A, B, T s^rj<^ avaXoyov xAv 
axpAv xaXiv ovxcuv xpAxwv xpoc; aXXrjXouc;. Xeyw, oxi 
xai ouxwc; aBuvaxov eaxiv auxolc; xexapxov avaXoyov xpo- 
aeupelv. ei yap Buvaxov, xpoaeup^ado 6 A, Aaxe eTvai A<; 
xov A xpoc; xov B, xov T xpoc; xov A, xai yeyovexw w;oB 
xpoc; xov T, 6 A xpoc; xov E. xai exei eaxiv Ac; ]xev 6 A xpoc; 
xov B, 6 T xpoc; xov A, Ac; Be 6 B xpoc; xov T, 6 A xpoc; 
xov E, Bi’ iaou apa Ac; 6 A xpoc; xov F, 6 T xpoc; xov E. oi 
Be A, r xpAxoi, oi Be xpAxoi xai eXa)(iaxoi, oi Be eXaxiaxoi 


ing D. But, in fact, B has also made C (by) multiplying 
itself. Thus, the (number created) from (multiplying) A, 
D is equal to the (square) on B. Thus, as A is to B, (so) 
B (is) to D [Prop. 7.19]. Thus, a third number has been 
found proportional to A, B, (namely) D. 

And so let A not measure C. I say that it is impossi¬ 
ble to find a third number proportional to A, B. For, if 
possible, let it have been found, (and let it be) D. Thus, 
the (number created) from (multiplying) A, D is equal to 
the (square) on B [Prop. 7.19]. And the (square) on B 
is C. Thus, the (number created) from (multiplying) A, 
D is equal to C. Hence, A has made C (by) multiplying 
D. Thus, A measures C according to D. But (A) was, in 
fact, also assumed (to be) not measuring (C ). The very 
thing (is) absurd. Thus, it is not possible to find a third 
number proportional to A, B when A does not measure 
C. (Which is) the very thing it was required to show. 

Proposition 19 f 

For three given numbers, to investigate when it is pos¬ 
sible to find a fourth (number) proportional to them. 

A 1 -1 

Bi-1 

Ci-1 

D-1 

Ei-1 

Let A, B, C be the three given numbers. And let it be 
required to investigate when it is possible to find a fourth 
(number) proportional to them. 

In fact, ( A , B, C) are either not continuously pro¬ 
portional and the outermost of them are prime to one 
another, or are continuously proportional and the outer¬ 
most of them are not prime to one another, or are neither 
continuously proportional nor are the outermost of them 
prime to one another, or are continuously proportional 
and the outermost of them are prime to one another. 

In fact, if A, B, C are continuously proportional, and 
the outermost of them, A and C, are prime to one an¬ 
other, (then) it has (already) been shown that it is im¬ 
possible to find a fourth number proportional to them 
[Prop. 9.17]. So let A, B, C not be continuously propor¬ 
tional, (with) the outermost of them again being prime to 
one another. I say that, in this case, it is also impossible 
to find a fourth (number) proportional to them. For, if 
possible, let it have been found, (and let it be) D. Hence, 
it will be that as A (is) to B, (so) C (is) to D. And let it be 
contrived that as B (is) to C, (so) D (is) to E. And since 
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pcxpouai xou<; xov auxov Xoyov E^ovTac; 6 te fjyoupsvoc; 
xov f)you(i£vov xod 6 snopEvoc; xov Exopsvov. psxpEl apa 6 
A xov r cdz f]you(ievoc; f)youp£vov. pExpsT 8s xal sauxov 
6 A apa xouc; A, T pExpsT xpcoxouc; ovxac; xpoc; aXXr]Xouc;- 
OTisp ectx'iv aSuvaxov. oux apa xolc; A, B, T 8uvaxov saxi 
xsxapxov avaXoyov xpooEupsIv. 

AXXa 8f] xaXiv saxoiaav oi A, B, T s<;rj<; avaXoyov, oi 8s 
A, T (jlt) eaxwaav xpGxoi xpoc; aXXr]Xouc;. Xsyo, oxi 8uvaxov 
saxiv auxou; xsxapxov avaXoyov xpoasupElv. 6 yap B xov T 
xoXXaxXaaiaaat; xov A xoieitw 6 A apa xov A fjxoi pExpsl 
fj ou (iExpsI. pExpEixcn auxov xpoxspov xaxa xov E- 6 A apa 
xov E xoXXaxXaaiaaac; xov A xExoirjXEv. aXXa pf]v xal 6 
B xov r KoXXaxXaoiaaac; xov A xExoirjxsv 6 apa ex xov 
A, E iao<; saxl xo ex xov B, F. avaXoyov apa [saxiv] o<; 6 
A xp6<; xov B, 6 r xpoc; xov E- xol<; A, B, T apa xsxapxo<; 
avaXoyov xpoarjuprpai 6 E. 

AXXa Sr] (if] (iExpstxo 6 A xov A - Xsyo, oxi aSuvaxov 
saxi xou; A, B, T xsxapxov avaXoyov xpooEupsIv apcdpov. 
si yap 8uvaxov, 7ipoo£upf]o , t)o 6 E- 6 apa ex xov A, E Iao<; 
saxl to ex xov B, T. aXXa 6 ex xov B, T saxiv 6 A' xal 
6 ex xov A, E apa laoc; saxl xo A. 6 A apa xov E xoXXa- 
TiXaoiaaac; xov A kexoitjxev 6 A apa xov A (iExpsI xaxa xov 
E- mote (iExpsl 6 A xov A. aXXa xal ou (iExpsT- oxsp a xokov. 
oux apa 8uvaxov saxi xoT<; A, B, T xsxapxov avaXoyov xpo- 
asupslv apiDiiov, oxav 6 A xov A (if) (iExpfj. aXXa 8f] oi A, B, 
r (ifjxE £^fj<; saxoiaav avaXoyov (if]XE oi axpoi xpdxoi xpoi; 
aXXf]Xoui;. xal 6 B xov T KoXXaTiXaoiaaai; xov A koieixo. 
o(ioio<; 8f) 8si)cdf]a£xai, oxi si (isv (iExpsT 6 A xov A, Su- 
vaxov saxiv auxolc; avaXoyov xpoaEupslv, si 8 e ou (iExpsT, 
a8uvaxov oxsp eSei SsT^ai- 


as A is to B, (so) C (is) to D, and as B (is) to C, (so) D 
(is) to E, thus, via equality, as A (is) to C, (so) C (is) to E 
[Prop. 7.14]. And A and C (are) prime (to one another). 
And (numbers) prime (to one another are) also the least 
(numbers having the same ratio as them) [Prop. 7.21]. 
And the least (numbers) measure those numbers having 
the same ratio as them (the same number of times), the 
leading (measuring) the leading, and the following the 
following [Prop. 7.20]. Thus, A measures C, (as) the 
leading (measuring) the leading. And it also measures 
itself. Thus, A measures A and C, which are prime to 
one another. The very thing is impossible. Thus, it is not 
possible to find a fourth (number) proportional to A, B, 

C. 

And so let A, B, C again be continuously propor¬ 
tional, and let A and C not be prime to one another. I 
say that it is possible to find a fourth (number) propor¬ 
tional to them. For let B make D (by) multiplying C. 
Thus, A either measures or does not measure D. Let it, 
first of all, measure ( D ) according to E. Thus, A has 
made D (by) multiplying E. But, in fact, B has also made 
D (by) multiplying C. Thus, the (number created) from 
(multiplying) A, E is equal to the (number created) from 
(multiplying) B, C. Thus, proportionally, as A [is] to B, 
(so) C (is) to E [Prop. 7.19]. Thus, a fourth (number) 
proportional to A, B, C has been found, (namely) E. 

And so let A not measure D. I say that it is impossible 
to find a fourth number proportional to A, B, C. For, if 
possible, let it have been found, (and let it be) E. Thus, 
the (number created) from (multiplying) A, E is equal to 
the (number created) from (multiplying) B, C. But, the 
(number created) from (multiplying) B, C is D. And thus 
the (number created) from (multiplying) A, E is equal to 

D. Thus, A has made D (by) multiplying E. Thus, A 
measures D according to E. Hence, A measures D. But, 
it also does not measure {D). The very thing (is) absurd. 
Thus, it is not possible to find a fourth number propor¬ 
tional to A, B, C when A does not measure D. And so 
(let) A, B, C (be) neither continuously proportional, nor 
(let) the outermost of them (be) prime to one another. 
And let B make D (by) multiplying C. So, similarly, it 
can be show that if A measures D then it is possible to 
find a fourth (number) proportional to ( A, B, C ), and 
impossible if (A) does not measure (£>). (Which is) the 
very thing it was required to show. 


t The proof of this proposition is incorrect. There are, in fact, only two cases. Either A, B , C are continuously proportional, with A and C prime 
to one another, or not. In the first case, it is impossible to find a fourth proportional number. In the second case, it is possible to find a fourth 
proportional number provided that A measures B times C. Of the four cases considered by Euclid, the proof given in the second case is incorrect, 
since it only demonstrates that if A : B : : C : D then a number E cannot be found such that B : C : : D : E. The proofs given in the other three 
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cases are correct. 


X. 

Oi itpwToi dpi'Opol tcXsiouc sial xavxoc xou Kpoxs-dsvxoc 
7tXf|i}ouc Ttpwxwv apiOpfilv. 

A i-1 H'-1 

B i-1 

r i-1 

E A Z 

i-1—i 

’'Ecraoaav oi Kpoxs-dsvxsc xpoxoi api-dpol oi A, B, T- 
Xsyw, oxi tuv A, B, T tiXeiouc sial Ttpwxoi apihpoi. 

ElXr^cpTi>co yap 6 uito xfiiv A, B, T sXaxiaxoc psxpoupsvoc 
xal saxw AE, xal itpoaxsiahw xw AE povac f) AZ. 6 Si) EZ 
rjxoi Ttpaixoc saxiv fj ou. saxw xpoxspov Tipcoxoc suprjpsvoi 
apa sial itpwxoi apiOpol oi A, B, E, EZ xXsiouc x£3v A, B, 

r. 

AXXa 6f) [if] saxw 6 EZ Ttpwxoc utio itpwxou apa xivoc 
dpnJ[iou [isxpE’ixai. (isxpsia-dco uxo itpwxou xoO H- Xsyto, 
oxi 6 H ouOevl xwv A, B, T saxiv 6 auxo<;. ei yap 8uvaxov, 
eaxw. oi 8s A, B, T xov AE [iexpouaiv xal 6 H apa xov 
AE [isxpf]CTEi. [isxpei 8 e xal xov EZ- xal Xoi7tf]v xf]v AZ 
[iova8a [i£xpf|oei 6 H api-diioc; ov oitsp axoxov. oux apa 6 
H Evl xwv A, B, r saxiv 6 auxo<;. xal Ottoxsixai jipAxo<;. 
sOpr)[isvoi apa sial Ttpwxoi apiDpiol kXeiou<; xou Ttpoxs-dsvxoi; 
TtXrydoui; xwv A, B, T oi A, B, T, H- oitsp e6si 8sl^ai. 


xa'. 

’Eav apxioi api-dptol oitoaoiouv auvxs-dwaiv, 6 oXo<; 
apxioc; saxiv. 

A B r A E 

i-1-1-1-1 

Euyxsia-dciaav yap apxioi api-dpioi oxoaoiouv oi AB, 
Br, TA, AE- Xsyw, oxi oXo<; 6 AE apxioc; saxiv. 

’EtceI yap sxaaxoi; xov AB, BT, TA, AE apxioc saxiv, 
£X£i [ispoc; f][iiau- waxs xal oXoc 6 AE s^si [ispoc; f][iiau. 
apxioc; 8s api-dpioc saxiv 6 Sixa 8iaipo0[isvoc- apxioc apa 
saxiv 6 AE- oitsp sSsi 8sT^ai. 


Proposition 20 

The (set of all) prime numbers is more numerous than 
any assigned multitude of prime numbers. 

A i-1 G'-1 

B 1 -1 

Ci-1 

E D F 

i-1-1 

Let A, B, C be the assigned prime numbers. I say that 
the (set of all) primes numbers is more numerous than A, 

B, C. 

For let the least number measured by A, B, C have 
been taken, and let it be DE [Prop. 7.36]. And let the 
unit DF have been added to DE. So EF is either prime, 
or not. Let it, first of all, be prime. Thus, the (set of) 
prime numbers A, B, C, EF, (which is) more numerous 
than A, B, C, has been found. 

And so let EF not be prime. Thus, it is measured by 
some prime number [Prop. 7.31]. Let it be measured by 
the prime (number) G. I say that G is not the same as 
any of A, B, C. For, if possible, let it be (the same). And 
A, B, C (all) measure DE. Thus, G will also measure 
DE. And it also measures EF. (So) G will also mea¬ 
sure the remainder, unit DF, (despite) being a number 
[Prop. 7.28]. The very thing (is) absurd. Thus, G is not 
the same as one of A, B, C. And it was assumed (to be) 
prime. Thus, the (set of) prime numbers A, B, C, G, 
(which is) more numerous than the assigned multitude 
(of prime numbers), A, B, C, has been found. (Which is) 
the very thing it was required to show. 

Proposition 21 

If any multitude whatsoever of even numbers is added 
together then the whole is even. 

A B C D E 

i-1-1-1-1 

For let any multitude whatsoever of even numbers, 
AB, BC, CD, DE, lie together. I say that the whole, 
AE, is even. 

For since everyone of AB, BC, CD, DE is even, it 
has a half part [Def. 7.6]. And hence the whole AE has 
a half part. And an even number is one (which can be) 
divided in half [Def. 7.6]. Thus, AE is even. (Which is) 
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x(3'. 

’Eav xEpiaaol apiOpol oxogolouv guvteIIogiv, to 8s 
xXfj'doc auTWv apTiov fj, 6 oXoc; apTLoc; carat. 

A B T A E 

i-1-1-1-1 

HuyxEiG-dwGav yap xEpiaGol apt-dpol oaoLSrjxoTouv 
apTtoi to TiXrj'Ooc oi AB, BT, TA, AE- Xcyw, oti oXo<; 
6 AE apTioi; egtlv. 

’ExeI yap sxaaTOi; twv AB, Br, TA, AE x£piTTo<; £gtlv, 
acpaipe'dsLCTrjg pova8o<; acp’ exolgtou ExaoTo<; twv Xolxov 
apTLoc; Eoxar wots xal 6 auyxEtpEvot; zE, au tAv apxioc; 
EOTat. egtl 0£ xal to xXrydoc; tAv pova8a>v apTtov. xal 
oXoc; apa 6 AE apTLoc; egtlv oxcp e8el osl^ai. 

xy'. 

’Eav xEpioool apiif)|jLol oxogolouv guvteDAgiv, to 8e 
xXrjhoc; auxAv xEpLaoov fj, xal 6 oXoc; xEpiaGoc; carat. 

A B T E A 

i-1—i-1—i 

Euyxcio'dojoav yap oxogolouv xEpioaol apt-dpot, Av to 
xXfjfloc; xEpiaoov ecttw, ol AB, Br, TA- Xcyat, oti xal oXo z 
6 AA xEpiaaoc; egtlv. 

A(prjpr]G , dw axo tou TA povoo; f) AE - Xolxoc apa 6 TE 
apTLoc; egtlv. egtl os xal 6 FA aprioc;- xal oXo<; apa 6 AE 
apTLOc; egtlv. xai egtl povac; f] AE. xspioooc; apa egt'lv 6 
AA- oxcp e8el osT^ai. 

xo'. 

’Eav axo apriou apiflpou aprioc; acpaipE'dfj, 6 Xoixoc; 
aprioc; carat. 

a r b 

i-1-1 

Axo yap apTLou tou AB aprioc; acpr]pr)o , dM 6 Br- Xsyw, 
oti 6 Xoixoc 6 TA aprioc; egtlv. 

’ExeI yap 6 AB aprioc; egtlv, sysi pcpoc; fjpiau. 8ia ra 
aura 8f) xal 6 Br cyci pcpoc; rjpiau- Agte xal Xoixoc; [6 EA 
EyEi pcpoc; rjpiau] aprioc; [apa] egt'lv 6 AE- oxcp e8el 8Elc;ai. 


the very thing it was required to show. 

Proposition 22 

If any multitude whatsoever of odd numbers is added 
together, and the multitude of them is even, then the 
whole will be even. 

A B C D E 

i-1-1-1-1 

For let any even multitude whatsoever of odd num¬ 
bers, AB, BC, CD, DE, lie together. I say that the 
whole, AE, is even. 

For since everyone of AB, BC, CD, DE is odd then, a 
unit being subtracted from each, everyone of the remain¬ 
ders will be (made) even [Def. 7.7]. And hence the sum 
of them will be even [Prop. 9.21]. And the multitude 
of the units is even. Thus, the whole AE is also even 
[Prop. 9.21]. (Which is) the very thing it was required to 
show. 

Proposition 23 

If any multitude whatsoever of odd numbers is added 
together, and the multitude of them is odd, then the 
whole will also be odd. 

ABC ED 

i-1-1-1—i 

For let any multitude whatsoever of odd numbers, 
AB, BC, CD, lie together, and let the multitude of them 
be odd. I say that the whole, AD, is also odd. 

For let the unit DE have been subtracted from CD. 
The remainder CE is thus even [Def. 7.7]. And CA 
is also even [Prop. 9.22]. Thus, the whole AE is also 
even [Prop. 9.21]. And DE is a unit. Thus, AD is odd 
[Def. 7.7]. (Which is) the very thing it was required to 
show. 

Proposition 24 

If an even (number) is subtracted from an(other) even 
number then the remainder will be even. 

A C B 

i-1-1 

For let the even (number) BC have been subtracted 
from the even number AB. I say that the remainder CA 
is even. 

For since AB is even, it has a half part [Def. 7.6]. So, 
for the same (reasons), BC also has a half part. And 
hence the remainder [CA has a half part]. [Thus,] AC is 
even. (Which is) the very thing it was required to show. 
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xz. 

’Eav axo apxlou apiOpou xspiaaoc; acpaips-dfj, 6 Xoixoc; 
xspiaaoc; saxai. 

A r A B 

I-1-1-1 

Axo yap apxlou tou AB xspiaaoc; acpr]pr|af)co 6 BT- 
Xsyw, oxi 6 Xoixoc; 6 LA xspiaaoc; saxiv. 

Acprjp^CTiJo yap aixo tou Br povac; r) TA- 6 AB apa 
apxioc; saxiv. sail 8s xal 6 AB apxioc;- xal Xoixoc; apa 6 
AA apxioc; saxiv. xal sail povac; f) TA- 6 LA apa xspiaaoc; 
saxiv- oxsp sSsi 8sTc;ai. 

XT'. 

’Eav axo xspLaaou api-dpou xspiaaoc; acpaips-dfj, 6 Xoixoc; 
apTioc; eaxau 

A r A B 

I-1-1-1 

Axo yap xepiaaou tou AB xepLaooc; dcprjpricrdQ 6 BT- 
Xeyo, oti 6 Xoixoc; 6 LA apxi6<; saxiv. 

’Exsl yap 6 AB xepiaaoc; saxiv, a<pr)pr]a , do (iova<; f) BA- 
Xoixog apa 6 AA apxioc; saxiv. 8ia xa auxa 8f) xal 6 TA 
dpxiog saxiv waxs xal Xoixog 6 LA apxiog saxiv oxsp s8si 
Ssl^ai. 

xC'. 

’Eav axo xspiaaou apOpiou apxioc; acpaips-dfj, 6 Xoixoc; 
xspiaaoc; saxai. 

A A r B 

I-1-1-1 

Axo yap xspiaaou tou AB apxioc; dcpT^a-do 6 BT- 
Xsyo, oti 6 Xoixoc; 6 FA xspiaaoc; saxiv. 

Aipifip^a-dw [yap] (lovac; f) AA- 6 AB apa apxioc; saxiv. 
saxi 8s xal 6 Br apxioc;- xal Xoixoc; apa 6 TA apxioc; saxiv. 
xspiaaoc; apa 6 FA- oxsp s8si BsT^ai- 


XT)'. 

’Eav xspiaaoc; apiDpioc; apxiov xoXXaxXaaiaaac; xoir] 
xiva, 6 ysvopisvoc; apxioc; saxai. 


Proposition 25 

If an odd (number) is subtracted from an even num¬ 
ber then the remainder will be odd. 

A CD B 

i-1-1-1 

For let the odd (number) BC have been subtracted 
from the even number AB. I say that the remainder 6' .4 
is odd. 

For let the unit CD have been subtracted from BC. 
DB is thus even [Def. 7.7]. And AB is also even. And 
thus the remainder AD is even [Prop. 9.24]. And CD is 
a unit. Thus, CA is odd [Def. 7.7]. (Which is) the very 
thing it was required to show. 

Proposition 26 

If an odd (number) is subtracted from an odd number 
then the remainder will be even. 

A C D B 

i-1-1-1 

For let the odd (number) BC have been subtracted 
from the odd (number) AB. I say that the remainder CA 
is even. 

For since AB is odd, let the unit BD have been 
subtracted (from it). Thus, the remainder AD is even 
[Def. 7.7]. So, for the same (reasons), CD is also 
even. And hence the remainder CA is even [Prop. 9.24]. 
(Which is) the very thing it was required to show. 

Proposition 27 

If an even (number) is subtracted from an odd num¬ 
ber then the remainder will be odd. 

AD C B 

i-1-1-1 

For let the even (number) BC have been subtracted 
from the odd (number) AB. I say that the remainder CA 
is odd. 

[For] let the unit AD have been subtracted (from AB). 
DB is thus even [Def. 7.7]. And BC is also even. Thus, 
the remainder CD is also even [Prop. 9.24]. CA (is) thus 
odd [Def. 7.7]. (Which is) the very thing it was required 
to show. 

Proposition 28 

If an odd number makes some (number by) multiply¬ 
ing an even (number) then the created (number) will be 
even. 
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A'-' 

B '-' 

r'-' 

Lkpiaaot; yap apiOiioc; 6 A apxiov tov B noXXa- 
itXaaiaaac; tov T koieitw Xeyu, oti 6 T apxio<; eaxiv. 

’Enel yap 6 A tov B TtoXXaitXaaiaaac; tov T neitoirjxev, 
6 F apa auyxeixai ex toooutiov iatov xc5 B, oaai eialv ev 
tw A povaBec;. xai eaxiv 6 B apxioc;- 6 F apa auyxeixai 
eZ apTiwv. eav Be apxioi apibpol onoaoiouv auvxebdiaiv, 6 
oXog apxioc; eaxiv. apxioc; apa eaxiv 6 T- oitep eBei Bel^ai. 

Xtk. 

’Eav xepiaaoc; apnlpcx; xepiaaov apibpov KoXXaxXaoiac- 
olc, Koifj xiva, 6 yevo(ievo<; xepLaaoi; eaxai. 

A'-1 

B i-1 

r i-1 

nepiaaoc; yap apibpoc; 6 A nepiaaov tov B xoXXa- 
xXaaiaaac; tov T Koieixor Xeyw, oti 6 T xepiaaoc; eaxiv. 

’Enel yap 6 A tov B KoXXaxXaoiaaai; tov T xexoirjxev, 
6 r apa auyxeixai ex xoaouxcrv ia«v to B, oaai eiaiv ev to 
A povaBec;. xai eaxiv exaxepoc; tov A, B xepiaaoc;- 6 T apa 
auyxeixai ex xepiaawv apibpwv, Sv to KXrjdoc; xepiaaov 
eaxiv. Saxe 6 T xepiaao<; eaxiv oxep eBei 8eTc;ai. 

X'. 

’Eav nepiaaoc; apnlpbc; apxiov apidpov pexpfj, xal tov 
qpiauv auxou pexprjaei. 

A'-' 

B i-1 

r i-1 

Ilepiaabc; yap apidpoc; 6 A apxiov tov B pexpeixor Xeyw, 
oti xal tov qpiauv auxou pexpqaei. 

’Enel yap 6 A tov B pexpeT, pexpeixto auxov xaxa tov 
r- Xeyw, oti 6 T oux eaxi 7iepiaao<;. e’l yap Buvaxov, eaxw. 
xal enel 6 A tov B pexpeT xaxa tov T, 6 A apa tov T 
TioXXaxXaaiaaac; tov B xenoiqxev. 6 B apa auyxeixai ex 
xepiaawv apidpfiiv, Sv to xXfj'doc xepiaaov eaxiv. 6 B apa 


A 1 -1 

B 1 -1 

Ci-1 

For let the odd number A make C (by) multiplying 
the even (number) B. I say that C is even. 

For since A has made C (by) multiplying B, C is thus 
composed out of so many (magnitudes) equal to B, as 
many as (there) are units in A [Def. 7.15]. And B is 
even. Thus, C is composed out of even (numbers). And 
if any multitude whatsoever of even numbers is added 
together then the whole is even [Prop. 9.21]. Thus, C is 
even. (Which is) the very thing it was required to show. 

Proposition 29 

If an odd number makes some (number by) multiply¬ 
ing an odd (number) then the created (number) will be 
odd. 

A 1 -1 

B i-1 

C'-1 

For let the odd number A make C (by) multiplying 
the odd (number) B. I say that C is odd. 

For since A has made C (by) multiplying B, C is thus 
composed out of so many (magnitudes) equal to B, as 
many as (there) are units in A [Def. 7.15]. And each 
of A, B is odd. Thus, C is composed out of odd (num¬ 
bers), (and) the multitude of them is odd. Hence C is odd 
[Prop. 9.23]. (Which is) the very thing it was required to 
show. 

Proposition 30 

If an odd number measures an even number then it 
will also measure (one) half of it. 

A I-1 

B i-1 

Ci-1 

For let the odd number A measure the even (number) 

B. I say that (A) will also measure (one) half of (If). 

For since A measures B, let it measure it according to 

C. I say that C is not odd. For, if possible, let it be (odd). 
And since A measures B according to C, A has thus made 
B (by) multiplying C. Thus, B is composed out of odd 
numbers, (and) the multitude of them is odd. B is thus 
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xspiCTcrac; ecttiv oxsp axoxov uxoxsixai yap apxioc;. oux 
apa 6 r KEpiaooc; ecttiv apxioc; apa ecttiv 6 T. Actte 6 A 
xov B pExpsI apxiaxic;. 8ia 8r) xouxo xal xov rjpiCTUv auxou 
pETpqCTEl' oxsp s8ei SsT^OU- 

},a. 

’Eav 7i£piCTCTO<; apihpoc; xpoc; xiva apnflpbv xpAxoc; fj, xal 
xpoc; xov SixXacuova auxou xpAxoc; eoxai. 

A 1 -1 

B i-1 

r i-1 

A i-1 

IlEpiCTCTOt; yap api'dpoc; 6 A xpoc; xiva apn9|ji6v xov B 
xpAxoc; ECTX63, xou 8e B 8ixXaCTia>v ectx« 6 T' Xsyco, oxi 6 A 
[xal] xpoc; xov T xpAxoc; ecttiv. 

EE yap pf| eictiv [ol A, T] xpAxoi, p.Expf|CTSi xic; auxouc; 
apidpoc;. [lExpsExco, xal ecttio 6 A. xal ecttiv 6 A xspiCTCTOc;- 
xEpiCTCTO<; apa xal 6 A. xal exeI 6 A xspiCTCToc; Av xov T 
[iExpEi, xa[ ecttiv 6 r apxioc;, xal xov rjpicnjv apa xou T 
(i£xpr]CTEi [6 A], xou 8 e F fjpicnj ecttiv 6 B- 6 A apa xov 
B piExpsI. pExpsI 8 e xal xov A. 6 A apa xouc; A, B pExpsI 
xpAxouc; ovxac; xpoc; aXXrjXouc;- oxsp ectxIv aSuvaxov. oux 
apa 6 A xpoc; xov T xpAxoc oux ecttiv. ol A, F apa xpAxoi 
xpoc; aXXrjXouc; eictiv oxsp e5si 8sT^ai. 


xp'. 

Tcov &7to 56a5o<; SiTtXaaiaCoiievtov apidjicov exaaxoc; 
apTiaxic; apxioc eaxi [iovov. 

A>-1 

B i-1 

r i-1 

A i-1 

Axo yap 8ua8oc; xrjc; A 8ESixXaCTidCTf>a>CTav 6ctoi8t]- 
xotouv dpihpol ol B, F, A- Xsyw, oxi ol B, T, A apxiaxic; 
apxiol eEcti (iovov. 

"Oxi p.Ev ouv sxaCTxoc; [xAv B, F, A] apxiaxic; apxioc; 
ecttiv, cpavEpov axo yap Sua8o<; ectxI SixXaCTiachlslc;. Xsyto, 
oxi xal povov. exxeictDm yap povac;. exeI ouv axo pova8oc; 
oxoctoiouv apiOpol E^fjc; avaXoyov eictiv, 6 8s psxa xqv 
povaSa 6 A xpAxoc; ecttiv, 6 psyioxoc; xAv A, B, T, A 6 


odd [Prop. 9.23]. The very thing (is) absurd. For ( B ) 
was assumed (to be) even. Thus, C is not odd. Thus, C 
is even. Hence, A measures B an even number of times. 
So, on account of this, (A) will also measure (one) half 
of (/i). (Which is) the very thing it was required to show. 

Proposition 31 

If an odd number is prime to some number then it will 
also be prime to its double. 

A 1 -1 

B 1 -1 

Ci-1 

D 1 -1 

For let the odd number A be prime to some number 

B. And let C be double B. I say that A is [also] prime to 

C. 

For if [A and C] are not prime (to one another) then 
some number will measure them. Let it measure (them), 
and let it be D. And A is odd. Thus, D (is) also odd. 
And since D, which is odd, measures C, and C is even, 
[D] will thus also measure half of C [Prop. 9.30]. And B 
is half of C. Thus, D measures B. And it also measures 
A. Thus, D measures (both) A and B, (despite) them 
being prime to one another. The very thing is impossible. 
Thus, A is not unprime to C. Thus, A and C are prime to 
one another. (Which is) the very thing it was required to 
show. 

Proposition 32 

Each of the numbers (which is continually) doubled, 
(starting) from a dyad, is an even-times-even (number) 
only. 

A 1 -1 

B 1 -1 

Ci-1 

Di- 1 

For let any multitude of numbers whatsoever, B, C, 

D. have been (continually) doubled, (starting) from the 
dyad A. I say that B, C, D are even-times-even (num¬ 
bers) only. 

In fact, (it is) clear that each [of B, C, D ] is an 
even-times-even (number). For it is doubled from a dyad 
[Def. 7.8]. I also say that (they are even-times-even num¬ 
bers) only. For let a unit be laid down. Therefore, since 
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A Ok’ ouBevoc; aAXou pexprjhiqaexai Traps?; xAv A, B, T. xal 
eaxiv exaaxoc; xov A, B, T apxioc;- 6 A apa apxiaxic; apxioc; 
eaxL povov. opolwc; Sr] oel?;opev, oxi [xal] exaxepoc; xAv B, 
F apxiaxic apxioc eaxi povov oxep e8ei Sel^ai. 


Xy'. 

’Eav apid(ji6<; tov f]fiiauv sxTl KSpLoaov, apTiaxic 7t£- 
piaaoc sot i (iovov. 

A 1 1 

Apiilpoc yap 6 A xov rjpiauv eyexw xepiaaov Xeyw, oxi 
6 A dpxidxic; xepiaaoc eaxi povov. 

"Oxi pev ouv apxiaxic xepiaaoc eaxiv, cpavepov 6 yap 
fjpiauc auxou xepiaaoc Av pexpeT auxov apxiaxic, Xsyw or], 
oxi xal povov. si yap eaxai 6 A xal apxiaxic; apxioc;, pe- 
xpr] , dr)aexai uxo apxiou xaxa apxiov api’Opov waxs xal 6 
fjpiauc auxou p.Exprj'drjasxai 6x6 apxiou apihpou xepiaaoc 
Av oxep eaxiv axoxov. 6 A apa apxiaxic; xepiaaoc; eaxi 
(iovov- oxep e8ei SeT^ai. 


X8'. 

’Eav apihpoc pfjxe xAv axo Sua8oc 8ixAaaiai(opevo:>v rj, 
prjxe xov rjpiauv eyr] xepiaaov, apxiaxic; xe apxioc; eaxi xal 
apxiaxic; xepiaaoc;. 

A 1 1 

Apiilpoc yap 6 A pyjxe xAv axo Sua8oc 8ixAaaiai(opevo:>v 
eaxw prjxe xov rjpiauv eyexw xepiaaov Xeyw, oxi 6 A 
apxiaxic; xe eaxiv apxioc; xal apxiaxic; xepiaaoc;. 

"Oxi pev ouv 6 A apxiaxic; eaxiv apxioc;, cpavepov xov 
yap rjpiauv oux eyei xepiaaov. Xeyo 8fj, oxi xal apxiaxic; xe¬ 
piaaoc; eaxiv. eav yap xov A xepvcopev oiya xal xov rjpiauv 
auxou 8lya xal xouxo del xoiApev, xaxavxrjaopev etc xiva 
apihpov xepiaaov, oc; pexprjaei xov A xaxa apxiov apiflpov. 
el yap ou, xaxavxrjaopev sic Sua8a, xal eaxai 6 A xAv axo 
8ua8oc 8ixAaaiai(opevwv oxep ouy uxoxeixai. Aaxe 6 A 
apxiaxic; xepiaaov eaxiv. eBeiy-dr] Se xal apxiaxic; apxioc;. 6 
A apa apxiaxic; xe apxioc; eaxi xal apxiaxic; xepiaaoc;- oxep 
e8ei oei'cai. 


any multitude of numbers whatsoever are continuously 
proportional, starting from a unit, and the (number) A af¬ 
ter the unit is prime, the greatest of A, B, C, D, (namely) 
D, will not be measured by any other (numbers) except 
A, B, C [Prop. 9.13]. And each of A, B, C is even. Thus, 
D is an even-time-even (number) only [Def. 7.8]. So, 
similarly, we can show that each of B, C is [also] an even¬ 
time-even (number) only. (Which is) the very thing it was 
required to show. 

Proposition 33 

If a number has an odd half then it is an even-time- 
odd (number) only. 

A i- 1 

For let the number A have an odd half. I say that A is 
an even-times-odd (number) only. 

In fact, (it is) clear that (A) is an even-times-odd 
(number). For its half, being odd, measures it an even 
number of times [Def. 7.9]. So I also say that (it is 
an even-times-odd number) only. For if A is also an 
even-times-even (number) then it will be measured by an 
even (number) according to an even number [Def. 7.8]. 
Hence, its half will also be measured by an even number, 
(despite) being odd. The very thing is absurd. Thus, A 
is an even-times-odd (number) only. (Which is) the very 
thing it was required to show. 

Proposition 34 

If a number is neither (one) of the (numbers) doubled 
from a dyad, nor has an odd half, then it is (both) an 
even-times-even and an even-times-odd (number). 

A i- 1 

For let the number A neither be (one) of the (num¬ 
bers) doubled from a dyad, nor let it have an odd half. 
I say that A is (both) an even-times-even and an even- 
times-odd (number). 

In fact, (it is) clear that A is an even-times-even (num¬ 
ber) [Def. 7.8]. For it does not have an odd half. So I 
say that it is also an even-times-odd (number). For if we 
cut A in half, and (then cut) its half in half, and we do 
this continually, then we will arrive at some odd num¬ 
ber which will measure A according to an even number. 
For if not, we will arrive at a dyad, and A will be (one) 
of the (numbers) doubled from a dyad. The very oppo¬ 
site thing (was) assumed. Hence, A is an even-times-odd 
(number) [Def. 7.9]. And it was also shown (to be) an 
even-times-even (number). Thus, A is (both) an even- 
times-even and an even-times-odd (number). (Which is) 
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As'. 

’Eav Aaiv oaoi8r)xoxouv ocpn9(j.oi e^fjc avaXoyov, acpai- 
pehAai 8e axo xe xou 8euxepou xai xou sayaxou laoi xo 
xpAxco, eaxai Ac rj xou 8euxepou uxepoyr) xpoc xov xpAxov, 
ouxcoc f] xou eaydxou uxepoyr] xpoc xouc xpo eauxou 
xavxac. 

A i-1 

b Hr 

I-1-1 

A-1 

E A K ® 2 

i—i—i—i-1 

"Eaxcoaav oxoaoiSrjxoxouv dpitlpol el;fjc avaXoyov oi A, 
Br, A, EZ acpyopevoi axo eXaylaxou xou A, xai acpr]pr|a , do 
axo xou BE xai xou EZ xA A loot; exdxepoc xAv BH, Z0' 
Xeyw, oxi eaxlv Ac 6 HT xpoc xov A, ouxtoc 6 E0 xpoc 
xouc A, BT, A. 

KelaDco yap xA (rev Br laoc 6 ZK, xA 8e A laoc 6 ZA. 
xai exel 6 ZK xA Br Taoc eaxlv, Sv 6 Z0 xA BH 1'aoc eaxlv, 
Xoixoc apa 6 0K XoixA xA Hr eaxLv iaoc. xai exel eaxiv Ac 
6 EZ xpoc xov A, ouxtoc 6 A xpoc xov Br xai 6 Br xpoc 
xov A, XaoQ 8e 6 piev A xA ZA, 6 Se Br xA ZK, 6 8e A xA 
Z0, eaxiv apa Ai; 6 EZ xpo<; xov ZA, ouxok 6 AZ xpo<; xov 
ZK xai 6 ZK xpo<; xov Z0. 8ieXovxi, A<; 6 EA xpo<; xov AZ, 
ouxok 6 AK xpo<; xov ZK xai 6 K0 xpo<; xov Z0. eaxiv apa 
xai A<; eTc xAv rjyoupievwv xpoc eva xAv exopievcov, ouxwc 
axavxec ol fjyoupievoi xpoc axavxac xouc exo(ievouc eaxiv 
apa Ac 6 K0 xpoc xov Z0, ouxwc ol EA, AK, K0 xpoc 
xouc AZ, ZK, 0Z. laoc 8e 6 (iev K0 xA TH, 6 8e Z0 xA 
A, ol 8e AZ, ZK, 0Z xolc A, Br, A - eaxiv apa Ac 6 TH 
xpoc xov A, ouxwc 6 E0 xpoc xouc A, BE, A. eaxiv apa 
Ac r) xou 8euxepou uxepo)(f) xpoc xov xpAxov, ouxok ^ xou 
eaxaxou uxepoxr) xpoc xouc xpo eauxou xavxac oxep e8ei 
8eTc;ai. 

t This proposition allows us to sum a geometric series of the form a, 

{ar — a)/a = (ar n — a)/S n . Hence, S n = a ( r n — 1 )/{r — 1). 

w. 

’Eav axo piovd8oc oxoaoiouv apiDpiol e5^C exxedAaiv ev 
xfj SixXaalovi avaXoyla, ecuc ou 6 auptxac auvxeiDelc xpAxoc 
yevrjxai, xai 6 auptxac exl xov ea^axov xoXXaxXaaiaaUelc 


the very thing it was required to show. 

Proposition SS 1, 

If there is any multitude whatsoever of continually 
proportional numbers, and (numbers) equal to the first 
are subtracted from (both) the second and the last, then 
as the excess of the second (number is) to the first, so the 
excess of the last will be to (the sum of) all those (num¬ 
bers) before it. 

A 1 -1 

B G C 

i-1—i 

D 1 -1 

E L K H F 

i-1-1-1-1 

Let A, BC, D, EF be any multitude whatsoever of 
continuously proportional numbers, beginning from the 
least A. And let BG and FH, each equal to A, have been 
subtracted from BC and EF (respectively). I say that as 
GC is to A, so EH is to A, BC, D. 

For let FK be made equal to BC, and FL to D. And 
since FK is equal to BC, of which FH is equal to BG, 
the remainder HK is thus equal to the remainder GC. 
And since as EF is to D, so D (is) to BC, and BC to 
A [Prop. 7.13], and D (is) equal to FL, and BC to FK, 
and A to FH, thus as EF is to FL, so LF (is) to FK, and 
FK to FH. By separation, as EL (is) to LF, so LK (is) 
to FK, and KH to FH [Props. 7.11, 7.13], And thus as 
one of the leading (numbers) is to one of the following, 
so (the sum of) all of the leading (numbers is) to (the 
sum of) all of the following [Prop. 7.12], Thus, as KH 
is to FH, so EL, LK, KH (are) to LF, FK, HF. And 
KH (is) equal to CG, and FH to A, and LF, FK, HF 
to D, BC, A. Thus, as CG is to A, so EH (is) to D, 
BC, A. Thus, as the excess of the second (number) is to 
the first, so the excess of the last (is) to (the sum of) all 
those (numbers) before it. (Which is) the very thing it 
was required to show. 

ar, ar 2 , ar 3 , • • • ar 71-1 . According to Euclid, the sum S n satisfies 

Proposition 361 

If any multitude whatsoever of numbers is set out con¬ 
tinuously in a double proportion, (starting) from a unit, 
until the whole sum added together becomes prime, and 
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xoifj xi.va, 6 yEvopcvo; x6Xeio; soxai. 

’Axo yap pova8o; EXXEiG'dtooav oooiSiqxoxouv apiOp- 
ol ev xf) SixXaoiovi avaXoyia, sco; o5 6 oupxa; auvxs'dri; 
xpAxo; yevrjxai, oi A, B, T, A, xai xA oupxavxi ioo; soxor 
6 E, xocl 6 E xov A xoXXaxXaoiaoa; xov ZH xoieixm. Xsyw, 
oxi 6 ZH xsXeio; soxiv. 

B i—i 

r i- 1 

A |-1 


E'—i 

© N K 

A i-1 

Mi-1 

Z E H 

I-1-1 

O'-1 

IT-1 

"Oooi yap siaiv oi A, B, F, A xA xXrydsi, xooouxoi axo 
xou E EiXfcpiflMaav ev xfj 8ixXaoiovi avaXoyia oi E, ©K, A, 
M- 8i’ ioou apa egxiv oc 6 A xpo; xov A, ouxu; 6 E xpo; 
xov M. 6 apa ex xfiv E, A ioo; soxi xA Ex xAv A, M. xai 
egxiv 6 ex xAv E, A 6 ZH- xai 6 ex xAv A, M apa soxiv 6 
ZH. 6 A apa xov M xoXXaxXaoiaoa; xov ZH xsxoir]X£v 6 
M apa xov ZH pExpsi xaxa xai; ev xA A pova8a;. xai eoxi 
8ua; 6 A- BixXaoio; apa egxiv 6 ZH xou M. sioi os xai oi M, 
A, 0K, E £$rj; 8ixXaoioi aXXfjXorv oi E, @K, A, M, ZH apa 
E;fj; avaXoyov eigiv ev xfj 8i.xXaoiovi avaXoyia. acprip^a-dw 
Sr] axo xou SsuxEpou xou 0K xai xou eo)( axou xou ZH xA 
xpAxw xA E lao; sxaxspo; xAv 0N, ZH- egxlv apa A; f] 
xou Bsuxspou api-diiou Oxspo)(f] xpo; xov xpAxov, ouxw; f] 
xou EGxaxou uxspoxr] xpo; xou; xpo sauxou xavxa;. egxiv 
apa A; 6 NK xpo; xov E, ouxco; 6 EH xpo; xou; M, A, 
K0, E. xai egxiv 6 NK loo; xA E- xai 6 EH apa ioo; soxi 
xol; M, A, 0K, E. eoxi. 8e xai 6 ZS xA E ioo;, 6 8e E 
xol; A, B, r, A xai xfj fiovaBi.. oXo; apa 6 ZH ioo; soxi 
xol; xe E, 0K, A, M xai xoi; A, B, T, A xai xfj ]iova8r 
xai [iExpsIxat ux’ auxAv. Xsyo, oxi xai 6 ZH Ox’ ouosvo; 
aXXou ]x£xpr]i}f) 0 £xai xaps^ xAv A, B, T, A, E, 0K, A, M 
xai xfj; ]iova8o;. si yap §uvaxov, ]X£xpsixw xi; xov ZH 6 
O, xai 6 O ]i7]0£vi xAv A, B, T, A, E, 0K, A, M egxw 6 
auxo;. xai ooaxi; 6 O xov ZH (isxpsT, xooauxai (iovaSs; 


the sum multiplied into the last (number) makes some 
(number), then the (number so) created will be perfect. 

For let any multitude of numbers, A, B, C, D, be set 
out (continuouly) in a double proportion, until the whole 
sum added together is made prime. And let E be equal to 
the sum. And let E make FG (by) multiplying D. I say 
that FG is a perfect (number). 

B 1 -1 

C'-1 

D 1 - 1 


Ei-1 

H N K 

I-1-1 

L i-1 

Mi-1 

F O _G 

P i-1 

Qi-1 

For as many as is the multitude of A, B, C, D, let so 
many (numbers), E, HK, L, M, have been taken in a 
double proportion, (starting) from E. Thus, via equal¬ 
ity, as A is to D, so E (is) to M [Prop. 7.14]. Thus, the 
(number created) from (multiplying) E , D is equal to the 
(number created) from (multiplying) A, M. And FG is 
the (number created) from (multiplying) E, D. Thus, 
FG is also the (number created) from (multiplying) A, 
M [Prop. 7.19]. Thus, A has made FG (by) multiplying 
M. Thus, M measures FG according to the units in A. 
And A is a dyad. Thus, FG is double M. And M, L, 
F[K, E are also continuously double one another. Thus, 
E, HK, L, M, FG are continuously proportional in a 
double proportion. So let HN and FO, each equal to the 
first (number) E, have been subtracted from the second 
(number) HK and the last FG (respectively). Thus, as 
the excess of the second number is to the first, so the ex¬ 
cess of the last (is) to (the sum of) all those (numbers) 
before it [Prop. 9.35]. Thus, as NK is to E, so OG (is) 
to M, L, I<H, E. And NK is equal to E. And thus OG 
is equal to M, L, HK, E. And FO is also equal to E, 
and E to A, B, C, D, and a unit. Thus, the whole of FG 
is equal to E, HK, L, M, and A, B, C, D, and a unit. 
And it is measured by them. I also say that FG will be 
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EGTtooav ev to II - 6 II apa tov O TioXXaTiXaoiaGac tov ZH 
7t£7io(r]X£v. aXXa prjv xai 6 E tov A TtoXXaTiXaoiaoac tov 
ZH 7T£7TOir)xsv egtiv apa Ac 6 E npoc tov n, 6 O Tipoc tov 
A. xai. snsl duo povaBoc e^fjc; dvdXoyov sioiv ol A, B, E, 
A, 6 A apa Ott’ ouBevoc aXXou apibpou p.STpT]bf)G£Tai irape^ 
tov A, B, r. xai CmoxEiTai 6 O ouBevi tov A, B, T 6 auToc 
oux apa pETprjGEi 6 O tov A. aXX’ Ac b O Tipoc tov A, 6 
E Tipoc tov n- ouBs 6 E apa tov n pETpsT. xai egtiv 6 E 
upOTOC Tiac Be TipArac apiOpbc Tipoc aiiavTa, ov (if) (JETpsi, 
TipAToc [egtiv]. oi E, n apa TipoToi Tipoc aXXrjXouc eigiv. oi 
Be TipoToi xai EXosyioToi, oi Be eXoixigtoi pETpouai touc tov 
auTov Xoyov syovTac ioaxic o te f]Youp£voc tov rjYoupsvov 
xai 6 ETiopsvoc tov ETiopsvov xai egtiv Ac 6 E Tipoc tov n, 
6 O Tipoc tov A. ioaxic apa 6 E tov O pETpcl xai 6 n tov 
A. 6 Be A uu’ ouBevoc aXXou psTpETrai Tiapsc; tov A, B, T- 
6 n apa svi tov A, B, T Egtiv 6 auToc- egto to B 6 auToc. 
xai oooi sioiv oi B, T, A to TiXtydsi togoutoi siXrjcpikooav 
aTio toO E oi E, ©K, A. xai sioiv oi E, 0K, A toTc B, T, A 
ev to auTO Xoyo' 8i’ igou apa egtiv oc 6 B Tipoc tov A, 6 
E Tipoc tov A. 6 apa ex tov B, A igoc sgt'i to Ex tov A, 
E- aXX’ 6 Ex tov A, E iooc sgt'i to ex tov n, 0 - xai 6 ex 
tov n, O apa Tgoc sgt'i to ex tov B, A. egtiv apa oc 6 n 
Tipoc tov B, 6 A Tipoc tov 0. xai egtiv 6 n to B 6 auToc 
xai 6 A apa to 0 egtiv 6 auToc OTisp aSuvaTov 6 Y“P 0 
OnoxEiTai (ir]8£vi tov £XX£i(!£vov 6 auToc oux apa tov ZH 
pi£Tpr]G£i tic dpit)[ioc Tiaps? tov A, B, T, A, E, 0K, A, M 
xai Tfjc piovaBoc. xai eBeixt) 6 ZH toTc A, B, T, A, E, 0K, 
A, M xai TTj (iovaBi iooc- teXeioc Be api'dpioc egtiv 6 toTc 
sauTou pispEGiv igoc ov teXeioc apa egt'iv 6 ZH- ousp eBei 
B si'cai. 


measured by no other (numbers) except A, B, C, D, E, 
HK, L, M, and a unit. For, if possible, let some (num¬ 
ber) P measure FG, and let P not be the same as any 
of A, B, C, D, E, HK, L, M. And as many times as P 
measures FG, so many units let there be in Q. Thus, Q 
has made FG (by) multiplying P. But, in fact, E has also 
made FG (by) multiplying D. Thus, as E is to Q, so P 
(is) to D [Prop. 7.19]. And since A, B, C, D are con¬ 
tinually proportional, (starting) from a unit, D will thus 
not be measured by any other numbers except A, B, C 
[Prop. 9.13]. And P was assumed not (to be) the same 
as any of A, B, C. Thus, P does not measure D. But, 
as P (is) to D, so E (is) to Q. Thus, E does not mea¬ 
sure Q either [Def. 7.20], And E is a prime (number). 
And every prime number [is] prime to every (number) 
which it does not measure [Prop. 7.29]. Thus, E and Q 
are prime to one another. And (numbers) prime (to one 
another are) also the least (of those numbers having the 
same ratio as them) [Prop. 7.21], and the least (num¬ 
bers) measure those (numbers) having the same ratio as 
them an equal number of times, the leading (measuring) 
the leading, and the following the following [Prop. 7.20]. 
And as E is to Q, (so) P (is) to D. Thus, E measures P 
the same number of times as Q (measures) D. And D 
is not measured by any other (numbers) except A, B, C. 
Thus, Q is the same as one of A, B, C. Let it be the same 
as B. And as many as is the multitude of B, C, D, let so 
many (of the set out numbers) have been taken, (start¬ 
ing) from E, (namely) E, HK, L. And E, HK, L are in 
the same ratio as B, C, D. Thus, via equality, as B (is) 
to D, (so) E (is) to L [Prop. 7.14]. Thus, the (number 
created) from (multiplying) B, L is equal to the (num¬ 
ber created) from multiplying D, E [Prop. 7.19]. But, 
the (number created) from (multiplying) D, E is equal 
to the (number created) from (multiplying) Q, P. Thus, 
the (number created) from (multiplying) Q, P is equal 
to the (number created) from (multiplying) B, L. Thus, 
as Q is to B, (so) L (is) to P [Prop. 7.19]. And Q is the 
same as B. Thus, L is also the same as P. The very thing 
(is) impossible. For P was assumed not (to be) the same 
as any of the (numbers) set out. Thus, FG cannot be 
measured by any number except A, B, C, D, E, HK, L, 
M, and a unit. And FG was shown (to be) equal to (the 
sum of) A, B, C, D, E, HK, L, M, and a unit. And a 
perfect number is one which is equal to (the sum of) its 
own parts [Def. 7.22]. Thus, FG is a perfect (number). 
(Which is) the very thing it was required to show. 


' This proposition demonstrates that perfect numbers take the form 2 n 1 (2 71 — 1) provided that 2 n — 1 is a prime number. The ancient Greeks 
knew of four perfect numbers: 6, 28, 496, and 8128, which correspond to n = 2, 3, 5, and 7, respectively. 
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Incommensurable Magnitudes 0 


tThe theory of incommensurable magntidues set out in this book is generally attributed to Theaetetus of Athens. In the footnotes throughout 
this book, k, k', etc. stand for distinct ratios of positive integers. 
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"Opoi. Definitions 

a'. Euppsxpa psysdr] Xsysxai xa xo auxw psxpcp pis- 1. Those magnitudes measured by the same measure 
xpoupsva, aauppsxpa Ss, Sv pqosv svSsysxai xoivov psxpov are said (to be) commensurable, but (those) of which no 
ysvscrdai. (magnitude) admits to be a common measure (are said 

(3\ Eudslai 8uvapsi auppsxpoi siaiv, oxav xa an’ auxwv to be) incommensurable.! 
xsxpaycnva xo auxw ^topico d £T Ph Ta b acruppsxpoi os, oxav 2. (Two) straight-lines are commensurable in square* 
xou; an’ auxCSv xsxpaycovou; ptrjosv svBsxqxai ycopiov xoivov when the squares on them are measured by the same 
psxpov ysvscrdai. area, but (are) incommensurable (in square) when no 

y\ Touxcov Onoxsiqsvorv Ssixvuxai, oxi xfj npoxsilsiar] area admits to be a common measure of the squares on 
sudsia uxapyouaiv sudsTai TtArydsi axsipoi auppsxpoi xs xal them.! 

aauppsxpoi ai psv pqxsi povov, ai 8s xal Suvapsi. xaXsia'dw 3. These things being assumed, it is proved that there 
ouv f] psv npoxedstaa sudsla pr)xf|, xal al xauxrj auppsxpoi exist an infinite multitude of straight-lines commensu- 
sixs pqxsi xal Suvapsi s’ixs 8uvapsi povov pqxai, al 8s xauxr) rable and incommensurable with an assigned straight- 
aouppsxpoi aXoyoi xaXsladcraav. line—those (incommensurable) in length only, and those 

8'. Kal xo psv axo xrjq TtpoxsdsLaqq sudsiaq xsxpayo- also (commensurable or incommensurable) in squared 
vov prjxov, xal xa xouxw auppsxpa pqxa, xa 8s xouxcn Therefore, let the assigned straight-line be called ratio- 
aouppsxpa aXoya xaXsladw, xal al 8uvapsvai auxa aXoyoi, nal. And (let) the (straight-lines) commensurable with it, 
si psv xsxpaywva sir), auxai ai xXsupal, si 8s sxspa xiva either in length and square, or in square only, (also be 
suduypappa, ai laa auxolq xsxpaycnva avaypacpouaai. called) rational. But let the (straight-lines) incommensu¬ 

rable with it be called irrational.* 

4. And let the square on the assigned straight-line be 
called rational. And (let areas) commensurable with it 
(also be called) rational. But (let areas) incommensu¬ 
rable with it (be called) irrational, and (let) their square- 
roots® (also be called) irrational—the sides themselves, if 
the (areas) are squares, and the (straight-lines) describ¬ 
ing squares equal to them, if the (areas) are some other 
rectilinear (figure) Jl 

t In other words, two magnitudes a and 0 are commensurable if a : 0 :: 1 : k, and incommensurable otherwise. 

* Literally, “in power”. 

§ In other words, two straight-lines of length a and 0 are commensurable in square if a : 0 :: 1 : A: 1 / 2 , and incommensurable in square otherwise. 
Likewise, the straight-lines are commensurable in length if a : 0 :: 1 : k, and incommensurable in length otherwise. 

^ To be more exact, straight-lines can either be commensurable in square only, incommensurable in length only, or commenusrable/incommensurable 
in both length and square, with an assigned straight-line. 

* Let the length of the assigned straight-line be unity. Then rational straight-lines have lengths expressible as k or fc 1 / 2 , depending on whether 
the lengths are commensurable in length, or in square only, respectively, with unity. All other straight-lines are irrational. 

® The square-root of an area is the length of the side of an equal area square. 

I The area of the square on the assigned straight-line is unity. Rational areas are expressible as k. All other areas are irrational. Thus, squares 
whose sides are of rational length have rational areas, and vice versa. 

a'. Proposition 1* 

Auo psysdcov aviatov sxxsipsvcnv, sav axo xou psi^ovoq If, from the greater of two unequal magnitudes 
acpaipsdfj psi£ov fj xo r^piau xal xou xaxaXsixopsvou psl^ov (which are) laid out, (a part) greater than half is sub- 
q xo r)piau, xal xouxo asi yiyvrjxai, Asicpdqasxai xi psysfloq, tracted, and (if from) the remainder (a part) greater than 
6 saxai sAaaaov xou sxxsipsvou sXaaaovoq psysdouq. half (is subtracted), and (if) this happens continually, 
"Eaxco 8uo psysdr] avioa xa AB, T, Sv psl£ov xo AB- then some magnitude will (eventually) be left which will 
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Xeyw, oxi, cav axo tou AB acpaipEhfj pd£ov rj to rjpiau 
xal tou xaxaXcixopEvou pd^ov rj to rjpiau, xai touto ad 
ylyvrjxai, XeicpdrjaExai ti psychos, 6 eaxai eXaaaov tou T 
peyehouc;. 


AK © B 

i—i-1-1 

ri-1 

i-1-1-1 

A Z H E 

To T yocp xoXXaxXaaiai^opEvov saxoa tots tou AB 
pdi^ov. xexoXXaxXaaiaaiko, xal saxco to AE tou pev T 
xoXXaxXaaiov, xou Se AB pei£ov, xal oirjpTrja-Oco to AE eu; 
xa xA r laa xa AZ, ZH, HE, xal a(pr)prja , d<o axo p£v xou 
AB pei^ov fj to rjpiau to B0, axo 8e xou A0 peTCov fj to 
rjpiau to 0K, xal touto del yiyveafko, ecoc; av ai ev xA AB 
Oiaipeasic iaoxXrjhEh; yevcovxai xal'c ev xA AE 8iaipeaeaiv. 

"Eaxcoaav ouv al AK, K0, 0B 8iaipea£i<; laoxXrydsu; 
ouaai xau; AZ, ZH, HE- xal exel pei^ov eaxi to AE xou 
AB, xal acprjprjTai axo pev xou AE eXaaaov xou fjpiaetoc; to 
EH, axo Se xou AB pdijjov fj to fjpu.au to B0, Xoixov apa 
to HA Xoixou xou 0A pel^ov eaxiv. xal exel pel£6v eaxi to 
HA xou 0A, xal acprjprjxai xou pev HA rjpiau to HZ, xou 
Se 0A pei^ov fj to rjpiau to 0K, Xoixov apa to AZ Xoixou 
xou AK peic^ov eaxiv. laov 8e to AZ xA T- xal to T apa 
xou AK peTi^ov eaxiv. eXaaaov apa to AK xou E. 

KaxaXetxexai apa axo xou AB peyehoui; to AK peyehoc; 
eXaaaov ov xou exxeipevou eXaaaovoc; peyehouc; xou E- 
oxep eSei SdJjai.— opoicoc; 8e 8eixhr]aETai, xav fjpiar) fj xa 
acpaipoupeva. 


be less than the lesser laid out magnitude. 

Let AB and C be two unequal magnitudes, of which 
(let) AB (be) the greater. I say that if (a part) greater 
than half is subtracted from AB, and (if a part) greater 
than half (is subtracted) from the remainder, and (if) this 
happens continually, then some magnitude will (eventu¬ 
ally) be left which will be less than the magnitude C. 

A K H B 


Ci-1 

i-1-1-1 

D F G E 

For C, when multiplied (by some number), will some¬ 
times be greater than AB [Def. 5.4]. Let it have been 
(so) multiplied. And let DE be (both) a multiple of C, 
and greater than AB. And let DE have been divided into 
the (divisions) DF, FG, GE, equal to C. And let BH, 
(which is) greater than half, have been subtracted from 
AB. And (let) HK, (which is) greater than half, (have 
been subtracted) from AH. And let this happen continu¬ 
ally, until the divisions in AB become equal in number to 
the divisions in DE. 

Therefore, let the divisions (in AB) be AK, KH, HB, 
being equal in number to DF, FG, GE. And since DE is 
greater than AB, and EG, (which is) less than half, has 
been subtracted from DE, and BH, (which is) greater 
than half, from AB, the remainder GD is thus greater 
than the remainder HA. And since GD is greater than 
HA, and the half GF has been subtracted from GD, and 
HK, (which is) greater than half, from HA, the remain¬ 
der DF is thus greater than the remainder AK. And DF 
(is) equal to C. C is thus also greater than AK. Thus, 
AK (is) less than C. 

Thus, the magnitude AK, which is less than the lesser 
laid out magnitude C, is left over from the magnitude 
AB. (Which is) the very thing it was required to show. — 
(The theorem) can similarly be proved even if the (parts) 
subtracted are halves. 


t This theorem is the basis of the so-called method of exhaustion, and is generally attributed to Eudoxus of Cnidus. 


P'* 

’Eav 8uo peyehAv [exxEipevtov] aviacov avhucpaipoupevou 
ad xou eXaaaovoc; axo xou pelijjovoc; to xaxaXeixopevov 
prjBexoxe xaxapexprj to xpo eauxou, aauppexpa eaxai xa 
peyehr). 

Auo yap peyehAv ovxtov aviacov xAv AB, TA xai 
eXaaaovot; xou AB avOucpaipoupevou del xou eXaaaovot; 
axo xou psl^ovoc; to xepiXeixopevov prpexoxe xaxape- 


Proposition 2 

If the remainder of two unequal magnitudes (which 
are) [laid out] never measures the (magnitude) before it, 
(when) the lesser (magnitude is) continually subtracted 
in turn from the greater, then the (original) magnitudes 
will be incommensurable. 

For, AB and CD being two unequal magnitudes, and 
AB (being) the lesser, let the remainder never measure 
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xpelxo to 7ipo eauxou - Xeyor, oxi aauppexpa eaxi xa AB, 
TA peyefhr). 

AH B 

i-1-1-1 

E'-1 

I-1-1-1 

r z a 

Ei yap eaxi auppexpa, (iexprjoei xi auxa (leyefloc. pe- 
xpeixcp, et Suvaxov, xai eaxco xo E - xai to (rev AB xo ZA 
xaxapexpouv XeiTiexw eauxou eXaaaov xo TZ, xo 8e TZ xo 
BH xaxapexpouv Xeitcetq eauxou eXaaaov to AH, xai xouxo 
del yivecrdu, etog ou XeicpOrj xi (leyeDoc;, 6 eaxiv eXaaaov xou 
E. yeyovexw, xai XeXelcpDw xo AH eXaaaov xou E. ex el ouv 
xo E xo AB (iexpeT, aXXa xo AB xo AZ [iexpeT, xai xo E apa 
xo ZA (lexprjaei. pexpeT Se xai oXov xo FA- xai Xomov apa 
xo rZ pexpqaei. aXXa xo TZ xo BH pexpeT - xai xo E apa 
to BH pexpeT. pexpeT 8e xai oXov xo AB - xai Xoixov apa xo 
AH pexpqaei, xo peT^ov xo eXaaaov oxep eaxiv a8uvaxov. 
oux apa xa AB, TA peyeOr] pexpqaei xi peyeDoc aauppexpa 
apa eaxi xa AB, TA (ueyeDr]. 

’Eav apa 8uo (ieyeDwv aviatov, xai xa e^rjc. 


' The fact that this will eventually occur is guaranteed by Prop. 10.1. 

y'- 

Auo pieyeDAv aujipiexptov SoDevxwv to [leyiaxov auxwv 
xoivov piexpov eupelv. 

AZ B 

i—i—i—i—i 

i—i—i-1-1 

r e a 

H'-1 

’'Eaxw xa Sadevxa 8uo (leyeDr) aupipiexpa xa AB, TA, 
£>v eXaaaov xo AB - 8eT 8rj xwv AB, TA xo (leyiaxov xoivov 
(iexpov eupeTv. 

To AB yap pieyeiloi; fjxoi piexpeT to TA fj ou. ei piev 
ouv (iexpeT, (iexpeT 8e xai eauxo, xo AB apa xAv AB, TA 
xoivov (iexpov eaxiv xai cpavepov, oxi xai (leyiaxov. (leTi^ov 
yap xou AB (leyeiloui; xo AB ou (lexp^aei. 

Mf) (texpeixto 6f] xo AB to TA. xai dvdu(paipou(ievou 
del xou eXaaaovoc; a no xou (iei£ovo<;, xo xepiXei7to(ievov 
(iexpr]aei itoxe to xpo eauxou 8ia xo (if) elvai aau(i(iexpa xa 
AB, TA- xai xo (iev AB to EA xaxa(iexpouv XeiTtexo eauxou 


the (magnitude) before it, (when) the lesser (magnitude 
is) continually subtracted in turn from the greater. I say 
that the magnitudes AB and CD are incommensurable. 

AG B 

i-1-1-1 

E'-1 

i-1-1-1 

C F D 

For if they are commensurable then some magnitude 
will measure them (both). If possible, let it (so) measure 
(them), and let it be E. And let AB leave CF less than 
itself (in) measuring FD, and let CF leave AG less than 
itself (in) measuring BG, and let this happen continually, 
until some magnitude which is less than E is left. Let 
(this) have occurred,! anc j ( e t AG, (which is) less than 
E, have been left. Therefore, since E measures AB, but 
AB measures DF, E will thus also measure FD. And it 
also measures the whole (of) CD. Thus, it will also mea¬ 
sure the remainder CF. But, CF measures BG. Thus, E 
also measures BG. And it also measures the whole (of) 
AB. Thus, it will also measure the remainder AG, the 
greater (measuring) the lesser. The very thing is impos¬ 
sible. Thus, some magnitude cannot measure (both) the 
magnitudes AB and CD. Thus, the magnitudes AB and 
CD are incommensurable [Def. 10.1]. 

Thus, if... of two unequal magnitudes, and so on_ 

Proposition 3 

To find the greatest common measure of two given 
commensurable magnitudes. 

A F B 

i—i-1-1-1 

i—i—i-1-1 

C E D 

G 1 -1 

Let AB and CD be the two given magnitudes, of 
which (let) AB (be) the lesser. So, it is required to find 
the greatest common measure of AB and CD. 

For the magnitude AB either measures, or (does) not 
(measure), CD. Therefore, if it measures {CD), and 
(since) it also measures itself, AB is thus a common mea¬ 
sure of AB and CD. And (it is) clear that (it is) also (the) 
greatest. For a (magnitude) greater than magnitude AB 
cannot measure AB. 

So let AB not measure CD. And continually subtract¬ 
ing in turn the lesser (magnitude) from the greater, the 


284 




ETOIXEIfiN i'. 


ELEMENTS BOOK 10 


EXaaaov to ET, to 8e ET to ZB xarapETpouv Xeixetm 
eauTou sXaaaov to AZ, to Se AZ to TE pETpsiTM. 

’EtceI ouv to AZ to TE pETpsT, aXXa to TE to ZB (JETpsI, 
xal to AZ apa to ZB pETpqaEi. (iETpsI 8s xal sauTO' xal 
oXov apa to AB (i£Tpr)OEi to AZ. aXXa to AB to AE (JETpsr 
xa! to AZ apa to EA (lETpqasi. psTpEl Se xal to TE- xai 
oXov apa to TA (lETpEc to AZ apa twv AB, TA xoivov 
pETpov saw. Xeyw 8rj, oti xal (isyiaTov. si yap pr), sarai 
ti pEyEfloc; pcT^ov tou AZ, 6 pETpqaci Ta AB, TA. £crao to 
H. exeI ouv to H to AB pETpst, aXXa to AB to EA pETpcI, 
xal to H apa to EA pETpVjasi. pETpst Se xal oXov to TA- 
xal Xombv apa to TE pETpqasi to H. aXXa to TE to ZB 
pETpsT xal to H apa to ZB psTpr|G£i. pETpst 8s xal oXov 
to AB, xal Xoltiov to AZ (JSTprjOEi, to pcT^ov to sXaaaov 
ojisp scrclv a8uvaTov. oux apa psTi^ov ti pEysiloi; tou AZ 
Ta AB, TA psTpfjosi* to AZ apa twv AB, TA to psyiGTov 
xoivov psTpov EGTIV. 

Auo apa psyEilAv auppsTpcov SoOevtqv tAv AB, TA 
to psyiGTov xoivov (iETpov rjuprpai- ousp sSsi osl^at. 


Ilopiapa. 

’Ex 8f) toutou cpavspov, oti, sav pEysiloi; 8uo pEys'dr] 
(iETpfj, xal to psyiaTov ainAv xoivov pETpov psTprjosi. 

O'. 

TpiAv (isyE'dAv auppsTpcrv 8 o4evtcl>v to psyiGTov 
auTAv xoivov (iETpov supslv. 

A>-' 

B-1 

Fi-1 

i-1 i—i i—i 

A E Z 

’'Ecttco Ta SoUsvTa Tpia psycUr) auppETpa Ta A, B, T- 
8eI 8f) tAv A, B, r to psyiGTov xoivov psTpov supslv. 

EiXqcpiko yap Suo tAv A, B to pEyicrcov xoivov psTpov, 
xal ecttw to A- to 8f) A to r f)Toi psTpsl fj ou [pETpsl]. 
pETpElTM xpOTEpoV. ETlsl OUV TO A TO f pETpsl, pETpsl 8 e 


remaining (magnitude) will (at) some time measure the 
(magnitude) before it, on account of AB and CD not be¬ 
ing incommensurable [Prop. 10.2]. And let AB leave EC 
less than itself (in) measuring ED, and let EC leave AF 
less than itself (in) measuring FB, and let AF measure 
CE. 

Therefore, since AF measures CE, but CE measures 
FB, AF will thus also measure FB. And it also mea¬ 
sures itself. Thus, AF will also measure the whole (of) 
AB. But, AB measures DE. Thus, AF will also mea¬ 
sure ED. And it also measures CE. Thus, it also mea¬ 
sures the whole of CD. Thus, AF is a common measure 
of AB and CD. So I say that (it is) also (the) greatest 
(common measure). For, if not, there will be some mag¬ 
nitude, greater than AF, which will measure (both) AB 
and CD. Let it be G. Therefore, since G measures AB, 
but AB measures ED, G will thus also measure ED. And 
it also measures the whole of CD. Thus, G will also mea¬ 
sure the remainder CE. But CE measures FB. Thus, G 
will also measure FB. And it also measures the whole 
(of) AB. And (so) it will measure the remainder AF, 
the greater (measuring) the lesser. The very thing is im¬ 
possible. Thus, some magnitude greater than AF cannot 
measure (both) AB and CD. Thus, AF is the greatest 
common measure of AB and CD. 

Thus, the greatest common measure of two given 
commensurable magnitudes, AB and CD, has been 
found. (Which is) the very thing it was required to show. 

Corollary 

So (it is) clear, from this, that if a magnitude measures 
two magnitudes then it will also measure their greatest 
common measure. 

Proposition 4 

To find the greatest common measure of three given 
commensurable magnitudes. 

A i-1 

B 1 -1 

Ci-1 

i-1 i—i i-1 

D E F 

Let A, B, C be the three given commensurable mag¬ 
nitudes. So it is required to find the greatest common 
measure of A, B, C. 

For let the greatest common measure of the two (mag¬ 
nitudes) A and B have been taken [Prop. 10.3], and let it 
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xai xa A, B, to A apa xa A, B, T pexpeT xo A apa xov A, 
B, r xoivov pexpov eaxlv. xal cpavepov, oxl xod peyiaxov 
peT<[ov yap xou A peyehoui; xa A, B ou pexpel. 

Mr) (lexpelxw 8f) to A xo T. Xeyw xpwxov, oxl auppexpa 
eaxi xa T, A. euel yap auppexpa eaxi xa A, B, T, pexprpei 
Ti auxa peyehoi;, 6 Sr]Xa8r) xal xa A, B ^exp/pec waxe 
xal xo xov A, B peyLaxov xoivov pexpov xo A (iexprjaei. 
pexpeT 8e xal xo H woxe to eiprjpevov (leyehoi; pexp/jaei xa 
r, A- auppexpa apa eaxl xa T, A. eiXrjcpilo ouv auxwv xo 
peyiaxov xoivov pexpov, xal eaxw xo E. exel ouv to E xo 
A (lexpeT, aXXa xo A xa A, B (lexpe^ xal to E apa xa A, B 
pexpfjaei. (leTpel Se xal to I\ xo E apa xa A, B, T (lexpeT 
xo E apa xwv A, B, T xoivov eaxi pexpov. Xeyw or], oxi xal 
peyLaxov. si yap Suvaxov, eaxw tl xou E peli^ov peyehoc; 
to Z, xal pexpelxo xa A, B, T. xal exel to Z xa A, B, T 
pexpel, xal xa A, B apa pexprjaei xal xo xwv A, B peyiaxov 
xoivov pexpov pexprjaei. xo 8e xwv A, B peyiaxov xoivov 
pexpov eaxl xo A- xo Z apa to A pexpel. pexpel 8s xal xo 
T' xo Z apa xa T, A pexpeT xal xo xwv T, A apa peyiaxov 
xoivov pexpov (iexprjaei to Z. eaxi Se to E- xo Z apa to E 
pexprjaei, xo pel([ov to eXaaaov oTiep eaxlv a8uvaxov. oux 
apa pel([6v xi xou E peyehoui; [peyehoi;] xa A, B, T pexpel- 
xo E apa xwv A, B, T to peyLaxov xoivov pexpov eaxlv, eav 
pf) pexpfj xo A to r, eav 8e pexpfj, auxo xo A. 

Tpiwv apa psycho v auppexpwv SohevxMv xo peyiaxov 
xoivov pexpov rjuprjxai [oxep eSei 8elc;ai]. 


Ilopio^a. 

’Ex 8f) toutou cpavepov, oxi, eav peyehoc; xpla peyehr) 
pexpfj, xal xo peyiaxov auxwv xoivov pexpov pexpfjaei. 

'Opolwc; 8rj xal era. xXeiovwv to (ieyiaxov xoivov pexpov 
Xr)(p'dr)aexai, xal to xopiapa Ttpoywpfjaei. oxep e8ei 8el?[ai. 


be D. So D either measures, or [does] not [measure], C. 
Let it, first of all, measure (C ). Therefore, since I) mea¬ 
sures C, and it also measures A and B, D thus measures 

A, B, C. Thus, I? is a common measure of A, B, C. And 
(it is) clear that (it is) also (the) greatest (common mea¬ 
sure). For no magnitude larger than D measures (both) 
A and B. 

So let D not measure C. I say, first, that C and D are 
commensurable. For if A, B, C are commensurable then 
some magnitude will measure them which will clearly 
also measure A and B. Hence, it will also measure D, the 
greatest common measure of A and B [Prop. 10.3 corn]. 
And it also measures C. Hence, the aforementioned mag¬ 
nitude will measure (both) C and D. Thus, C and D are 
commensurable [Def. 10.1]. Therefore, let their greatest 
common measure have been taken [Prop. 10.3], and let 
it be E. Therefore, since E measures D, but D measures 
(both) A and B, E will thus also measure A and B. And 
it also measures C. Thus, E measures A, B, C. Thus, E 
is a common measure of A, B, C. So I say that (it is) also 
(the) greatest (common measure). For, if possible, let F 
be some magnitude greater than E, and let it measure A, 

B, C. And since F measures A, B, C, it will thus also 
measure A and B, and will (thus) measure the greatest 
common measure of A and B [Prop. 10.3 corn]. And D 
is the greatest common measure of A and B. Thus, F 
measures D. And it also measures C. Thus, F measures 
(both) C and D. Thus, F will also measure the greatest 
common measure of C and D [Prop. 10.3 corn]. And it is 
E. Thus, F will measure E, the greater (measuring) the 
lesser. The very thing is impossible. Thus, some [magni¬ 
tude] greater than the magnitude E cannot measure A, 
B, C. Thus, if D does not measure C then E is the great¬ 
est common measure of A, B, C. And if it does measure 
(C) then D itself (is the greatest common measure). 

Thus, the greatest common measure of three given 
commensurable magnitudes has been found. [(Which is) 
the very thing it was required to show.] 

Corollary 

So (it is) clear, from this, that if a magnitude measures 
three magnitudes then it will also measure their greatest 
common measure. 

So, similarly, the greatest common measure of more 
(magnitudes) can also be taken, and the (above) corol¬ 
lary will go forward. (Which is) the very thing it was 
required to show. 
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s'. 

Ta auppexpa peyehr] Tipoe; aXXrjXa Xoyov e)(£i, ov 
apihpoc; Tipoe; aprOpov. 

A b r 



’'Eaxco auppexpa peyehr] xa A, B- Xeyco, oxi xo A xpoc; 
xo B Xoyov £X £l ) ov otpdlpbe; Tipoe; aprdpov. 

’Enel yap auppexpa eaxi xa A, B, pexpf|a£i xi auxa 
peyehoc;. pexpeixcn, xai eaxco xo T. xal oaaxie; xo T xo 
A pexpeT, xoaauxai povahei; eaxcuaav ev xo A, oaaxie; 8s 
xo r xo B pexpeT, xoaauxai povcxBee; eaxcoaav ev xo E. 

’Enel ouv xo r xo A pexpeT xaxa xa<; ev xo A povcxBae;, 
pexpeT oe xai f] povae; xov A xaxa xae; ev auxA povaOae;, 
iaaxic; apa f) povae; xov A pexpeT apihpov xal xo T peyehoe; 
xo A- eaxiv apa (be xo T Tipoe; xo A, ouxene; fj povae; Tipoe; 
xov A- avanaXiv apa, A<; xo A Tipoe; xo T, ouxcoe; 6 A Tipoe; 
xf]v pova8a. TiaXiv enei xo T xo B pexpeT xaxa xae; ev xA 
E pova8a<;, pexpeT 8e xal f] poveae; xov E xaxa xae ev auxA 
povaBae;, iaaxic; apa f) poveae; xov E pexpeT xal xo T xo B' 
eaxiv apa (be xo T Tip oe xo B, ouxwe f| poveae; Tipoe; xov E. 
eBeixhr] oe xal Ac; xo A Tipoe xo T, 6 A Tipoe xfjv povaBa' 
8f laou apa eaxiv (be xo A Tipoe xo B, ouxoe 6 A apihpoe; 
Tipoe xov E. 

Ta apa auppexpa peyehr) xa A, B Tipoe aXXr]Xa Xoyov 
e/ei, ov apihpoc; 6 A Tipoe eapihpov xov E- oTiep e8ei Oel'eai. 


t There is a slight logical gap here, since Def. 7.20 applies to four numt 

9 '. 

’Eav 860 peyefb] Tipoe aXXrjXa Xoyov eyr], ov cxpihpbc; 
Tipoe eapihpov, auppexpa eaxai xa peyehr). 



Auo yap peyehr] xa A, B Tipoe aXXrjXa Xoyov eyexco, ov 
apihpbc; 6 A Tipoe expihpov xov E- Xeyco, oxi auppexpa eaxi 
xa A, B peyehr). 

"Oaai yap eiaiv ev xA A povaBec;, sie xoaauxa laa 


Proposition 5 

Commensurable magnitudes have to one another the 
ratio which (some) number (has) to (some) number. 


A B C 



D E 


Let A and B be commensurable magnitudes. I say 
that A has to B the ratio which (some) number (has) to 
(some) number. 

For if A and B are commensurable (magnitudes) then 
some magnitude will measure them. Let it (so) measure 
(them), and let it be C. And as many times as C measures 

A, so many units let there be in D. And as many times as 
C measures B, so many units let there be in E. 

Therefore, since C measures A according to the units 
in D, and a unit also measures D according to the units 
in it, a unit thus measures the number D as many times 
as the magnitude C (measures) A. Thus, as C is to A, 
so a unit (is) to D [Def. 7.20].1 Thus, inversely, as A (is) 
to C, so D (is) to a unit [Prop. 5.7 corn]. Again, since 
C measures B according to the units in E, and a unit 
also measures E according to the units in it, a unit thus 
measures E the same number of times that C (measures) 

B. Thus, as C is to B, so a unit (is) to E [Def. 7.20], And 
it was also shown that as A (is) to C, so D (is) to a unit. 
Thus, via equality, as A is to B, so the number D (is) to 
the (number) E [Prop. 5.22]. 

Thus, the commensurable magnitudes A and B have 
to one another the ratio which the number D (has) to the 
number E. (Which is) the very thing it was required to 
show. 

s, rather than two number and two magnitudes. 

Proposition 6 

If two magnitudes have to one another the ratio which 
(some) number (has) to (some) number then the magni¬ 
tudes will be commensurable. 



For let the two magnitudes A and B have to one an¬ 
other the ratio which the number D (has) to the number 
E. I say that the magnitudes A and B are commensu¬ 
rable. 


287 




ETOIXEIfiN i'. 


ELEMENTS BOOK 10 


6i.7]pf)af>u> to A, xal evl auxwv laov saxw to T- oaai 8e 
riaiv ev t6 E povaBec;, ex toctoutwv peyebwv latov to T 
auyxelabut to Z. 

’Enel ouv, oaai elalv ev t6 A povaoec;, ToaauTa elai xod 
ev t6 A peyeOr] laa to E, 6 apa pepoc; eaxlv f] povac; tou 

A, to auTO pepoc; ecru! xal to E tou A' cotiv apa 6c; to T 
xpoc; to A, outoc; rj povac; xpoc; tov A. pcTpel 8e f] povac; 
tov A apibpov peTpel apa xal to T to A. xal exel ecmv 
6c; to r xpoc; to A, outcoc; f\ povac; xpoc; tov A [apiOpov], 
avaxaXiv apa 6c; to A xpoc; to E, outcoc; 6 A apiOpoc; xpoc; 
TTjv povaSa. xaXiv exel, oaai elalv ev to E povaBec;, ToaauTa 
elai xal ev to Z laa to E, cotiv apa 6c; to E xpoc; to Z, 
outuk; f] povac; xpoc; tov E [apiOpov]. eBelxHr] Be xal 6c; 
to A xpoc; to E, outoc; 6 A xpoc; ttjv povaBa' 8i’ I'aou apa 
eaxlv 6c; to A xpoc; to Z, outoc; 6 A xpoc; tov E. aXX’ 6<; 6 
A xpoc; tov E, outo<; ead to A xpoc; to B- xal 6<; apa to A 
xpoc; to B, OUT6X; xal xpoc; to Z. to A apa Tipoc; exaTepov 
t6v B, Z tov auTov exsi Xoyov laov apa ead to B t6 Z. 
(iCTpel 8e to T to Z- pieTpel apa xal to B. aXXa pnrjv xal to 
A' to r apa Ta A, B pieTpel. aupijiCTpov apa ead to A t6 

B. 

’Eav apa Buo (icyeDr] xpoc; aXXr]Xa, xal Ta e^fjc;. 


llopia^a. 

’Ex 8r) toutou cpavepov, oti, eav Sai Suo apiDpiol, 6<; 
ol A, E, xal eODela, 6<; rj A, SuvaTov eaTi xoifjaaL 6c; 6 
A apiDpioc; xpoc; tov E apiDiiov, outoc; t/jv euDelav xpoc; 
euileTav. eav 8e xal t6v A, Z piear] avaXoyov X^cpDf), 6<; f) 
B, eaxai 6<; rj A xpoc; ttjv Z, outoc; to axo Tfjc; A xpoc; to 
axo Tfjc; B, toutcotiv 6<; f) xp6xr) xpoc; ttjv Tplxr)v, outojc; 
to axo Tfjc; xp6xr)c; xpoc; to axo Tfjc; SeuTepac; to ojioiov xal 
optolwc; avaypacpoptevov. aXX’ 6<; f) A xpoc; xf]v Z, outwc; 
eadv 6 A apiDpioi; xpoc; tov E apiDpiov yeyovev apa xal 
6; 6 A apiDpioc; xpoc; tov E api/d^ov, outwc; to axo Tfjc; A 
euDelac; xpoc; to axo Tfjc; B euDelac;- oxep eSei BeT^ai. 


C'- 

Ta daupijiCTpa (ieyeDr) xpoc; aXXr]Xa Xoyov oux ex ei > ° v 
apnlpioc; xpoc; api'djiov. 

’'EaTM daupijiCTpa pieyeilr) Ta A, B- Xeyw, oti to A xpoc; 
to B Xoyov oux £X £L ; api^^oc; xpoc; apiDpiov. 


For, as many units as there are in D, let A have been 
divided into so many equal (divisions). And let C be 
equal to one of them. And as many units as there are 
in E, let F be the sum of so many magnitudes equal to 

C. 

Therefore, since as many units as there are in D, so 
many magnitudes equal to C are also in A, therefore 
whichever part a unit is of D, C is also the same part of 
A. Thus, as C is to A, so a unit (is) to D [Def. 7.20]. And 
a unit measures the number D. Thus, C also measures 
A. And since as C is to A, so a unit (is) to the [number] 

D, thus, inversely, as A (is) to C, so the number D (is) 
to a unit [Prop. 5.7 corr.]. Again, since as many units as 
there are in E, so many (magnitudes) equal to C are also 
in F, thus as C is to F, so a unit (is) to the [number] E 
[Def. 7.20]. And it was also shown that as A (is) to C, 
so D (is) to a unit. Thus, via equality, as A is to F, so D 
(is) to E [Prop. 5.22]. But, as D (is) to E, so A is to B. 
And thus as A (is) to B, so (it) also is to F [Prop. 5.11]. 
Thus, A has the same ratio to each of B and F. Thus, B is 
equal to F [Prop. 5.9]. And C measures F. Thus, it also 
measures B. But, in fact, (it) also (measures) A. Thus, 
C measures (both) A and B. Thus, A is commensurable 
with B [Def. 10.1]. 

Thus, if two magnitudes ... to one another, and so on 


Corollary 

So it is clear, from this, that if there are two numbers, 
like D and E, and a straight-line, like A, then it is possible 
to contrive that as the number D (is) to the number E, 
so the straight-line (is) to (another) straight-line (i.e., F). 
And if the mean proportion, (say) B, is taken of A and 
F, then as A is to F, so the (square) on A (will be) to the 
(square) on B. That is to say, as the first (is) to the third, 
so the (figure) on the first (is) to the similar, and similarly 
described, (figure) on the second [Prop. 6.19 corr.]. But, 
as A (is) to F, so the number D is to the number E. Thus, 
it has also been contrived that as the number D (is) to 
the number E, so the (figure) on the straight-line A (is) 
to the (similar figure) on the straight-line B. (Which is) 
the very thing it was required to show. 

Proposition 7 

Incommensurable magnitudes do not have to one an¬ 
other the ratio which (some) number (has) to (some) 
number. 

Let A and B be incommensurable magnitudes. I say 
that A does not have to B the ratio which (some) number 
(has) to (some) number. 
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A'-' 

B'-' 

Ei yap syei to A xpoc; to B Xoyov, ov apnliioc; xpoc; 
apnlpov, auppsxpov ecrcai to A xcS B. oux saxi 8e' oux apa 
to A xpoc; to B Xoyov ex £l > ° v otpblpoc; xpoc; apiOpov. 

Ta apa aauppexpa psysdr] xpoc; aXXrjXa Xoyov oux ex £l > 
xal Ta s<;rjc;. 

*)'• 

’Eav Suo (ieye'dr) xpoc; aXXr]Xa Xoyov [if] eyr\, ov dpiOpoc 
xpog apiOpov, aauppexpa eaxai xa peyeHr). 

A'-' 

B'-' 

Auo yap peyeOr] xa A, B xpoc; aXXrjXa Xoyov pr) ex £T6 b 
ov apiflpoc; xpoc; dpiilpov Xeyto, oxi aouppexpa saxi xa A, 
B peyeOr). 

Ei yap eaxai auppexpa, to A xpoc; to B Xoyov ec;ei, ov 
apiUpoc; xpoc; apiOpov. oux eyei 8e. aouppexpa apa eaxl xa 
A, B peyedr]. 

’Eav apa 8uo peyeflr] xpoc; aXXr]Xa, xal xa e^fjc;. 


■O'. 

Ta axo xwv prjxei auppexpoov eudeiAv xexpaywva 
xpoc; aXXr]Xa Xoyov eyei, ov xexpaywvoc; apiOpoc; xpoc; 
xexpaywvov apnlpov xal xa xexpdywva xa xpoi; aXXr]Xa 
Xoyov exovxa, ov xexpdywvo; dpiDpo; xpoc; xexpaywvov 
apnlpov, xal Ta; xXeupa; e<;ei pVjxei auppexpou;. xa 
8e axo xwv pVjxei dauppexpcov euDeiov xexpaywva xpoc; 
dXXrjXa Xoyov oux eyci, ovxep xexpaycovo; apnlpo; xpoc; 
xexpaywvov apiDpov xal xa xexpaycova xa xpo; aXXr]Xa 
Xoyov pf) exovxa, ov xexpdywvo; apiOpo; xpoc; xexpaywvov 
apiDpov, ouSe xac; xXeupa; e£ei pf|xei auppexpou;. 


A'-1 B'-' 

r'- 1 A'- 1 

’Taxwaav yap al A, B pf|xei auppexpor Xeyw, oxi xo 
axo xfj; A xexpaytovov xpoc; xo axo xfj; B xexpaywvov 
Xoyov eyei, ov icxpaytovoc; apiOpo; xpoc; xexpaywvov 
apnlpov. 


A'-1 

B'-' 

For if A has to B the ratio which (some) number (has) 
to (some) number then A will be commensurable with B 
[Prop. 10.6]. But it is not. Thus, A does not have to B 
the ratio which (some) number (has) to (some) number. 

Thus, incommensurable numbers do not have to one 
another, and so on .... 

Proposition 8 

If two magnitudes do not have to one another the ra¬ 
tio which (some) number (has) to (some) number then 
the magnitudes will be incommensurable. 

A i-1 

B 1 -1 

For let the two magnitudes A and B not have to one 
another the ratio which (some) number (has) to (some) 
number. I say that the magnitudes A and B are incom¬ 
mensurable. 

For if they are commensurable, A will have to B 
the ratio which (some) number (has) to (some) number 
[Prop. 10.5]. But it does not have (such a ratio). Thus, 
the magnitudes A and B are incommensurable. 

Thus, if two magnitudes ... to one another, and so on 

Proposition 9 

Squares on straight-lines (which are) commensurable 
in length have to one another the ratio which (some) 
square number (has) to (some) square number. And 
squares having to one another the ratio which (some) 
square number (has) to (some) square number will also 
have sides (which are) commensurable in length. But 
squares on straight-lines (which are) incommensurable 
in length do not have to one another the ratio which 
(some) square number (has) to (some) square number. 
And squares not having to one another the ratio which 
(some) square number (has) to (some) square number 
will not have sides (which are) commensurable in length 
either. 

A'- 1 B i-1 

C 1 - 1 D-1 

For let A and B be (straight-lines which are) commen¬ 
surable in length. I say that the square on A has to the 
square on B the ratio which (some) square number (has) 
to (some) square number. 
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’Etc! yap auppexpoc soxiv f] A xfj B pqxsi, V) A apa xpoc 
xf]v B Xoyov ex £l ) ° v dpiOpoc xpoc apiDpov. ex £ ™> ov 6 
r xpoc xov A. exel ouv eaxiv Ac; f] A xpoc xqv B, outu>c 6 
T xpoc tov A, aXXa tou (rev xrjc A xpoc xqv B Xoyou Si- 
xXaaltov eaxlv 6 tou axo xrjc A xexpayAvou npoc; xo axo xrjc 
B xexpdya>vov xa yap opoia ayr]paxa ev 8ixXaaiovi Xoyto 
eaxl xAv opoXoyuv xXeupAv xou 8e xou T [apiOpou] xpoc 
xov A [apiOpov] Xoyou 8ixXaa[<uv eaxlv 6 xou duo xou T 
xexpayAvou xpoc xov axo xou A xexpdywvov 8uo yap xe- 
xpayAvtov apiDpAv elc peaoc avaXoyov eaxiv apdlpoc, xai 
6 xexpdytovoc xpoc xov xexpdytovov [apiOpov] SixXaaiova 
Xoyov eyei, fjitep f) xXeupa xpoc xf)v xXeupav eaxiv apa 
xai Ac; xo axo xrjc A xexpaywvov xpoc xo axo xrjc B 
xexpaytovov, ouxatc 6 axo xou T xexpaywvoc; [apiOpoc] xpoc 
xov axo xou A [apdlpou] xexpaytovov [apiDpov]. 

AXXa Sf) eaxa> Ac; xo axo xrjc A xexpaycrvov xpoc xo 
axo xrjc B, ouxwc 6 axo xou T xexpaycovoc xpoc xov axo 
xou A [xexpay tovov]- Xeyco, oxi auppexpoc eaxiv f] A xfj B 
pirjxei. 

’Exel yap eaxiv Ac to axo xrjc A xexpaywvov xpoc to 
axo xrjc B [xexpaywvov], ouxwc 6 axo xou T xexpaywvoc 
xpoc tov axo xou A [xexpaywvov], aXX’ 6 pev xou axo xrjc 
A xexpayAvou xpoc to axo xrjc B [xexpdywvov] Xoyoc Si- 
xXaaiwv eaxi tou xrjc A xpoc xf]v B Xoyou, 6 8e xou axo 
xou r [apiDpou] xexpayAvou [apiOpou] xpoc xov axo xou A 
[apiOpou] xexpayorvov [apiOpov] Xoyoc SixXaotorv eaxl xou 
xou r [apnlpou] xpoc xov A [apiUpov] Xoyou, eaxiv apa 
xa! Ac r) A xpoc xrjv B, ouxa>c 6 F [apnlpoc] xpoc xov A 
[dpi'd|i6v]. f] A apa xpoc xf)v B Xoyov eyei, ov dpiOpoc 6 T 
xpoc apiDpov xov A- auppexpoc apa eaxlv f) A xfj B pqxei. 

’AXXa 8f] aauppexpoc eaxw f] A xfj B pqxer Xeyw, oxi 
to axo xrjc A xexpaywvov xpoc to axo xrjc B [xexpaywvov] 
Xoyov oux eyei, ov xexpaywvoc apiOpoc xpoc xexpaywvov 
apiOpov. 

El yap eyei xo axo xrjc A xexpaywvov xpoc xo axo 
xrjc B [xexpaywvov] Xoyov, ov xexpaywvoc dpiOpoc xpoc 
xexpaywvov apnfpov, auppexpoc eaxai f) A xfj B. oux eaxi 
8 e - oux apa xo axo xrjc A xeipaycdvov xpoc to axo xrjc 
B [xexpaywvov] Xoyov eyei, ov xexpaywvoc apiOpoc xpoc 
xexpaywvov apnfpov. 

IlaXiv 8f) to axo xrjc A xexpayorvov xpoc to axo xrjc 
B [xexpaywvov] Xoyov pf) eyex^), ov xexpaycrvoc apiDpioc 
xpoc xexpaycrvov apiDpiov Xeyw, oxi aaupipiexpoc eaxiv f) A 
xfj B ptfjxei. 

Ei yap eaxi aupipiexpoc f] A xfj B, e^ei to axo xrjc A 
xpoc to axo xrjc B Xoyov, ov xexpayorvoc apnSiJoc xpoc 
xexpaywvov apiDpiov. oux exei 8e - oux apa oupipiexpoc eaxiv 
fj A xf[ B pif]xei. 

Ta apa axo xAv ptfjxei aujipiexpcrv, xa! xa e^fjc- 


For since A is commensurable in length with B, A 
thus has to B the ratio which (some) number (has) to 
(some) number [Prop. 10.5]. Let it have (that) which 
C (has) to D. Therefore, since as A is to B, so C (is) 
to D. But the (ratio) of the square on A to the square 
on B is the square of the ratio of i to 5. For similar 
figures are in the squared ratio of (their) corresponding 
sides [Prop. 6.20 corr.]. And the (ratio) of the square 
on C to the square on D is the square of the ratio of 
the [number] C to the [number] D. For there exits one 
number in mean proportion to two square numbers, and 
(one) square (number) has to the (other) square [num¬ 
ber] a squared ratio with respect to (that) the side (of the 
former has) to the side (of the latter) [Prop. 8.11]. And, 
thus, as the square on A is to the square on B, so the 
square [number] on the (number) C (is) to the square 
[number] on the [number] D .1 

And so let the square on A be to the (square) on B as 
the square (number) on C (is) to the [square] (number) 
on D. I say that A is commensurable in length with B. 

For since as the square on A is to the [square] on B, so 
the square (number) on C (is) to the [square] (number) 
on D. But, the ratio of the square on A to the (square) 
on B is the square of the (ratio) of A to B [Prop. 6.20 
corr.]. And the (ratio) of the square [number] on the 
[number] C to the square [number] on the [number] D is 
the square of the ratio of the [number] C to the [number] 
D [Prop. 8.11], Thus, as A is to B, so the [number] C 
also (is) to the [number] D. A, thus, has to B the ratio 
which the number C has to the number D. Thus, A is 
commensurable in length with B [Prop. 10.6].t 

And so let A be incommensurable in length with B. I 
say that the square on A does not have to the [square] on 
B the ratio which (some) square number (has) to (some) 
square number. 

For if the square on A has to the [square] on B the ra¬ 
tio which (some) square number (has) to (some) square 
number then A will be commensurable (in length) with 
B. But it is not. Thus, the square on A does not have 
to the [square] on the B the ratio which (some) square 
number (has) to (some) square number. 

So, again, let the square on A not have to the [square] 
on B the ratio which (some) square number (has) to 
(some) square number. I say that A is incommensurable 
in length with B. 

For if A is commensurable (in length) with B then 
the (square) on A will have to the (square) on B the ra¬ 
tio which (some) square number (has) to (some) square 
number. But it does not have (such a ratio). Thus, A is 
not commensurable in length with B. 

Thus, (squares) on (straight-lines which are) corn- 
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mensurable in length, and so on .... 


Ilopiapa. 

Kal cpavcpbv ex xAv 8e8eiy(ievwv soxai, oxi al prjxEi 
ouppcxpoi xavxcoc; xod ouvapei, al 8s Suvapsi ou xdvxax; xal 
pfjxsi. 


Corollary 

And it will be clear, from (what) has been demon¬ 
strated, that (straight-lines) commensurable in length 
(are) always also (commensurable) in square, but (straight 
lines commensurable) in square (are) not always also 
(commensurable) in length. 


t There is an unstated assumption here that if a : (3 :: 7 : S then o 2 : /3 2 :: 7 2 : <5 2 . 
t There is an unstated assumption here that if a 2 : /3 2 :: y 2 : <5 2 then a : 0 :: 7 : <5. 


/ 

l . 

Tfj TtpoxeDetar] Euhsia xpoaEupsTv Buo eOflelac; aGuppsx- 
pouc;, xqv psv prjxEi povov, xrjv Be xal Buvapei. 

A'- 1 

Ei-1 

Ai-1 

Bi- 1 

ri- 1 

’'Ecrao f] TtpoxsOElaa EuHsla f] A- SsT 8f) xfj A TtpoosupElv 
Buo sMslac; aouppExpouc;, xf]v psv prjxEi povov, xfjv Be xal 
BuvapEi. 

’ExxdcdooGav yap Buo apiilpol ol B, T xpoc; aXXfjXouc; 
Xoyov qf] syovrsc;, ov xsxpaywvoc; aprdpbi; itpoc; xExpaywvov 
apcdpov, xouxsoxl pf] opoioi. ekIkeBoi., xal ysyovExco (be; 6 
B itpoc; xov r, ouxux; xo aito xfjc; A xexpayoovov itpoc; xo 
onto xfjc; A xExpayoovov Epddopsv yap- ouppexpov apa 
xo aito xfjc; A xA aito xfjc; A. xal sitsl 6 B itpoc; xov T 
Xoyov oux Eyst, ov xExpaytovoc; apihpbc; itpoc; xsxpaycovov 
apihpov, ouB’ apa xo aito xfjc; A itpoc; xo aito xfjc; A Xoyov 
Eyst, ov xsxpayovoc; apihpbc; Ttpoc; xExpaycovov apnfpov 
aouppcxpoi; apa soxlv f] A xfj A pf)X£c slXqcp'dto xov A, A 
pcor] avaXoyov fj E- egxiv apa Ac; f] A itpoc; xqv A, ouxcoc; 
xo aito xfjc; A xsxpaycnvov itpoc; xo aito xfjc; E. aouppsxpoc; 
Be egxiv f) A xfj A pfjxEc aGuppcxpov apa egx'l xal xo aito 
xfjc; A xExpayorvov xA aito xfjc; E xcxpayAvqy aouppsxpoc; 
apa soxlv f] A xfj E Buvapsi. 

Tf) apa TtpoxEhslar) subsia xfj A itpooEupqvxai Buo 
suhsTai aouppExpoi al A, E, pijxsi psv povov f) A, Buvapsi 
Be xal prjxsi BrjXaBf] f) E [oitsp eBei Bsl^ai]. 


Proposition 10+ 

To find two straight-lines incommensurable with a 
given straight-line, the one (incommensurable) in length 
only, the other also (incommensurable) in square. 

A'-1 

Ei-1 

D 1 -1 

Bi-1 

Cl-1 

Let A be the given straight-line. So it is required to 
find two straight-lines incommensurable with A, the one 
(incommensurable) in length only, the other also (incom¬ 
mensurable) in square. 

For let two numbers, B and C, not having to one 
another the ratio which (some) square number (has) to 
(some) square number—that is to say, not (being) simi¬ 
lar plane (numbers)—have been taken. And let it be con¬ 
trived that as B (is) to C, so the square on A (is) to the 
square on D. For we learned (how to do this) [Prop. 10.6 
corr.]. Thus, the (square) on A (is) commensurable with 
the (square) on D [Prop. 10.6]. And since B does not 
have to C the ratio which (some) square number (has) to 
(some) square number, the (square) on A thus does not 
have to the (square) on D the ratio which (some) square 
number (has) to (some) square number either. Thus, A 
is incommensurable in length with D [Prop. 10.9]. Let 
the (straight-line) E (which is) in mean proportion to A 
and D have been taken [Prop. 6.13]. Thus, as A is to D, 
so the square on A (is) to the (square) on E [Def. 5.9]. 
And A is incommensurable in length with D. Thus, the 
square on A is also incommensurble with the square on 
E [Prop. 10.11]. Thus, A is incommensurable in square 
with E. 
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Thus, two straight-lines, D and E, (which are) in¬ 
commensurable with the given straight-line A, have been 
found, the one, D, (incommensurable) in length only, the 
other, E, (incommensurable) in square, and, clearly, also 
in length. [(Which is) the very thing it was required to 
show.] 

t This whole proposition is regarded by Heiberg as an interpolation into the original text. 


LOt'. 

’Eav xcaoapa (icyE'dr] avaXoyov fj, to Be TipAxov xo 
Bsuxspo ouppcxpov fj, xal to xpixov tA TETapTtp auppcxpov 
Ecruac xav to TipAxov tw BeuTeptp aouppExpov fj, xal to 
TpiTov tA TETapTCp aGuppsxpov soxai. 


A'- 

-1 

r>- 



’'EaxMoav xsoaapa psy^hr] avaXoyov Ta A, B, T, A, 
Ac; to A Tipoc; to B, outmc; to T Tipoc; to A, to A Be tA 
B ouppsxpov egtw XsyG), oti xal to T tA A ouppcxpov 
saxac 

’EtieI yap Guppsxpov egti. to A to B, to A apa Tipoc; to 
B Xoyov Eysi, ov aprdpoc; Tipoc; aprdpov. xai egtlv Ac; to A 
xpoc; to B, ouxax; to T Tipoc; to A- xal to T apa Tipoc; to A 
Xoyov Eyci, ov api/dpoc; Tipoc; apihpov ouppcxpov apa soxl 
to T tA A. 

AXXa Bf) to A tA B aGuppsxpov egtw Xsyo, oti xal to 
F tA A douppsxpov soxai. etieI yap aouppsxpov egti to A 
tA B, to A apa Tipoc; to B Xoyov oux sxei, ov dpihpoc; Tipoc; 
apnlpov. xal eotiv Ac; to A Tipoc; to B, outoc; to T Tipoc; to 
A- ouBe to F apa Tipoc; to A Xoyov sysi, ov apihpoc; Tipoc; 
apihpov aouppsxpov apa soxl to F tA A. 

’Eav apa xsaoapa psychr], xal Ta s$rjc;. 


A’ 

Ta tA auxA pEysOEi ouppsxpa xal aXXrjXou; egtI 
ouppExpa. 

'Exaxspov yap xAv A, B xA T egtw ouppsxpov. Xsyw, 
oti xal to A xA B eotl ouppsxpov. 

’EtieI yap ouppsxpov egti to A xA T, to A apa Tipoc; 
to F Xoyov exei, ov apiOpoc; Tipoc; apihpov. Eysxco, ov 6 A 
Tipoc; tov E. TiaXiv, etieI ouppcxpov egti to F tA B, to T apa 
Tipoc; to B Xoyov sysi, ov dpihpoc; Tipoc; apiDpov. Eysxco, ov 
6 Z Tipoi; tov H. xal Xoywv BoOevtcov otiogwvouv tou te, 
ov sysi 6 A Tipoc; tov E, xal 6 Z Tipoc; tov H EiXrjcpDwoav 
dpidpol E^fjc; ev toTc; BoOeToi Xoyoic; ol 0 , K, A- Agte slvai 


Proposition 11 

If four magnitudes are proportional, and the first is 
commensurable with the second, then the third will also 
be commensurable with the fourth. And if the first is in¬ 
commensurable with the second, then the third will also 
be incommensurable with the fourth. 


A 1 - 

-1 B h 

Ci- 

—< D h 


Let A, B, C, D be four proportional magnitudes, 
(such that) as A (is) to B, so C (is) to D. And let A 
be commensurable with B. I say that C will also be com¬ 
mensurable with D. 

For since A is commensurable with B, A thus has to B 
the ratio which (some) number (has) to (some) number 
[Prop. 10.5]. And as A is to B, so C (is) to D. Thus, 
C also has to D the ratio which (some) number (has) 
to (some) number. Thus, C is commensurable with D 
[Prop. 10.6]. 

And so let A be incommensurable with B. I say that 
C will also be incommensurable with D. For since A 
is incommensurable with B, A thus does not have to B 
the ratio which (some) number (has) to (some) number 
[Prop. 10.7]. And as A is to B, so C (is) to D. Thus, C 
does not have to D the ratio which (some) number (has) 
to (some) number either. Thus, C is incommensurable 
with D [Prop. 10.8]. 

Thus, if four magnitudes, and so on .... 

Proposition 12 

(Magnitudes) commensurable with the same magni¬ 
tude are also commensurable with one another. 

For let A and B each be commensurable with C. I say 
that A is also commensurable with B. 

For since A is commensurable with C, A thus has 
to C the ratio which (some) number (has) to (some) 
number [Prop. 10.5]. Let it have (the ratio) which D 
(has) to E. Again, since C is commensurable with B, 
C thus has to B the ratio which (some) number (has) 
to (some) number [Prop. 10.5]. Let it have (the ratio) 
which F (has) to G. And for any multitude whatsoever 
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(Ik; pev tov A npoc; tov E, outm; tov 0 xpoc; tov K, Ac; 6e 
tov Z npoc; tov H, outok tov K npoc; tov A. 


A'-' F'-1 B'-' 

A'-1 ©i—i 

El-1 K'-1 

Z'-1 A i-1 

H'-' 

’Exd ouv ecttiv Ac; to A npoc; to T, outm; 6 A Tipoc; 
tov E, &XX’ A; 6 A npoc; tov E, outock; 6 0 npoc; tov K, 
ecruv apa xai Ac; to A npoc; to T, outck 6 0 npoc; tov K. 
TtaXiv, end ecruv Ac; to E npoc; to B, outcoc; 6 Z npoc; tov 
H, aXX’ Ac; 6 Z npoc; tov H, [oOtgk] 6 K npoc; tov A, xai 
Ac; apa to T npoc; to B, outck 6 K npoc; tov A. ecru 5e xai 
Ac; to A npoc; to T, outm; 6 0 npoc; tov K- 8d laou apa 
ecrriv A; to A npoc; to B, outox 6 0 npoc; tov A. to A apa 
npoc; to B Xoyov eyet, 'dpL'lpioc; 6 0 npoc; api/dpov tov A- 
auppexpov apa eaxi to A tA B. 

Ta apa tA auxA peyeAei auppexpa xai aXX/]Xoi<; eaxi 
auppexpa' onep e8ei. 5eil;ai. 

iy'. 

’Eav fj 5uo peyehr] aupipiCTpa, to 6e exepov auxAv 
(icyeAei Tivi aoupi(ieTpov fj, xai to Xomov tA auxA aau(ipieTp- 
ov cot ai. 

A<-1 

ri-1 

B<-1 

’'Ecrao 50o pteYCilr] aupipiexpa xa A, B, to 8e exepov 
auxAv to A aXXw xivi xA E aaupniexpov eaxw Xeyw, oti 
xai to Xomov to B tA E dau(i(ieTpov eaxLv. 

Ei yap eaxi aupipiexpov to B tA T, aXXa xai to A xA 
B au(ipLexp6v eaxiv, xai to A apa xA T aupiptexpov eaxiv. 
aXXa xai daupniexpov onep aBuvaxov. oux apa aujipiexpov 
eaxi to B xA r- aaupipieTpov apa. 

’Eav apa fj 5uo pieye'dr) auptpiexpa, xai xa e^fjc;. 


Auo BoAeioAv eOAeiAv aviowv eupelv, xtvt (jd^ov 
8uvaxai f] (ici^wv xfjc; eXaaaovoc;. 


of given ratios—(namely,) those which D has to E, and 
F to G —let the numbers H, K, L (which are) contin¬ 
uously (proportional) in the(se) given ratios have been 
taken [Prop. 8.4]. Elence, as D is to E, so H (is) to K, 
and as F (is) to G, so K (is) to L. 

A-1 C'-1 B 1 -1 

D-1 Hi-1 

E i-1 K-1 

F i-1 L i-1 

Gi-1 

Therefore, since as A is to C, so D (is) to E, but as 
D (is) to E, so H (is) to I\, thus also as A is to C, so H 
(is) to K [Prop. 5.11]. Again, since as C is to B, so F 
(is) to G, but as F (is) to G, [so] I\ (is) to L, thus also 
as C (is) to B, so K (is) to L [Prop. 5.11]. And also as A 
is to C, so FI (is) to K. Thus, via equality, as A is to B, 
so F[ (is) to L [Prop. 5.22]. Thus, A has to B the ratio 
which the number F[ (has) to the number L. Thus, A is 
commensurable with B [Prop. 10.6]. 

Thus, (magnitudes) commensurable with the same 
magnitude are also commensurable with one another. 
(Which is) the very thing it was required to show. 

Proposition 13 

If two magnitudes are commensurable, and one of 
them is incommensurable with some magnitude, then 
the remaining (magnitude) will also be incommensurable 
with it. 

A 1 -1 

Cl-1 

B-1 

Let A and B be two commensurable magnitudes, and 
let one of them, A, be incommensurable with some other 
(magnitude), C. I say that the remaining (magnitude), 
B, is also incommensurable with C. 

For if B is commensurable with C, but A is also com¬ 
mensurable with B, A is thus also commensurable with 
C [Prop. 10.12]. But, (it is) also incommensurable (with 
G). The very thing (is) impossible. Thus, B is not com¬ 
mensurable with C. Thus, (it is) incommensurable. 

Thus, if two magnitudes are commensurable, and so 
on .... 

Lemma 

For two given unequal straight-lines, to find by (the 
square on) which (straight-line) the square on the greater 
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’'Eaxwaav at BodeTaai Buo aviaoi eu-detai at AB, T, Sv 
peii^wv eaxw f] AB- Bel 8f] eupelv, xivi pelifav Suvaxai fj AB 

vfjc r. 

reypacpDco era xfjc AB fjpixuxXiov xo AAB, xat sic auxo 
evqppoailw xjj T far] f] AA, xat exe^euy-do f] AB. cpavepov 
6 V), oxi 6pi}f| eaxiv V] uxo AAB ywvia, xal oxi V) AB xfjc 
A A, xouxeaxi xfjc F, peTifav Buvaxai xfj AB. 

'Opoiwc Be xat Buo Boheiawv euDeiwv f] Buvapevr] auxac 
eupiaxexai ouxwc- 

"Eaxwaav at BodeTaai Buo eudelai at AA, AB, xat Beov 
eaxw eupeTv xrjv Buvapevqv auxac. xeiahwaav yap, waxs 
ophfjv ywviav xepieyeiv xfjv 0 x 6 AA, AB, xat exeCeuxhw 
V] AB- cpavspov xaXiv, oxi V] xac AA, AB Buvapevr] eaxiv f] 
AB- oxep sBei 8eTc;ai. 


(straight-line is) larger than (the square on) the lesser. 1 

c 


A 

Let AB and C be the two given unequal straight-lines, 
and let AB be the greater of them. So it is required to 
find by (the square on) which (straight-line) the square 
on AB (is) greater than (the square on) C. 

Let the semi-circle ADB have been described on AB. 
And let AD, equal to C, have been inserted into it 
[Prop. 4.1]. And let DB have been joined. So (it is) clear 
that the angle ADB is a right-angle [Prop. 3.31], and 
that the square on AB (is) greater than (the square on) 
AD —that is to say, (the square on) C —by (the square 
on) DB [Prop. 1.47]. 

And, similarly, the square-root of (the sum of the 
squares on) two given straight-lines is also found likeso. 

Let AD and DB be the two given straight-lines. And 
let it be necessary to find the square-root of (the sum 
of the squares on) them. For let them have been laid 
down such as to encompass a right-angle—(namely), that 
(angle encompassed) by AD and DB. And let AB have 
been joined. (It is) again clear that AB is the square-root 
of (the sum of the squares on) AD and DB [Prop. 1.47]. 
(Which is) the very thing it was required to show. 



t That is, if a and 0 are the lengths of two given straight-lines, with a being greater than 0, to find a straight-line of length 7 such that 
or = 0 2 + y 2 . Similarly, we can also find 7 such that 7 2 = a 2 + 0 2 . 


l8'. 

’Eav xeaaapsc euhelai avaXoyov Saiv, Suvrpai Be V] 
7 tpcoxr] xfjc Beuxepac pefifav xq aito auppsxpou sauxfj 
[pnqxei], xal f] xpixq xfjc xsxapxrjc peiifav Buvf|asxai xq axo 
auppsxpou sauxfj [pfjxei]. xal eav fj xpwxr] xfjc Beuxepac 
peT^ov Suvqxai xq axo aauppexpou eauxfj [pfjxei], xal f] 
xpixr] xfjc xexapxqc psiifav Suvfjaexai xq axo aauppexpou 
eauxfj [pfjxei]. 

’'Eaxwaav xeaaapec eudelai avaXoyov ai A, B, T, A, 
6 c fj A xpoc xfjv B, ouxwc f) r xpoc xfjv A, xal fj A pev 
xfjc B pel^ov Buvaailw xw axo xfjc E, f] Be T xfjc A pelifav 
Buvaahor xw axo xfjc Z- Xeyw, oxi, ei'xe auppexpoc eaxiv 
f\ A xfj E, auppexpoc eaxi xal f) T xfj Z, eixe aauppexpoc 
eaxiv f] A xfj E, aauppexpoc eaxi xal 6 T xfj Z. 


Proposition 14 

If four straight-lines are proportional, and the square 
on the first is greater than (the square on) the sec¬ 
ond by the (square) on (some straight-line) commen¬ 
surable [in length] with the first, then the square on 
the third will also be greater than (the square on) the 
fourth by the (square) on (some straight-line) commen¬ 
surable [in length] with the third. And if the square on 
the first is greater than (the square on) the second by 
the (square) on (some straight-line) incommensurable 
[in length] with the first, then the square on the third 
will also be greater than (the square on) the fourth by 
the (square) on (some straight-line) incommensurable 
[in length] with the third. 

Let A, B, C, D be four proportional straight-lines, 
(such that) as A (is) to B, so C (is) to D. And let the 
square on A be greater than (the square on) B by the 
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A B E T A Z 

’Etc! yap eoxiv Ac; f] A xpoc; xf|v B, outccx; f) T xpo; xf]v 

A, eoxiv apa xa! Ac; to duo xfj<; A xpoc; to duo Tfjc; B, ouxcoc; 
to duo xfj<; F xpoc; to and Tfjc; A. aXXa xA (rev duo xfj<; A 
!aa ectt! xa a no xAv E, B, tA 5e duo Tfjc; T laa sax! xa duo 
xAv A, Z. eoxiv apa A; xa axo xAv E, B xpoc; to axo xfjc; 

B, outw; xa axo xAv A, Z xpoc; to axo xfjc; A- BieXovxi apa 
eoxiv A; xo axo xfjc; E Tipoc; to and xfjc; B, ouxoc; xo axo 
xfjc; Z xpoc; xo axo xfjc; A- eoxiv apa xa! Ac; f) E xpoc; xqv 
B, outm; f] Z xpoc; xf)v A - avaxaXiv apa eoxiv A; f) B xpo; 
xf]v E, ouxwc; f] A xp6; xf]v Z. eoxi 8s xa! Ac; f) A xpoc; xrjv 
B, outqc; f) r xpoc; xf]v A- 8i’ !aou apa sax'iv A; f) A xpo; 
xf)v E, ouxotc; f] r xpo; xf)v Z. slxe ouv GupipLsxpoc; saxiv f] A 
xfj E, GUjipLsxpoc; eaxL xa! f) F xfj Z, eixs daup.[iexp6<; eaxiv 
f) A xfj E, daupipiexpoi; eoxl xa! rj F xfj Z. 

’Eav apa, xa! xa e^fj;. 


is'. 

’Eav 86o pisysilr) aupipiexpa auvxe'dfj, xa! to oXov 
exaxepco auxAv aupipiexpov saxar xav xo oXov sv! auxAv 
aupipisxpov fj, xa! xa zE, ap^fjc; ouptpisxpa eaxai. 

SuyxeiCT'dw yap 50 o pisysilr] aupipisxpa xa AB, BF- \eyoi, 
oxi xa! oXov xo Ar sxaxepw xAv AB, Br saxi a6pi(isxpov. 


(square) on E, and let the square on C be greater than 
(the square on) D by the (square) on F. I say that A 
is either commensurable (in length) with E, and C is 
also commensurable with F, or A is incommensurable 
(in length) with E, and G is also incommensurable with 
F. 



A B E C D F 

For since as A is to B, so C (is) to D, thus as the 
(square) on A is to the (square) on B, so the (square) on 
C (is) to the (square) on D [Prop. 6.22]. But the (sum 
of the squares) on E and B is equal to the (square) on 
A, and the (sum of the squares) on D and F is equal 
to the (square) on C. Thus, as the (sum of the squares) 
on E and B is to the (square) on B, so the (sum of the 
squares) on D and F (is) to the (square) on D. Thus, 
via separation, as the (square) on E is to the (square) 
on B, so the (square) on F (is) to the (square) on D 
[Prop. 5.17]. Thus, also, as E is to B, so F (is) to D 
[Prop. 6.22]. Thus, inversely, as B is to E, so D (is) 
to F [Prop. 5.7 corn]. But, as A is to B, so C also (is) 
to D. Thus, via equality, as A is to E, so C (is) to F 
[Prop. 5.22]. Therefore, A is either commensurable (in 
length) with E, and C is also commensurable with F, or 
A is incommensurable (in length) with E, and C is also 
incommensurable with F [Prop. 10.11], 

Thus, if, and so on .... 

Proposition 15 

If two commensurable magnitudes are added together 
then the whole will also be commensurable with each of 
them. And if the whole is commensurable with one of 
them then the original magnitudes will also be commen¬ 
surable (with one another). 

For let the two commensurable magnitudes AB and 
BC be laid down together. I say that the whole AC is 
also commensurable with each of AB and BC. 
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a b r 

i-1-1 

A'- 1 

’Etc! yap auppsxpa saxi xa AB, Br, pExpV]aEi xi auxa 
psysOoc;. psxpsixa>, xa! saxo xo A. etc! ouv xo A xa AB, 
Br pExps!, xa! oAov xo Ar psxpi^asi. psxpsT 8s xa! xa AB, 
Br. xo A apa xa AB, Br, Ar pExpsT- auppsxpov apa sax! 
xo Ar exaxspw xwv AB, Br. 

’AAAa 8f) xo Ar saxo auppsxpov xA AB- Asya> SV), oxi 
xa! xa AB, Br auppsxpa saxiv. 

’Etc! yap auppsxpa saxi xa Ar, AB, psxpV|aEi xt auxa 
psysOoi;. pisxpeixG), xa! saxco xo A. etc! ouv xo A xa BA, 
AB psxpsT, xa! Aomov apa xo Br psxprjasi. ptsxpe! 8s xa! 
xo AB- xo A apa xa AB, Br psxpr)asr auppsxpa apa sax! 
xa AB, Br. 

’Eav apa 8uo psys-dr], xa! xa s$rj<;. 


if'. 

’Eav Suo psysDr] aauppsxpa auvxs'dfj, xa! xo oAov 
sxaxsptp auxAv aauppsxpov saxai- xav xo oAov sv! auxAv 
aauppsxpov fj, xa! xa sc; apxVjc; (isys'dr) aauppsxpa saxai. 

a b r 

i-1-1 

A'-1 

Euyxsia-do yap 8uo psysilr) aauppsxpa xa AB, Br- 
Asyo, oxi xa! oAov xo Ar sxaxspw xAv AB, Br aaupiptsxpov 
saxLv. 

Ei yap (i/] saxiv daupipiExpa xa EA, AB, pisxpr|asi xi 
[auxa] (isys-doi;. pisxpsixa), si Suvaxov, xa! saxo xo A. etc! 
ouv xo A xa BA, AB (isxpsl, xa! Aoixov apa xo Br pisxpr)asi. 
pisxps! 8s xa! xo AB- xo A apa xa AB, Br (isxpsl. aupipisxpa 
apa sax! xa AB, Br- utisxeivxo 8s xa! aaup.(isxpa- oxsp 
sax'iv aSuvaxov. oux apa xa TA, AB pisxpriasi xi (isys-dot;- 
aaujjpisxpa apa sax! xa TA, AB. opioiax; 8rj osi^opisv, oxi xa! 
xa Ar, TB daupipisxpd saxiv. xo Ar apa sxaxspw xAv AB, 
Br daupipiExpov saxiv. 

’AAAa Sr] xo Ar sv! xAv AB, Br aaupipisxpov saxw. 
saxw 8f] xpoxspov xA AB- Asyw, oxi xa! xa AB, Br 
aaupipisxpd saxiv. si yap saxai auptpisxpa, (isxpr]aEi xi auxa 
pisys-doc;. pisxpsixw, xa! saxo xo A. sks! ouv xo A xa AB, 
Br pisxpsT, xa! oAov apa xo Ar pisxpr)asi. pisxps! 8s xa! xo 
AB- xo A apa xa BA, AB pisxps!. aujipisxpa apa sax! xa 


A B C 

i-1-1 

D-1 

For since AB and BC are commensurable, some mag¬ 
nitude will measure them. Let it (so) measure (them), 
and let it be D. Therefore, since D measures (both) AB 
and BC, it will also measure the whole AC. And it also 
measures AB and BC. Thus, D measures AB, BC, and 
AC. Thus, AC is commensurable with each of AB and 
BC [Def. 10.1], 

And so let AC be commensurable with AB. I say that 
AB and BC are also commensurable. 

For since AC and AB are commensurable, some mag¬ 
nitude will measure them. Let it (so) measure (them), 
and let it be D. Therefore, since D measures (both) CA 
and AB, it will thus also measure the remainder BC. 
And it also measures AB. Thus, D will measure (both) 
AB and BC. Thus, AB and BC are commensurable 
[Def. 10.1], 

Thus, if two magnitudes, and so on .... 

Proposition 16 

If two incommensurable magnitudes are added to¬ 
gether then the whole will also be incommensurable with 
each of them. And if the whole is incommensurable with 
one of them then the original magnitudes will also be in¬ 
commensurable (with one another). 

A B C 

i-1-1 

D-1 

For let the two incommensurable magnitudes AB and 
BC be laid down together. I say that that the whole AC 
is also incommensurable with each of AB and BC. 

For if CA and AB are not incommensurable then 
some magnitude will measure [them]. If possible, let it 
(so) measure (them), and let it be D. Therefore, since 
D measures (both) CA and AB, it will thus also mea¬ 
sure the remainder BC. And it also measures AB. Thus, 
D measures (both) AB and BC. Thus, AB and BC are 
commensurable [Def. 10.1]. But they were also assumed 
(to be) incommensurable. The very thing is impossible. 
Thus, some magnitude cannot measure (both) CA and 
AB. Thus, CA and AB are incommensurable [Def. 10.1]. 
So, similarly, we can show that AC and CB are also 
incommensurable. Thus, AC is incommensurable with 
each of AB and BC. 

And so let AC be incommensurable with one of AB 
and BC. So let it, first of all, be incommensurable with 


296 




ETOIXEIfiN i'. 


ELEMENTS BOOK 10 


LA, AB- uxexeixo 8s xal aauppsxpa- oxsp Eaxiv aBuvaxov. 
oux apa xa AB, BT piExpfjaEi xi piysflo;' aauppsxpa apa 
Eaxl xa AB, Br. 

’Eav apa Buo psyEDrj, xal T “ s^fjc 


Arjppa. 

’Eav xapa xiva eO’delav xapapXrjhfj xapaXXrjXoypappov 
sXXslxov eISei xsxpayAvcp, xo xapapXrjOEv laov saxl xA 0x6 
xov ex xfj; xapaf3oXfj; yevojievwv xprjpaxtov xfj; cudsia;. 

A 


a r b 

Ilapd yap eu'delav xfjv AB xapapEpXfja'dto xapaX- 
XrjXoypappov xo A A eXXeIxov eISei xExpayAvto xA AB' 
Xeyw, oxi laov eaxl xo AA xA 0x6 xAv Ar, TB. 

Ka[ Eaxiv auxoDsv cpavepov exel yap xsxpaytovov Eaxi 
xo AB, larj eaxiv rj Ar xfj TB, xa[ saxi xo AA xo 0x6 xAv 
Ar, TA, xouxsaxi xo 0x6 xAv Ar, TB. 

’Eav apa xapa xiva EuDslav, xal xa sEjfj;. 


t Note that this lemma only applies to rectangular parallelograms. 

c. 

’Eav Sai Buo sMsIai aviaoi, xA Be xexpaxcp pspsi 
xou axo xfjc; sXaaaovo; laov xapa xfjv psii(ova xapapXrjDfj 
eXXelxov eISei xexpayAvtp xal si; auppsxpa auxrjv Biaipfj 
pfjxsi, f) [let^rnv xfjc; eXaaaovoc; psl^ov Buvfjasxai xA axo 
auppsxou Eauxfj [(J.r'jxei]. xal eav fj psii^Mv xfjc; sXaaaovo; 
psi^ov Buvrjxai xA axo auppsxpou eauxfj [pfjxsi], xA Be 
xexpapxm xou axo xfj; eXaaaovo; laov xapa xfjv psl^ova 
xapaf3Xr)f}fj eXXelxov slBsi xexpayAvtp, ei; auppsxpa auxfjv 
Biaipsl pfjxsi. 

"Eaxcoaav Buo suDslai aviaoi at A, Br, 6v psi^tov fj 


AB. I say that AB and BC are also incommensurable. 
For if they are commensurable then some magnitude will 
measure them. Let it (so) measure (them), and let it be 
D. Therefore, since D measures (both) AB and BC, it 
will thus also measure the whole AC. And it also mea¬ 
sures AB. Thus, D measures (both) CA and AB. Thus, 
CA and AB are commensurable [Def. 10.1]. But they 
were also assumed (to be) incommensurable. The very 
thing is impossible. Thus, some magnitude cannot mea¬ 
sure (both) AB and BC. Thus, AB and BC are incom¬ 
mensurable [Def. 10.1]. 

Thus, if two... magnitudes, and so on_ 

Lemma 

If a parallelogram,! falling short by a square figure, is 
applied to some straight-line then the applied (parallelo¬ 
gram) is equal (in area) to the (rectangle contained) by 
the pieces of the straight-line created via the application 
(of the parallelogram). 

D 


A C B 

For let the parallelogram AD, falling short by the 
square figure DB, have been applied to the straight-line 
AB. I say that AD is equal to the (rectangle contained) 
by AC and CB. 

And it is immediately obvious. For since DB is a 
square, DC is equal to CB. And AD is the (rectangle 
contained) by AC and CD —that is to say, by AC and 
CB. 

Thus, if... to some straight-line, and so on_ 


Proposition 17 f 

If there are two unequal straight-lines, and a (rect¬ 
angle) equal to the fourth part of the (square) on the 
lesser, falling short by a square figure, is applied to the 
greater, and divides it into (parts which are) commen¬ 
surable in length, then the square on the greater will be 
larger than (the square on) the lesser by the (square) 
on (some straight-line) commensurable [in length] with 
the greater. And if the square on the greater is larger 
than (the square on) the lesser by the (square) on 
(some straight-line) commensurable [in length] with the 
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Br, to 8s xsxpapxcp (ispsi toO axo sXaaaovoc; xfjc A, 
xouxegxl to axo xfjc; fjpiasiac; xfjc; A, igov xapa xf]v Br 
xapaf3sf3Xf|aiL>M eXXsIxov siSsi xsxpayAvo, xod eotco to Otto 
tov BA, Ar, auppsxpoc; 8s soxor f] BA xfj Ar pfjxsi- Xsyw, 
oxi f] Br xfjc; A psT^ov 8uvaxai xA axo auppexpou sauxfj. 




i—i-1-1—i 

B Z E AT 

TExpija-dM yap f) Br Siya xaxa xo E arjpslov, xod xsia-dw 
xfj AE far) fj EZ. Xoixf] apa fj Ar iar) saxl xfj BZ. xod end 
su-hsla fj Br xExprjxai sic; p£v 10a xaxa to E, sic Ss aviaa 
xaxa to A, xo apa uxo BA, Ar xspEixopsvov op-doyAviov 
psxa xou axo xfjc; EA xsxpayAvou igov eaxl xA axo xfjc 
EE xsxpayAvqr xal xa xsxpaxXaaia- xo apa xsxpaxic; uxo 
xAv BA, Ar psxa xou xsxpaxXaaiou xou axo xfjc AE igov 
saxl xA xsxpaxic axo xfjc Er xsxpayAvcp. aXXa xA psv 
xsxpaxXaaia) xou 0 x 6 xAv BA, Ar Igov saxl xo axo xfjc 
A xsxpaywvov, xA 8s xsxpaxXaaia) xou axo xfjc AE igov 
saxl xo axo xfjc AZ xsxpaywvov- OixXaaiaov yap saxiv fj AZ 
xfjc AE. xA 8s xsxpaxXaoiw xou axo xfjc Er igov saxl xo 
axo xfjc Br xsxpayaovov SixXaaiaov yap saxi xaXiv f] Br 
xfjc TE. xa apa axo xAv A, AZ xsxpayaova !aa saxl xA axo 
xfjc Br xsxpayaova)- Aaxs xo axo xfjc Br xou axo xfjc A 
txsT^ov sgxl xA axo xfjc AZ- f] Br apa xfjc A ^is'Xjov 8uvaxai 
x^ AZ. 8 sixxsov, oxi xal au^sxpoc saxiv f] Br xfj AZ. 
sxsl yap au^sxpoc eaxiv fj BA xfj Ar (jLrjxsi, au^^isxpoc 
apa saxl xal f] Br xfj TA (jtrjxsi. aXXa f) TA xaic TA, BZ 
saxi au^^sxpoc nfjxsi- Tar] yap saxiv f) TA xfj BZ. xal f) Br 
apa aup.(Jsxpoc saxi xaic BZ, TA (jyjxsi- Aaxs xal Xoixfj xfj 
ZA au^sxpoc saxiv f] Br ^tfjxsi- f) Br apa xfjc A ^slCov 
80 vaxai xA axo au(i^sxpou sauxfj. 

AXXa Sf] f) Br xfjc A ^tsTijjov Buvaa-do xA axo auji^sxpou 
sauxfj, xA 8s xsxpaxpq) xou axo xfjc A laov xapa xf]v Br 
xapaPspXija-dw eXXeTxov e’(8si xsxpayAva), xal saxw xo 0 x 6 
xAv BA, Ar. 8 sixxsov, oxi au^sxpoc saxiv fj BA xfj Ar 
^tfjxsi. 

TAv yap aOxAv xaxaaxsuaa-dsvxwv o(ioic<)c Ssi^o^sv, 
oxi f) Br xfjc A ^sl£ov 80 vaxai xA axo xfjc ZA. 80 vaxai 8s f) 


greater, and a (rectangle) equal to the fourth (part) of the 
(square) on the lesser, falling short by a square figure, is 
applied to the greater, then it divides it into (parts which 
are) commensurable in length. 

Let A and BC be two unequal straight-lines, of which 
(let) BC (be) the greater. And let a (rectangle) equal to 
the fourth part of the (square) on the lesser, A —that is, 
(equal) to the (square) on half of A —falling short by a 
square figure, have been applied to BC. And let it be 
the (rectangle contained) by BD and DC [see previous 
lemma]. And let BD be commensurable in length with 
DC. I say that that the square on BC is greater than 
the (square on) A by (the square on some straight-line) 
commensurable (in length) with (BC). 

A'-1-1 


I-1-1-1-1 

B F E DC 

For let BC have been cut in half at the point E [Prop. 
1.10]. And let EF be made equal to DE [Prop. 1.3]. 
Thus, the remainder DC is equal to BF. And since the 
straight-line BC has been cut into equal (pieces) at E, 
and into unequal (pieces) at D, the rectangle contained 
by BD and DC, plus the square on ED, is thus equal to 
the square on EC [Prop. 2.5], (The same) also (for) the 
quadruples. Thus, four times the (rectangle contained) 
by BD and DC, plus the quadruple of the (square) on 
DE, is equal to four times the square on EC. But, the 
square on A is equal to the quadruple of the (rectangle 
contained) by BD and DC, and the square on DF is 
equal to the quadruple of the (square) on DE. For DF 
is double DE. And the square on BC is equal to the 
quadruple of the (square) on EC. For, again, BC is dou¬ 
ble CE. Thus, the (sum of the) squares on A and DF is 
equal to the square on BC. Hence, the (square) on BC 
is greater than the (square) on A by the (square) on DF. 
Thus, BC is greater in square than A by DF. It must 
also be shown that BC is commensurable (in length) 
with DF. For since BD is commensurable in length 
with DC, BC is thus also commensurable in length with 
CD [Prop. 10.15]. But, CD is commensurable in length 
with CD plus BF. For CD is equal to BF [Prop. 10.6]. 
Thus, BC is also commensurable in length with BF plus 
CD [Prop. 10.12], Hence, BC is also commensurable 
in length with the remainder FD [Prop. 10.15]. Thus, 
the square on BC is greater than (the square on) A by 
the (square) on (some straight-line) commensurable (in 
length) with (BC). 
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Br xfjc A pd([ov to otto auppexpou eauxfj. auppexpo; apa 
saxlv f] Br xfj ZA pqxer Saxe xod Xoixfj auvapcpoxepo xfj 
BZ, AT auppexpoc; eaxiv f] Br pqxei. aXXa auvapcpoxepo; 
f] BZ, Ar auppexpo; eaxi xfj Ar [pfjxet]. woxe xal f) Br 
xfj TA auppexpoc; eaxi pqxer xal BieXovxi. apa f) BA xfj AT 
eaxt auppexpo; pfjxet. 

’Eav apa Sai Buo eOhdat avtaot, xal xa e$fjc;. 


And so let the square on BC be greater than the 
(square on) A by the (square) on (some straight-line) 
commensurable (in length) with (BC). And let a (rect¬ 
angle) equal to the fourth (part) of the (square) on A, 
falling short by a square figure, have been applied to BC. 
And let it be the (rectangle contained) by BD and DC. It 
must be shown that BD is commensurable in length with 
DC. 

For, similarly, by the same construction, we can show 
that the square on BC is greater than the (square on) A 
by the (square) on FD. And the square on BC is greater 
than the (square on) A by the (square) on (some straight- 
line) commensurable (in length) with (BC). Thus, BC 
is commensurable in length with FD. Hence, BC is 
also commensurable in length with the remaining sum 
of BF and DC [Prop. 10.15]. But, the sum of BF and 
DC is commensurable [in length] with DC [Prop. 10.6]. 
Hence, BC is also commensurable in length with CD 
[Prop. 10.12]. Thus, via separation, BD is also commen¬ 
surable in length with DC [Prop. 10.15], 

Thus, if there are two unequal straight-lines, and so 
on .... 


t This proposition states that if a x — x 2 = (3 2 /4 (where a = BC, x = DC, and j3 = A) then a and ^/a 2 — /3 2 are commensurable when a — x 
are x are commensurable, and vice versa. 


IT)'. 

’Eav Sai Buo euheTai aviaoi, xA Be xexapxw pepei 
xou axo xfjc; eXaaaovoc; laov xapa xfjv pdi[ova xapapXrjhfj 
eXXelxov eiBei xexpayAvcp, xal eic; aauppexpa auxfjv Biaipfj 
[pqxei], f] pdi^tov xfjc; eXaaaovoc; peT([ov Suvfjaexai. xA aito 
aauppexpou eauxfj. xal eav f] pd^wv xfjc; eXaaaovoc; pd£ov 
Buvrjxai xA aito aauppexpou eauxfj, xA Be xexpapxto xou axo 
xfjc; eXaaaovoc; laov xapa xfjv pdi[ova xapaf3Xr)flfj eXXelxov 
dBei xexpayAvtp, etc aauppexpa auxfjv Biaipel [pfjxei]. 

"Eaxcoaav Buo cuhelai avtaot al A, BT, 6 v pei^cov f) BT, 
xA Be xexapxco [pepei.] xou axo xfjc; eXaaaovoc; xfjc; A laov 
xapa xfjv BT xapa(3epXf]a , dto eXXelxov el'Bei xexpayAvo, xal 
eaxto xo uxo xAv BAT, aauppexpoc; Be eaxw f) BA xfj 
AT pfjxei- Xeyo, oxl f) BT xfjc; A peT^ov Buvaxat xA axo 
aauppexpou eauxfj. 


Proposition 18 1, 

If there are two unequal straight-lines, and a (rect¬ 
angle) equal to the fourth part of the (square) on the 
lesser, falling short by a square figure, is applied to the 
greater, and divides it into (parts which are) incom¬ 
mensurable [in length], then the square on the greater 
will be larger than the (square on the) lesser by the 
(square) on (some straight-line) incommensurable (in 
length) with the greater. And if the square on the 
greater is larger than the (square on the) lesser by the 
(square) on (some straight-line) incommensurable (in 
length) with the greater, and a (rectangle) equal to the 
fourth (part) of the (square) on the lesser, falling short by 
a square figure, is applied to the greater, then it divides it 
into (parts which are) incommensurable [in length]. 

Let A and BC be two unequal straight-lines, of which 
(let) BC (be) the greater. And let a (rectangle) equal to 
the fourth [part] of the (square) on the lesser, A, falling 
short by a square figure, have been applied to BC. And 
let it be the (rectangle contained) by BDC. And let BD 
be incommensurable in length with DC. I say that that 
the square on BC is greater than the (square on) A by 
the (square) on (some straight-line) incommensurable 
(in length) with (BC). 
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A>-' 

i-1-1-1-1 

B Z EAT 

TAv yap auxAv xaxaaxeuaaDevxtov xA xpoxepov opoitx; 
8 dc;o(jiev, oxi f) Br xfjc; A pei£ov Suvaxai xA axo xfjc ZA. 
Seixxeov [ouv], oxi aauppexpo<; eaxiv f] Br xfj AZ pfjxei. 
exel yap aauppexpoi; eaxiv f] BA xfj Ar pf|xei, aauppexpoc; 
apa eaxi xal f\ BT xfj TA pfjxei. aXXa f\ Ar auppexpo<; eaxi 
auvapcpoxepaic; xau; BZ, Ar- xal f) BB apa aauppexpoc; 
eaxi auvapcpoxepaic; xaic; BZ, Ar. Aaxe xal Xoixfj xfj ZA 
aauppexpoc; eaxiv f] Br pfjxei. xal f) Br xfjc; A pei£ov 
Suvaxai xA axo xfjc; ZA- f) Br apa xfjc; A pei^ov Suvaxai xA 
axo aauppexpou eauxfj. 

AuvaaDw Srj xaXiv f] Br xfjc; A peliljov xA axo aauppexp- 
ou eauxfj, xA 8e xexapxto xou axo xfjc; A laov xapa xf]v Br 
xapaPepX^aDw eXXelxov eiSei xexpayAvo, xal eaxw xo uxo 
xAv BA, Ar. Seixxeov, oxi aaupipiexpoc; eaxiv f] BA xfj Ar 
ptfjxei. 

TAv yap auxAv xaxaaxeuaaDevxwv o(ioiw<; Sei^opiev, 
oxi f) Br xfjc A pieT^ov Suvaxai xA axo xfjc; ZA. aXXa 
f) Br xfjc; A (jiel£ov Suvaxai xA axo daupipiexpou eauxfj. 
aaupipiexpoi; apa eaxiv fj Br xfj ZA ptfjxei- Aaxe xal Xoixfj 
auvapicpoxepw xfj BZ, Ar aaupipiexpoc; eaxiv f] Br. aXXa au- 
vapi(poxepo<; f) BZ, Ar xfj Ar aupipiexpoc; eaxi pirjxei- xal f] 
Br apa xfj Ar aaujipiexpoc; eaxi pujxer Aaxe xal SieXovxi f) 
BA xfj Ar aaupipiexpoc; eaxi pirjxei. 

’Eav apa Aai Suo euDelai, xal xa e^fjc;. 


A 1 -1 

I-1-1-1-1 

B F E DC 

For, similarly, by the same construction as before, we 
can show that the square on BC is greater than the 
(square on) A by the (square) on FD. [Therefore] it 
must be shown that BC is incommensurable in length 
with DF. For since BD is incommensurable in length 
with DC, BC is thus also incommensurable in length 
with CD [Prop. 10.16], But, DC is commensurable (in 
length) with the sum of BF and DC [Prop. 10.6], And, 
thus, BC is incommensurable (in length) with the sum of 
BF and DC [Prop. 10.13]. Hence, BC is also incommen¬ 
surable in length with the remainder FD [Prop. 10.16]. 
And the square on BC is greater than the (square on) 
A by the (square) on FD. Thus, the square on BC is 
greater than the (square on) A by the (square) on (some 
straight-line) incommensurable (in length) with (BC). 

So, again, let the square on BC be greater than the 
(square on) A by the (square) on (some straight-line) in¬ 
commensurable (in length) with (BC). And let a (rect¬ 
angle) equal to the fourth [part] of the (square) on A, 
falling short by a square figure, have been applied to BC. 
And let it be the (rectangle contained) by BD and DC. 
It must be shown that BD is incommensurable in length 
with DC. 

For, similarly, by the same construction, we can show 
that the square on BC is greater than the (square) on 
A by the (square) on FD. But, the square on BC is 
greater than the (square) on A by the (square) on (some 
straight-line) incommensurable (in length) with (BC). 
Thus, BC is incommensurable in length with FD. Hence, 
BC is also incommensurable (in length) with the re¬ 
maining sum of BF and DC [Prop. 10.16]. But, the 
sum of BF and DC is commensurable in length with 
DC [Prop. 10.6]. Thus, BC is also incommensurable 
in length with DC [Prop. 10.13]. Hence, via separa¬ 
tion, BD is also incommensurable in length with DC 
[Prop. 10.16]. 

Thus, if there are two ... straight-lines, and so on_ 


t This proposition states that if ax — x 2 = /3 2 /4 (where a = BC, x = DC, and 0 = A) then a and \Ja 2 — 0 2 are incommensurable when 
a — x are x are incommensurable, and vice versa. 


id'. Proposition 19 

To uxo prjxAv prjxei auppexpwv eudeiAv xepiexopevov The rectangle contained by rational straight-lines 
opdoyAviov pqxov eaxiv. (which are) commensurable in length is rational. 

'Txo yap prjxAv prjxei auppexpwv sudeiAv xAv AB, Br For let the rectangle AC have been enclosed by the 
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6pf>oy6viov xepiexea'dcj to AT- Xeya>, oti prjxov eaxi to 


r 


A 1 -B 

Avayeypacp-do yap axo Tr)c; AB xexpaywvov to AA- 
prjxov apa eaxl to A A. xai exel auppexpoc; eaxiv f) AB xfj 
Br pfjxei, larj Be eaxiv fj AB xfj BA, auppexpoc; apa eaxiv 
fj BA xfj Br pfjxei. xod eaxiv 6c; f) BA xpog xrjv Br, outgx; 
to AA xpog to Ar. auppexpov apa ecru! to AA x6 Ar. 
prjxov Be to AA- prjxov apa eaxl xai to Ar. 

To apa uxo prjxwv prjxei auppexpwv, xai xa e£rj<;. 

/ 

X . 

’Eav prjxov xapa prjxrjv xapapXrjbfj, xXaxoc; xoiel prjxrjv 
xai auppexpov xfj, xap’ rjv xapaxeixai, prjxei. 

A|-1 


B-A 


r 1 - 1 

'Prjxov yap to Ar xapa prjxrjv xfjv AB xapapepXrjabw 
xXaxoc; xoiouv xfjv Br- Xeyco, oxi prjxfj eaxiv fj Br xai 
auppexpoc; xf) BA prjxei. 

Avayeypacpbcr yap axo xrjc; AB xexpaytovov to AA- 
prjxov apa eaxl to AA. prjxov Be xai to Ar- auppexpov apa 


rational straight-lines AB and BC (which are) commen¬ 
surable in length. I say that AC is rational. 

i-iD 


C 


A 1 -'B 

For let the square AD have been described on AB. 
AD is thus rational [Def. 10.4]. And since AB is com¬ 
mensurable in length with BC, and AB is equal to BD, 
BD is thus commensurable in length with BC. And as 
BD is to BC, so DA (is) to AC [Prop. 6.1]. Thus, DA 
is commensurable with AC [Prop. 10.11]. And DA (is) 
rational. Thus, AC is also rational [Def. 10.4]. Thus, 
the ... by rational straight-lines ... commensurable, and 
so on .... 

Proposition 20 

If a rational (area) is applied to a rational (straight- 
line) then it produces as breadth a (straight-line which is) 
rational, and commensurable in length with the (straight- 
line) to which it is applied. 

D,- 1 


B-A 


C 1 - 1 

For let the rational (area) AC have been applied to the 
rational (straight-line) AB, producing the (straight-line) 
BC as breadth. I say that BC is rational, and commen¬ 
surable in length with BA. 

For let the square AD have been described on AB. 
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sail to AA xA AF. xal ectxiv Ac; xo AA xpoc; xo AT, ouxcoc; 
r) AB xpoc; tt)v BT. CTuppsxpoc; apa eaxi xal f\ AB xfj Br¬ 
iar) 8 e f) AB xfj BA- cnjppsxpoc; apa xal f] AB xfj Br. prjxf) 
8 e ectxiv f) AB- prjxf) apa ecttI xal f) Br xal auppsxpoc; xfj 
AB {jirjxEL. 

’Eav apa prjxov xapa prjxfjv xapapXrydfj, xal xa s^qc;. 


xa'. 

To 0x6 pqxAv ouvapsi povov auptpiExpwv EubsiAv xe- 
pLEyopEvov opboyAvtov aXoyov ectxiv, xal f) Suvapsvq aoxo 
aXoyoc; ectxiv, xaXElcrdcr Se pEar). 

Ai-1 


B- A 


r 1 - 1 

'Txo yap prjxAv 8uvap£L povov CTuppsxpwv su-dsiAv xov 
AB, Br opboyAviov xEpLExeo-dw xo Ar- Xsyw, oxi aXoyov 
Eaxi xo Ar, xal f] 8uvapsvr) aoxo aXoyoc; ecttlv, xaXsuydw 

8e pLECTT). 

Avaysypacpbo yap axo xrjc; AB xsxpaycovov xo AA- 
prjxov apa saxl to AA. xal exeI aouppExpoc; ecttlv f) AB 
xfj Br ptfjXEi* Suvapst yap povov OxoxEivxai. CTuppsxpor I ar\ 
8e f] AB xfj BA, aCTuppsxpoc; apa saxl xal f) AB xfj Br 
[ifjXEi. xal ectxiv Ac; f) AB xpoc; xfjv Br, ooxoc; xo AA 
xpoc; to Ar- aCTuppsxpov apa [ecttI] to AA xA Ar. pqxov 
8 e xo A A- aXoyov apa ecttI xo Ar- Acres xal f] 8uvapsvr] xo 
Ar [xooxecttiv f] Ictov auxA xsxpayovov Suvapsvrj] aXoyoc; 
ectxiv, xaXsuydw 8 e (iectt)- oxsp eSsi. 8Ei£ai. 


t Thus, a medial straight-line has a length expressible as fc 1 / 4 . 


AD is thus rational [Def. 10.4]. And AC (is) also ratio¬ 
nal. DA is thus commensurable with AC. And as DA 
is to AC, so DB (is) to BC [Prop. 6.1], Thus, DB is 
also commensurable (in length) with BC [Prop. 10.11]. 
And DB (is) equal to BA. Thus, AB (is) also commen¬ 
surable (in length) with BC. And AB is rational. Thus, 
BC is also rational, and commensurable in length with 
AB [Def. 10.3], 

Thus, if a rational (area) is applied to a rational 
(straight-line), and so on_ 

Proposition 21 

The rectangle contained by rational straight-lines 
(which are) commensurable in square only is irrational, 
and its square-root is irrational—let it be called medial.! 

D,-1 


B-A 


C 1 - 1 

For let the rectangle AC be contained by the rational 
straight-lines AB and BC (which are) commensurable in 
square only. I say that AC is irrational, and its square- 
root is irrational—let it be called medial. 

For let the square AD have been described on AB. 
AD is thus rational [Def. 10.4]. And since AB is incom¬ 
mensurable in length with BC. For they were assumed 
to be commensurable in square only. And AB (is) equal 
to BD. DB is thus also incommensurable in length with 
BC. And as DB is to BC, so AD (is) to AC [Prop. 6.1]. 
Thus, DA [is] incommensurable with AC [Prop. 10.11]. 
And DA (is) rational. Thus, AC is irrational [Def. 10.4]. 
Hence, its square-root [that is to say, the square-root of 
the square equal to it] is also irrational [Def. 10.4]—let 
it be called medial. (Which is) the very thing it was re¬ 
quired to show. 
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Afjppa. 

’Eav SaL 8uo suflslai, saxiv A<; f) xpAxrj xpoc; xf]v 
8suxspav, outw<; to axo Tfjc; xpAxrjc; xpoc; to uxo twv 8uo 
sOOeiAv. 

Z E H 


A 

’'EaTwaav Suo sudsTai at ZE, EH. Xsyw, oxi Saxiv A<; f) 
ZE xpo<; tt)v EH, ouxox to axo xfj<; ZE xpoc; to 0x6 twv 
ZE, EH. 

AvaysypacpOco yap axo Tfjc; ZE xexpaywvov to AZ, xai 
aupxsxXrjpAa-dw to HA. sxsl ouv saxiv A<; fj ZE xpoc; xf)v 
EH, ouxux; to ZA xpoc; to AH, xai saxi to psv ZA to axo 
xfjc ZE, to 8s AH to 0x6 xfiv AE, EH, toutsoti to 0x6 
tAv ZE, EH, saxiv apa A<; f] ZE xpo<; xf)v EH, outck to 
axo xfj<; ZE xpo<; to 0x6 tAv ZE, EH. opol&x; 8s xai A<; to 
0x6 tAv HE, EZ xpoc; to axo xfjc EZ, Touxsaxiv Ac; to HA 
xpoc; to ZA, ouxux; fj HE xpoc; xf)v EZ- oxsp sosi 8sTc;ai. 


xp'. 

To axo (isar)<; xapa prjxfjv xapapaAAopsvov xXaxoc; xoisT 
prjxfjv xai aauppsxpov xfj, xap’ rjv xapaxsixai, pf|XEi. 


B 



A r A E Z 


’'Eaxto ptsar) psv f) A, pr)xf] 8s f| TB, xai xA axo Tfjc; 
A i'aov xapa xfjv BT xapa^pX^a-dco ywpiov opboyAviov to 
BA xXaxoc; xoiouv xf)v TA- Xsyw, oxi prjTf] saxtv f] TA xai 
aauppsxpoi; xfj TB pfjxsi. 

’Exsl yap psar] saxiv f] A, Suvaxai ywpiov xspisxopsvov 
0x6 prjxAv 8uvapsi povov auppsxpwv. Suvaabw to HZ. 


Lemma 

If there are two straight-lines then as the first is to the 
second, so the (square) on the first (is) to the (rectangle 
contained) by the two straight-lines. 

F E G 


D 

Let FE and EG be two straight-lines. I say that as 
FE is to EG, so the (square) on FE (is) to the (rectangle 
contained) by FE and EG. 

For let the square DF have been described on FE. 
And let GD have been completed. Therefore, since as 
FE is to EG, so FD (is) to DG [Prop. 6.1], and FD is 
the (square) on FE, and DG the (rectangle contained) 
by DE and EG —that is to say, the (rectangle contained) 
by FE and EG —thus as FE is to EG, so the (square) 
on FE (is) to the (rectangle contained) by FE and EG. 
And also, similarly, as the (rectangle contained) by GE 
and EF is to the (square on) EF —that is to say, as GD 
(is) to FD —so GE (is) to EF. (Which is) the very thing 
it was required to show. 

Proposition 22 

The square on a medial (straight-line), being ap¬ 
plied to a rational (straight-line), produces as breadth a 
(straight-line which is) rational, and incommensurable in 
length with the (straight-line) to which it is applied. 


B 



Let A be a medial (straight-line), and CB a rational 
(straight-line), and let the rectangular area BD, equal to 
the (square) on A, have been applied to BC, producing 
CD as breadth. I say that CD is rational, and incommen¬ 
surable in length with CB. 

For since A is medial, the square on it is equal to a 
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Ouvoraxi 8e xal to BA' Ioov apa eaxl to BA to HZ. ecjti 8s 
auxA xal LaoyAviov twv 8e iawv te xal iaoytovia>v TtapaX- 
XqXoypappMv avTmexovdaaiv al nXeupal al nepl Tag laag 
yowiag' avaXoyov apa saxlv Ag f) BT npog xf]v EH, ouxorg 
f) EZ npog tt)v TA. EOTiv apa xal Ag to aito Tfjg Br itpog 
to dazo xfjg EH, ouxwg to a no Tfjg EZ Ttpog to aTio Tfjg TA. 
auppsxpov 8s eoti to axo Tfjg TB tA ano Tfjg EH- pr)xf) yap 
eotiv sxaxspa auxAv auppExpov apa eotI xal to omb Tfjg 
EZ tA aito Tfjg TA. prycov Se eotl to and Tfjg EZ- prjxov 
apa eotI xal to duo Tfjg TA- prjxf] apa eotIv f) TA. xal etieI 
aauppExpog eotiv f) EZ xfj EH prjxEi- Suvapsi yap povov 
eloI oupt(i£TpoL' Ag 8e f) EZ Ttpog xf]v EH, ouTwg to aito 
Tfjg EZ Ttpog to vno tAv ZE, EH, aauppExpov apa [eotI] 
to aito Tfjg EZ tA Ono tAv ZE, EH. aXXa tA psv aito Tfjg 
EZ auppExpov eoti to aTto Tfjg TA- prjxai yap eioi Suvapsr 
tA 8s Ono tAv ZE, EH auppsxpov eoti to u no tAv Ar, 
TB- Toa yap eoti tA aTio Tfjg A' aauppExpov apa eotI xal 
to atio Tfjg TA tA 0Tto tAv Ar, TB. Ag 8s to atio Tfjg TA 
Ttpog to Otio tAv Ar, TB, ouTwg eotIv f] Ar Ttpog xfjv TB- 
aoujjpiETpog apa saxlv f) Ar xfj TB pirjxEi. prjTf] apa saxlv f) 
TA xal aauppExpog xfj TB prjxEi- oitsp e8el SsT^oa. 


t Literally, “rational”. 

xy'. 

'H xfj pieor) auppsxpog psar) eotiv. 

’'Eotco psar) f) A, xal xfj A auppsxpog eotco f) B- Xsyto, 
oti xal f] B psar] eotlv. 

’ExxeIoDw yap prpf] f) TA, xal tA psv atio Tfjg A 
ioov Ttapa xf]v TA TtapapEpXfjaDw ycoptov opDoyAvtov to 
TE TtXaTog xoiouv xf]v EA- prjxf] apa eotIv fj EA xal 
aauppsxpog xf) TA pfjXEL. tA 8s aito Tfjg B toov ttapa 
xfjv TA napapspXyjo'doi ycoptov opdoyAviov to TZ TtXaxog 
tiolouv xfjv AZ. £7isi ouv auppsxpog eotiv f] A tij B, 
auppsxpov eotl xal to aito Tfjg A tA aito Tfjg B. aXXa 
tA psv aito Tfjg A i oov saxl to Er, tA Se aito Tfjg B 
ioov saxl to rZ - auppsxpov apa eot'l to Er tA TZ. xa[ 
eotiv Ag to Er Ttpog to TZ, ouTtog f) EA Ttpog ttjv AZ- 


(rectangular) area contained by rational (straight-lines 
which are) commensurable in square only [Prop. 10.21]. 
Let the square on (A) be equal to GF. And the square on 
(A) is also equal to BD. Thus, BD is equal to GF. And 
( BD ) is also equiangular with (GF). And for equal and 
equiangular parallelograms, the sides about the equal an¬ 
gles are reciprocally proportional [Prop. 6.14]. Thus, pro¬ 
portionally, as BC is to EG, so EF (is) to CD. And, also, 
as the (square) on BC is to the (square) on EG, so the 
(square) on EF (is) to the (square) on CD [Prop. 6.22]. 
And the (square) on CB is commensurable with the 
(square) on EG. For they are each rational. Thus, the 
(square) on EF is also commensurable with the (square) 
on CD [Prop. 10.11], And the (square) on EF is ratio¬ 
nal. Thus, the (square) on CD is also rational [Def. 10.4]. 
Thus, CD is rational. And since EF is incommensurable 
in length with EG. For they are commensurable in square 
only. And as EF (is) to EG, so the (square) on EF (is) 
to the (rectangle contained) by FE and EG [see previ¬ 
ous lemma]. The (square) on EF [is] thus incommen¬ 
surable with the (rectangle contained) by FE and EG 
[Prop. 10.11], But, the (square) on CD is commensu¬ 
rable with the (square) on EF. For they are rational in 
square. And the (rectangle contained) by DC and CB 
is commensurable with the (rectangle contained) by FE 
and EG. For they are (both) equal to the (square) on A. 
Thus, the (square) on CD is also incommensurable with 
the (rectangle contained) by DC and CB [Prop. 10.13]. 
And as the (square) on CD (is) to the (rectangle con¬ 
tained) by DC and CB, so DC is to CB [see previous 
lemma]. Thus, DC is incommensurable in length with 
CB [Prop. 10.11]. Thus, CD is rational, and incommen¬ 
surable in length with CB. (Which is) the very thing it 
was required to show. 


Proposition 23 

A (straight-line) commensurable with a medial (straight- 
line) is medial. 

Let A be a medial (straight-line), and let B be com¬ 
mensurable with A. I say that B is also a medial (staight- 
line). 

Let the rational (straight-line) CD be set out, and let 
the rectangular area CE, equal to the (square) on A, 
have been applied to CD, producing ED as width. ED 
is thus rational, and incommensurable in length with CD 
[Prop. 10.22]. And let the rectangular area CF, equal 
to the (square) on B, have been applied to CD, produc¬ 
ing DF as width. Therefore, since A is commensurable 
with B, the (square) on A is also commensurable with 
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auppcxpoi; apa Eaxlv f) EA xfj AZ pf]X£i. prjxf] 8s saxiv 
fj EA xal aauppExpoc; xfj Ar pf|XEL- prjxf] apa sox! xal f) 
AZ xal aauppExpoq xfj Ar prjxEi- al FA, AZ apa prjxal 
eicti 8uva(isi povov auppcxpoi. f] 8s xo 0x6 prjxAv 8uva(i£i 
povov auppcxpov 8uvap.Evr) pear] Eaxlv. f) apa xo 0x6 xfiv 
TA, AZ Suvapsvrj psar] saxiv xal Suvaxai xo 0x6 xov FA, 
AZ f) B- psar] apa saxiv f) B. 


A'-1 

r 



E A Z 

Ilopiapa. 

’Ex 8f) xouxou cpavspov, oxi xo xo psam yc^plm auppsxp- 
ov pcaov saxiv. 

t A medial area is equal to the square on some medial straight-line. He: 


the (square) on B. But, EC is equal to the (square) on A, 
and CF is equal to the (square) on B. Thus, EC is com¬ 
mensurable with CF. And as EC is to CF, so ED (is) to 
DF [Prop. 6.1]. Thus, ED is commensurable in length 
with DF [Prop. 10.11]. And ED is rational, and incom¬ 
mensurable in length with CD. DF is thus also ratio¬ 
nal [Def. 10.3], and incommensurable in length with DC 
[Prop. 10.13]. Thus, CD and DF are rational, and com¬ 
mensurable in square only. And the square-root of a (rect¬ 
angle contained) by rational (straight-lines which are) 
commensurable in square only is medial [Prop. 10.21]. 
Thus, the square-root of the (rectangle contained) by CD 
and DF is medial. And the square on B is equal to the 
(rectangle contained) by CD and DF. Thus, B is a me¬ 
dial (straight-line). 


A'- 1 B i- 

C 



Corollary 

And (it is) clear, from this, that an (area) commensu¬ 
rable with a medial area! is medial. 

e, a medial area is expressible as fc 1 / 2 . 


xo'. 

To 0x6 psatov pfjxsi auppsxptov sudsiAv xspisxopsvov 
opdoyAviov psaov Eaxlv. 

'Txo yap psamv pf|XEi auppsxpwv eMeiAv xAv AB, BT 
xEpiExecrdto opDoyAvLov xo AT- Xsyco, oxi xo AT psaov 
caxlv. 

’AvaysypacpOw yap axo xfjc; AB xsxpaywvov xo AA- 
psaov apa saxl xo AA. xal exeI auppsxpoc; saxiv f] AB xfj 
BT pijxsi, I'ar] 8e f] AB xfj BA, auppsxpoc; apa saxl xal f] 
AB xfj BT prjxEr Aaxs xal xo AA xA AT auppcxpov saxiv. 
psaov 8e xo AA- psaov apa xal xo AT- oxsp e8ei 8sd;ai- 


Proposition 24 

A rectangle contained by medial straight-lines (which 
are) commensurable in length is medial. 

For let the rectangle AC be contained by the medial 
straight-lines AB and BC (which are) commensurable in 
length. I say that AC is medial. 

For let the square AD have been described on AB. 
AD is thus medial [see previous footnote]. And since 
AB is commensurable in length with BC, and AB (is) 
equal to BD, DB is thus also commensurable in length 
with BC. Hence, DA is also commensurable with AC 
[Props. 6.1, 10.11], And DA (is) medial. Thus, AC (is) 
also medial [Prop. 10.23 corn]. (Which is) the very thing 
it was required to show. 
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r 


a- B 

-Ia 

xs'. 

To 0x6 peawv Buvapei povov auppexpwv eODeiAv xe- 
pLEXopevov opboyAvtov fjxoi prjxov fj peaov eaxlv. 



'Txo yap peawv Buvapei. povov auppexpov eu-deiAv xuv 
AB, Br opDoyAvLov xepLexea-do xo AT- Xeyco, oxl xo Ar 
fjxoi prjxov fj peaov eaxlv. 

Avayeypacp-dor yap axo xwv AB, BT xexpayorva xa A A, 
BE- peaov apa eaxlv exaxepov xAv AA, BE. xal EXXEla-dto 
prjxfj fj ZH, xal xA pev AA ’laov xapa xfjv ZH xapa- 
PepArja-dco opboyAviov xapaXXrjXoypappov xo H0 xXaxoc; 
xoiouv xrjv Z0, xA 5 e AT ’laov xapa xfjv 0M xapaPepXfja-dM 
opboyAviov xapaXXrjXoypappov xo MK xXaxoc; xoiouv xrjv 
0K, xal exi xA BE ’laov opolax; xapa xfjv KN xapa- 
PepXfjailor xo NA xXaxoc; xoiouv xfjv KA- ex’ eu-delac; apa 
eialv al Z0, 0K, KA. exel ouv peaov eaxlv exaxepov xAv 
AA, BE, xal eaxiv laov xo pev AA xA H0, xo 8e BE xA 
NA, peaov apa xal exaxepov xAv H0, NA. xal xapa prjxfjv 
xfjv ZH xapaxeixac prjxfj apa eaxlv exaxepa xAv Z0, KA xal 
aauppexpoi; xfj ZH pfjxei. xal exel auppexpov eaxL xo AA 
xA BE, auppexpov apa eaxl xal xo H0 xA NA. xal eaxiv A<; 
xo H0 xpoc; xo NA, ouxok fj Z0 xpoc; xrjv KA- auppexpa; 
apa eaxlv fj Z0 xfj KA pfjxei. al Z0, KA apa prjxal eiai 
pfjxei auppexpoc prjxov apa eaxl xo 0x6 xAv Z0, KA. xal 


c 


A-B 


i- id 

Proposition 25 

The rectangle contained by medial straight-lines 
(which are) commensurable in square only is either ra¬ 
tional or medial. 



For let the rectangle AC be contained by the medial 
straight-lines AB and BC (which are) commensurable in 
square only. I say that AC is either rational or medial. 

For let the squares AD and BE have been described 
on (the straight-lines) AB and BC (respectively). AD 
and BE are thus each medial. And let the rational 
(straight-line) FG be laid out. And let the rectangular 
parallelogram GH, equal to AD, have been applied to 
FG, producing FH as breadth. And let the rectangular 
parallelogram MK, equal to AC, have been applied to 
HM, producing HK as breadth. And, finally, let NL, 
equal to BE, have similarly been applied to KN, pro¬ 
ducing KL as breadth. Thus, FH, HK, and KL are in 
a straight-line. Therefore, since AD and BE are each 
medial, and AD is equal to GH, and BE to NL, GH 
and NL (are) thus each also medial. And they are ap¬ 
plied to the rational (straight-line) FG. FH and KL are 
thus each rational, and incommensurable in length with 
FG [Prop. 10.22]. And since AD is commensurable with 
BE, GH is thus also commensurable with NL. And as 
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end for) sgtiv rj psv AB xfj BA, f) 8s SB xfj BT, sgtiv apa 
Ac; V) AB npoc, xr)v BT, outok f) AB npoc, xf]v BS. a XX’ Ac; 
psv f) AB npoc; ttqv Br, outok to AA Tipoc; to AT- ok 8s f) 
AB Tipoi; TT)v BS, outok to Ar TipcK to IT'S- sgtiv apa Ac; 
to AA npoc; to Ar, outok to Ar npoc; to TS. foov 8s sgti 
to psv AA tA H@, to 8s Ar tA MK, to 8s TS tA NA- 
sgtiv apa A<; to H@ npoc; to MK, outok to MK npoc; to 
NA- sgtiv apa xai Ac; f) Z0 npoc; ttjv 0K, outok f] 0K Tipoc; 
tt]v KA- to apa Otio tAv Z0, KA foov saxl tA axo Trjc; 0K. 
prjxov 8s to Otio tAv Z0, KA- prjxov apa sod xal to duo 
Trjc; 0K- prjxrj apa sgtiv f) 0K. xai si psv ouppsxpo; sgti 
xfj ZH prjxsi, prjTov sgti to 0N- si 8s aauppsTpo; sgtl xfj 
ZH [ir)xsi, ai K0, 0M prjxai sfoi 8uvapsL povov auppsTpoc 
psoov apa to 0N. to 0N apa rjxoi prjTov fj psoov sgtiv. 
foov 8s to 0N tA Ar- to Ar apa fjToi prjxov fj psoov egtlv. 

To apa Otio (isaorv Suvapsi povov Guppsxporv, xai xa 
s^rjC 


XT'. 

Msoov psaou oOx UTispsycL prjxA. 


A 

A 


Z 

r 

B K 


E 


H 


© 


Ei yap Suvaxov, psGov to AB psaou xou Ar UTispsysTO) 
prjxA tA AB, xai sxxsfo'dor prjxfj fj EZ, xai tA AB foov xapa 
xrjv EZ xapapspArjo-do) xapaXXrjXoypappov op-doyAviov to 
Z0 xXaxo; tiolouv xrjv E0, tA 8s Ar foov acpjrjpfjG-do) to 
ZH- Xoitiov apa to BA XoitiA tA K0 egtlv foov. prjxov 8s 
sgtl to AB- prjxov apa sad xai to K0. stiei ouv psoov sgtiv 
sxdxspov tAv AB, Ar, xai sgtl to psv AB tA Z0 foov, to 
8s Ar tA ZH, psoov apa xai sxdxspov tAv Z0, ZH. xai 
Tiapa prjxrjv xrjv EZ Tiapaxsixai- prjxrj apa sadv sxaxspa tAv 
0E, EH xai aouppsxpo; xfj EZ pfjxsi. xai etis'l prjxov sgti 


GH is to NL, so FH (is) to KL [Prop. 6.1]. Thus, FH is 
commensurable in length with KL [Prop. 10.11]. Thus, 
FH and KL are rational (straight-lines which are) com¬ 
mensurable in length. Thus, the (rectangle contained) by 
FH and KL is rational [Prop. 10.19]. And since DB is 
equal to BA, and OB to BC, thus as DB is to BC, so 
AB (is) to BO. But, as DB (is) to BC, so DA (is) to 

AC [Props. 6.1]. And as AB (is) to BO, so AC (is) to 

CO [Prop. 6.1]. Thus, as DA is to AC, so AC (is) to 

CO. And AD is equal to GH, and AC to MK, and CO 

to NL. Thus, as GH is to AIK, so AIK (is) to NL. Thus, 
also, as FH is to HK, so HK (is) to KL [Props. 6.1, 
5.11]. Thus, the (rectangle contained) by FH and KL 
is equal to the (square) on HK [Prop. 6.17]. And the 
(rectangle contained) by FH and KL (is) rational. Thus, 
the (square) on HK is also rational. Thus, HK is ratio¬ 
nal. And if it is commensurable in length with FG then 
HN is rational [Prop. 10.19]. And if it is incommensu¬ 
rable in length with FG then KH and HA1 are rational 
(straight-lines which are) commensurable in square only: 
thus, HN is medial [Prop. 10.21]. Thus, HN is either ra¬ 
tional or medial. And HN (is) equal to AC. Thus, AC is 
either rational or medial. 

Thus, the ... by medial straight-lines (which are) com¬ 
mensurable in square only, and so on .... 


Proposition 26 


A medial (area) does not exceed a medial (area) by a 
rational (area).'' 


A 

D 


C 

B 


F 


K 


E 

G 

H 


For, if possible, let the medial (area) AB exceed the 
medial (area) AC by the rational (area) DB. And let 
the rational (straight-line) EF be laid down. And let the 
rectangular parallelogram FH, equal to AB, have been 
applied to to EF, producing EH as breadth. And let FG, 
equal to AC, have been cut off (from FH). Thus, the 
remainder BD is equal to the remainder KH. And DB 
is rational. Thus, KH is also rational. Therefore, since 
AB and AC are each medial, and AB is equal to FH, 
and AC to FG, FH and FG are thus each also medial. 
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to AB xal ecttiv ictov x£i K0, prjxov apa sail xai to K0. 
xal xapa pr)xf)v xf]v EZ xapaxEixav pr)xf) apa ecttiv yj H0 
xai CTUfi[j.STpoc Tfj EZ (jirjXEi. aXXa xal f) EH pqxr) ectti xal 
aCTuppsxpo; xfj EZ pr)X£c aouppExpo; apa ecttiv f) EH Tfj 
H0 pqxEi. xal ecttiv A; f) EH xpo; xf]v H0, outox; to axo 
xfj; EH xpo; to 0x 6 xAv EH, H0- aouppETpov apa ecttI to 
axo xfj; EH xA 0 x6 tov EH, H0. aXXa to psv axo Trj; EH 
CTuppsxpa ectti xa axo tov EH, H0 TExpayova' prjxa yap 
apipoxEpa' to 8s 0 x6 tov EH, H0 CTuppsxpov ectti to 81; 
0x6 xAv EH, H0- SixXaCTiov yap ecttiv aOxoO' aCTuppsxpa 
apa ectti xa axo tov EH, H0 to 81c; 0x6 tov EH, H0' xal 
CTUvapipoxspa apa xa te axo tov EH, H0 xal to 81; 0x6 
tov EH, H0, oxsp ecttI to axo Tfj; E0, aCTuppsxpov ectti 
toi; axo tov EH, H0. prjxa 8s xa axo tov EH, H0 - aXoyov 
apa to axo xfj; E0. aXoyo; apa ecttiv tj E0. aXXa xal prjprj' 
oxsp ecttiv a8uvaxov. 

Mectov apa (iectou o 0)( Oxspsxsi prjxA- oxsp e8si Sslpai. 


t In other words, Ak — Vk' A k". 

xC- 

Msoa; sOpsIv Suvapsi povov ouppExpou; prjxov xs- 

piEXouCTa;. 

A B r A 



’ExxslcrdoCTav 8uo prjxai Suvapsi povov CTuppsxpoi al A, 
B, xal siX^cpDo tov A, B pcor) avaXoyov fj T, xal ysyovExo 
o; V] A xpo; xrjv B, outo; f) T xpo; xrjv A. 


And they are applied to the rational (straight-line) EF. 
Thus, HE and EG are each rational, and incommensu¬ 
rable in length with EF [Prop. 10.22]. And since DB 
is rational, and is equal to KH, KH is thus also ratio¬ 
nal. And ( KH ) is applied to the rational (straight-line) 
EF. GH is thus rational, and commensurable in length 
with EF [Prop. 10.20]. But, EG is also rational, and in¬ 
commensurable in length with EF. Thus, EG is incom¬ 
mensurable in length with GH [Prop. 10.13]. And as 
EG is to GH, so the (square) on EG (is) to the (rectan¬ 
gle contained) by EG and GH [Prop. 10.13 lem.]. Thus, 
the (square) on EG is incommensurable with the (rect¬ 
angle contained) by EG and GH [Prop. 10.11]. But, the 
(sum of the) squares on EG and GH is commensurable 
with the (square) on EG. For (EG and GH are) both 
rational. And twice the (rectangle contained) by EG and 
GH is commensurable with the (rectangle contained) by 
EG and GH [Prop. 10.6]. For (the former) is double 
the latter. Thus, the (sum of the squares) on EG and 
GH is incommensurable with twice the (rectangle con¬ 
tained) by EG and GH [Prop. 10.13], And thus the sum 
of the (squares) on EG and GH plus twice the (rectan¬ 
gle contained) by EG and GH, that is the (square) on 
EH [Prop. 2.4], is incommensurable with the (sum of 
the squares) on EG and GH [Prop. 10.16]. And the (sum 
of the squares) on EG and GH (is) rational. Thus, the 
(square) on EH is irrational [Def. 10.4]. Thus, EH is 
irrational [Def. 10.4]. But, (it is) also rational. The very 
thing is impossible. 

Thus, a medial (area) does not exceed a medial (area) 
by a rational (area). (Which is) the very thing it was 
required to show. 


Proposition 27 

To find (two) medial (straight-lines), containing a ra¬ 
tional (area), (which are) commensurable in square only. 

A B C D 



Let the two rational (straight-lines) A and B, (which 
are) commensurable in square only, be laid down. And let 
C —the mean proportional (straight-line) to A and B — 
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Kai sxsi ai A, B prjxai siai Buvapsi povov auppsxpoi, 
xo apa uxo xov A, B, xouxsaxi xo axo xfjc F, psaov saxiv. 
psarj apa fj F. xai sxsi saxiv Ac f) A xpoc xfjv B, [ouxa>c] fj F 
xpoc xfjv A, ai 8s A, B Buvapsi povov [eiai] auppsxpoi, xal 
ai r, A apa Buvapsi povov siai auppsxpoi. xai saxi psarj f) 
r- psarj apa xai fj A. ai F, A apa psaai siai Buvapsi povov 
auppsxpoi. Xsyw, oxi xai prjxov xspisyouaiv. sxsi yap saxiv 
A<; f) A xpoc xfjv B, ouxoc f] T xpoc xrjv A, svaXXac; apa 
saxiv Ac fj A xpoc xrjv r, fj B xpoc xrjv A. aXX’ Ac rj A 
xpoc xrjv r, rj r xpoc xrjv B- xai Ac apa fj F xpoc xrjv B, 
ouxcoc rj B xpoc xrjv A- xo apa uxo xAv T, A iaov saxi xA 
axo xfjc B. prjxov os xo axo xfjc B- prjxov apa [saxi] xai xo 
uxo xAv r, A. 

Euprjvxai apa psaai Buvapsi (iovov auppsxpoi prjxov 
xspisyouaar oxsp sosi BsTc^ai. 


have been taken [Prop. 6.13]. And let it be contrived 
that as A (is) to B, so C (is) to D [Prop. 6.12]. 

And since the rational (straight-lines) A and B 
are commensurable in square only, the (rectangle con¬ 
tained) by A and B —that is to say, the (square) on C 
[Prop. 6.17]—is thus medial [Prop 10.21], Thus, C is 
medial [Prop. 10.21]. And since as A is to B, [so] C (is) 
to D, and A and B [are] commensurable in square only, 
C and D are thus also commensurable in square only 
[Prop. 10.11]. And C is medial. Thus, D is also medial 
[Prop. 10.23]. Thus, C and D are medial (straight-lines 
which are) commensurable in square only. I say that they 
also contain a rational (area). For since as A is to B, so 
C (is) to D, thus, alternately, as A is to C, so B (is) to 
D [Prop. 5.16]. But, as A (is) to C, (so) C (is) to B. 
And thus as C (is) to B, so B (is) to D [Prop. 5.11]. 
Thus, the (rectangle contained) by C and D is equal to 
the (square) on B [Prop. 6.17]. And the (square) on B 
(is) rational. Thus, the (rectangle contained) by C and 
D [is] also rational. 

Thus, (two) medial (straight-lines, C and D ), con¬ 
taining a rational (area), (which are) commensurable in 
square only, have been found.1 (Which is) the very thing 
it was required to show. 


t C and D have lengths fc 1 / 4 and fc 3 / 4 times that of A, respectively, where the length of B is fc 1 / 2 times that of A. 


XT]'. 

Msaac supsiv buvapsi povov auppsxpouc psaov xsi- 
pisxouaac. 

A'-1 A'-1 

B'-1 E'-1 

ri-1 

’ExxstaDcoaav [xpslc] prjxai buvapsi povov auppsxpoi ai 
A, B, T, xai siXfjcp'dco xAv A, B psarj avaXoyov fj A, xai 
ysyovsxw Ac fj B xpoc xrjv T, fj A xpoc xrjv E. 

’Exsi ai A, B prjxai siai ouvapsi povov auppsxpoi, xo apa 
0x6 xAv A, B, xouxsaxi xo axo xfjc A, psaov saxiv. psarj 
apa fj A. xai sxsi ai B, T Buvapsi povov siai auppsxpoi, xai 
saxiv Ac fj B xpoc xrjv T, fj A xpoc xrjv E, xai ai A, E apa 
8uvapsi povov siai auppsxpoi. psarj 8s fj A- psarj apa xai fj 
E- ai A, E apa psaai siai 8uvapsi povov auppsxpoi. Xsyo 
Bf), oxi xai psaov xspisyouaiv. sxsi yap saxiv Ac fj B xpoc 
xrjv r, fj A xpoc xrjv E, svaXXac; apa Ac fj B xpoc xfjv A, fj 
r xpoc xfjv E. Ac 8s fj B xpoc xfjv A, fj A xpoc xrjv A- xai 
Ac apa fj A xpoc xfjv A, fj T xpoc xfjv E - xo apa 0x6 xAv 
A, r iaov saxi xA 0x6 xAv A, E. psaov 6s xo 0x6 xAv A, 
T' psaov apa xai xo 0x6 xAv A, E. 

’Euprjvxai apa psaai Buvapsi povov auppsxpoi psaov 


Proposition 28 

To find (two) medial (straight-lines), containing a me¬ 
dial (area), (which are) commensurable in square only. 

A i-1 D i-1 

B i-1 E i-1 

Ci-1 

Let the [three] rational (straight-lines) A, B, and C, 
(which are) commensurable in square only, be laid down. 
And let, D, the mean proportional (straight-line) to A 
and B, have been taken [Prop. 6.13]. And let it be con¬ 
trived that as B (is) to C, (so) D (is) to E [Prop. 6.12]. 

Since the rational (straight-lines) A and B are com¬ 
mensurable in square only, the (rectangle contained) by 
A and B —that is to say, the (square) on D [Prop. 6.17]— 
is medial [Prop. 10.21], Thus, D (is) medial [Prop. 10.21]. 
And since B and C are commensurable in square only, 
and as B is to C, (so) D (is) to E, D and E are thus com¬ 
mensurable in square only [Prop. 10.11]. And D (is) me¬ 
dial. E (is) thus also medial [Prop. 10.23]. Thus, D and 
E are medial (straight-lines which are) commensurable 
in square only. So, I say that they also enclose a medial 
(area). For since as B is to C, (so) D (is) to E, thus. 
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itEpiE/oucai- oxEp eBei osteal. alternately, as B (is) to D, (so) C (is) to E [Prop. 5.16]. 

And as B (is) to D, (so) D (is) to A. And thus as D (is) to 
A, (so) C (is) to E. Thus, the (rectangle contained) by A 
and C is equal to the (rectangle contained) by D and E 
[Prop. 6.16]. And the (rectangle contained) by A and C 
is medial [Prop. 10.21]. Thus, the (rectangle contained) 
by D and E (is) also medial. 

Thus, (two) medial (straight-lines, D and E), con¬ 
taining a medial (area), (which are) commensurable in 
square only, have been found. (Which is) the very thing 
it was required to show. 

t D and E have lengths A; 1 / 4 and A;' 1 / 2 /fc 1 / 4 times that of A, respectively, where the lengths of B and C are A 1 / 2 and fc' 1 / 2 times that of A, 
respectively. 


Afj[i[ia a'. 

Eupeiv Buo xsxpayAvou<; apiDpouc;, wars xod xov 
auyxEipsvov eE, auxAv slvai xExpayorvov. 

I-1-1-1 

A A r B 

’Exxdabmaav Buo apibpol oi AB, BE, saxoraav Be rjxoi 
apxioi fj TtspiTxoL xai exei, sav xe and apxiou apxioc; acpai- 
pe*0fj, sav xe axo xspiaaou xspiaaoc;, 6 Xoixoc; apxioc; eaxiv, 
6 Aomoc; apa 6 AT apxioc; saxiv. xExpfjcrdco 6 AT Biya xaxa 
xo A. saxtooav Be xal oi AB, BT fjxoi opoioi siuiieBoi fj 
xsxpdycovoi, oi xai auxoi opoioi siaiv EitiitEBoi- 6 apa ex 
xAv AB, Br psxa xou onto [xoO] TA xsxpayAvou Tooc; saxi 
xw onto xou BA xExpayAvto. xai eoxi xExpdymvoc; 6 ex xAv 
AB, Br, EitsiBijitEp EBEixhr), oxi, sav Buo opoioi EitiitsOoi 
itoXXaitXaaiaaavxEc; aXXf)Xouc; itoiAai xiva, 6 ysvopEvoc; 
xExpaytovoc; saxiv. suprjvxai apa Buo xExpaywvoi apiUpol 
6 xe ex xAv AB, Br xai 6 onto xou TA, oi auvxE'dsvxEc; 
itoiouai xov onto xou BA xsxpaywvov. 

Kal cpavEpov, oxi suprjvxai itaXiv Buo xsxpdycovoi 6 xe 
onto xou BA xai 6 onto xou TA, Actxe xfjv uitspo)(f)v auxAv 
xov uito AB, Br slvai xsxpaywvov, oxav oi AB, Br opoioi 
Activ sitiitsBoi. oxav Be pf) Aaiv opoioi sitiitsBoi, suprjvxai 
Buo xExpdymvoi 6 xe onto xou BA xai 6 onto xou Ar, Sv 
fj uitspoyf] 6 uito xAv AB, Br oux eoxi xsxpaycovoc;- oitsp 
eBei Bsl^ai. 


Lemma I 

To find two square numbers such that the sum of them 
is also square. 

I-1-1-1 

A D C B 

Let the two numbers AB and BC be laid down. And 
let them be either (both) even or (both) odd. And since, if 
an even (number) is subtracted from an even (number), 
or if an odd (number is subtracted) from an odd (num¬ 
ber), then the remainder is even [Props. 9.24, 9.26], the 
remainder AC is thus even. Let AC have been cut in 
half at D. And let AB and BC also be either similar 
plane (numbers), or square (numbers)—which are them¬ 
selves also similar plane (numbers). Thus, the (num¬ 
ber created) from (multiplying) AB and BC, plus the 
square on CD, is equal to the square on BD [Prop. 2.6]. 
And the (number created) from (multiplying) AB and 
BC is square—inasmuch as it was shown that if two 
similar plane (numbers) make some (number) by mul¬ 
tiplying one another then the (number so) created is 
square [Prop. 9.1]. Thus, two square numbers have 
been found—(namely,) the (number created) from (mul¬ 
tiplying) AB and BC, and the (square) on CD —which, 
(when) added (together), make the square on BD. 

And (it is) clear that two square (numbers) have again 
been found—(namely,) the (square) on BD, and the 
(square) on CD —such that their difference—(namely,) 
the (rectangle) contained by AB and BC —is square 
whenever AB and BC are similar plane (numbers). But, 
when they are not similar plane numbers, two square 
(numbers) have been found—(namely,) the (square) 
on BD, and the (square) on DC —between which the 
difference—(namely,) the (rectangle) contained by AB 
and BC —is not square. (Which is) the very thing it was 
required to show. 
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Afj^a (3'. 

Eupciv Buo xexpayAvou<; dpn'lpouc, &cste xov ei; auxSv 
auyxeipevov (if] slvai xexpaywvov. 

AH A Z r B 

i—i—i-1—i—i-1-1 

© E 

’'Eaxco yap 6 ex xa>v AB, BF, tic ecpapev, xexpaywvoc, 
xal apxioc 6 TA, xal xexpf]af)w 6 TA SExa xA A. cpavepov 
8r), oxi 6 £x xov AB, Br xexpayovoc pexa xou axo [xou] 
TA xexpayovou laoc eaxl xw axo [xou] BA xexpayovo. 
a(pr]pf]o , do (lovac f] AE- 6 apa ex xov AB, Br pexa xou 
axo [xou] FE eXaaaov eaxl xou axo [xou] BA xexpayovou. 
Xeyo ouv, oxi 6 ex xov AB, Br xexpayovoc pexa xou axo 
[xou] TE oux eaxai xexpayovoc. 

EE yap eaxai xexpayovoc, fjxoi laoc eaxl xo axo [xou] 
BE fj eXaaaov xou axo [xou] BE, ouxexi 8e xal (id^ov, iva 
(if) xpuydfj f] (iovac. eaxo, ei Buvaxov, xpoxepov 6 ex xov 
AB, Br pexa xou axo TE laoc xo axo BE, xal eaxo xfjc 
AE (iovaBoc oixXaalov 6 HA. exel ouv oXoc 6 Ar oXou 
xou TA eaxi SixXaaiov, 6v 6 AH xou AE eaxi BixXaaiov, 
xal Xoixoc apa 6 Hr Xoixou xou Er eaxi 8ixXaalov 8E)(a 
apa xexprjxai 6 Hr xo E. 6 apa ex xov HB, Br (iexa xou 
axo TE iaoc eaxl xo axo BE xexpayovo. aXXa xal 6 ex 
xov AB, Br (iexa xou axo TE iaoc uxoxeixai xo axo [xou] 
BE xexpayovo' 6 apa ex xov HB, Br (iexa xou axo TE 
iaoc eaxl xo ex xov AB, Br (iexa xou axo TE. xal xoivou 
acpaipe'devxoc xou axo TE auvayexai 6 AB iaoc to HB- 
oxep axoxov. oux apa 6 ex xov AB, Br (iexa xou axo [xou] 
TE iaoc eaxl xo axo BE. Xeyo 5f], oxi ou8e eXaaaoiv xou 
axo BE. ei yap Buvaxov, eaxo xo axo BZ iaoc, xal xou 
AZ SixXaaiov 6 0A. xal auva)cdf]aexai xaXiv BixXaaEoiv 6 
©r xou TZ- oaxe xal xov T@ 8E)(a xex(ifjai}ai xaxa xo Z, 
xal 8ia xouxo xov ex xov 0B, Br (iexa xou axo Zr laov 
yiveaDai xo axo BZ. Uxoxeixai 8e xal 6 ex xov AB, Br 
(iexa xou axo TE iaoc to axo BZ. oaxe xal 6 ex xov 0B, 
Br (iexa xou axo TZ iaoc eaxai xo ex xov AB, Br (iexa 
xou axo TE- oxep axoxov. oux apa 6 ex xov AB, Br (iexa 
xou axo TE iaoc eaxl [xo] eXaaaovi xou axo BE. eSeix-dr] 
8e, oxi ou8e [auxo] xo axo BE. oux apa 6 ex xov AB, Br 
(iexa xou axo TE xexpayoivoc eaxiv. oxep e8ei 8elcai. 


Lemma II 

To find two square numbers such that the sum of them 
is not square. 

AG D F C B 

I-1-1-1—I—I-1-1 

H E 

For let the (number created) from (multiplying) AB 
and BC, as we said, be square. And (let) CA (be) even. 
And let CA have been cut in half at D. So it is clear 
that the square (number created) from (multiplying) AB 
and BC, plus the square on CD, is equal to the square 
on BD [see previous lemma]. Let the unit DE have 
been subtracted (from BD). Thus, the (number created) 
from (multiplying) AB and BC, plus the (square) on 

CE, is less than the square on BD. I say, therefore, that 
the square (number created) from (multiplying) AB and 
BC, plus the (square) on CE, is not square. 

For if it is square, it is either equal to the (square) 
on BE, or less than the (square) on BE, but cannot any 
more be greater (than the square on BE), lest the unit be 
divided. First of all, if possible, let the (number created) 
from (multiplying) AB and BC, plus the (square) on CE, 
be equal to the (square) on BE. And let CA be double 
the unit DE. Therefore, since the whole of AC is double 
the whole of CD, of which AG is double DE, the remain¬ 
der GC is thus double the remainder EC. Thus, GC has 
been cut in half at E. Thus, the (number created) from 
(multiplying) GB and BC, plus the (square) on CE, is 
equal to the square on BE [Prop. 2.6]. But, the (num¬ 
ber created) from (multiplying) AB and BC, plus the 
(square) on CE, was also assumed (to be) equal to the 
square on BE. Thus, the (number created) from (multi¬ 
plying) GB and BC, plus the (square) on CE, is equal 
to the (number created) from (multiplying) AB and BC, 
plus the (square) on CE. And subtracting the (square) on 
CE from both, AB is inferred (to be) equal to GB. The 
very thing is absurd. Thus, the (number created) from 
(multiplying) AB and BC, plus the (square) on CE, is 
not equal to the (square) on BE. So I say that (it is) not 
less than the (square) on BE either. For, if possible, let it 
be equal to the (square) on BF. And (let) HA (be) dou¬ 
ble DF. And it can again be inferred that HC (is) double 

CF. Hence, CH has also been cut in half at F. And, on 
account of this, the (number created) from (multiplying) 
HB and BC, plus the (square) on FC, becomes equal to 
the (square) on BF [Prop. 2.6]. And the (number cre¬ 
ated) from (multiplying) AB and BC, plus the (square) 
on CE, was also assumed (to be) equal to the (square) 
on BF. Hence, the (number created) from (multiplying) 
HB and BC, plus the (square) on CF, will also be equal 
to the (number created) from (multiplying) AB and BC, 
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EupsTv 8uo pr]xac 8uvapsi povov ouppsxpouc, uoie xf]v 
(isl^ova xfjc sXaaaovoc psTijjov 8uvao-dai xA axo auppsxpou 
sauxfj pfjxsi. 



A B 


i-1-1 

r e a 

’Exxricrdw yap xic prjxf] f] AB xod Suo xsxpaywvoi 
apnlpol ol TA, AE, Aoxs xf)v Oxspoxrjv auxAv xov TE pf) 
svvai xsxpaywvov, xal ysypacp'dw era xfjc AB fjpLxbxXiov xo 
AZB, xal xEKOirjO'dw Ac 6 AT xpoc xov TE, ouxwc xo axo 
xfjc BA xsxpaywvov xpoc xo axo xfjc AZ xexpaywvov, xal 
ExsCsuyilM rj ZB. 

’Exsl [obv] saxiv A<; xo axo xfjc BA xpoc xo axo xfjc AZ, 
ouxoc 6 Ar xpoc xov TE, xo axo xfjc BA apa xpoc xo axo 
xfjc AZ Xoyov E)(£i, ° v otpdlpoc 6 AT xpoc aprdpov xov TE- 
auppsxpov apa saxl xo axo xfjc BA xA axo xfjc AZ. prjxov 
8s xo axo xfjc AB- prjxov apa xal xo axo xfjc AZ- prjxf) apa 
xal f) AZ. xal sxsl 6 AT xpoc xov TE Xoyov oux Eyst, ov 
xsxpaywvoc apiOpoc xpoc xsxpaycovov apiOpov, ouSs xo axo 
xfjc BA apa xpoc xo axo xfjc AZ Xoyov sysi, ov xsxpaywvoc 
apnlpoc xpoc xsxpaycovov apidpov aauppsxpoc apa saxiv f) 
AB xfj AZ prjxsr al BA, AZ apa prjxal slat ouvapsi povov 
auppsxpoi. xal sxsl [saxiv] Ac 6 Ar xpoc xov TE, ouxcoc 
xo axo xfjc BA xpoc xo axo xfjc AZ, avaaxpsijjavxi apa Ac 
6 TA xpoc xov AE, ouxwc xo axo xfjc AB xpoc xo axo 
xfjc BZ. 6 8s TA xpoc xov AE Xoyov s/si, ov xsxpaywvoc 
apnlpoc xpoc xsxpaycovov apnlpov xal xo axo xfjc AB apa 
xpoc xo axo xfjc BZ Xoyov s/si, ov xsxpayorvoc apnlpoc 
xpoc xsxpayorvov apnlpov- auppsxpoc apa saxiv fj AB xfj 
BZ pfjxsi. xal saxi xo axo xfjc AB Taov xoTc axo xAv AZ, 
ZB- f] AB apa xfjc AZ psTi^ov Suvaxai xfj BZ auppsxpqr 


plus the (square) on CE. The very thing is absurd. Thus, 
the (number created) from (multiplying) AB and BC, 
plus the (square) on CE, is not equal to less than the 
(square) on BE. And it was shown that (is it) not equal 
to the (square) on BE either. Thus, the (number created) 
from (multiplying) AB and BC, plus the square on CE, 
is not square. (Which is) the very thing it was required to 
show. 

Proposition 29 

To find two rational (straight-lines which are) com¬ 
mensurable in square only, such that the square on the 
greater is larger than the (square on the) lesser by the 
(square) on (some straight-line which is) commensurable 
in length with the greater. 



A B 


i-1-1 

C E D 

For let some rational (straight-line) AB be laid down, 
and two square numbers, CD and DE, such that the dif¬ 
ference between them, CE, is not square [Prop. 10.28 
lem. I]. And let the semi-circle AFB have been drawn on 
AB. And let it be contrived that as DC (is) to CE, so the 
square on BA (is) to the square on AF [Prop. 10.6 corn]. 
And let FB have been joined. 

[Therefore,] since as the (square) on BA is to the 
(square) on AF, so DC (is) to CE, the (square) on 
BA thus has to the (square) on AF the ratio which 
the number DC (has) to the number CE. Thus, the 
(square) on BA is commensurable with the (square) on 
AF [Prop. 10.6]. And the (square) on AB (is) rational 
[Def. 10.4]. Thus, the (square) on AF (is) also ratio¬ 
nal. Thus, AF (is) also rational. And since DC does 
not have to CE the ratio which (some) square num¬ 
ber (has) to (some) square number, the (square) on 
BA thus does not have to the (square) on AF the ra¬ 
tio which (some) square number has to (some) square 
number either. Thus, AB is incommensurable in length 
with AF [Prop. 10.9]. Thus, the rational (straight-lines) 
BA and AF are commensurable in square only. And 
since as DC [is] to CE, so the (square) on BA (is) to 
the (square) on AF, thus, via conversion, as CD (is) 
to DE, so the (square) on AB (is) to the (square) on 
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eauxfj. 

Eupujvxai apa 8uo prjxal Buvapei povov auppexpoi ai BA, 
AZ, waxs xr)v peTi(ova xfjv AB xfj<; eXaaaovo<; xfj<; AZ peT^ov 
8uvaa0ai xo axo xfjc BZ auppexpou eauxfj (Jtrjxsi- oxep e8ei. 
8eTc;aL 


t BA and AF have lengths 1 and \/l 

X'. 

Eupelv 8uo pqxac Buvapei. povov auppexpouc;, 6axe xf]v 
pelijjova xfjc eXaaaovoc peT((ov 8uvaa0ai xo axo aauppexpou 
eauxfj pfjxeu 



A B 


i-1-1 

r e a 

’ExxelaDo prjxf] f] AB xal 8uo xexpaywvoi dpiDpol ol 
EE, EA, waxe xov auyxelpevov e£ auxwv xov TA [if] elvai 
xexpaywvov, xal yeypdcpfko exl Tfjc AB qpixuxXtov xo AZB, 
xal xexoif|a , d« 6c; 6 AF xpoc xov TE, ouxwc xo axo xrjc; 
BA xpoc xo axo xfjc AZ, xal exe^euxllw f) ZB. 

'Opolwc 8f] 8e(£opev x6 xpo xouxou, oxl al BA, AZ 
pr)xa[ eiai 8uvapei povov auppexpoi. xal exel eaxiv 6c 6 
Ar xpoc xov TE, ouxwc xo axo xfjc BA xpoc xo axo xfjc; 
AZ, avaaxpetjiavxi apa 6c 6 TA xpoc xov AE, ouxwc xo 
axo xfjc; AB xpoc xo axo xfjc; BZ. 6 8e TA xpoc xov AE 
Xoyov oux ex £l c vexpaywvoc api/dpoc xpoc xexpayorvov 
aptdpov ouS’ apa xo axo xfjc; AB xpoc xo axo xfjc; BZ Xoyov 
exei, ov xexpayovoc apiOpoc xpoc; xexpaywvov aptdpov 
aauppexpoc apa eaxlv f] AB xfj BZ prjxei. xal 8uvaxai f) 
AB xfjc; AZ pel^ov x6 axo xfjc ZB aauppexpou eauxfj. 


BF [Props. 5.19 corr., 3.31, 1.47]. And CD has to DE 
the ratio which (some) square number (has) to (some) 
square number. Thus, the (square) on AB also has to the 
(square) on BF the ratio which (some) square number 
has to (some) square number. AB is thus commensu¬ 
rable in length with BF [Prop. 10.9]. And the (square) 
on AB is equal to the (sum of the squares) on AF and 
FB [Prop. 1.47]. Thus, the square on AB is greater than 
(the square on) AF by (the square on) BF, (which is) 
commensurable (in length) with ( AB ). 

Thus, two rational (straight-lines), BA and AF, com¬ 
mensurable in square only, have been found such that the 
square on the greater, AB, is larger than (the square on) 
the lesser, AF, by the (square) on BF, (which is) com¬ 
mensurable in length with (AB).t (Which is) the very 
thing it was required to show. 

C DE/CD. 

Proposition 30 

To find two rational (straight-lines which are) com¬ 
mensurable in square only, such that the square on the 
greater is larger than the (the square on) lesser by the 
(square) on (some straight-line which is) incommensu¬ 
rable in length with the greater. 



A B 


i-1-1 

C E D 

Let the rational (straight-line) AB be laid out, and the 
two square numbers, CE and ED, such that the sum of 
them, CD, is not square [Prop. 10.28 lem. II]. And let the 
semi-circle AFB have been drawn on AB. And let it be 
contrived that as DC (is) to CE, so the (square) on BA 
(is) to the (square) on AF [Prop. 10.6 corr]. And let FB 
have been joined. 

So, similarly to the (proposition) before this, we can 
show that BA and AF are rational (straight-lines which 
are) commensurable in square only. And since as DC is 
to CE, so the (square) on BA (is) to the (square) on AF, 
thus, via conversion, as CD (is) to DE, so the (square) on 
AB (is) to the (square) on BF [Props. 5.19 corr., 3.31, 
1.47]. And CD does not have to DE the ratio which 
(some) square number (has) to (some) square number. 


— k 2 times that of AB, respectively, where k = 
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Ai AB, AZ apa prjxai slat 8uvapeL povov auppexpoi, xal Thus, the (square) on AB does not have to the (square) 
fj AB xfj; AZ peli^ov Suvaxai xA axo xfj; ZB aauppexpou on BF the ratio which (some) square number has to 
Eauxfj pfjxei- oxep e8ei 8eTi;ai. (some) square number either. Thus, AB is incommensu¬ 

rable in length with BF [Prop. 10.9]. And the square on 
AB is greater than the (square on) AF by the (square) on 
FB [Prop. 1.47], (which is) incommensurable (in length) 
with ( AB ). 

Thus, AB and AF are rational (straight-lines which 
are) commensurable in square only, and the square on 
AB is greater than (the square on) AF by the (square) on 
FB, (which is) incommensurable (in length) with (AB)J 
(Which is) the very thing it was required to show. 

t AB and AF have lengths 1 and 1 /\/l + k 2 times that of AB, respectively, where k = \JDEICE. 


EupeTv 8uo peaa; Suvapei povov auppexpou; prjxov 
xepieyouaa;, waxe xfjv pei^ova xfj; eXaaaovo; peTi^ov 
BuvaoDoa xq axo auppexpou eauxfj pfjxei. 



A B r A 


’ExxeiailcrGav 8uo prjxai Suvapei povov auppexpoi ai A, 
B, Aaxe xf)v A pei^ova ouaav xfj; eXaaaovo; xrjc B pel^ov 
SuvaaDai xq axo auppexpou eauxfj pfjxei. xai xA uxo xwv 
A, B ictov eaxw xo axo xfj; T. peaov 8e xo uxo xwv A, B' 
peaov apa xai xo axo xfj<; T- pear] apa xai f) T. xq 8 e axo 
xfj<; B loov eaxw xo 0x6 xwv T, A- prjxov 8e xo axo xrjc; B- 
prjxov apa xai xo 0x6 xov T, A. xai exei eaxiv A<; fj A xpoc; 
xfjv B, ouxoc; xo 0x6 xwv A, B xpoc; xo axo xfjg B, aXXa xo 
pev 0x6 xAv A, B ioov eaxi xo axo xrjc; T, xA 8e axo xrjc; 
B iaov xo 0x6 xAv T, A, Ac; apa fj A xpoc; xfjv B, ouxox; 
xo axo xrjc; T xpoc; xo 0x6 xAv T, A. A<; 8e xo axo xrjc; T 
xpoc; xo 0x6 xAv T, A, ouxoc; fj T xpoc; xfjv A- xai A<; apa 
fj A xpoi; xfjv B, ouxck fj T xpoi; xfjv A. auppexpoi; 8e fj A 
xfj B Suvapei povov auppexpoc; apa xai fj T xfj A 8uvapeL 
povov. xai eoxi. pearj fj T- pearj apa xai fj A. xai exei eaxiv 
Ac; fj A xpoi; xfjv B, fj T xpoi; xfjv A, fj 8e A xrjc; B peli^ov 
Suvaxai xA axo auppexpou eauxfj, xai fj T apa xfj; A peli^ov 
86vaxai xA axo auppexpou eauxfj. 

Euprjvxai apa 80o peaai 8uvapei povov auppexpoi ai T, 


Proposition 31 

To find two medial (straight-lines), commensurable in 
square only, (and) containing a rational (area), such that 
the square on the greater is larger than the (square on 
the) lesser by the (square) on (some straight-line) com¬ 
mensurable in length with the greater. 



A B C D 


Let two rational (straight-lines), A and B, commensu¬ 
rable in square only, be laid out, such that the square on 
the greater A is larger than the (square on the) lesser B 
by the (square) on (some straight-line) commensurable 
in length with ( A ) [Prop. 10.29]. And let the (square) 
on C be equal to the (rectangle contained) by A and B. 
And the (rectangle contained by) A and B (is) medial 
[Prop. 10.21]. Thus, the (square) on C (is) also medial. 
Thus, C (is) also medial [Prop. 10.21]. And let the (rect¬ 
angle contained) by C and I) be equal to the (square) 
on B. And the (square) on B (is) rational. Thus, the 
(rectangle contained) by C and D (is) also rational. And 
since as A is to B, so the (rectangle contained) by A and 
B (is) to the (square) on B [Prop. 10.21 lem.], but the 
(square) on C is equal to the (rectangle contained) by 
A and B, and the (rectangle contained) by C and D to 
the (square) on B, thus as A (is) to B, so the (square) 
on C (is) to the (rectangle contained) by C and D. And 
as the (square) on C (is) to the (rectangle contained) by 
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A prjxov xspis/ouaai., xat f) T xfj; A psTi^ov 8uvaxai xA axo 
auppsxpou sauxfj prjxsu 

'Opoico; Srj Ssi.)( , dr]CT£xai xal xA axo aauppsxpou, oxav f) 
A xfj; B psli^ov Suvrjxai xA axo aauppsxpou sauxfj. 


C and D, so C (is) to D [Prop. 10.21 lem.]. And thus 
as A (is) to B, so C (is) to D. And A is commensurable 
in square only with B. Thus, C (is) also commensurable 
in square only with D [Prop. 10.11]. And C is medial. 
Thus, D (is) also medial [Prop. 10.23], And since as A is 
to B, (so) C (is) to D, and the square on A is greater than 
(the square on) B by the (square) on (some straight-line) 
commensurable (in length) with (A), the square on C is 
thus also greater than (the square on) D by the (square) 
on (some straight-line) commensurable (in length) with 
(C) [Prop. 10.14]. 

Thus, two medial (straight-lines), C and D, commen¬ 
surable in square only, (and) containing a rational (area), 
have been found. And the square on C is greater than 
(the square on) D by the (square) on (some straight-line) 
commensurable in length with (C').'l' 

So, similarly, (the proposition) can also be demon¬ 
strated for (some straight-line) incommensurable (in 
length with C), provided that the square on A is greater 
than (the square on B ) by the (square) on (some 
straight-line) incommensurable (in length) with (A) 
[Prop. 10.30],* 


t C and D have lengths (1 — fc 2 ) 1 / 4 and (1 — A; 2 ) 3 / 4 times that of A, respectively, where k is defined in the footnote to Prop. 10.29. 

$ C and D would have lengths 1/(1 + fc 2 ) 1 / 4 and 1/(1 + fc 2 ) 3 / 4 times that of A, respectively, where k is defined in the footnote to Prop. 10.30. 


xp'. 

EupsTv 8uo psaac; Buvapsi povov auppsxpou; psaov 
xspisyouaa;, Aaxs xf]v psii^ova xfj; sXaaaovo; psl^ov 
BuvaaOai xA axo auppsxpou sauxfj. 

A'-1 A i - 1 

B'-1 E 1 - 1 

Ti-1 

’Exxstahooaav xpsu; prjxai Suvapsi povov auppsxpoL at 
A, B, T, Aaxs xfjv A xfjc; T psl^ov Suvaailat xA axo 
auppsxpou Sauxfj, xal xA psv uxo xAv A, B taov saxto xo 
axo xf|C A. psaov apa xo axo xfjc; A- xal f) A apa psarj 
saxtv. xA 5s uxo xAv B, T Taov saxto xo 0x6 xAv A, E. 
xal sxst saxtv Ac; xo 0x6 xAv A, B xpoc; xo 0x6 xAv B, T, 
ouxoc; f) A xpoc; xf)v T, aXXa xA psv 0x6 xAv A, B laov 
saxl xo axo xfjc; A, xA 5s 0x6 xAv B, T Taov xo 0x6 xAv 
A, E, saxtv apa Ac; f) A xpoc; xfjv T, ouxwc; xo axo xfjc; A 
xpoc; xo 0x6 xAv A, E. Ac; 5s xo axo xfjc; A xpoc; xo 0x6 
xAv A, E, ouxax; f) A xpoc; xf)v E- xal Ac; apa f] A xpoc; xfjv 
T, ouxux; f] A xpoc; xf]v E. auppsxpo; 8s f] A xfj T 8uvapst 
[povov]. auppsxpo; apa xat f) A xfj E 5uvapst povov. psarj 


Proposition 32 

To find two medial (straight-lines), commensurable in 
square only, (and) containing a medial (area), such that 
the square on the greater is larger than the (square on 
the) lesser by the (square) on (some straight-line) com¬ 
mensurable (in length) with the greater. 

A i-1 D 1 -1 

B i-1 E i-1 

Ci-1 

Let three rational (straight-lines), A, B and C, com¬ 
mensurable in square only, be laid out such that the 
square on A is greater than (the square on C ) by the 
(square) on (some straight-line) commensurable (in 
length) with ( A ) [Prop. 10.29]. And let the (square) 
on D be equal to the (rectangle contained) by A and B. 
Thus, the (square) on D (is) medial. Thus, D is also me¬ 
dial [Prop. 10.21]. And let the (rectangle contained) by 
D and E be equal to the (rectangle contained) by B and 
C. And since as the (rectangle contained) by A and B 
is to the (rectangle contained) by B and C, so A (is) to 
C [Prop. 10.21 lem.], but the (square) on D is equal to 
the (rectangle contained) by A and B, and the (rectangle 


315 




ETOIXEIfiN i'. 


ELEMENTS BOOK 10 


8s f) A- (isar) apa xal fj E. xal exei saxiv Ac; f] A jtpo<; xf]v 
r, f) A xpoc; ttjv E, f) 8s A xfjc; T psl^ov Buvaxai xA axo 
auppsxpou Eauxfj, xal f] A apa xfjc; E psT^ov Suv^asxai xA 
axo auppsxpou Eauxfj. Xsya) 5V], oxi xal (isaov Eaxl xo 0x6 
xAv A, E. exeI yap laov Eaxl xo 0x6 xAv B, T xA 0x6 xAv 
A, E, (isaov Be xo 0x6 xAv B, T [al yap B, T prjxal ciai 
Buvapsi povov auppsxpoi], (isaov apa xal xo 0x6 xAv A, E. 

Euprjvxai apa 50o pcaai Buvapsi povov auppsxpoi al 
A, E (isaov xEpiEyouaai, Aaxs xfjv psli^ova xfj; EXaaaovo; 
psTiljov Buvaahai xA axo auppsxpou Eauxfj. 

'Opoico; 8f) xaAiv Oi£)(i)f]asxai xal xA axo aauppcxpou, 
oxav f] A xfj; T (isT^ov Suvrjxai xA axo aauppsxpou sauxr). 


contained) by D and E to the (rectangle contained) by 
B and C, thus as A is to C, so the (square) on D (is) 
to the (rectangle contained) by D and E. And as the 
(square) on D (is) to the (rectangle contained) by D and 
E, so D (is) to E [Prop. 10.21 lem.]. And thus as A 
(is) to C, so D (is) to E. And A (is) commensurable in 
square [only] with C. Thus, D (is) also commensurable 
in square only with E [Prop. 10.11], And D (is) me¬ 
dial. Thus, E (is) also medial [Prop. 10.23]. And since 
as A is to C, (so) D (is) to E, and the square on A is 
greater than (the square on) C by the (square) on (some 
straight-line) commensurable (in length) with (A), the 
square on D will thus also be greater than (the square 
on) E by the (square) on (some straight-line) commen¬ 
surable (in length) with ( D ) [Prop. 10.14]. So, I also 
say that the (rectangle contained) by D and E is medial. 
For since the (rectangle contained) by B and C is equal 
to the (rectangle contained) by D and E, and the (rect¬ 
angle contained) by B and C (is) medial [for B and C 
are rational (straight-lines which are) commensurable in 
square only] [Prop. 10.21], the (rectangle contained) by 
D and E (is) thus also medial. 

Thus, two medial (straight-lines), D and E, commen¬ 
surable in square only, (and) containing a medial (area), 
have been found such that the square on the greater is 
larger than the (square on the) lesser by the (square) on 
(some straight-line) commensurable (in length) with the 
greater.!. 

So, similarly, (the proposition) can again also be 
demonstrated for (some straight-line) incommensurable 
(in length with the greater), provided that the square on 
A is greater than (the square on) C by the (square) on 
(some straight-line) incommensurable (in length) with 
(A) [Prop. 10.30].! 


t D and E have lengths fc' 1 / 4 and fc' 1 / 4 v / T __ F ? times that of A, respectively, where the length of B is k n B times that of A, and k is defined in 
the footnote to Prop. 10.29. 

i D and E would have lengths fc' 1 / 4 and k n / 4 /V 1 + k' 2 times that of A, respectively, where the length of B is k' 1 / 2 times that of A, and k is 
defined in the footnote to Prop. 10.30. 


’'Eaxw xpiywvov opi9oyAvi.ov xo ABT opilfv cyov xf]v 
A, xal rjxDw xadcxoi; fj AA- Xcyco, oxl xo pev 0x6 xAv TBA 
laov Eaxl xA axo xfjc BA, xo Be 0x6 xAv BTA laov xA axo 
xfjc TA, xal xo 0x6 xAv BA, AT laov xA axo xfjc; AA, xal 
Exi xo 0x6 xAv BT, AA laov [saxl] xA 0x6 xAv BA, AT. 

Kal xpAxov, oxi xo 0x6 xAv TBA laov [saxl] xA axo 
xfjc; BA. 


Lemma 

Let ABC be a right-angled triangle having the (an¬ 
gle) A a right-angle. And let the perpendicular AD have 
been drawn. I say that the (rectangle contained) by CBD 
is equal to the (square) on BA, and the (rectangle con¬ 
tained) by BCD (is) equal to the (square) on CA, and 
the (rectangle contained) by BD and DC (is) equal to the 
(square) on AD, and, further, the (rectangle contained) 
by BC and AD [is] equal to the (rectangle contained) by 
BA and AC. 
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A 



’Etc! yap ev opboyorvicp xpiyAvw o mo xfjc opbfjc; ywviac; 
sit! xrjv p&aiv xabsxoi; fjxxai fj AA, xa ABA, AAr apa 
xpiyorva opoia saxi xA xs oXcp xA ABr xa! aXXfjXoic;. xa! 
sue! opoiov saxi xo ABr xpiyuvov xA ABA xpiyAvor, saxiv 
apa A<; f) TB Tipoc xrjv BA, ouxwc fj BA upoc xfjv BA- xo 
apa uito xAv TBA Ictov sax! xA arco xfjc; AB. 

Aid xa auxa 8rj xa! xo utio xAv BTA !aov sax! xA ano 

xfjc Ar. 

Kai etc!, sav ev opboycovior xpiyAvo octio xfjc; opbfjc; 
ywviac Ex! xrjv pdaiv xadsxoc; axbfj, f] axheiaa xAv xfjc; 
pdastoc xprjpaxcov (isarj avaXoyov saxiv, saxiv apa Ac f) BA 
upoc xrjv AA, ouxwc fj AA upoc xrjv AT- xo apa utio xAv 
BA, Ar laov sax! xA ano xfjc; AA. 

Asyw, oxi xa! xo 0x6 xAv Br, AA laov sax! xA utio 
xAv BA, Ar. she! yap, Ac scpapsv, opoiov saxi xo ABr xA 
ABA, saxiv apa Ac fj Br upoc xrjv BA, ouxwc f] BA xpoc 
xrjv AA. xo apa utio xAv BB, AA laov sax! xA utio xAv 
BA, Ar- oxEp e8ei SsT^ai. 


Xy'. 

Eupsiv 8uo Ei/dsiac 8uvap.Ei aaujijiExpouc Tioiouaac; xo 
[isv auyxEipsvov ex xAv an’ auxAv xsxpayAvwv prjxov, xo 
8’ On’ auxAv pisaov. 

’ExxEiaboraav Suo prjxa! 8uvapsi ptovov auppsxpoi a! 
AB, Br, Aaxs xrjv pisi^ova xrjv AB xfjc sXaaaovoc xfjc Br 
jjiei^ov Suvaabai xA ano aauppsxpou sauxfj, xa! xExpfjailw fj 
Br 8iya xaxa xo A, xa! xA acp’ onoxspac xAv BA, Ar laov 
napa xrjv AB napaPspXfja-dw TiapaXXrjXoypappov eXXeuiov 
EiSsi xExpayAvor, xa! saxco xo utio xAv AEB, xa! ysypacpbu 
sn! xfjc AB rjpixuxXiov xo AZB, xa! rjxbw xfj AB npoc 


And, first of all, (let us prove) that the (rectangle con¬ 
tained) by CBD [is] equal to the (square) on BA. 

A 



For since AD has been drawn from the right-angle in 
a right-angled triangle, perpendicular to the base, ABD 
and ADC are thus triangles (which are) similar to the 
whole, ABC, and to one another [Prop. 6.8]. And since 
triangle ABC is similar to triangle ABD, thus as CB is 
to BA, so BA (is) to BD [Prop. 6.4]. Thus, the (rectan¬ 
gle contained) by CBD is equal to the (square) on AB 
[Prop. 6.17]. 

So, for the same (reasons), the (rectangle contained) 
by BCD is also equal to the (square) on AC. 

And since if a (straight-line) is drawn from the right- 
angle in a right-angled triangle, perpendicular to the 
base, the (straight-line so) drawn is the mean propor¬ 
tional to the pieces of the base [Prop. 6.8 corn], thus as 
BD is to DA, so AD (is) to DC. Thus, the (rectangle 
contained) by BD and DC is equal to the (square) on 
DA [Prop. 6.17]. 

I also say that the (rectangle contained) by BC and 
AD is equal to the (rectangle contained) by BA and AC. 
For since, as we said, ABC is similar to ABD, thus as BC 
is to CA, so BA (is) to AD [Prop. 6.4]. Thus, the (rectan¬ 
gle contained) by BC and AD is equal to the (rectangle 
contained) by BA and AC [Prop. 6.16]. (Which is) the 
very thing it was required to show. 

Proposition 33 

To find two straight-lines (which are) incommensu¬ 
rable in square, making the sum of the squares on them 
rational, and the (rectangle contained) by them medial. 

Let the two rational (straight-lines) AB and BC, 
(which are) commensurable in square only, be laid out 
such that the square on the greater, AB, is larger than 
(the square on) the lesser, BC, by the (square) on (some 
straight-line which is) incommensurable (in length) with 
(AB) [Prop. 10.30]. And let BC have been cut in half at 
D. And let a parallelogram equal to the (square) on ei- 
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op'd®; f) EZ, xal ene^eux’dwaav od AZ, ZB. 



Kal Enel [5uo] suilsTai avtaol £iaiv al AB, BE, xal fj 
AB Tfjc Br piel^ov Buvaxai x& axo aauppExpou Eauxfj, 
xq> Be xExapxcp tou axo xfjc; BT, xouxsaxi. to axo xfjc; 
fjpi.o£[a<; auxfjc;, X aov xapa xfjv AB xapaf3sf3Xrjxai xapaX- 
XrjXoypappov eXXeTxov eiBei xExpaycovco xal xoleT xo uxo 
xov AEB, aauppsxpoc; apa saxlv fj AE xfj EB. xal saxiv 6k 
fj AE xpoc; EB, ouxtoc; xo 0x6 xov BA, AE xpoc; xo 0x6 
xov AB, BE, igov Be xo (iev 0x6 xAv BA, AE xo axo xfjc; 
AZ, xo Be 0x6 xov AB, BE xo axo xfjc; BZ- aouppcxpov 
apa egxI xo axo xfjc; AZ xo axo xfjc; ZB- al AZ, ZB apa 
BuvdpiEi eigIv aauppExpoi. xal sxsl f) AB prjxfj saxiv, prjxov 
apa egxI xal xo axo xfjc; AB- ooxe xal xo auyxclpEvov ex 
xov axo xov AZ, ZB prjxov saxiv. xal exeI xaXiv xo 0x6 
xov AE, EB laov saxl xo axo xfjc; EZ, OxoxEixai Be xo 0x6 
xov AE, EB xal xo axo xfjc; BA laov, Tar] apa saxlv f] ZE 
xfj BA- BixXfj apa f] Br xf)c; ZE- oaxs xal xo 0x6 xov AB, 
Br aup.(isxp6v saxi xo 0x6 xov AB, EZ. pisaov Be xo 0x6 
xov AB, Br- (isaov apa xal xo 0x6 xov AB, EZ. Xo ov Be 
xo 0x6 xov AB, EZ xo 0x6 xov AZ, ZB- pisaov apa xal xo 
0x6 xov AZ, ZB. eBeix-Ot] Be xal prjxov xo auyxslpiEvov ex 
xov ax’ aOxov xsxpayovov. 

EuprjvxaL apa Buo sO-dsTai Bovajisi da0pL(i£xpoi. al AZ, ZB 
xoiouaai. xo pisv auyxsipiEvov ex xov ax’ aOxov xsxpayovov 
prjxov, xo Be Ox’ aOxov (isaov- oxsp eBei. BeT^m- 


ther of BD or DC, (and) falling short by a square figure, 
have been applied to AB [Prop. 6.28], and let it be the 
(rectangle contained) by AEB. And let the semi-circle 
AFB have been drawn on AB. And let EF have been 
drawn at right-angles to AB. And let AF and FB have 
been joined. 



And since AB and BC are [two] unequal straight¬ 
lines, and the square on AB is greater than (the square 
on) BC by the (square) on (some straight-line which is) 
incommensurable (in length) with (AB). And a paral¬ 
lelogram, equal to one quarter of the (square) on BC — 
that is to say, (equal) to the (square) on half of it—(and) 
falling short by a square figure, has been applied to AB, 
and makes the (rectangle contained) by AEB. AE is thus 
incommensurable (in length) with EB [Prop. 10.18]. 
And as AE is to EB, so the (rectangle contained) by BA 
and AE (is) to the (rectangle contained) by AB and BE. 
And the (rectangle contained) by BA and AE (is) equal 
to the (square) on AF, and the (rectangle contained) by 
AB and BE to the (square) on BF [Prop. 10.32 lem.]. 
The (square) on AF is thus incommensurable with the 
(square) on FB [Prop. 10.11]. Thus, AF and FB are in¬ 
commensurable in square. And since AB is rational, the 
(square) on AB is also rational. Hence, the sum of the 
(squares) on AF and FB is also rational [Prop. 1.47]. 
And, again, since the (rectangle contained) by AE and 
EB is equal to the (square) on EF, and the (rectangle 
contained) by AE and EB was assumed (to be) equal to 
the (square) on BD, FE is thus equal to BD. Thus, BC 
is double FE. And hence the (rectangle contained) by 
AB and BC is commensurable with the (rectangle con¬ 
tained) by AB and EF [Prop. 10.6]. And the (rectan¬ 
gle contained) by AB and BC (is) medial [Prop. 10.21]. 
Thus, the (rectangle contained) by AB and EF (is) also 
medial [Prop. 10.23 corr.]. And the (rectangle contained) 
by AB and EF (is) equal to the (rectangle contained) by 
AF and FB [Prop. 10.32 lem.]. Thus, the (rectangle con¬ 
tained) by AF and FB (is) also medial. And the sum of 
the squares on them was also shown (to be) rational. 

Thus, the two straight-lines, AF and FB, (which are) 
incommensurable in square, have been found, making 
the sum of the squares on them rational, and the (rectan¬ 
gle contained) by them medial. (Which is) the very thing 
it was required to show. 
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t AF and FB have lengths ^[1 + fc/( 1 + k 2 ) 1 / 2 ]/2 and ^[1 — k/{ 1 + k 2 ) 1 / 2 }/2 times that of At?, respectively, where k is defined in the 
footnote to Prop. 10.30. 


AS'. 

Eupetv 8uo Ei/delac; SuvapEi aauppExpouc; xoiouaac; to 
(isv auyxEipEvov ex iwv ax’ auxAv xExpayAvcov psoov, to 
8’ On’ auxAv prjxov. 



’ExxEtohoroav 8uo psaai Buvapsi povov auppsxpoi at 
AB, BE prjxov TtEpiEyouoai to On’ auxAv, Agte xfjv AB 
xfjc; Br (leii^ov 8uvaaf>ai xo ano aouppsxpou sauxfj, xal 
yeypacpilo enl xfj<; AB to AAB fjpLXUxXiov, xal xsTp/joflo 
fj BT Slya xaxa to E, xal Txapaf3£(3Xrjof)co napa xfjv AB 
xA ano xfjc BE Toov itapaXXrjXoypappov eAXelnov eTSei te- 
xpayAvcr to Ono xov AZB' aouppExpoc; apa [saxlv] fj AZ 
xf) ZB (jLrjxEL. xal ano xou Z xfj AB npoc; opiJdtc fj ZA, 
xal EnE^EUX’dwaav al AA, AB. 

’End aouppsxpoc; sgtiv fj AZ xfj ZB, aouppsxpov apa 
Eaxl xal to Ono xAv BA, AZ xA Ono xwv AB, BZ. Taov Ss 
to (i£v Ono xwv BA, AZ xA ano xfjc; AA, xo Se Ono xwv 
AB, BZ xA ano xfjc AB' aouppsxpov apa egtI xal to ano 
xfjc A A xA ano xfjc AB. xal end psoov egtI to ano xfjc 
AB, psoov apa xal to ouyxElpsvov ex xAv ano xwv AA, 
AB. xal ensl 8mXfj soxtv fj BT xfjc AZ, StnXaaiov apa xal 
to Ono xwv AB, Br xou Ono xwv AB, ZA. prjxov 8e to Ono 
xAv AB, Br - prjxov apa xal to Ono xAv AB, ZA. to Se Ono 
xAv AB, ZA Toov xA 0no xAv AA, AB - Aote xal to Ono 
xAv AA, AB prjxov soxiv. 

Euprjvxat apa 8uo suhsTai. Suvapsi aouppcxpoi al AA, 
AB notoOoat to [pev] ouyxEtpsvov ex xAv an’ auxAv xe- 
xpayAvcov psoov, xo 8’ On’ auxAv prjxov onsp e8st SsTpai. 


Proposition 34 

To find two straight-lines (which are) incommensu¬ 
rable in square, making the sum of the squares on them 
medial, and the (rectangle contained) by them rational. 



Let the two medial (straight-lines) AB and BC, 
(which are) commensurable in square only, be laid out 
having the (rectangle contained) by them rational, (and) 
such that the square on AB is greater than (the square 
on) BC by the (square) on (some straight-line) incom¬ 
mensurable (in length) with ( AB ) [Prop. 10.31]. And 
let the semi-circle ADB have been drawn on AB. And 
let BC have been cut in half at E. And let a (rectangu¬ 
lar) parallelogram equal to the (square) on BE, (and) 
falling short by a square figure, have been applied to 
AB, (and let it be) the (rectangle contained by) AFB 
[Prop. 6.28]. Thus, AF [is] incommensurable in length 
with FB [Prop. 10.18]. And let FD have been drawn 
from F at right-angles to AB. And let AD and DB have 
been joined. 

Since AF is incommensurable (in length) with FB, 
the (rectangle contained) by BA and AF is thus also 
incommensurable with the (rectangle contained) by AB 
and BF [Prop. 10.11], And the (rectangle contained) by 
BA and AF (is) equal to the (square) on AD, and the 
(rectangle contained) by AB and BF to the (square) on 
DB [Prop. 10.32 lem.]. Thus, the (square) on AD is also 
incommensurable with the (square) on DB. And since 
the (square) on AB is medial, the sum of the (squares) 
on AD and DB (is) thus also medial [Props. 3.31, 1.47]. 
And since BC is double DF [see previous proposition], 
the (rectangle contained) by AB and BC (is) thus also 
double the (rectangle contained) by AB and FD. And 
the (rectangle contained) by AB and BC (is) rational. 
Thus, the (rectangle contained) by AB and FD (is) also 
rational [Prop. 10.6, Def. 10.4]. And the (rectangle con¬ 
tained) by AB and FD (is) equal to the (rectangle con¬ 
tained) by AD and DB [Prop. 10.32 lem.]. And hence 
the (rectangle contained) by AD and DB is rational. 

Thus, two straight-lines, AD and DB, (which are) in¬ 
commensurable in square, have been found, making the 
sum of the squares on them medial, and the (rectangle 
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contained) by them rational.! (Which is) the very thing it 
was required to show. 

t AD and DB have lengths ^[(1 + fc 2 ) 1 / 2 + fc]/[2 (1 + fc 2 )] and ^[(1 + fc 2 ) 1 / 2 — k ]/[2 (1 + k 2 )] times that of AB, respectively, where k is 
defined in the footnote to Prop. 10.29. 


As'. 

Eupeiv 8uo eudeiac; 8uvapei aauppexpoui; xoiouaa<; to 
tc auyxeipevov ex xAv ait’ auxAv xexpayAvtov peaov xal 
to Ok’ auxAv peaov xal exi aauppexpov xA auyxeipevq) ex 
xwv ax’ auxAv TexpayAvcp. 



’Exxeia-dwaav 8uo peaai Buvapei povov auppexpoi ai 
AB, Br peaov xepiexouaai, Aaxe xrjv AB xfjq Br peTi(ov 
BuvaaDai xA axo aauppexpou eauxfj, xod YeypacpOM sAi vfj<; 
AB fjpixuxXiov xo AAB, xod xa Aoixa Yeyovexto toTc; exavo 
opoiox;. 

Kai exel aauppexpoi; eaxiv f] AZ xfj ZB prjxei, aauppexp- 
oc; eaxi xal f] AA xfj AB Buvapei. xal exel pieaov eaxl xo 
axo xfjc; AB, peaov apa xal to auyxeipevov ex xAv axo 
xwv AA, AB. xal eKel to uko xAv AZ, ZB iaov eaxl xo dtp’ 
exaxepac; xdv BE, AZ, Tar) apa eaxiv f) BE xfj AZ- 8ixXfj 
apa T) Br xfjc; ZA- waxe xal to uko xAv AB, Br 8ixAaaiov 
eaxi xou uko xAv AB, ZA. peaov 8e xo uko xAv AB, BT- 
peaov apa xal to uko xAv AB, ZA. xal eaxiv laov xA uko 
xAv AA, AB- piaov apa xal to uko xAv AA, AB. xal exel 
aauppexpoi; eaxiv fj AB xfj Br pfjxei, auppexpo<; 8e f) TB 
xfj BE, aauppexpo<; apa xal f) AB xfj BE prjxer Aaxe xal to 
axo xfj<; AB xA uko xAv AB, BE aauppexpov eaxiv. aAAa 
xA pev axo xfjc; AB I'aa eaxl xa axo xAv AA, AB, xA 8e 
uko xAv AB, BE laov eaxl to uko xAv AB, ZA, xouxeaxi 
xo uko xAv AA, AB- aauppexpov apa eaxl to auyxeipevov 
ex xAv axo xAv A A, AB xA uko xAv A A, AB. 

Euprjvxai apa 8uo eu-deTai al AA, AB Buvapei aauppexpoi 
xoiouaai to xe auyxeipevov ex xAv ax’ auxAv peaov xal 
xo Ox’ auxAv peaov xal exi aauppexpov xA auyxeipevq) ex 
xAv ax’ auxAv xexpayAvwv oxep e8ei BeT^ai. 


Proposition 35 

To find two straight-lines (which are) incommensu¬ 
rable in square, making the sum of the squares on them 
medial, and the (rectangle contained) by them medial, 
and, moreover, incommensurable with the sum of the 
squares on them. 



Let the two medial (straight-lines) AB and BC, 
(which are) commensurable in square only, be laid out 
containing a medial (area), such that the square on AB 
is greater than (the square on) BC by the (square) on 
(some straight-line) incommensurable (in length) with 
(AB) [Prop. 10.32]. And let the semi-circle ADB have 
been drawn on AB. And let the remainder (of the figure) 
be generated similarly to the above (proposition). 

And since AF is incommensurable in length with FB 
[Prop. 10.18], AD is also incommensurable in square 
with DB [Prop. 10.11]. And since the (square) on AB 
is medial, the sum of the (squares) on AD and DB (is) 
thus also medial [Props. 3.31, 1.47]. And since the (rect¬ 
angle contained) by AF and FB is equal to the (square) 
on each of BE and DF, BE is thus equal to DF. Thus, 
BC (is) double FD. And hence the (rectangle contained) 
by AB and BC is double the (rectangle) contained by 
AB and FD. And the (rectangle contained) by AB and 
BC (is) medial. Thus, the (rectangle contained) by AB 
and FD (is) also medial. And it is equal to the (rectan¬ 
gle contained) by AD and DB [Prop. 10.32 lem.]. Thus, 
the (rectangle contained) by AD and DB (is) also me¬ 
dial. And since AB is incommensurable in length with 
BC, and CB (is) commensurable (in length) with BE, 
AB (is) thus also incommensurable in length with BE 
[Prop. 10.13]. And hence the (square) on AB is also 
incommensurable with the (rectangle contained) by AB 
and BE [Prop. 10.11], But the (sum of the squares) on 
AD and DB is equal to the (square) on AB [Prop. 1.47]. 
And the (rectangle contained) by AB and FD —that is to 
say, the (rectangle contained) by AD and DB —is equal 
to the (rectangle contained) by AB and BE. Thus, the 
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sum of the (squares) on AD and DB is incommensurable 
with the (rectangle contained) by AD and DB. 

Thus, two straight-lines, AD and DB, (which are) in¬ 
commensurable in square, have been found, making the 
sum of the (squares) on them medial, and the (rectangle 
contained) by them medial, and, moreover, incommensu¬ 
rable with the sum of the squares on themd (Which is) 
the very thing it was required to show. 


1 AD and DB have lengths k' 1 / A ^J[ 1 + fc/( 1 + k 2 ) 1 / 2 ]/2 and fc ,1 ^ 4 t/[l — k/( 1 + fe 2 ) 1 / 2 ]/2 times that of AB, respectively, where k and k' are 
defined in the footnote to Prop. 10.32. 


Xf\ 

’Eav 50o prjxal Buvapei povov auppsxpoi auvxsOoaiv, f) 
okr\ dXoyoc Eaxiv, xaXEiaDcn Be ex Buo ovopaxcnv. 

I-1-1 

a b r 

EuyxEiaDoaav yap Buo prjxal Buvapci povov auppcxpoi 
ai AB, BT- Xeyo, oxi oXr) f] AT aXoyo<; saxiv. 

’Enel yap dauppcxpoi; eaxiv f] AB xfj BT prjXEi- Buvapci 
yap povov eial auppcxpor d><; Be f] AB xpo<; xf]v BT, ouxax; 
xo 0x6 xwv ABT xpo<; xo axo xfj<; BT, aauppcxpov apa saxi 
xo 0x6 xdv AB, BT xq axo xfjc BT. aXXa x6S pcv 0x6 xwv 
AB, BT auppcxpov eaxi xo Bit; 0x6 xwv AB, BT, xo Be axo 
xrjc; BT auppsxpa eaxi xa axo xwv AB, BT - ai yap AB, BT 
prpai eiai Buvapci povov aujiqexpor daujipiexpov apa eaxi xo 
Bic; 0x6 xwv AB, BT xoi<; axo xdv AB, BT. xai auvdevxi xo 
Bic 0x6 xwv AB, BT (icxa xwv axo xwv AB, BT, xouxeaxi 
xo axo xfj<; AT, aaupipiexpov eaxi xq auyxei(ievw ex xwv 
axo xwv AB, BT- prjxov Be xo auyxeiqevov ex xwv axo 
xdv AB, BT- aXoyov apa [eaxi] xo axo xf[c; AT- waxe xai f) 
AT aXoyoc; eaxiv, xaXeiailo Be ex Buo ovojiaxov oxep eBei 
BeT^ai. 


Proposition 36 

If two rational (straight-lines which are) commensu¬ 
rable in square only are added together then the whole 
(straight-line) is irrational—let it be called a binomial 
(straight-line). 1 

I-1-1 

A B C 

For let the two rational (straight-lines), AB and BC, 
(which are) commensurable in square only, be laid down 
together. I say that the whole (straight-line), AC, is irra¬ 
tional. For since AB is incommensurable in length with 
BC —for they are commensurable in square only—and as 
AB (is) to BC, so the (rectangle contained) by ABC (is) 
to the (square) on BC, the (rectangle contained) by AB 
and BC is thus incommensurable with the (square) on 
BC [Prop. 10.11]. But, twice the (rectangle contained) 
by AB and BC is commensurable with the (rectangle 
contained) by AB and BC [Prop. 10.6]. And (the sum 
of) the (squares) on AB and BC is commensurable with 
the (square) on BC —for the rational (straight-lines) AB 
and BC are commensurable in square only [Prop. 10.15]. 
Thus, twice the (rectangle contained) by AB and BC is 
incommensurable with (the sum of) the (squares) on AB 
and BC [Prop. 10.13]. And, via composition, twice the 
(rectangle contained) by AB and BC, plus (the sum of) 
the (squares) on AB and BC —that is to say, the (square) 
on AC [Prop. 2.4]—is incommensurable with the sum of 
the (squares) on AB and BC [Prop. 10.16]. And the sum 
of the (squares) on AB and BC (is) rational. Thus, the 
(square) on AC [is] irrational [Def. 10.4]. Hence, AC 
is also irrational [Def. 10.4]—let it be called a binomial 
(straight-line). 1 (Which is) the very thing it was required 
to show. 


' Literally, “from two names”. 

i Thus, a binomial straight-line has a length expressible as 1 + fc 1 / 2 [or, more generally, p (1 + where p is rational—the same proviso 

applies to the definitions in the following propositions]. The binomial and the corresponding apotome, whose length is expressible as 1 — fc 1 / 2 
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(see Prop. 10.73), are the positive roots of the quartic x A — 2 (1 + fc) x 2 + (1 — fc) 2 = 0. 


AC- 

’Eav Suo pEoai. Suvapci povov ouppsxpoi ouvxEfteioi 
prjxov xEpiExouoai, fj oXrj aXoyoc; egxiv, xaXEtGbto 8s ex 
86o pEGCOV TtpCOTT). 

I-1-1 

a b r 

SuyxEta'doGav yap 8uo psoai 8uvapsi povov ouppsxpoi 
at AB, BT prjxov xspi.£)(ouoai.- Xsyco, oxi oXrj fj Ar aXoyoc; 

EGXLV. 

’Exd yap aGuppsxpoc; egxlv fj AB xfj Br prjxsi, xal xa 
axo xwv AB, BT apa aouppsxpa egxi xw 81c; 0x6 xwv AB, 
Br - xal guvOevxl xa axo xov AB, BT psxa xou 8i<; 0x6 xwv 
AB, Br, ox£p egxi xo axo xfj<; Ar, daujijiExpov egxi xo 0x6 
xcpv AB, Br. prjxov 8e xo 0x6 xwv AB, BP Oxoxsivxat yap 
al AB, Br prjxov xspiExouoar aXoyov apa xo axo xfjq Ar- 
aXoyoc; apa fj Ar, xaXEiGiJw 8s ex 80o jiegcpv xpcoxrj - oxsp 
s8st SsT^at. 


Proposition 37 

If two medial (straight-lines), commensurable in 
square only, which contain a rational (area), are added 
together then the whole (straight-line) is irrational—let 
it be called a first bimedial (straight-line).t 

l-1-1 

A B C 

For let the two medial (straight-lines), AB and BC, 
commensurable in square only, (and) containing a ratio¬ 
nal (area), be laid down together. I say that the whole 
(straight-line), AC, is irrational. 

For since AB is incommensurable in length with BC, 
(the sum of) the (squares) on AB and BC is thus also in¬ 
commensurable with twice the (rectangle contained) by 
AB and BC [see previous proposition]. And, via com¬ 
position, (the sum of) the (squares) on AB and BC, 
plus twice the (rectangle contained) by AB and BC — 
that is, the (square) on AC [Prop. 2.4]—is incommen¬ 
surable with the (rectangle contained) by AB and BC 
[Prop. 10.16], And the (rectangle contained) by AB and 
BC (is) rational—for AB and BC were assumed to en¬ 
close a rational (area). Thus, the (square) on AC (is) 
irrational. Thus, AC (is) irrational [Def. 10.4]—let it be 
called a first bimedial (straight-line).* (Which is) the very 
thing it was required to show. 


t Literally, “first from two medials”. 

t Thus, a first bimedial straight-line has a length expressible as fc 1 / 4 + fc 3 / 4 . The first bimedial and the corresponding first apotome of a medial, 
whose length is expressible as fc 1 / 4 — A; 3 / 4 (see Prop. 10.74), are the positive roots of the quartic x A — 2 \fk (1 + k) x 2 + k (1 — fc) 2 = 0. 


Arf. 

’Eav Suo (iEoai. Suvapci povov ouppsxpoi ouvxEfteioi 
(iegov xEpiEyouGai, fj oXrj aXoyoc; egxiv, xaXEioDcn 8e ex 
8uo pEGtov SuExspa. 


A 


B 


r 


Proposition 38 

If two medial (straight-lines), commensurable in square 
only, which contain a medial (area), are added together 
then the whole (straight-line) is irrational—let it be 
called a second bimedial (straight-line). 

A B C 




E Z 

SuyxEiGdcooav yap 8uo pcoai 8uvapEi povov ouppcxpoi 
ai AB, Br p£Gov xEpiEyouoar Xcyco, oxl aXoyoc; egxiv fj 


E F 

For let the two medial (straight-lines), AB and BC, 
commensurable in square only, (and) containing a medial 
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AT. 

’ExxElcrdco yap prjxr) f] AE, xai to axo Tfjc Ar Ictov xapa 
tt]v AE xapapspXrjO'dw to AZ xXoctoc xoiouv xrjv AH. xal 
sxsl to duo Tfjc Ar Ictov ecru. tou; te axo tAv AB, Br xal tA 
8lc 0x6 tAv AB, BE, xapaf3Ef3Xf)CTbq> Sr) tou; airo tAv AB, 
Br xapa tt)v AE Ictov to E0- Xoixov apa to 0Z Ictov ecttI 
tA 8lc 0x6 tAv AB, BE. xal sxsl psar) ecttIv sxaTspa twv 
AB, Br, pica apa ecttI xal toc axo tov AB, Br. psctov 8 e 
uxoxeixai xal to 81c 0x6 twv AB, Br. xal ectti toI’c psv axo 
twv AB, Br Ictov to E0, tA Ss Sic 0x6 twv AB, Br laov 
to Z0- psaov apa ExaTEpov tAv E0, 0Z. xal xapa prjxfjv 
tt]v AE xapdxetTai' prjTT) apa ecttIv sxaTEpa twv A0, 0H 
xal acruppETpoc Tfj AE pfjxsi. sxsl ouv acruppETpoc scttiv f] 
AB Tfj Br pfjxsi, xal scttiv Ac; f\ AB xpoc tt)v BE, outcoc to 
axo Tfjc; AB xpoc to 0x6 tAv AB, Br, actuppETpov apa scttI 
to axo Tfjc AB tA 0x6 tAv AB, Br. aXXa tA psv axo Tfjc 
AB CTupijiETpov ectti to CTuyxslpiEvov ex tAv axo tAv AB, 
Br TETpayAvwv, tA 8e 0x6 tAv AB, Br CTupijiSTpov ectti to 
8lc 0x6 tAv AB, Br. aCTupijiSTpov apa ecttI to CTuyxslpiEvov 
ex tAv axo tAv AB, Br tA 81c 0x6 tAv AB, BE. aXXa 
toIc axo tAv AB, Br Ictov ecttI to E0, tA 8e 81c 0x6 
tAv AB, Br Ictov ecttI to 0Z. aCTupi[i£Tpov apa ecttI to E0 
tA 0Z- Actte xal f) A0 Tfj 0H scttiv aCTUpipiETpoc (jnjxsi. al 
A0, 0H apa prjTal eicti Suvapisi piovov CTUjipiETpoi. Actte f) 
AH aXoyoc scttiv. prjTf) 8 e f) AE- to 8e 0x6 aXoyou xal 
prjTfjc xspiExopiEvov opDoyAviov aXoyov scttiv aXoyov apa 
ecttI to AZ x«plov, xal f) Suvajisvr) [auTo] aXoyoc scttiv. 
8uvaTai 8s to AZ f) Ar- aXoyoc apa ecttIv f) Ar, xaXslcrdto 
8 e ex 86o (iECTWv 8suTEpa. oxsp eSei 8El^ai. 


(area), be laid down together [Prop. 10.28]. I say that 
AC is irrational. 

For let the rational (straight-line) DE be laid down, 
and let (the rectangle) DF, equal to the (square) on 
AC, have been applied to DE, making DG as breadth 
[Prop. 1.44]. And since the (square) on AC is equal to 
(the sum of) the (squares) on AB and BC, plus twice 
the (rectangle contained) by AB and BC [Prop. 2.4], so 
let (the rectangle) EH, equal to (the sum of) the squares 
on AB and BC, have been applied to DE. The remain¬ 
der HF is thus equal to twice the (rectangle contained) 
by AB and BC. And since AB and BC are each me¬ 
dial, (the sum of) the squares on AB and BC is thus also 
medial.! And twice the (rectangle contained) by AB and 
BC was also assumed (to be) medial. And EH is equal 
to (the sum of) the squares on AB and BC, and FH (is) 
equal to twice the (rectangle contained) by AB and BC. 
Thus, EH and HF (are) each medial. And they were ap¬ 
plied to the rational (straight-line) DE. Thus, DH and 
HG are each rational, and incommensurable in length 
with DE [Prop. 10.22]. Therefore, since AB is incom¬ 
mensurable in length with BC, and as AB is to BC, so 
the (square) on AB (is) to the (rectangle contained) by 
AB and BC [Prop. 10.21 lem.], the (square) on AB is 
thus incommensurable with the (rectangle contained) by 
AB and BC [Prop. 10.11]. But, the sum of the squares 
on AB and BC is commensurable with the (square) on 
AB [Prop. 10.15], and twice the (rectangle contained) by 
AB and BC is commensurable with the (rectangle con¬ 
tained) by AB and BC [Prop. 10.6]. Thus, the sum of the 
(squares) on AB and BC is incommensurable with twice 
the (rectangle contained) by AB and BC [Prop. 10.13]. 
But, EH is equal to (the sum of) the squares on AB and 
BC, and HF is equal to twice the (rectangle) contained 
by AB and BC. Thus, EH is incommensurable with 
HF. Hence, DH is also incommensurable in length with 
HG [Props. 6.1, 10.11]. Thus, DH and HG are ratio¬ 
nal (straight-lines which are) commensurable in square 
only. Hence, DG is irrational [Prop. 10.36]. And DE (is) 
rational. And the rectangle contained by irrational and 
rational (straight-lines) is irrational [Prop. 10.20]. The 
area DF is thus irrational, and (so) the square-root [of 
it] is irrational [Def. 10.4]. And AC is the square-root 
of DF. AC is thus irrational—let it be called a second 
bimedial (straight-line).§ (Which is) the very thing it was 
required to show. 


t Literally, “second from two medials”. 

t Since, by hypothesis, the squares on AB and BC are commensurable—see Props. 10.15, 10.23. 

§ Thus, a second bimedial straight-line has a length expressible as fc 1 / 4 + fc' 1 / 2 /fc 1 / 4 . The second bimedial and the corresponding second apotome 
of a medial, whose length is expressible as fc 1 / 4 — fc' 1 / 2 /fc 1 / 4 (see Prop. 10.75), are the positive roots of the quartic x 4 — 2 [(fc + k')/Vk] x 2 + 
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[(fc - k') 2 /k] = 0. 


AiT. 

’Eav 8uo euilslai Suvapci dauppsxpoi aovTcDwai xoiou;- 
ai to pcv auyxEipcvov ex tcSv olk auxaiv xExpaytovtov prjxov, 
xo 8’ utc’ auxov pcaov, rj oArj suiSsTa aAoyo; saxiv, xaAsia'dw 
8 e psii^wv. 

I-1-1 

a b r 

SuyxEiaOoaav yap Suo euDeuxi 8uvapsi dauppsxpoi ai 
AB, Br xoiouaai xa TtpoxEipcva- kcycr, oxi aAoyo; saxiv f) 
AT. 

Tksi yap xo uito xwv AB, Br psaov saxiv, xa! to 81; 
[apa] utco xwv AB, Br psaov saxiv. to 8s auyxEipcvov ex 
xov axo xwv AB, Br prjxov dauppcxpov apa sax! xo 81c; 
Ojio xfiv AB, Br xo auyxsipEvcp ex xov a xo x£Sv AB, BT- 
oaxs xa! xa axo xov AB, Br psxa xou 8!; uxo xov AB, Br, 
ojisp sax! xo axo xrj; Ar, aauppsxpov saxi xo auyxEipsvqr 
ex xov axo xov AB, Br [prjxov oe to auypsipsvov ex xov 
duo xov AB, Br]- aAoyov apa sax! to axo xfj; AB. oaxs 
xa! f] Ar akoyo; saxiv, xaXEiailo 8s pEii^wv. oxsp s8si 
8sT^ai. 


Proposition 39 

If two straight-lines (which are) incommensurable in 
square, making the sum of the squares on them rational, 
and the (rectangle contained) by them medial, are added 
together then the whole straight-line is irrational—let it 
be called a major (straight-line). 

I-1-1 

A B C 

For let the two straight-lines, AB and BC, incommen¬ 
surable in square, and fulfilling the prescribed (condi¬ 
tions), be laid down together [Prop. 10.33]. I say that 
AC is irrational. 

For since the (rectangle contained) by AB and BC is 
medial, twice the (rectangle contained) by AB and BC 
is [thus] also medial [Props. 10.6, 10.23 corr.]. And the 
sum of the (squares) on AB and BC (is) rational. Thus, 
twice the (rectangle contained) by AB and BC is incom¬ 
mensurable with the sum of the (squares) on AB and 
BC [Def. 10.4]. Hence, (the sum of) the squares on AB 
and BC, plus twice the (rectangle contained) by AB and 
BC —that is, the (square) on AC [Prop. 2.4]—is also in¬ 
commensurable with the sum of the (squares) on AB and 
BC [Prop. 10.16] [and the sum of the (squares) on AB 
and BC (is) rational]. Thus, the (square) on AC is irra¬ 
tional. Hence, AC is also irrational [Def. 10.4]—let it be 
called a major (straight-line).t (Which is) the very thing 
it was required to show. 


t Thus, a major straight-line has a length expressible as ^/[l + fc/(l-t- fc 2 ) 1 / 2 ]/2 + <J[ 1 — k/( 1 + & 2 ) 1 / 2 ]/2. The major and the corresponding 

minor, whose length is expressible as -^/[l + k/( 1 + fc 2 ) 1 / 2 ]/2 — — fc/( 1 -f fc 2 ) 1 / 2 ]/2 (see Prop. 10.76), are the positive roots of the quartic 

x 4 — 2x 2 + fc 2 /(1 + k 2 ) = 0. 


A 

’Eav Suo suOsTai Suvapsi dauppsxpoi auvxEi)wai xoiou;- 
ai to psv auyxsipsvov ex xov ax’ auxwv xExpaycovcov psaov, 
to 6’ bit’ auxcbv prjxov, f] oXrj suOsTa aXoyo; saxiv, xaXEia'dto 
8s prjxov xa! psaov Suvapsvrj. 

I-1-1 

a b r 

EuyxsiaDoraav yap Suo suDslai 8uvapsi dauppsxpoi ai 
AB, Br xoiouaai xa xpoxcipcva- Xcyqr, oxi aXoyo; saxiv f] 

Ar. 

’Eke! yap to auyxEipcvov ex xov axo xov AB, Br 
psaov saxiv, to 8s 81; uxo xov AB, Br prjxov, aauppsxpov 
apa sax! xo auyxsipsvov ex xov axo xov AB, Br to 81; 


Proposition 40 

If two straight-lines (which are) incommensurable 
in square, making the sum of the squares on them 
medial, and the (rectangle contained) by them ratio¬ 
nal, are added together then the whole straight-line is 
irrational—let it be called the square-root of a rational 
plus a medial (area). 

I-1-1 

A B C 

For let the two straight-lines, AB and BC, incommen¬ 
surable in square, (and) fulfilling the prescribed (condi¬ 
tions), be laid down together [Prop. 10.34]. I say that 
AC is irrational. 

For since the sum of the (squares) on AB and BC is 
medial, and twice the (rectangle contained) by AB and 
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Ono twv AB, BH &ctte xai to ano Tfj; Ar aauppExpov ectti 
tA 6l<; Oho tAv AB, Br. prjxov 8s to 8i; Oho tov AB, Br- 
aXoyov apa to ano Tfje Ar. aXoyo; apa f] Ar, xaXelo-dw 8s 
pr)Tov xod psoov Buvapsvr). onsp s8si 8sTc;ai. 


BC (is) rational, the sum of the (squares) on AB and 
BC is thus incommensurable with twice the (rectangle 
contained) by AB and BC. Hence, the (square) on AC 
is also incommensurable with twice the (rectangle con¬ 
tained) by AB and BC [Prop. 10.16]. And twice the 
(rectangle contained) by AB and BC (is) rational. The 
(square) on AC (is) thus irrational. Thus, AC (is) irra¬ 
tional [Def. 10.4]—let it be called the square-root of a 
rational plus a medial (area)d (Which is) the very thing 
it was required to show. 


t Thus, the square-root of a rational plus a medial (area) has a length expressible as y [(1 + A; 2 ) 1 / 2 fc]/[2 (1 + fc 2 )] + y [(1 + fc 2 ) 1 / 2 — fc]/[2 (1 + fc 2 )]. 

This and the corresponding irrational with a minus sign, whose length is expressible as ^/[(l + Ac 2 ) 1 / 2 + fc]/[2 (1 + A; 2 )] — ^/[(l + A; 2 ) 1 / 2 — fc]/[2 (1 + fc 2 )] 
(see Prop. 10.77), are the positive roots of the quartic x 4 — (2/Vl + A: 2 ) x 2 + fc 2 /(l + k 2 ) 2 = 0. 


pa'. 

’Eav 8uo suOsTai Buvapsi aCTuppsxpoi. auvTE'dwai. notoOi 
ai to te auyxsipEvov ex tAv an’ auxAv TExpayAvorv psoov 
xai to Oh’ auxAv pscrov xai eti acnjppExpov to auyxEipEvw 
ex tov an’ auxAv TExpayAvwv, f] oX.r\ su-dsla aXoyo; scttiv, 
xaXs[erdto Be Buo psoa Buvapsvr). 



AB, BT noiouoai xa npoxsipEva- Xsyq), oxi f) AT aXoyoc; 

SCTTLV. 

’ExxEtcrdo prjxf] f] AE, xai napa^pX/io-dco napa xfjv AE 
toT; psv ano tov AB, Br loov to AZ, tA Be Sic; Ono tov 
AB, Br Ictov to H0- oXov apa to A0 Ictov ectt! tA and 
Tfj; Ar TSxpayAvtp. xai snsi psaov scttI to auyxsipEvov 
ex tov and tov AB, Br, xai ecttiv Ictov tA AZ, psoov apa 
ecttI xai to AZ. xai napa prjxqv xf]v AE napaxsixai- pr)xf] 
apa ectt'iv f) AH xai aouppExpo; xfj AE pqxsi. 8ia xa auxa 
8f) xai f) HK pr)xf) ectti xai dcCTuppsxpo; Tfj HZ, toutectti Tfj 
AE, pfjXEi. xai eh si aCTuppExpa ectti xa and tAv AB, Br 
xA 81; Oho tAv AB, BE, douppExpov ectti to AZ xA H0- 


Proposition 41 

If two straight-lines (which are) incommensurable in 
square, making the sum of the squares on them me¬ 
dial, and the (rectangle contained) by them medial, and, 
moreover, incommensurable with the sum of the squares 
on them, are added together then the whole straight-line 
is irrational—let it be called the square-root of (the sum 
of) two medial (areas). 



For let the two straight-lines, AB and BC, incommen¬ 
surable in square, (and) fulfilling the prescribed (condi¬ 
tions), be laid down together [Prop. 10.35]. I say that 
AC is irrational. 

Let the rational (straight-line) DE be laid out, and let 
(the rectangle) DF, equal to (the sum of) the (squares) 
on AB and BC, and (the rectangle) GH, equal to twice 
the (rectangle contained) by AB and BC, have been ap¬ 
plied to DE. Thus, the whole of DH is equal to the 
square on AC [Prop. 2.4]. And since the sum of the 
(squares) on AB and BC is medial, and is equal to DF, 
DF is thus also medial. And it is applied to the rational 
(straight-line) DE. Thus, DC is rational, and incommen- 
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Aaxc xal T) AH xfj HK aauppcxpoc; caxiv. xal siai prjxar al 
AH, HK apa pqxal siai 8uvap£t povov auppExpoc aXoyoc; 
apa saxlv f) AK f) xaXoupcvr] Ex 8uo ovopaxov. prjxf] Se f) 
AE' aXoyov apa saxi xo A0 xal f) Suvapsvr) auxo aXoyoc; 
saxLv. Suvaxat os xo 0A f) AH aXoyoq apa saxlv f] AT, 
xaXsia'Ow os 8uo pcaa Suvapsvr). oxsp e8ei 8£lc;at. 


surable in length with DE [Prop. 10.22]. So, for the same 
(reasons), GK is also rational, and incommensurable in 
length with GF —that is to say, DE. And since (the sum 
of) the (squares) on AB and BC is incommensurable 
with twice the (rectangle contained) by AB and BC, 
DF is incommensurable with GH. Hence, DG is also in¬ 
commensurable (in length) with GK [Props. 6.1, 10.11]. 
And they are rational. Thus, DG and GK are rational 
(straight-lines which are) commensurable in square only. 
Thus, DK is irrational, and that (straight-line which is) 
called binomial [Prop. 10.36]. And DE (is) rational. 
Thus, DH is irrational, and its square-root is irrational 
[Def. 10.4]. And AC (is) the square-root of HD. Thus, 
AC is irrational—let it be called the square-root of (the 
sum of) two medial (areas).1 (Which is) the very thing it 
was required to show. 


t Thus, the square-root of (the sum of) two medial (areas) has a length expressible as fc' 1 / 4 ^ \J[1 + k/(l + A- 2 ) 1 / 2 ]/2 + \J[1 — k/(l + fc 2 ) 1 / 2 ]/2j 

This and the corresponding irrational with a minus sign, whose length is expressible as fc' 1 / 4 ^-^/[l + fc/( 1 + fc 2 ) 1 / 2 ]/2 — — fc/( 1 + fc 2 ) 1 / 2 ]/2 

(see Prop. 10.78), are the positive roots of the quartic x 4 — 2 fc' 1 / 2 x 2 + fc' fc 2 /(l + fc 2 ) = 0. 


Afjfijioc. 

'Oxi 8 e ai ripqpEvai. aXoyoi povayAc; 8taipouvxai Eiq xaq 
suOslac;, £<; Sv aoyxEivxai xoiouaAv xa xpoxclpcva eTSt), 
8e[c;o(jI£v fjSr] xpoExOspcvoi Xrjppaxiov xoiouxov- 

A A E T B 

i-1—i-1-1 

’ExxElaOw suOsTa f) AB xal xExpqaOw f) okt) eic, aviaa 
xah’ ExaxEpov xdv T, A, UTtoxEiahw 8 e pEi^wv rj AT xfjq 
AB' Xcyco, oxi xa a ko xwv AT, TB pEii^ova eoxi xAv a ko 
xov AA, AB. 

TExpqailo yap f] AB Siya xaxa xo E. xal exei 
saxlv f] AT xfjq AB, xoivf] dcprjpqaDw f) AT- Xotxf) apa f] AA 
Xoixfji; xfji; TB saxlv. far) 8s fj AE xfj EB- sXaxxwv 

apa f] AE xfjq ET- xa T, A apa arjpsla oux i'aov axEyouai 
xfj<; Oiyoxoplaq. xal sxsi xo 0x6 xAv AT, TB pcxa xou axo 
xrjc; ET Taov saxi xA axo xfjc; EB, aXXa pf)v xal xo 0x6 xAv 

AA, AB psxa xou axo AE taov saxi xA axo xfjc EB, xo 
apa 0x6 xAv AT, TB psxa xou axo xfjc ET taov saxi xA 
0x6 xAv AA, AB psxa xou axo xfjc AE' Av xo axo xfjc 
AE sXaaaov saxi xou axo xfjc; ET- xal Xotxov apa xo 0x6 
xAv AT, TB sXaaaov saxi xou 0x6 xAv AA, AB. Aaxs xal 
xo 8ic 0x6 xAv AT, TB sXaaaov saxi xou 8ic 0x6 xAv A A, 

AB. xal Xoixov apa xo auyxslpsvov ex xAv axo xAv AT, 
TB pd£6v saxi xou auyxsipsvou ex xAv axo xAv AA, AB. 
oxsp e8ei. bsl^ai- 


Lemma 

We will now demonstrate that the aforementioned 
irrational (straight-lines) are uniquely divided into the 
straight-lines of which they are the sum, and which pro¬ 
duce the prescribed types, (after) setting forth the follow¬ 
ing lemma. 

A DEC B 

i-1-1-1-1 

Let the straight-line AB be laid out, and let the whole 
(straight-line) have been cut into unequal parts at each 
of the (points) C and D. And let AC be assumed (to be) 
greater than DB. I say that (the sum of) the (squares) on 
AC and CB is greater than (the sum of) the (squares) on 
AD and DB. 

For let AB have been cut in half at E. And since AC is 
greater than DB, let DC have been subtracted from both. 
Thus, the remainder AD is greater than the remainder 
CB. And AE (is) equal to EB. Thus, DE (is) less than 
EC. Thus, points C and D are not equally far from the 
point of bisection. And since the (rectangle contained) 
by AC and CB, plus the (square) on EC, is equal to the 
(square) on EB [Prop. 2.5], but, moreover, the (rectan¬ 
gle contained) by AD and DB, plus the (square) on DE, 
is also equal to the (square) on EB [Prop. 2.5], the (rect¬ 
angle contained) by AC and CB, plus the (square) on 
EC, is thus equal to the (rectangle contained) by AD and 
DB, plus the (square) on DE. And, of these, the (square) 
on DE is less than the (square) on EC. And, thus, the 
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remaining (rectangle contained) by AC and CB is less 
than the (rectangle contained) by AD and DB. And, 
hence, twice the (rectangle contained) by AC and CB 
is less than twice the (rectangle contained) by AD and 
DB. And thus the remaining sum of the (squares) on AC 
and CB is greater than the sum of the (squares) on AD 
and DBJ (Which is) the very thing it was required to 
show. 


t Since, AC 2 +CB 2 +2ACCB = AD 2 + DB 2 + 2 AD DB = AB 2 . 


pP' 

C H ex 860 ovo(jL&tcov Korea ev (iovov arjfielov SiaipeTxai 
etc ta 6v6(iaxa. 

A A r B 

I-1-1-1 

’'Eaxco ex 860 6vo(iaxa>v f] AB oir)pr)(ievr] etc xa ovopaxa 
xaxa xo T- ai Ar, TB apa prjxai eiai Buvapei povov 
auppexpoi. Xeyo, 6x1 f] AB xax’ aXXo aripelov ou 5 iaipeTxai 
ei<; 8uo prjxac; 8uvapei (iovov auppexpouc;. 

El yap 8uvaxov, 5 ir)pf)(xi)w xal xaxa xo A, Aaxe xal xa<; 
AA, AB pr]xa<; elvai Buvapei povov auppexpoucy epavepov 
Bf), oxi f) Ar xfj AB oux eaxiv f] auxf). ei yap Buvaxov, 
eaxco. eaxai 8f) xal f] AA xfj TB f) auxf)- xal eaxat A<; f] Ar 
xpo? xfjv TB, ouxcoc; f) BA xpo? xfjv AA, xal eaxai f] AB 
xaxa xo auxo xfj xaxa xo T oiaipeaei oiaipedelaa xal xaxa 
xo A- oxep oux bxoxeixai. oux apa f] Ar xfj AB eaxiv f] 
auxfj. 81a 5 f] xouxo xal xa T, A arjpieTa oux laov axexouai 
xfj<; 8ixoxopiiac;. S apa 8iacpepei xa and xwv Ar, TB xAv 
and xAv AA, AB, xouxo) 8iacpepei xal xo ole uno xAv AA, 
AB xou ole bxo xAv Ar, TB 01a xo xal xa axo xAv Ar, 
TB piexa xou 6le uxo xAv Ar, TB xal xa axo xAv AA, AB 
piexa xou 8le uxo xAv AA, AB laa elvai xA axo xfje AB. 
aXXa xa axo xAv Ar, TB xAv axo xAv AA, AB 8iacpepei 
pr)xA- prjxa yap apicpoxepa- xal xo 8le apa Uxo xAv AA, AB 
xou 8le 0 x 6 xAv Ar, TB Biacpepei prjxA pieaa ovxa' oxep 
axoxov pieaov yap pieaou ouy uxepeyei prjxA. 

Ouy apa fj ex ouo ovopiaxov xax’ aXXo xal aXXo a^pielov 
8iaipeTxai- xah’ ev apa piovov oxep e8ei 8eT^ai. 


Proposition 42 

A binomial (straight-line) can be divided into its (compo¬ 
nent) terms at one point only. '' 

A D C B 

i-1-1-1 

Let AB be a binomial (straight-line) which has been 
divided into its (component) terms at C. AC and CB are 
thus rational (straight-lines which are) commensurable 
in square only [Prop. 10.36]. I say that AB cannot be 
divided at another point into two rational (straight-lines 
which are) commensurable in square only. 

For, if possible, let it also have been divided at D, such 
that AD and DB are also rational (straight-lines which 
are) commensurable in square only. So, (it is) clear that 
AC is not the same as DB. For, if possible, let it be (the 
same). So, AD will also be the same as CB. And as 
AC will be to CB, so BD (will be) to DA. And AB will 
(thus) also be divided at D in the same (manner) as the 
division at C. The very opposite was assumed. Thus, AC 
is not the same as DB. So, on account of this, points 
C and D are not equally far from the point of bisection. 
Thus, by whatever (amount the sum of) the (squares) on 
AC and CB differs from (the sum of) the (squares) on 
AD and DB, twice the (rectangle contained) by AD and 
DB also differs from twice the (rectangle contained) by 
AC and CB by this (same amount)—on account of both 
(the sum of) the (squares) on AC and CB, plus twice the 
(rectangle contained) by AC and CB, and (the sum of) 
the (squares) on AD and DB, plus twice the (rectangle 
contained) by AD and DB, being equal to the (square) 
on AB [Prop. 2.4]. But, (the sum of) the (squares) on AC 
and CB differs from (the sum of) the (squares) on AD 
and DB by a rational (area). For (they are) both rational 
(areas). Thus, twice the (rectangle contained) by AD 
and DB also differs from twice the (rectangle contained) 
by AC and CB by a rational (area, despite both) being 
medial (areas) [Prop. 10.21]. The very thing is absurd. 
For a medial (area) cannot exceed a medial (area) by a 
rational (area) [Prop. 10.26]. 
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Thus, a binomial (straight-line) cannot be divided 
(into its component terms) at different points. Thus, (it 
can be so divided) at one point only. (Which is) the very 
thing it was required to show. 

t In other words, fc + A;' 1 / 2 = k" + fc'" 1 / 2 has only one solution: i.e., fc" = k and k'" = k'. Likewise, fc 1 / 2 + fc' 1 / 2 = fc" 1 / 2 + fc'" 1 / 2 has only 
one solution: i.e., k" = k and k'" = k' (or, equivalently, k" = k' and k'" = fc). 


py'- 

'H ex Buo pscxuv xpAxr] xaiT ev povov arjpsTov Biaipslxai. 

A A r B 

I-1-1-1 

’'Eaxco ex Buo psaorv xpAxr) f) AB 8ir)pr]p£vr] xaxa to T, 
Agxe xaq AT, TB pcaaq slvai Buvapsi povov auppExpouq 
pr)xov xspLExouaac;- Xcycu, oxi f) AB xax’ aXXo aripsTov ou 
BiaipsTxai. 

Ei yap Buvaxov Bap/iaDor xal xaxa xo A, Agxe xal xaq 
AA, AB psaac; slvai Buvapsi povov auppsxpouc; prjxov ne- 
piEXouaac;. enel ouv, 6 Biacpspsi xo Bit; 0x6 xAv AA, AB 
too Bit; 0x6 xAv AT, TB, xouxw Biacpspsi xa and xAv AT, 
TB xAv axo xAv AA, AB, prjxA Be Biacpspci xo Bit; 0x6 
xAv AA, AB too Bit; 0x6 xAv AT, TB - prjxa yap apcpoxEpa' 
pr)xA apa Biacpspsi xal xa axo xAv AT, TB xAv axo xAv 
AA, AB psoa ovxa - oxsp axoxov. 

OOx apa f) ex Buo psoorv xpAxr) xax’ aXXo xal aXXo 
aripsTov BiaipsTxai sit; xa ovopaxa- xad’ §v apa povov oxcp 
eBei BcT^ai. 


Proposition 43 

A first bimedial (straight-line) can be divided (into its 
component terms) at one point onlyd 

A D C B 

i-1-1-1 

Let AB be a first bimedial (straight-line) which has 
been divided at C, such that AC and CB are medial 
(straight-lines), commensurable in square only, (and) 
containing a rational (area) [Prop. 10.37]. I say that AB 
cannot be (so) divided at another point. 

For, if possible, let it also have been divided at D, 
such that AD and DB are also medial (straight-lines), 
commensurable in square only, (and) containing a ratio¬ 
nal (area). Since, therefore, by whatever (amount) twice 
the (rectangle contained) by AD and DB differs from 
twice the (rectangle contained) by AC and CB, (the sum 
of) the (squares) on AC and CB differs from (the sum 
of) the (squares) on AD and DB by this (same amount) 
[Prop. 10.41 lem.]. And twice the (rectangle contained) 
by AD and DB differs from twice the (rectangle con¬ 
tained) by AC and CB by a rational (area). For (they 
are) both rational (areas). (The sum of) the (squares) on 
AC and CB thus differs from (the sum of) the (squares) 
on AD and DB by a rational (area, despite both) being 
medial (areas). The very thing is absurd [Prop. 10.26], 
Thus, a first bimedial (straight-line) cannot be divided 
into its (component) terms at different points. Thus, (it 
can be so divided) at one point only. (Which is) the very 
thing it was required to show. 


t In other words, fc 1 / 4 + fc 3 / 4 = fc' 1 / 4 + fc' 3 / 4 has only one solution: i.e., k' = fc. 


po'. 

'H ex Buo psocov Bsuxcpa xad’ ev povov aripsTov 
BiaipsTxai. 

’'Eaxco ex Buo psacnv Bcuxspa f) AB 8ir)pr]p£vr) xaxa xo 
T, Aote xaq AT, TB pEaaq slvai Buvapsi povov auppsxpouc; 
psaov xEplSxouaac;• cpavspov Bf], oxi xo T oux saxi xaxa 
xfjc; Biyoxopiac;, oxi oux eictI prjXEi auppsxpoi. Xsyco, oxi f] 
AB xax’ aXXo oripslov ou BiaipsTcai. 


Proposition 44 

A second bimedial (straight-line) can be divided (into 
its component terms) at one point only. 1 

Let AB be a second bimedial (straight-line) which 
has been divided at C, so that AC and BC are medial 
(straight-lines), commensurable in square only, (and) 
containing a medial (area) [Prop. 10.38]. So, (it is) clear 
that C is not (located) at the point of bisection, since (AC 
and BC) are not commensurable in length. I say that AB 
cannot be (so) divided at another point. 
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A A r B 

I-1-1-1 

E M © N 


Z AH K 

Et yap Suvaxov, SirjpfjchlM xal xaxa to A, Acres xfjv 
AT xfj AB pf] elvai xfjv auxfjv, aXXa pslljova xafF uxoDectiv 
xfjv AH 8fjXov 8fj, oti xal xa axo xAv AA, AB, A<; exavw 
eSel^apev, eXaaaova xAv axo xAv AF, TB' xal xac; AA, AB 
pecrac; elvai Suvapei povov CTuppexpouc; peaov xepiexouCTac;. 
xal exxelaDw prjxf] f) EZ, xal xA pev axo xfjc; AB Ictov xapa 
xfjv EZ xapaXXrjXoypappov opboyAviov xapa[3e[3Xf|CTTL>a> to 
EK, xolc; 8e axo xAv Ar, TB Ictov acprjpfjCTdto to EH' Xoixov 
apa xo 0K Ictov ecttI xA 81c 0x6 xAv Ar, TB. xaXiv 8f) xoi<; 
axo xAv AA, AB, axep eXacrCTova sBeixUt) xAv axo xAv 
Ar, TB, Ictov acprjpfjcrdto xo EA' xal Xoixov apa to MK 
Ictov tA 61c 0x6 xAv AA, AB. xal exel peaa ecttI xa axo 
xAv AF, TB, peoov apa [xal] xo EH. xal xapa prjxfjv xfjv 
EZ xapaxeixar prjxf) apa ectx'iv fj E0 xal aCTuppexpoc; xfj EZ 
pfjxei. 8ia xa aOxa Bfj xal fj 0N prjxfj ectxi xal acnjppexpoc; 
xfj EZ pfjxei. xal exel ai Ar, TB pecrai elctI 8uvapei povov 
ouppexpoi, aouppexpoc; apa ectxIv fj Ar xfj TB pfjxei. Ac; Be 
fj Ar xpoc; xfjv TB, ouxgx; xo axo xfjc; Ar xpoc; xo 0x6 xAv 
Ar, TB' aCTuppexpov apa ectxI xo axo xfjc; AF xA 0x6 xAv 
Ar, TB. aXXa xA pEv axo xfjc; Ar ouppexpa ectxi xa axo xAv 
Ar, TB- Buvapei yap eicti CTuppexpoi al Ar, TB. xA 8e 0x6 
xAv Ar, TB cnjppexpov ectxi to 61c uxo xAv Ar, TB. xal xa 
axo xAv Ar, TB apa acnjppexpa ectxi tA 61c 0x6 xAv Ar, 
TB. aXXa xolc; pev axo xAv Ar, TB Ictov ecttI xo EH, xA 8s 
Sic 0x6 xAv Ar, TB Ictov to 0K' aouppexpov apa ecttI xo 
EH xA 0K- Actte xal fj E0 xfj 0N aCTuppexpoc; ectxi pfjxei. 
xal eicti prjxal- al E0, 0N apa prjxal eicti Buvapei povov 
CTuppexpoi. eav 8e 80o prjxal Buvapei povov cnjppexpoi ctuv- 
xeDActiv, fj oXrj aXoyoc; ectxiv f) xaXoupsvrj ex 80o ovopaxcw 
fj EN apa ex 80o ovopaxtov ecttI Birjprjpevrj xaxa xo 0. xaxa 
xa auxa 8f) BeixDfiCTovTai xal al EM, MN prjxal Buvapei 
povov CTuppexpoi' xal ECTxai fj EN ex Buo ovopaxwv xax’ 
aXXo xal aXXo Birjprjpevrj xo xe 0 xal xo M, xal oux ectxiv 
fj E0 xfj MN f] auxfj, oxi xa axo xAv Ar, TB peli^ova ectxi 
xAv axo xAv AA, AB. aXXa xa axo xAv AA, AB peli^ova 
ectxi to0 Sic 0x6 AA, AB' xoXXA apa xal xa axo xAv Ar, 
TB, xouxectxi to EH, pei£6v ectxi xou 61c 0x6 xAv AA, AB, 
xouxectxi xou MK- Actxe xal f) E0 xfjc; MN peli^tov ectxiv. f] 
apa E0 xfj MN oux ectxiv f] auxf)' oxep eBei BeT^ai. 


A D C B 

i-1-1-1 


E 

M 

H 

N 




F 

I 


G 

K 


For, if possible, let it also have been (so) divided at 
D, so that AC is not the same as DB, but AC (is), 
by hypothesis, greater. So, (it is) clear that (the sum 
of) the (squares) on AD and DB is also less than (the 
sum of) the (squares) on AC and CB, as we showed 
above [Prop. 10.41 lem.]. And AD and DB are medial 
(straight-lines), commensurable in square only, (and) 
containing a medial (area). And let the rational (straight- 
line) EF be laid down. And let the rectangular paral¬ 
lelogram EK, equal to the (square) on AB, have been 
applied to EF. And let EG, equal to (the sum of) the 
(squares) on AC and CB, have been cut off (from EK). 
Thus, the remainder, HK, is equal to twice the (rectan¬ 
gle contained) by AC and CB [Prop. 2.4]. So, again, 
let EL, equal to (the sum of) the (squares) on AD and 
DB —which was shown (to be) less than (the sum of) the 
(squares) on AC and CB —have been cut off (from EK). 
And, thus, the remainder, MK, (is) equal to twice the 
(rectangle contained) by AD and DB. And since (the 
sum of) the (squares) on AC and CB is medial, EG 
(is) thus [also] medial. And it is applied to the ratio¬ 
nal (straight-line) EF. Thus, EH is rational, and incom¬ 
mensurable in length with EF [Prop. 10.22]. So, for the 
same (reasons), HN is also rational, and incommensu¬ 
rable in length with EF. And since AC and CB are me¬ 
dial (straight-lines which are) commensurable in square 
only, AC is thus incommensurable in length with CB. 
And as AC (is) to CB, so the (square) on AC (is) to the 
(rectangle contained) by AC and CB [Prop. 10.21 lem.]. 
Thus, the (square) on AC is incommensurable with the 
(rectangle contained) by AC and CB [Prop. 10.11]. But, 
(the sum of) the (squares) on AC and CB is commensu¬ 
rable with the (square) on AC. For, AC and CB are com¬ 
mensurable in square [Prop. 10.15]. And twice the (rect¬ 
angle contained) by AC and CB is commensurable with 
the (rectangle contained) by AC and CB [Prop. 10.6]. 
And thus (the sum of) the squares on AC and CB is in¬ 
commensurable with twice the (rectangle contained) by 
AC and CB [Prop. 10.13]. But, EG is equal to (the sum 
of) the (squares) on AC and CB, and HK equal to twice 
the (rectangle contained) by AC and CB. Thus, EG is 
incommensurable with HK. Hence, EH is also incom- 
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t In other words, fc 1 / 4 + A;' 1 / 2 /fc 1 / 4 = fc" 1 / 4 + fc" ,1 / 2 /fc" 1 / 4 has only 

pe'. 

'H xaxa to auxo povov arjpeiov 8iaipsTxai. 

A A r B 

I-1-1-1 

v Ectxw pd^cov f] AB Sirjprjpevrj xaxa xo T, waxe xa<; Ar, 
TB Suvapei aouppexpouc; dvai xoiouaa<; xo psv auyxeipevov 
ex xov atto xwv Ar, TB xexpayovorv prjxov, xo 8’ 0x6 
xAv Ar, TB psaov - Xeyw, oxi f) AB xax’ aXXo arjpeiov 
ou SiaipeTxai. 

El yap 8uvaxov, BirjpfjaDw xal xaxa xo A, oaxe xal 
xdg AA, AB Suvapei aauppexpou<; elvai xoiouaac xo pev 
auyxeipevov ex xAv aito xAv AA, AB prjxov, to 8’ On’ 
auxAv peaov. xal eitei, 6 8iacpepei xa onto xAv Ar, TB xAv 
onto xAv AA, AB, xouxcp 8iacpepei xal to 8l<; urto xAv AA, 
AB tou 6l<; urto xAv Ar, TB, aXXa xa ano xAv Ar, TB 
xAv ano xAv AA, AB uitepexei pTjxA' prjxa yap a(icp6xepa' 
xal to 81c; Ono xAv AA, AB apa xou 6l<; urto xAv Ar, TB 
uitepexei pTjxA (ieoa ovxa' oitep eaxlv a8uvaxov. oux apa rj 
piei^wv xax’ a XXo xal aXXo orj|jieIov SiaipeTxai - xaxa xo auxo 
apa (iovov SiaipeTxai - oitep e6ei 8eT^ai. 


mensurable in length with HN [Props. 6.1, 10.11], And 
(they are) rational (straight-lines). Thus, EH and HN 
are rational (straight-lines which are) commensurable in 
square only. And if two rational (straight-lines which 
are) commensurable in square only are added together 
then the whole (straight-line) is that irrational called bi¬ 
nomial [Prop. 10.36]. Thus, EN is a binomial (straight- 
line) which has been divided (into its component terms) 
at H. So, according to the same (reasoning), EM and 
MN can be shown (to be) rational (straight-lines which 
are) commensurable in square only. And EN will (thus) 
be a binomial (straight-line) which has been divided (into 
its component terms) at the different (points) H and M 
(which is absurd [Prop. 10.42]). And EH is not the same 
as MN, since (the sum of) the (squares) on AC and CB 
is greater than (the sum of) the (squares) on AD and 
DB. But, (the sum of) the (squares) on AD and DB is 
greater than twice the (rectangle contained) by AD and 
DB [Prop. 10.59 lem.]. Thus, (the sum of) the (squares) 
on AC and CB —that is to say, EG —is also much greater 
than twice the (rectangle contained) by AD and DB — 
that is to say, MK. Hence, EH is also greater than MN 
[Prop. 6.1]. Thus, EH is not the same as MN. (Which 
is) the very thing it was required to show. 

one solution: i.e., k" = k and k'" = k'. 

Proposition 45 

A major (straight-line) can only be divided (into its 
component terms) at the same point.! 

A D C B 

i-1-1-1 

Let AB be a major (straight-line) which has been di¬ 
vided at C, so that AC and CB are incommensurable in 
square, making the sum of the squares on AC and CB 
rational, and the (rectangle contained) by AC and CD 
medial [Prop. 10.39]. I say that AB cannot be (so) di¬ 
vided at another point. 

For, if possible, let it also have been divided at D, such 
that AD and DB are also incommensurable in square, 
making the sum of the (squares) on AD and DB ratio¬ 
nal, and the (rectangle contained) by them medial. And 
since, by whatever (amount the sum of) the (squares) on 
AC and CB differs from (the sum of) the (squares) on 
AD and DB, twice the (rectangle contained) by AD and 
DB also differs from twice the (rectangle contained) by 
AC and CB by this (same amount). But, (the sum of) 
the (squares) on AC and CB exceeds (the sum of) the 
(squares) on AD and DB by a rational (area). For (they 
are) both rational (areas). Thus, twice the (rectangle 
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contained) by AD and DB also exceeds twice the (rect¬ 
angle contained) by AC and CB by a rational (area), 
(despite both) being medial (areas). The very thing is 
impossible [Prop. 10.26]. Thus, a major (straight-line) 
cannot be divided (into its component terms) at differ¬ 
ent points. Thus, it can only be (so) divided at the same 
(point). (Which is) the very thing it was required to show. 


t In other words, ^J[l + k/( 1 + fc 2 ) 1 / 2 ]/2 + ^/[l — fc/( 1 + fc 2 ) 1 / 2 ]/2 = ^[1 + fc'/(l + A/ 2 ) 1 / 2 ]/2 + <^J[l — fc'/(l + fc' 2 ) 1 / 2 ]/2 has only one 
solution: i.e., k' = k. 


[IT'. 

'H prjTov xal peoov 8uvapevr] xatF ev povov aripeiov 
Siaipeixai. 

A AT B 

i-1-1-1 

’'Ecrao prjtov xal peoov 8uvapevr] f) AB Siflprjpevr] xaxa 
to T, Aoxe xa<; AT, TB Suvapei aouppexpoix; elvai xoiouoac; 
to pev ouyxeipevov ex twv axo twv AT, TB peoov, to 8s 
oig uxo tov AT, TB prjxov Xeyto, oxi r\ AB xax’ aXXo 
orjpelov ou Siaipeixai. 

El yap Suvaxov, SirjpqoDco xal xaxa to A, Aoxe xal 
xa<; AA, AB Suvapei aouppexpouc; elvai xoiouoac; to pev 
ouyxeipevov ex xAv axo xAv AA, AB psaov, to 8e 81c; 
0x6 xAv AA, AB prjxov. sxsl ouv, 6 Siacp^pei to Sic 0x6 
xAv AT, TB xoO 8lc 0x6 xAv AA, AB, xouxcp Oiacpspei xal 
xa axo xAv AA, AB xAv axo xAv AT, TB, to Se 8lc 0x6 
xAv AT, TB xoO 8lc 0x6 xAv AA, AB Oxspexe 1 Ph T Vi KotL 
xa axo xAv AA, AB apa xAv axo xAv AT, TB Oxspeysi 
pqxA psaa ovxa- oxsp Saxlv aSOvaxov. oOx apa f] prjxov 
xal peoov Suvapevrj xax’ aXXo xal aXXo arjpeTov Siaipeixai. 
xaxa ev apa arjpeTov Siaipeixai - oxep e8ei. SeT^ai- 


Proposition 46 

The square-root of a rational plus a medial (area) can be 
divided (into its component terms) at one point only.’ 1 

A DC B 

i-1-1-1 

Let AB be the square-root of a rational plus a medial 
(area) which has been divided at C, so that AC and CB 
are incommensurable in square, making the sum of the 
(squares) on AC and CB medial, and twice the (rectan¬ 
gle contained) by AC and CB rational [Prop. 10.40]. I 
say that AB cannot be (so) divided at another point. 

For, if possible, let it also have been divided at D, so 
that AD and DB are also incommensurable in square, 
making the sum of the (squares) on AD and DB medial, 
and twice the (rectangle contained) by AD and DB ra¬ 
tional. Therefore, since by whatever (amount) twice the 
(rectangle contained) by AC and CB differs from twice 
the (rectangle contained) by AD and DB, (the sum of) 
the (squares) on AD and DB also differs from (the sum 
of) the (squares) on AC and CB by this (same amount). 
And twice the (rectangle contained) by AC and CB ex¬ 
ceeds twice the (rectangle contained) by AD and DB by 
a rational (area). (The sum of) the (squares) on AD and 
DB thus also exceeds (the sum of) the (squares) on AC 
and CB by a rational (area), (despite both) being medial 
(areas). The very thing is impossible [Prop. 10.26]. Thus, 
the square-root of a rational plus a medial (area) cannot 
be divided (into its component terms) at different points. 
Thus, it can be (so) divided at one point (only). (Which 
is) the very thing it was required to show. 


t In other words, 0(1 + fc 2 ) 1 / 2 + k\/[2 (1 + fc 2 )] + ^/[(l + fc 2 ) 1 / 2 - k\/[2 (1 + fc 2 )] = ^[(1 + A:' 2 ) 1 / 2 + k ’]/[2 (1 + fc' 2 )] 
+ \/[(l + k 12 ) 1 / 2 — k ']/\2 (1 + fc' 2 )] has only one solution: i.e., k' = k. 


PC. 


'H Suo peaa 8uvapevr) xah’ §v povov orjpslov Siaipeixai. 


Proposition 47 

The square-root of (the sum of) two medial (areas) 
can be divided (into its component terms) at one point 
onlyd 
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’'Eaxco [8uo peaa Suvapevrj] f) AB 8ir]pr][ievr] xaxa to 
F, Aaxe xac; Ar, TB 8uvapei aauppexpoui; elvai xoiouaac; 
to xe auyxeipevov ex xwv axo xov Ar, TB peaov xal xo 
0x6 xwv AF, TB [ieaov xal exi aauppexpov xA auyxei(ievGi 
ex xAv ax’ auxAv. Xeyto, oxi f) AB xax’ aXXo arjpelov oO 
8iaipen:ai xoiouaa xa xpoxeipeva. 

El yap Suvaxov, 8ir)pr]aa!)w xaxa to A, Aaxe xaXiv 8rj- 
Xovoxi xf)v Ar xf) AB [if] elvai xf]v auxf]v, aXXa [ieii(ova 
xaf)’ OxoDeaiv xf]v Ar, xal exxeiaOu prpf] f) EZ, xal xapa- 
PepXfjahGi xapa xf]v EZ xoi<; [lev axo xAv Ar, TB iaov to 
EH, xA Se 8lc 0x6 xAv Ar, TB iaov to 0K' oXov apa xo 
EK laov eaxl xA axo xfjg AB xexpayAvw. xaXiv 8rj xapa- 
PepXr^ailw xapa xrjv EZ xou; axo xAv AA, AB laov to EA' 
Xoixov apa to Sic 0x6 xAv AA, AB XoixA xA MK laov 
eaxiv. xal exel [ieaov Oxoxeixai xo auyxel[ievov ex xAv axo 
xAv Ar, TB, [ieaov apa eaxl xal to EH. xal xapa prjxrjv xrjv 
EZ xapaxeixar pr)xr] apa eaxlv f) 0E xal aa0[i[iexpo<; xfj EZ 
[ir]xei. 8ia xa auxa 8r) xal f] 0N pr]xr[ eaxi xal aaO[i[ieTpoc; 
xfj EZ [ifjxei. xal exel aa0[i[iexp6v eaxi xo auyxel[ievov 
ex xAv axo xAv Ar, TB xA 8lc 0x6 xAv Ar, TB, xal xo 
EH apa xA HN aa0[i[iexp6v eaxiv Aaxe xal f) E0 xfj 0N 
aa0[i[iexp6(; eaxiv. xai elai prjxai- al E0, 0N apa pr)xa[ eiai 
8uva[iei [lovov a0[i[iexpoi' f] EN apa ex 8uo ovo[iax6iv eaxl 
8ir)pr)[ievr) xaxa to 0. o[io[6x; 8f) 8e[^o[iev, oxi xal xaxa xo 
M 8if)pr)xai. xal oux eaxiv f) E0 xfj MN f] aOxf)- f) apa ex 8uo 
ovo[iaT6iv xax’ aXXo xal aXXo arj^elov 8if]pr)xai- oxep eaxiv 
axoxov. oux apa f) 8uo [ieaa 8uva[ievr) xax’ aXXo xal aXXo 
arj^elov SiaipeTxai- xaD’ ev apa [lovov [ar)[ieiov] Siaipelxai. 


Let AB be [the square-root of (the sum of) two me¬ 
dial (areas)] which has been divided at C, such that AC 
and CB are incommensurable in square, making the sum 
of the (squares) on AC and CB medial, and the (rect¬ 
angle contained) by AC and CB medial, and, moreover, 
incommensurable with the sum of the (squares) on ( AC 
and CB) [Prop. 10.41]. I say that AB cannot be divided 
at another point fulfilling the prescribed (conditions). 

For, if possible, let it have been divided at D, such that 
AC is again manifestly not the same as DB, but AC (is), 
by hypothesis, greater. And let the rational (straight-line) 
EF be laid down. And let EG, equal to (the sum of) the 
(squares) on AC and CB, and HK, equal to twice the 
(rectangle contained) by AC and CB, have been applied 
to EF. Thus, the whole of EK is equal to the square on 
AB [Prop. 2.4]. So, again, let EL, equal to (the sum of) 
the (squares) on AD and DB, have been applied to EF. 
Thus, the remainder—twice the (rectangle contained) by 
AD and DB —is equal to the remainder, MK. And since 
the sum of the (squares) on AC and CB was assumed 
(to be) medial, EG is also medial. And it is applied to 
the rational (straight-line) EF. HE is thus rational, and 
incommensurable in length with EF [Prop. 10.22]. So, 
for the same (reasons), HN is also rational, and incom¬ 
mensurable in length with EF. And since the sum of 
the (squares) on AC and CB is incommensurable with 
twice the (rectangle contained) by AC and CB, EG is 
thus also incommensurable with GN. Hence, EH is also 
incommensurable with HN [Props. 6.1, 10.11]. And 
they are (both) rational (straight-lines). Thus, EH and 
HN are rational (straight-lines which are) commensu¬ 
rable in square only. Thus, EN is a binomial (straight- 
line) which has been divided (into its component terms) 
at H [Prop. 10.36]. So, similarly, we can show that it has 
also been (so) divided at M. And EH is not the same as 
MN. Thus, a binomial (straight-line) has been divided 
(into its component terms) at different points. The very 
thing is absurd [Prop. 10.42], Thus, the square-root of 
(the sum of) two medial (areas) cannot be divided (into 
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its component terms) at different points. Thus, it can be 
(so) divided at one [point] only. 

t In other words, 1 + fc/( 1 + fc 2 ) 1 / 2 ]/2 + 1 — fc/( 1 + fe 2 ) 1 / 2 ]/2 = fc" ,:L / 4 ^[l + fc"/(l + fc" 2 ) 1 / 2 ]/2 

+fc" ,1 / 4 ^[l — fc"/(l + fc" 2 ) 1 / 2 ]/2 has only one solution: t.e., k" = fc and k'" = k '. 


5 'Opoi oeuispoi. 

s'. 'TxoxEipsvrjc; prjxfjc; xal xfjc ex Suo ovopaxwv 
8tr)pr)psvr)i; ei<; xa ovopaxa, fj; xo psii(ov ovopa xou 
eXaaaovo; pci^ov Suvaxai xfi axo auppexpou Eauxfj prjxsi, 
eav psv xo psT^ov ovopa auppexpov fj pfjxei xfj Exxeipevr) 
prpfj, xaXeiaDo) [f] oXr]] ex Suo ovopaxwv xpAxrj. 

C. ’Eav 8e xo eXaaaov ovopa auppexpov fj pfjxei xfj 
exxeipevr) prjxfj, xaXelafko ex 8uo ovopaxorv 8euxepa. 

C- ’Eav oe prjSexepov xwv ovopaxov auppexpov fj pfjxei 
xfj exxeipevr) prpfj, xaXeiaOw ex Suo ovopaxcov xpixrj. 

t)'. IlaXiv 8f) eav xo peTijov ovopa [xou eXaaaovoc;] pef^ov 
6uvr)xai xA onto aauppexpou eauxfj pfjxei, eav pev xo pel^ov 
ovopa auppexpov fj pfjxsi xfj exxeipevr) prjxfj, xaXeiabw ex 
8uo ovopaxtov xexapxr). 

4'. ’Eav 8e xo eXaaaov, xepxxr). 
i'. ’Eav 8e prjSexepov, exxr). 


K- 

Eupefv xfjv ex Suo ovopaxcov xpAxrjv. 

’Exxelaboraav Suo apiOpoi oi Ar, TB, Aaxe xov 
auyxeipevov ec; auxAv xov AB xpo; pev xov BT Xoyov 
eyeiv, ov xexpayovoc; apidpoc; xpo; xexpayorvov apibpov, 
xpo; oe xov EA Xoyov pf) eyeiv, ° v vexpaycovo; apnlpoc; 
xpo; xexpaycovov apibpov, xal exxeia'dw xi; prjxf) f] A, xal 
xfj A auppexpov eaxw prjxei f) EZ. prpf) apa eaxl xal f) 
EZ. xal yeyovexw Ac; 6 BA apiDpoc; xpoc; xov AT, ouxorc; 
xo axo xfj; EZ xpoc; xo axo xfjc; ZH. 6 Se AB xpo; xov 
AT Xoyov eyei, ov apiDpoc; xpo; apibpov xal xo axo xfjc; 
EZ apa xpoc; xo axo xfjc; ZH Xoyov eyei, ° v aph)pb<; xpo; 
apnlpov Aaxe auppexpov eaxi xo axo xfjc; EZ xA axo xfjc; 


Definitions II 

5. Given a rational (straight-line), and a binomial 
(straight-line) which has been divided into its (compo¬ 
nent) terms, of which the square on the greater term is 
larger than (the square on) the lesser by the (square) 
on (some straight-line) commensurable in length with 
(the greater) then, if the greater term is commensurable 
in length with the rational (straight-line previously) laid 
out, let [the whole] (straight-line) be called a first bino¬ 
mial (straight-line). 

6. And if the lesser term is commensurable in length 
with the rational (straight-line previously) laid out then 
let (the whole straight-line) be called a second binomial 
(straight-line). 

7. And if neither of the terms is commensurable in 
length with the rational (straight-line previously) laid out 
then let (the whole straight-line) be called a third bino¬ 
mial (straight-line). 

8. So, again, if the square on the greater term is 
larger than (the square on) [the lesser] by the (square) 
on (some straight-line) incommensurable in length with 
(the greater) then, if the greater term is commensurable 
in length with the rational (straight-line previously) laid 
out, let (the whole straight-line) be called a fourth bino¬ 
mial (straight-line). 

9. And if the lesser (term is commensurable), a fifth 
(binomial straight-line). 

10. And if neither (term is commensurable), a sixth 
(binomial straight-line). 

Proposition 48 

To find a first binomial (straight-line). 

Let two numbers AC and CB be laid down such that 
their sum AB has to BC the ratio which (some) square 
number (has) to (some) square number, and does not 
have to CA the ratio which (some) square number (has) 
to (some) square number [Prop. 10.28 lem. I]. And let 
some rational (straight-line) D be laid down. And let EF 
be commensurable in length with D. EF is thus also ra¬ 
tional [Def. 10.3], And let it have been contrived that as 
the number BA (is) to AC, so the (square) on EF (is) 
to the (square) on FG [Prop. 10.6 corr.]. And AB has to 
AC the ratio which (some) number (has) to (some) num- 
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ZH. xal caxi prjxr) f) EZ- pr)xr) apa xal f] ZH. xal etieI 6 
BA xpo; xov AF Xoyov oOx EyEi, ° v TExpaytovo; apulpb; 
Ttpo; xExpdycnvov apolpov, ouBs to octio xfj; EZ apa xpo; 
xo ano xfjc; ZH Xoyov Eyei, ° v xexpaywvoc; apiil|i6; Ttpo; 
xExpdytovov apidpov aauppsxpo; apa saxlv f] EZ xfj ZH 
pf|XEi.. al EZ, ZH apa prjxal slat SuvapEL povov auppsxpor 
ex Suo apa ovopaxcnv saxlv f) EH. Xsyw, otl xal Tipcnxr]. 


A 1 - 1 O 1 - 1 

E Z H 

i-1-1 

a r b 

I-1-1 

’EtieI yap saxiv <b; 6 BA api/dpo; Ttpo; xov Ar, ouxw; xo 
aTio xfjc EZ Tipoc; to onto xfjc; ZH, (iei^wv 5e 6 BA xou Ar, 
p£l£ov apa xal xo ano xfjc; EZ xou ano xfjc; ZH. saxw ouv xo 
ano xfjc; EZ taa xa ano xov ZH, 0. xal etiei eoxlv cbc; 6 BA 
xpoc; xov Ar, ouxuc; xo ano xfjc; EZ npoc; to ano xfjc; ZH, 
avaaxpEtjiavxi apa saxlv «<; 6 AB npoc; xov Br, ouxwc; xo 
ano xfjc; EZ npoc; to ano xfjc; 0. 6 5 e AB npoc; xov Br Xoyov 
EX£i, ov xsxpaywvoc; api/dpoc; npoc; xExpaywvov apiDpov. xal 
to ano xfjc; EZ apa npoc; to ano xfjc; 0 Xoyov ex £l > 
xsxpaywvoc; apiDiioc; npoc; xsxpayovov apiDpov. aujj^sxpoc; 
apa saxlv f] EZ xfj 0 [jirjxEL- f) EZ apa xfjc; ZH ^leT^ov 8uvaxai 
xw ano aujipsxpou sauxfj. xal etat prjxal ai EZ, ZH, xal 
au^psxpo; f] EZ xfj A ^if]X£i. 

’H EH apa ex 8uo ovo^taxwv saxl npwxr)' onsp e8el 
SsT^ai. 


ber. Thus, the (square) on EF also has to the (square) 
on FG the ratio which (some) number (has) to (some) 
number. Hence, the (square) on EF is commensurable 
with the (square) on FG [Prop. 10.6]. And EF is ra¬ 
tional. Thus, FG (is) also rational. And since BA does 
not have to AC the ratio which (some) square number 
(has) to (some) square number, thus the (square) on EF 
does not have to the (square) on FG the ratio which 
(some) square number (has) to (some) square number 
either. Thus, EF is incommensurable in length with FG 
[Prop 10.9]. EF and FG are thus rational (straight-lines 
which are) commensurable in square only. Thus, EG is 
a binomial (straight-line) [Prop. 10.36], I say that (it is) 
also a first (binomial straight-line). 

Di-1 Hi-1 

E F G 

i-1-1 

A C B 

i-1-1 

For since as the number BA is to AC, so the (square) 
on EF (is) to the (square) on FG, and BA (is) greater 
than AC, the (square) on EF (is) thus also greater than 
the (square) on FG [Prop. 5.14]. Therefore, let (the sum 
of) the (squares) on FG and H be equal to the (square) 
on EF. And since as BA is to AC, so the (square) 
on EF (is) to the (square) on FG, thus, via conver¬ 
sion, as AB is to BC, so the (square) on EF (is) to the 
(square) on FI [Prop. 5.19 corn]. And AB has to BC 
the ratio which (some) square number (has) to (some) 
square number. Thus, the (square) on EF also has to 
the (square) on H the ratio which (some) square number 
(has) to (some) square number. Thus, EF is commensu¬ 
rable in length with H [Prop. 10.9]. Thus, the square on 
EF is greater than (the square on) FG by the (square) 
on (some straight-line) commensurable (in length) with 
(EF). And EF and FG are rational (straight-lines). And 
EF (is) commensurable in length with D. 

Thus, EG is a first binomial (straight-line) [Def. 10.5].t 
(Which is) the very thing it was required to show. 


f If the rational straight-line has unit length then the length of a first binomial straight-line is k + k\/l — k' 2 . This, and the first apotome, whose 
length is k — k V1 — k ' 2 [Prop. 10.85], are the roots of x 2 — 2 k x + k 2 k' 2 = 0. 


[ith. 


Eupclv xfjv ex 8uo ovopaxcov Bsuxspav. 


Proposition 49 

To find a second binomial (straight-line). 
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©i-1 A 1 - 1 

E 2 H 

i-1-1 

AT B 

i-1-1 

’ExxElohcnoav Suo apiOpol ol Ar, TB, Aaxc xov 
auyxElpEvov auxAv xov AB xpoc; pcv xov BF Xoyov 
e/eiv, ov xExpaycnvoc; apihpoc; xpoc; xsxpaycovov apiDpov, 
xpoc; Se xov Ar Xoyov pi) £)(Si.v, ov xexpay«vo<; apiDpoc; 
xpoc; xExpaycnvov apiOpov, xal exxeIgDm prjxf] f) A, xal xfj A 
auppsxpoc; eaxw f] EZ prjxer prjxf] apa saxlv f| EZ. ysyovExcn 
Or) xal Ac; 6 FA apidpoc; xpoc; xov AB, ouxtoc; xo axo xfjc; EZ 
xpoc; xo axo xfjc; ZH- auppsxpov apa saxi xo axo xfjc EZ xA 
axo xfjc ZH. prjxf) apa saxi xal f] ZH. xal exeI 6 FA api/dpoc 
xpoc; xov AB Xoyov oux s/Ei, ov x£xpay«voc apiDpoc xpoc; 
xExpdytovov api/dpov, oOSs xo axo xfjc EZ xpoc xo axo xfjc 
ZH Xoyov lysi, 6v xExpaywvoc apiDpoc xpoc xExpaywvov 
apulpov. aauppsxpoc; apa saxlv f) EZ xfj ZH prjxEL - al EZ, 
ZH apa prycai eIcti Suvapsi povov auppsxpoi- ex 8uo apa 
ovopaxov saxlv f] EH. oeixxeov Orj, oxi xal Ssuxspa. 

’Exsl yap avaxaXlv saxiv Ac 6 BA apiDpoc xpoc xov Ar, 
ouxmc xo axo xfjc HZ xpoc xo axo xfjc ZE, psii^ov os 6 BA 
xou Ar, psT^ov apa [xal] xo axo xfjc HZ xou axo xfjc ZE. 
Eaxto xA axo xfjc HZ laa xa axo xAv EZ, 0- avaaxp£<|;avxi 
apa saxlv Ac 6 AB xpoc xov Br, oux«c xo axo xfjc ZH 
xpoc xo axo xfjc 0. aXX’ 6 AB xpoc xov Br Xoyov s/si, ov 
xExpaytovoc apiUpoc xpoc xExpdytovov apiDpov xal xo axo 
xfjc ZH apa xpoc xo axo xfjc 0 Xoyov s/si, ov xsxpaywvoc 
apiDpoc xpoc xExpaytovov apiOpov. auppsxpoc; apa saxlv f) 
ZH xfj 0 prjxsr Aaxs f) ZH xfjc ZE psTi^ov Buvaxai xA axo 
auppsxpou sauxfj. xal slai prjxal al ZH, ZE Suvapsi. povov 
auppsxpoi, xal xo EZ sXaaaov ovopa xfj EXXEipsvr) prjxfj 
auppsxpov saxi xfj A prjxsi. 

H EH apa ex 8uo ovopaxcov saxi Bsuxspa- oxsp e8el 
8sTc;aL 


Hi-1 D-1 

E F G 

i-1-1 

AC B 

i-1-1 

Let the two numbers AC and CB be laid down such 
that their sum AB has to BC the ratio which (some) 
square number (has) to (some) square number, and does 
not have to AC the ratio which (some) square number 
(has) to (some) square number [Prop. 10.28 lem. I]. And 
let the rational (straight-line) D be laid down. And let 
EF be commensurable in length with D. EF is thus a 
rational (straight-line). So, let it also have been contrived 
that as the number CA (is) to AB, so the (square) on EF 
(is) to the (square) on FG [Prop. 10.6 corn]. Thus, the 
(square) on EF is commensurable with the (square) on 
FG [Prop. 10.6]. Thus, FG is also a rational (straight- 
line). And since the number CA does not have to AB 
the ratio which (some) square number (has) to (some) 
square number, the (square) on EF does not have to the 
(square) on FG the ratio which (some) square number 
(has) to (some) square number either. Thus, EF is in¬ 
commensurable in length with FG [Prop. 10.9]. EF and 
FG are thus rational (straight-lines which are) commen¬ 
surable in square only. Thus, EG is a binomial (straight- 
line) [Prop. 10.36]. So, we must show that (it is) also a 
second (binomial straight-line). 

For since, inversely, as the number BA is to AC, so 
the (square) on GF (is) to the (square) on FE [Prop. 5.7 
corn], and BA (is) greater than AC, the (square) on 
GF (is) thus [also] greater than the (square) on FE 
[Prop. 5.14]. Let (the sum of) the (squares) on EF and 
H be equal to the (square) on GF. Thus, via conver¬ 
sion, as AB is to BC, so the (square) on FG (is) to the 
(square) on IT [Prop. 5.19 corn]. But, AB has to BC 
the ratio which (some) square number (has) to (some) 
square number. Thus, the (square) on FG also has to 
the (square) on FT the ratio which (some) square number 
(has) to (some) square number. Thus, FG is commensu¬ 
rable in length with H [Prop. 10.9]. Hence, the square on 
FG is greater than (the square on) FE by the (square) on 
(some straight-line) commensurable in length with (FG). 
And FG and FE are rational (straight-lines which are) 
commensurable in square only. And the lesser term EF 
is commensurable in length with the rational (straight- 
line) D (previously) laid down. 

Thus, EG is a second binomial (straight-line) [Def. 
10.6].I (Which is) the very thing it was required to show. 


t If the rational straight-line has unit length then the length of a second binomial straight-line is k/V 1 — k 1 ' 2 + k. This, and the second apotome, 
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whose length is kj\J 1 — k rl — k [Prop. 10.86], are the roots of x 2 — (2 k/V 1 — k r2 ) x + k 2 [k l2 /( 1 — k' 2 )] = 0. 


v'. 

EupeTv xfjv ex Suo ovopaxwv xplxr)v. 

a r b 

i-1-1 

Ei-1 K>— 1 A i- 1 

Z H © 

i-1-1 

’Exxelabwaav Suo api/Opol oi Ar, TB, Aaxe xov 
auyxelpevov ei; auxAv xov AB xpoc pev xov BE Xoyov 
eyeiv, ov Texpaywvoc d'pt'Ojj.oc Ttpoc xexpdycovov apdlpov, 
Ttpoc 8e xov Ar Xoyov pf] eyeiv, ov xexpdytovoc apibpoc 
Ttpoc xexpaywvov apibpov. exxelabw 8e xic xal aXXoc pf] 
xexpaytovoc apibpoc 6 A, xal Ttpoc exaxepov xAv BA, Ar 
Xoyov pi] e^exco, ov xexpaywvoc apibpoc Ttpoc xexpaywvov 
apibpov xal exxelabto xic prjxf] euOela f) E, xal yeyovexw 
Ac 6 A Ttpoc xov AB, ouxtoc xo axo xfjc E Ttpoc xo axo 
xfjc ZH- auppexpov apa eaxl xo axo xfjc E xA axo xfjc ZH. 
xal eaxi. prjxf] f] E- prjxf] apa eaxl xal f] ZH. xal exel 6 A 
Ttpoc xov AB Xoyov oux exct, ° v "texpaycovoc api/dpoc Ttpoc 
xexpaycovov aprdpov, ou8e xo axo xfjc E Ttpoc xo axo xfjc 
ZH Xoyov eysi, ov xexpayorvoc api/dpoc Ttpoc xexpayorvov 
api/dpov aau[i[xexpoc apa eaxlv f] E xfj ZH p.f)xei.. yeyovexo 
8f] TtaXiv Ac f] BA api'djioc Ttpoc xov Ar, ouxwc xo aito xfjc 
ZH Ttpoc xo aito xfjc H0- au[i[iexpov apa eaxl xo aito xfjc 
ZH xA axo xfjc H0. prjxf] 5e f] ZH- prjxf] apa xal f] H0. xal 
eitel 6 BA Ttpoc xov Ar Xoyov oux ex £l > Trstpdywvoc 
dpi-d[i6c Ttpoc xexpaywvov aptd[i6v, ou5e xo aito xfjc ZH 
Ttpoc xo axo xfjc 0H Xoyov ex £1 j texpaywvoc aptdpioc 
xpoc xexpaywvov api-d^ov dau[i[xexpoc apa eaxlv f] ZH 
xfj H0 [ifjxet. ai ZH, H0 apa prjxai elat 5uva[xei [tovov 
au[i[iexpor f] Z0 apa ex 8uo ovojiaxorv eaxlv. Xeyo 8fj, oxi 
xal xplxrj. 

Tkel yap eaxiv Ac 6 A Ttpoc xov AB, oux«c xo axo xfjc 
E xpoc xo axo xfjc ZH, Ac 8e 6 BA xpoc xov Ar, ouxwc 
xo axo xfjc ZH xpoc xo axo xfjc H0, 8t’ laou apa eaxlv Ac 
6 A xpoc xov Ar, ouxwc to axo xfjc E xpoc to axo xfjc 
H0. 6 8e A xpoc xov Ar Xoyov oux £X £l ; Texpaywvoc 
dptdjioc xpoc xexpaywvov dptdjiov ou8e xo axo xfjc E apa 
xpoc xo axo xfjc H0 Xoyov ex £l > Texpaywvoc aptdpioc 
xpoc xexpaycnvov dprifjjiov aau[i[i£xpoc apa eaxlv f] E xfj 
H0 [tfjxei. xal exel eaxtv Ac 6 BA xpoc xov Ar, ouxwc 
xo axo xfjc ZH xpoc xo axo xfjc H0, ptel^ov apa xo axo 
xfjc ZH xou axo xfjc H0. eaxw ouv xA axo xfjc ZH I'aa xa 
axo xAv H0, K- dvaaxpetjravxt apa [eaxlv] Ac 6 AB xpoc 
xov Br, ouxoc xo axo xfjc ZH xpoc to axo xfjc K. 6 8e 
AB xpoc tov Br Xoyov sx £1 -; Texpaycrvoc aptd[i6c xpoc 


Proposition 50 

To find a third binomial (straight-line). 

A C B 

i-1-1 

Ei-1 K-1 D-1 

F G H 

i-1-1 

Let the two numbers AC and CB be laid down such 
that their sum AB has to BC the ratio which (some) 
square number (has) to (some) square number, and does 
not have to AC the ratio which (some) square number 
(has) to (some) square number. And let some other non¬ 
square number D also be laid down, and let it not have 
to each of BA and AC the ratio which (some) square 
number (has) to (some) square number. And let some ra¬ 
tional straight-line E be laid down, and let it have been 
contrived that as D (is) to AB, so the (square) on E 
(is) to the (square) on FG [Prop. 10.6 corn]. Thus, the 
(square) on E is commensurable with the (square) on 
FG [Prop. 10.6]. And E is a rational (straight-line). 
Thus, FG is also a rational (straight-line). And since 
D does not have to AB the ratio which (some) square 
number has to (some) square number, the (square) on 
E does not have to the (square) on FG the ratio which 
(some) square number (has) to (some) square number 
either. E is thus incommensurable in length with FG 
[Prop. 10.9]. So, again, let it have been contrived that 
as the number BA (is) to AC, so the (square) on FG 
(is) to the (square) on GH [Prop. 10.6 corn]. Thus, the 
(square) on FG is commensurable with the (square) on 
GH [Prop. 10.6]. And FG (is) a rational (straight-line). 
Thus, GH (is) also a rational (straight-line). And since 
BA does not have to AC the ratio which (some) square 
number (has) to (some) square number, the (square) on 
FG does not have to the (square) on HG the ratio which 
(some) square number (has) to (some) square number 
either. Thus, FG is incommensurable in length with GH 
[Prop. 10.9]. FG and GH are thus rational (straight¬ 
lines which are) commensurable in square only. Thus, 
FH is a binomial (straight-line) [Prop. 10.36]. So, I say 
that (it is) also a third (binomial straight-line). 

For since as D is to AB, so the (square) on E (is) 
to the (square) on FG, and as BA (is) to AC, so the 
(square) on FG (is) to the (square) on GH, thus, via 
equality, as D (is) to AC, so the (square) on E (is) 
to the (square) on GH [Prop. 5.22]. And D does not 
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TExpaycuvov dpidpov xal to axo xfjc; ZH apa xpoc; to axo 
xfjc; K Xoyov sxei, ° v TExpayurvoc; apdlpoc; xpoc; xsxpdyMvov 
aprdpov auppsxpoi; apa [saxlv] f ZH Tfj K pfxsi. f ZH apa 
Tfjc H0 psl^ov Buvaxai to axo auppsxpou Eauxfj. xal eioiv 
ai ZH, H0 prjTal Suvapsi povov auppsxpoi, xal ouBcxEpa 
auxAv auppsxpoi; saxi. Tfj E pfxsi. 

H Z0 apa ex Buo ovopaxorv eoti xplxr]" oxsp eBei. BsT^ai. 


have to AC the ratio which (some) square number (has) 
to (some) square number. Thus, the (square) on E 
does not have to the (square) on GH the ratio which 
(some) square number (has) to (some) square number 
either. Thus, E is incommensurable in length with GH 
[Prop. 10.9]. And since as BA is to AC, so the (square) 
on FG (is) to the (square) on GH, the (square) on FG 
(is) thus greater than the (square) on GH [Prop. 5.14]. 
Therefore, let (the sum of) the (squares) on GH and 
K be equal to the (square) on FG. Thus, via conver¬ 
sion, as AB [is] to BC, so the (square) on FG (is) 
to the (square) on I\ [Prop. 5.19 corn]. And AB has 
to BC the ratio which (some) square number (has) to 
(some) square number. Thus, the (square) on FG also 
has to the (square) on K the ratio which (some) square 
number (has) to (some) square number. Thus, FG [is] 
commensurable in length with K [Prop. 10.9]. Thus, 
the square on FG is greater than (the square on) GH 
by the (square) on (some straight-line) commensurable 
(in length) with (FG). And FG and GH are rational 
(straight-lines which are) commensurable in square only, 
and neither of them is commensurable in length with E. 

Thus, FH is a third binomial (straight-line) [Def. 
10.7J.’ (Which is) the very thing it was required to show. 


t If the rational straight-line has unit length then the length of a third binomial straight-line is A; 1 / 2 (1 + \/l — Ac' 2 ), 
whose length is Ac 1 / 2 (1 — V 1 — fc' 2 ) [Prop. 10.87], are the roots of x 2 — 2 fc 1 / 2 x + fc fc' 2 = 0. 


This, and the third apotome, 


va 


Proposition 51 


EupsTv xfjv ex Buo ovopaxcuv xExdpxiqv. 

E Z H 

I-1-1 


To find a fourth binomial (straight-line). 

E F G 

i-1-1 




0i 


D 1 -1 TP 


I-1-1 

a r b 

’ExxEiahoraav Buo apiDpoi ol AT, TB, mote tov AB 
xpoc; tov BT Xoyov [if] e^eiv (ifjTE pf]v xpoc; tov AT, 
ov TETpaycnvoc; apihpoc; xpo<; TETpayovov aptdpov. xal 
EXXEiahw prjxf] f] A, xal Tfj A aupp£xpo<; laxco pfjxEi f) EZ- 
pr)xi) apa ecttI xal f] EZ. xal ysyovETto cb<; 6 BA dpidpoc 
xpoc; tov AT, OUT6K to axo xfjc; EZ xpo<; to axo xfj<; ZH- 
auppsxpov apa ecttI to axo xrjc; EZ xw axo xfjc; ZH- prjTf] apa 
saxl xal f) ZH. xal sxsl 6 BA xpo<; tov AT Xoyov oux £X £l > 
ov TExpaycovoc; apiDpot; xpoc; TExpaycovov apiDpov, oOBe to 
axo xfjc EZ xpoc; to axo xfjc; ZH Xoyov exei, ov TExpaywvoc; 
dptdpoc; xpoc; TExpayovov apidpov dauppsxpoc; apa saxlv f) 
EZ xfj ZH pfjXEL. al EZ, ZH apa prjxal Elat Buvdpci. povov 
auppExpor wax e f) EH ex Buo ovopaxov saxlv. Xcycn of, 


i-1-1 

A C B 

Let the two numbers AC and CB be laid down 
such that AB does not have to BC, or to AC either, 
the ratio which (some) square number (has) to (some) 
square number [Prop. 10.28 lem. I]. And let the rational 
(straight-line) D be laid down. And let EF be com¬ 
mensurable in length with D. Thus, EF is also a ratio¬ 
nal (straight-line). And let it have been contrived that 
as the number BA (is) to AC, so the (square) on EF 
(is) to the (square) on FG [Prop. 10.6 corn]. Thus, the 
(square) on EF is commensurable with the (square) on 
FG [Prop. 10.6]. Thus, FG is also a rational (straight- 
line) . And since BA does not have to AC the ratio which 
(some) square number (has) to (some) square number, 
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oti xal xexdpTr). 

’ExeI yap screw Ac; 6 BA xpoc; tov Ar, ouxwc; to axo 
rrjc; EZ xpoc; to ano Tfjc; ZH [psi^oov 8 e 6 BA xou Ar], 
psl^ov apa to axo Tfjc EZ tou axo Trje ZH. screw ouv to 
axo Tfjc; EZ iaa xa axo tov ZH, 0- avaaTpstjiavTi apex A<; 
6 AB api/dpoc; xpoc; tov BT, outw<; to axo Tfjc EZ xpoc; 
to axo xfj<; 0. 6 Ss AB xpoc; tov Br Xoyov oux e/ei, ov 
TE xpaywvoc; api/dpoc; xpoc; TExpaywvov api/dpov ou8’ apa to 
axo Tfjc; EZ xpoc; to axo Tfjc; 0 Xoyov e/ei, ov xsxpdywvoc; 
api/dpbc; xpoc; xExpaywvov aprdpov. aouppExpoc; apa saxlv 
f) EZ xfj 0 pf|X£r f) EZ apa xfjc HZ psTi^ov Suvaxai xA axo 
dauppsxpou Eauxfj. xal slaw ai EZ, ZH prjxal ouvapsi povov 
auppsxpoi, xal f) EZ xfj A auppsxpoi; scm. pf|X£i. 

H EH apa ex 6uo ovopaxov sax! TExapxr)- oxsp eBel 
SsI^aL. 


the (square) on EF does not have to the (square) on FG 
the ratio which (some) square number (has) to (some) 
square number either. Thus, EF is incommensurable 
in length with FG [Prop. 10.9]. Thus, EF and FG 
are rational (straight-lines which are) commensurable 
in square only. Hence, EG is a binomial (straight-line) 
[Prop. 10.36], So, I say that (it is) also a fourth (binomial 
straight-line). 

For since as BA is to AC, so the (square) on EF (is) to 
the (square) on FG [and BA (is) greater than AC], the 
(square) on EF (is) thus greater than the (square) on FG 
[Prop. 5.14]. Therefore, let (the sum of) the squares on 
FG and FI be equal to the (square) on EF. Thus, via con¬ 
version, as the number AB (is) to BC, so the (square) on 
EF (is) to the (square) on H [Prop. 5.19 corn]. And AB 
does not have to BC the ratio which (some) square num¬ 
ber (has) to (some) square number. Thus, the (square) on 
EF does not have to the (square) on IT the ratio which 
(some) square number (has) to (some) square number 
either. Thus, EF is incommensurable in length with iT 
[Prop. 10.9]. Thus, the square on EF is greater than (the 
square on) GF by the (square) on (some straight-line) in¬ 
commensurable (in length) with ( EF ). And EF and FG 
are rational (straight-lines which are) commensurable in 
square only. And EF is commensurable in length with D. 

Thus, EG is a fourth binomial (straight-line) [Def. 
10.8].^ (Which is) the very thing it was required to show. 


t If the rational straight-line has unit length then the length of a fourth binomial straight-line is k (1 + 1/\/l + k'). This, and the fourth apotome, 
whose length is k (1 — 1/vT+lc 7 ) [Prop. 10.88], are the roots of x 2 — 2 k x + k 2 k'/{ 1 + k') = 0. 


M 3 '- 

EupcTv xrjv ex 8uo ovopaxwv x£pxxr]v. 

E Z 


H 


Proposition 52 

To find a fifth binomial straight-line. 

E F G 

i-1-1 


A i- 1 


D'-1 EE 


i-1-1 

AT B 

’ExxEicrdoiaav Suo apibpoi ol AT, TB, Acres tov AB 
xpoc; Exaxspov auxAv Xoyov [if] 'ey sty, ov TExpaywvoc; 
apibpoc; xpoc; TExpaywvov apibpov, xal Exxslabw prjTirj tic; 
suOsTa f\ A, xal xfj A auppsxpoc; soxw [pf|XEi] f] EZ- prjxf] 
apa f] EZ. xal ysyovsxa) Ac; 6 FA xpoc; tov AB, ouxwc; to 
axo xfjc; EZ xpoc; to axo Tfjc; ZH. 6 8s FA xpoc; tov AB 
Xoyov oux exei, ov TExpaytovoc; apibpoc; xpoc; TExpaywvov 
apibpov ouSs to axo xfjc; EZ apa xpoc; to axo xfjc; ZH Xoyov 
EXEi, ov TExpaytovoc; apiApoc; xpoc; TExpaywvov apibpov. al 


I-1-1 

AC B 

Let the two numbers AC and CB be laid down such 
that AB does not have to either of them the ratio which 
(some) square number (has) to (some) square number 
[Prop. 10.38 lem.]. And let some rational straight-line 
D be laid down. And let EF be commensurable [in 
length] with D. Thus, EF (is) a rational (straight- 
line). And let it have been contrived that as CA (is) to 
AB, so the (square) on EF (is) to the (square) on FG 
[Prop. 10.6 corn]. And CA does not have to AB the ra- 
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EZ, ZH apa pqxai siai 8uvapsi povov auppsxpov sx 5uo 
apa ovopaxwv saxiv f] EH. Xsycu Srj, oxi xal xspxxq. 

’Etc! yap saxiv (be; 6 EA xpoe; xov AB, ouxgk xo axo 
xfjc; EZ xpoe; xo and xfj; ZH, avaxaXiv (be; 6 BA xpo; xov 
AT, ouxco; xo axo xfjc; ZH xpo; xo and xfjc; ZE- pslCov 
apa xo axo xfjc; HZ xou axo xfjc ZE. saxo ouv xeb and 
xfjc HZ !aa xa axo xebv EZ, 0- avaaxpsijiavxi apa saxiv (be; 
6 AB apidpoc; xpo; xov Br, ouxco; xo axo xfjc HZ xpo; 
xo axo xfjc 0. 6 5s AB xpo; xov Br Xoyov oux cyci, ov 
xsxpaycovo; apiOpo; xpo; xsxpaycovov apiOpov ou8’ apa xo 
axo xfjc ZH xpo; xo axo xfjc 0 Xoyov sysi, ov xsxpaywvo; 
apnlpo; xpo; xsxpaycovov aprdpov. aauppsxpo; apa saxiv 
f) ZH xfj 0 ptjxsi- oaxs f] ZH xfjc ZE psl£ov SOvaxai xeb 
axo aauppsxpou sauxfj. xai siaiv ai HZ, ZE prjxa! 8uvapsi 
povov auppsxpoi, xa! xo EZ sXaxxov ovopa auppsxpov saxi 
xfj sxxsipsvr) pqxfj xfj A pqxsi. 

H EH apa sx Suo ovopaxcov sax! xspxxr]- oxsp s8si 
8sT^ai. 


tio which (some) square number (has) to (some) square 
number. Thus, the (square) on EF does not have to the 
(square) on FG the ratio which (some) square number 
(has) to (some) square number either. Thus, EF and 
FG are rational (straight-lines which are) commensu¬ 
rable in square only [Prop. 10.9]. Thus, EG is a binomial 
(straight-line) [Prop. 10.36]. So, I say that (it is) also a 
fifth (binomial straight-line). 

For since as CA is to AB, so the (square) on EF 
(is) to the (square) on FG, inversely, as BA (is) to 
AC, so the (square) on FG (is) to the (square) on FE 
[Prop. 5.7 corn]. Thus, the (square) on GF (is) greater 
than the (square) on FE [Prop. 5.14]. Therefore, let 
(the sum of) the (squares) on EF and H be equal to 
the (square) on GF. Thus, via conversion, as the number 
AB is to BC, so the (square) on GF (is) to the (square) 
on H [Prop. 5.19 corn]. And AB does not have to BC 
the ratio which (some) square number (has) to (some) 
square number. Thus, the (square) on FG does not have 
to the (square) on H the ratio which (some) square num¬ 
ber (has) to (some) square number either. Thus, FG is 
incommensurable in length with H [Prop. 10.9]. Hence, 
the square on FG is greater than (the square on) FE 
by the (square) on (some straight-line) incommensurable 
(in length) with (FG). And GF and FE are rational 
(straight-lines which are) commensurable in square only. 
And the lesser term EF is commensurable in length with 
the rational (straight-line previously) laid down, D. 

Thus, EG is a fifth binomial (straight-line). 1 (Which 
is) the very thing it was required to show. 


+ If the rational straight-line has unit length then the length of a fifth binomial straight-line is k (\/l + k 1 + 1). This, and the fifth apotome, whose 
length is k (Vl + k' — 1) [Prop. 10.89], are the roots of x 2 — 2 k \/l + k' x + k 2 k' = 0. 


n- 

EupsTv xfjv sx Suo ovopaxcov sxxqv. 

Ei-1 K l -1 

Z H 

i i-1- 

a r b 

I-1-1 

’ExxsiaOcnaav 8uo apidpoi o! AT, TB, ebaxs xov AB 
xpoe; sxaxspov auxebv Xoyov pf] syciv, ov xsxpaywvo; 
apibpo; xpoe; xsxpaytovov apiDpov- saxco 5s xa! sxspo; 
apiDpo; 6 A pf) xsxpaycuvo; <bv pr)Ss xpoe; sxaxspov 
xebv BA, AT Xoyov syiuv, ov xsxpaycovo; apiDpo; xpoe; 
xsxpaytovov apiDpov xa! sxxsiaDcn xic prjxf] suOsla f] E, 
xa! ysyovsxcu (be; 6 A xpoe; xov AB, ouxeo; xo axo xfjc E 
xpoe; xo axo xfjc; ZH- auppsxpov apa xo axo xfjc E xeb axo 


Proposition 53 


To find a sixth binomial (straight-line). 

E'-1 Ki-1 




F 

h 


G 

-+- 


H 

—i 


A C B 

i-1-1 

Let the two numbers AC and CB be laid down such 
that AB does not have to each of them the ratio which 
(some) square number (has) to (some) square number. 
And let D also be another number, which is not square, 
and does not have to each of BA and AC the ratio which 
(some) square number (has) to (some) square number ei¬ 
ther [Prop. 10.28 lem. I]. And let some rational straight- 
line E be laid down. And let it have been contrived that 
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xfjc ZH. xal saxi pqxf) f] E- prjxf] apot xal f] ZH. xal exeI 
oux sx £L o A xpoc; xov AB Xoyov, ov xsxpaywvoc; dpiOpoc 
xpoc; xsxpayovov apiOpov, ou8s xo axo xfjc E apa xpoc 
xo axo xfjc ZH Xoyov e/ei, ov TCtpdywvoc apiDpoc xpoc; 
xsxpaywvov otpiOpov aauppsxpoc apa f] E xfj ZH prjxEi. 
ysyovsxM Sf) xaXiv (be; 6 BA xpoc; xov AT, oux«c xo axo 
xfjc ZH xpoc; xo axo xfjc H@. auppsxpov apa xo axo xfjc ZH 
xo axo xfjc; 0H. pr)xov apa xo axo xfjc 0H- prjxf) apa f] 0H. 
xal ex si 6 BA xpoc; xov Ar Xoyov oux sysi, ov xsxpayorvoc 
apnlpoc xpoc; xsxpaywvov apnlpov, o08e xo axo xfjc ZH 
xpoc; xo axo xfjc; H0 Xoyov syEi, ov xsxpaycovoc apnlpoc 
xpoc; xsxpaycovov apidpov dauppsxpoc apa saxiv f] ZH 
xfj H0 pfjxsi. ai ZH, H0 apa prjxal siai 8uvap£i povov 
auppsxpor ex Suo apa ovopaxwv saxlv f) Z0. 8eixxeov ofj, 
oxi xal sxxr). 

’ExeI yap saxiv Ik 6 A xpoc; xov AB, ouxgk xo axo 
xfjc E xpoc; xo axo xfjc; ZH, saxi 8 e xal ebe 6 BA xpoc; 
xov AT, ouxcoc xo axo xfjc; ZH xpoc; xo axo xfjc; H0, 8i’ 
laou apa saxlv u; 6 A xpoc; xov AT, ouxwc xo axo xfjc E 
xpoc; xo axo xfjc; H0. 6 Se A xpoc; xov Ar Xoyov oux 
sy£i, ov xsxpayovoc; apiOpoc xpoc; xsxpaycovov apnlpov 
ouSe xo axo xfjc; E apa xpoc; xo axo xfjc H0 Xoyov 
EX£i, ov xsxpaycovoc; apii)(ji6c; xpoc; xsxpaycovov apiDpiov 
daupipiExpoK apa saxlv f) E x^ H0 ptrjxEi. sBslx'dr) 8 e xal 
xfj ZH daujipiExpoc sxaxspa apa xov ZH, H0 daupi(i£xp6<; 
saxi xfj E (irjxsi. xal exei saxiv ebe 6 BA xpoc; xov Ar, 
ouxcoc; xo axo xfjc; ZH xpoc; xo axo xfjc; H0, pisl^ov apa 
xo axo xfjc; ZH xou axo xfjc; H0. saxco ouv xeb axo [xfjc;] 
ZH laa xa axo xdv H0, K' avaaxpstjiavxi apa ebe 6 AB 
xpoc; Br, ouxcoc; xo axo ZH xpoc; xo axo xfjc; K. 6 8e AB 
xpoc; xov Br Xoyov oux sxsi, ov xsxpaycovoc; api-dpioc; xpoc; 
xsxpaycovov apiUpiov ebaxs ouSe xo axo ZH xpoc; xo axo 
xfjc; K Xoyov sx^ij ov xsxpaycovoc; apiDiioc; xpoc; xsxpaycovov 
apiDpiov. aaupipiExpoc; apa saxlv f] ZH xfj K ptfjxEi- f) ZH apa 
xfjc; H0 (isT^ov Suvaxai xcp axo aaupipiExpou sauxfj. xal siaiv 
al ZH, H0 prjxal Suvajisi piovov aujipiExpoi, xal ou8sx£pa 
auxcov aupipiExpoK saxi ptfjxEi xfj Exxsipisvr] prjxr] x^ E. 

'H Z0 apa ex 8uo 6vo(iaxcov saxlv Exxiy oxsp eSei 8sTl;ai. 


as D (is) to AB, so the (square) on E (is) to the (square) 
on FG [Prop. 10.6 corn]. Thus, the (square) on E (is) 
commensurable with the (square) on FG [Prop. 10.6]. 
And E is rational. Thus, FG (is) also rational. And since 
D does not have to AB the ratio which (some) square 
number (has) to (some) square number, the (square) on 
E thus does not have to the (square) on FG the ra¬ 
tio which (some) square number (has) to (some) square 
number either. Thus, E (is) incommensurable in length 
with FG [Prop. 10.9]. So, again, let it have be contrived 
that as BA (is) to AC, so the (square) on FG (is) to 
the (square) on G7T [Prop. 10.6 corn]. The (square) on 
FG (is) thus commensurable with the (square) on FIG 
[Prop. 10.6]. The (square) on FIG (is) thus rational. 
Thus, FIG (is) rational. And since BA does not have 
to AC the ratio which (some) square number (has) to 
(some) square number, the (square) on FG does not have 
to the (square) on GfT the ratio which (some) square 
number (has) to (some) square number either. Thus, 
FG is incommensurable in length with GH [Prop. 10.9]. 
Thus, FG and G7T are rational (straight-lines which are) 
commensurable in square only. Thus, FH is a binomial 
(straight-line) [Prop. 10.36]. So, we must show that (it 
is) also a sixth (binomial straight-line). 

For since as D is to AB, so the (square) on E (is) 
to the (square) on FG, and also as BA is to AC, so 
the (square) on FG (is) to the (square) on GH, thus, 
via equality, as D is to AC, so the (square) on E (is) 
to the (square) on GH [Prop. 5.22]. And D does not 
have to AC the ratio which (some) square number (has) 
to (some) square number. Thus, the (square) on E 
does not have to the (square) on GH the ratio which 
(some) square number (has) to (some) square number 
either. E is thus incommensurable in length with GH 
[Prop. 10.9]. And ( E ) was also shown (to be) incom¬ 
mensurable (in length) with FG. Thus, FG and GH 
are each incommensurable in length with E. And since 
as BA is to AC, so the (square) on FG (is) to the 
(square) on GH, the (square) on FG (is) thus greater 
than the (square) on GH [Prop. 5.14]. Therefore, let 
(the sum of) the (squares) on GH and K be equal to 
the (square) on FG. Thus, via conversion, as AB (is) 
to BC, so the (square) on FG (is) to the (square) on K 
[Prop. 5.19 corn]. And AB does not have to BC the ra¬ 
tio which (some) square number (has) to (some) square 
number. Hence, the (square) on FG does not have to 
the (square) on K the ratio which (some) square num¬ 
ber (has) to (some) square number either. Thus, FG is 
incommensurable in length with K [Prop. 10.9]. The 
square on FG is thus greater than (the square on) GH 
by the (square) on (some straight-line which is) incom- 
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mensurable (in length) with ( FG ). And FG and GH 
are rational (straight-lines which are) commensurable 
in square only, and neither of them is commensurable 
in length with the rational (straight-line) E (previously) 
laid down. 

Thus, FH is a sixth binomial (straight-line) [Def. 
10.101(Which is) the very thing it was required to 
show. 

t If the rational straight-line has unit length then the length of a sixth binomial straight-line is \/k + \ZW. This, and the sixth apotome, whose 


length is Vk — VF [Prop. 10.90], are the roots of x 2 — 2 \fkx + (k — 

’'Ecttco Suo TETpaycova Ta AB, BT xal xeiaDwaav mate 
ex’ Eudsiac; slvai ttjv AB Tfj BE- ex’ EU-dsLa; apa ecttI xal f] 
ZB xfj BH. xal oupxexXr]pAo , dco to Ar xapaXXrjXoypappov- 
Xsyw, oti TETpaytovov ectti to Ar, xal oti tAv AB, Br 
pcaov avaXoyov ectti to AH, xal etl tAv Ar, KB [jlectov 
avaXoyov ectti to Ar. 


k h r 



A Z © 


’Exel yap for) ecttlv f) psv AB Tfj BZ, f) 8e BE Tfj BH, 
okr\ apa f] AE oXr] Tfj ZH ecttlv for]. aXX’ f] psv AE sxaTEpa 
tAv A0, Kr ecttiv for], f] 8s ZH sxaTEpa tAv AK, 0r ecttlv 
for]- xal Exaxspa apa tAv A0, Kr Exaxspa tAv AK, 0r 
ecttlv for). fooxXsupov apa ecttI to Ar xapaXXrjXoypappov 
ecttl 8e xal opdoyAviov TETpaycovov apa ecttI to Ar. 

Kal exeI ecttlv Ac; f] ZB xpoc; xfjv BH, outux; f] AB xpoc; 
xf]v BE, aXX’ Ac; psv f] ZB xpo; xf]v BH, outm; to AB xpo; 
to AH, Ac; 8s f] AB xpoc; xfjv BE, outcoc; to AH xpo; to 
Br, xal A; apa to AB xpoc; to AH, outoc; to AH xpoc; to 
Br. tAv AB, Br apa [jlectov avaXoyov ectti to AH. 

Acyw 8fj, oti xal tAv Ar, TB [iectov avaXoyov [ecttl] to 

Ar. 

’Exsl yap ecttlv Ac; f] AA xpo; xfjv AK, outwc; f] KH 
xpo; xf]v Hr- for] yap [ecttlv] sxaxspa sxaTEpa- xal ctuvOevtl 
Ac; f] AK xpo; KA, outw; f] Kr xpoc; EH, aXX’ A; pcv f] AK 
xpo; KA, outcoc; to Ar xpo; to TA, A; 8s f] Kr xpo; TH, 
outoc; to Ar xpo; TB, xal Ac; apa to Ar xpoc; Ar, outoc; 
to Ar xpoc; to Br. tAv Ar, TB apa [iectov avaXoyov ecttl 
to Ar- a xposxELTO Ssl^ai. 


k') = 0. 

Lemma 

Let AB and BC be two squares, and let them be laid 
down such that DB is straight-on to BE. FB is, thus, 
also straight-on to BG. And let the parallelogram AC 
have been completed. I say that AC is a square, and 
that DG is the mean proportional to AB and BC, and, 
moreover, DC is the mean proportional to AC and CB. 


K G C 



A F H 


For since DB is equal to BF, and BE to BG, the 
whole of DE is thus equal to the whole of FG. But DE 
is equal to each of AF[ and KC, and FG is equal to each 
of AK and HC [Prop. 1.34]. Thus, AF[ and KC are also 
equal to AK and FIC, respectively. Thus, the parallel¬ 
ogram AC is equilateral. And (it is) also right-angled. 
Thus, AC is a square. 

And since as FB is to BG, so DB (is) to BE, but 
as FB (is) to BG, so AB (is) to DG, and as DB (is) to 
BE, so DG (is) to BC [Prop. 6.1], thus also as AB (is) 
to DG, so DG (is) to BC [Prop. 5.11]. Thus, DG is the 
mean proportional to AB and BC. 

So I also say that DC [is] the mean proportional to 
AC and CB. 

For since as AD is to DK, so KG (is) to GC. For [they 
are] respectively equal. And, via composition, as AK (is) 
to KD, so KC (is) to CG [Prop. 5.18]. But as AK (is) 
to KD, so AC (is) to CD, and as KC (is) to CG, so DC 
(is) to CB [Prop. 6.1]. Thus, also, as AC (is) to DC, 
so DC (is) to BC [Prop. 5.11]. Thus, DC is the mean 
proportional to AC and CB. Which (is the very thing) it 
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vo'. 

’Eav yatplov xepiexfxai 0x6 prjxfjc; xal xrjc ex 8uo 
ovopaxwv xpAxqc;, f) to ycoplov Suvapevrj aXoyo<; eoxiv 
f) xaXoupevr) ex 8uo ovopaxwv. 


A H E Z A P n 



Xcoplov yap to AT xepLexeo-dor 0x6 prjxfjc; xrj<; AB xal 
xrjc; ex ouo ovopaxov xpAxqc; xrjc; AA- Xeyw, oxi f] to 
AT ycoplov Suvapevr] aXoyo<; eaxi.v f] xaXoupevr) ex 860 
ovopaxov. 

’Exel yap ex SOo ovopaxwv eaxl xpAxr] f] AA, SLyp^a-dor 
sic , Ta ovopaxa xaxa to E, xal eoxw to peT^ov ovopa 
to AE. cpavepov 8f), otl al AE, EA prycai e’lai 8uvapei. 
povov oOppexpot, xal f] AE Tfjc EA peli^ov SOvaxat tA axo 
auppexpou eauTT), xal f) AE auppexpoi; eaxi Tfj exxeipevr) 
pqxfj Tfj AB pf|X£t. TCxpi^G-do Bf] f) EA Slya xaxa to Z 
arjpelov. xal exel f] AE Tfjc EA peli^ov Buvaxai tA axo 
auppexpou eauxfj, eav apa tA xexapxa) pepei xoO axo xfj<; 
eXaaaovoc, Touxeaxi. xA axo xrjc; EZ, Igov xapa xrjv peli^ova 
xf]v AE xapapXrydfj eXXelxov el'Sei xexpayAvcp, ei<; ouppexpa 
aOxf]v BiaipeT. xapaPepXfa-dor ouv xapa xf)v AE xA axo xfj<; 
EZ laov to 0x6 AH, HE' auppexpoi; apa eaxlv f] AH xfj 
EH pfxei. xal fj^hMaav axo xAv H, E, Z oxoxepa xAv AB, 
TA xapaXXrjXoi al H0, EK, ZA- xal xA pev A0 xapaXXrp 
Xoypappw loov xexpaywvov auveaxaxM to EN, tA Be HK 
loov to Nn, xal xelo-dw Aaxe ex’ eO-dela? elvai xfjv MN 
Tfj NS- ex’ eOdelai; apa eaxl xal f] PN xf NO. xal oup- 
xexXrpAaflo to En xapaXXrjXoypappov xexpayovov apa 
eaxl to En. xal exel to 0x6 xAv AH, HE laov eaxl xA axo 
xfjc EZ, eaxLv apa A<; fj AH xpo<; EZ, outgk f) ZE xpoc; 
EH- xal A<; apa to A0 xpo<; EA, to EA xpoi; KH- xAv 
A0, HK apa peoov avaXoyov eaxi. to EA. aXXa to pev A0 
loov eaxl xA EN, to Be HK loov xA Nn- xAv EN, Nn apa 
peaov avaXoyov eoxi to EA. eoxi 8e xAv aOxAv xAv EN, 
Nn peoov avaXoyov xal to MP- Igov apa eoxi to EA xA 
MP- Aoxe xal xA OS Igov eaxlv. eaxi. 8e xal xa A0, HK 
xou; EN, Nn laa- oXov apa xo Ar Igov eaxlv 6Xw xA En, 
xouxeaxL xA axo xfjc MS xexpayAvor xo Ar apa Buvaxai f) 
MS. Xeyw, oxi f) MS ex 80o ovopaxov eaxlv. 

’Exel yap auppexpoc; eoxiv f) AH xfj HE, auppexpoc; eaxi 
xal f) AE exaxepa xAv AH, HE. Oxoxeixai Be xal f) AE xfj 


was prescribed to show. 

Proposition 54 

If an area is contained by a rational (straight-line) 
and a first binomial (straight-line) then the square-root 
of the area is the irrational (straight-line which is) called 
binomial.! 



For let the area AC be contained by the rational 
(straight-line) AB and by the first binomial (straight- 
line) AD. I say that square-root of area AC is the ir¬ 
rational (straight-line which is) called binomial. 

For since AD is a first binomial (straight-line), let it 
have been divided into its (component) terms at E, and 
let AE be the greater term. So, (it is) clear that AE and 
ED are rational (straight-lines which are) commensu¬ 
rable in square only, and that the square on AE is greater 
than (the square on) ED by the (square) on (some 
straight-line) commensurable (in length) with (AE), and 
that AE is commensurable (in length) with the rational 
(straight-line) AB (first) laid out [Def. 10.5]. So, let ED 
have been cut in half at point F. And since the square on 
AE is greater than (the square on) ED by the (square) 
on (some straight-line) commensurable (in length) with 
(AE), thus if a (rectangle) equal to the fourth part of the 
(square) on the lesser (term)—that is to say, the (square) 
on EF —falling short by a square figure, is applied to the 
greater (term) AE, then it divides it into (terms which 
are) commensurable (in length) [Prop 10.17]. Therefore, 
let the (rectangle contained) by AG and GE, equal to the 
(square) on EF, have been applied to AE. AG is thus 
commensurable in length with EG. And let GFl, EK, 
and FL have been drawn from (points) G, E, and F (re¬ 
spectively), parallel to either of AB or CD. And let the 
square SN, equal to the parallelogram AH, have been 
constructed, and (the square) NQ, equal to (the parallel¬ 
ogram) GK [Prop. 2.14]. And let MN be laid down so 
as to be straight-on to NO. RN is thus also straight-on 
to NP. And let the parallelogram SQ have been com¬ 
pleted. SQ is thus a square [Prop. 10.53 lem.]. And since 
the (rectangle contained) by AG and GE is equal to the 
(square) on EF, thus as AG is to EF, so FE (is) to EG 
[Prop. 6.17]. And thus as AH (is) to EL, (so) EL (is) 
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AB auppsxpoc xal ai AH, HE apa xfj AB auppExpoi siaiv. 
xai saxi prjxr) f) AB- prjxf] apa saxi xal sxaxspa xwv AH, HE- 
pr)xov apa saxiv sxaxspov x«v A0, HK, xai saxi auppsxpov 
xo A0 xo HK. aXXa xo psv A0 xw EN laov saxiv, xo 8s 
HK xw NH- xal xa EN, Nn apa, xouxsaxi xa a no xuv MN, 
NS, prjxa saxi xal auppsxpa. xal sxsi aauppsxpoc; saxiv f] 
AE xfj EA pfjxsi, aXX’ f] psv AE xfj AH saxi auppsxpoq, 
f) 8s AE xfj EZ auppsxpoq, aauppsxpoq apa xal f] AH xfj 
EZ- waxs xal xo A0 xo EA aauppsxpov saxiv. aXXa xo pev 
A0 xo EN saxiv iaov, xo 8s EA xo MP- xal xo EN apa 
xo MP aauppsxpov saxiv. aXX’ &<; xo EN xpoc; MP, f) ON 
xpoi; xfjv NP- aauppsxpo<; apa saxiv f] ON xfj NP. larj 8s f) 
psv ON xfj MN, f] os NP xfj NS- aauppsxpoq apa saxiv f] 
MN xfj NS. xai saxi xo and xfjc MN auppsxpov xo and xfjq 
NS, xal prjxov sxaxspov ai MN, NS apa prjxai siai 8uvapsi 
piovov auppsxpoi. 

H MS apa sx 8uo ovopiaxov saxi xal Suvaxai xo AT- 
oxsp s8si SsT^oa. 


to KG [Prop. 6.1]. Thus, EL is the mean proportional to 
AH and GK. But, AH is equal to SN, and GK (is) equal 
to NQ. EL is thus the mean proportional to SN and NQ. 
And MR is also the mean proportional to the same— 
(namely), SN and NQ [Prop. 10.53 lem.]. EL is thus 
equal to MR. Hence, it is also equal to PO [Prop. 1.43]. 
And AH plus GK is equal to SN plus NQ. Thus, the 
whole of AC is equal to the whole of SQ —that is to say, 
to the square on MO. Thus, MO (is) the square-root of 
(area) AC. I say that MO is a binomial (straight-line). 

For since AG is commensurable (in length) with GE, 
AE is also commensurable (in length) with each of AG 
and GE [Prop. 10.15]. And AE was also assumed (to 
be) commensurable (in length) with AB. Thus, AG 
and GE are also commensurable (in length) with AB 
[Prop. 10.12]. And AB is rational. AG and GE are 
thus each also rational. Thus, AH and GK are each 
rational (areas), and AH is commensurable with GK 
[Prop. 10.19]. But, AH is equal to SN, and GK to NQ. 
SN and NQ —that is to say, the (squares) on MN and 
NO (respectively)—are thus also rational and commen¬ 
surable. And since AE is incommensurable in length 
with ED, but AE is commensurable (in length) with 
AG, and DE (is) commensurable (in length) with EF, 
AG (is) thus also incommensurable (in length) with EF 
[Prop. 10.13]. Hence, AH is also incommensurable with 
EL [Props. 6.1, 10.11], But, AH is equal to SN, and 
EL to MR. Thus, SN is also incommensurable with 
MR. But, as SN (is) to MR, (so) PN (is) to NR 
[Prop. 6.1]. PN is thus incommensurable (in length) 
with NR [Prop. 10.11], And PN (is) equal to MN, and 
NR to NO. Thus, MN is incommensurable (in length) 
with NO. And the (square) on MN is commensurable 
with the (square) on NO, and each (is) rational. AIN 
and NO are thus rational (straight-lines which are) com¬ 
mensurable in square only. 

Thus, MO is (both) a binomial (straight-line) [Prop. 
10.36], and the square-root of AC. (Which is) the very 
thing it was required to show. 


t If the rational straight-line has unit length then this proposition states that the square-root of a first binomial straight-line is a binomial straight- 
line: i.e., a first binomial straight-line has a length k + k \/l — k'' 2 whose square-root can be written p (1 + \fkA), where p = y/k (1 + k ')/2 and 
k" = (1 — fc')/( 1 + k'). This is the length of a binomial straight-line (see Prop. 10.36), since p is rational. 

\z. Proposition 55 

’Eav ywpiov itspisxrjxai 0x6 prjxfj^ xai xfjq sx 860 If an area is contained by a rational (straight-line) and 
ovopaxov 8 suxspac;, f) xo ywpiov 8 uvapsvr] aXoyoq saxiv a second binomial (straight-line) then the square-root of 
f) xaXoupsvr) sx 860 psawv xpwxrj. the area is the irrational (straight-line which is) called 

first bimedial.i 
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rkpie)(£crd« yap x w P‘ ov T ° ABTA 0x6 prjxfjc Tfjc AB 
xal xfjc; ex Suo ovopaxwv SuExspac; xfjc AA- Xeyco, oxi f) to 
AT xojpiov Suvapcvrj ex 8uo (jieowv TcpcSxr] saxiv. 

’Ex£l yap ex Suo ovopaxcov Bsuxspa saxiv f) AA, 
8Lr)pfja-da> sic; xa ovopaxa xaxa xo E, &ane xo (isl^ov 
ovopa svvai xo AE- at AE, EA apa prjxal siai 8uvapci 
povov auppsxpoi, xal yj AE xfj<; EA pcT^ov Suvaxai xo and 
auppcxpou Eauxfj, xal to sXaxxov ovopa fj EA auppcxpov 
saxi xfj AB pfjxsi. TExp/ja-do fj EA 8lya xaxa to Z, xal 
xo axo xfjc EZ laov xapa xfjv AE xapa^pX/jabo eXXeTxov 
e’ISei xsxpayAvcp xo 0x6 xov AHE- auppsxpot; apa fj AH 
xfj HE pfjxci. xal 8ia xov H, E, Z xapaXXrjXoi yjxbwaav 
xau; AB, PA al H@, EK, ZA, xal xo psv A0 xapaXXrj- 
Xoypappw laov xExpayorvov auvsaxaxo xo EN, xo os HK 
’(aov xsxpayovov xo Nn, xal xsiaDo ooxe ex’ su-dslac; sivai 
xf]v MN xfj NS- ex’ EU-dsiat; apa [saxl] xal fj PN xfj NO. xal 
aupx£xXrjpc3a-da> xo En TExpayovov cpavspov 8f) ex too 
xpoBsSsiypEvou, oxi xo MP psaov avaXoyov saxi xov EN, 
Nn, xal iaov to EA, xal oxi to Ar ytoplov Suvaxai f) MS. 
8eixteov Sfj, oxi fj MS ex 8uo pcawv saxl xpoxrj. 

’Exsl aaOppcxpoi; saxiv f] AE xfj EA pfjxsi, auppsxpoi; 
8e f) EA xfj AB, aauppsxpoi; apa f) AE xfj AB. xal exeI 
auppsxpoi; saxiv f] AH xfj EH, auppsxpoi; saxi xal fj AE 
Exaxspa xov AH, HE. aXXa fj AE aauppsxpoc; xfj AB pfjxsr 
xal al AH, HE apa aauppsxpoi siai xfj AB. al BA, AH, 
HE apa prjxal siai Suvapci povov auppsxpor oaxs psaov 
saxiv Exaxspov xov AO, HK. oaxs xal sxaxspov xov EN, 
Nn psaov saxiv. xal al MN, NS apa pcaai slalv. xal 
exeI auppsxpoi; f) AH xfj HE pfjxsi, auppsxpov sail xal 
to AO xo HK, xouxsaxi xo EN xo Nn, xouxsaxi xo axo 
xfj; MN to axo xfj; NS [oaxs 8uvap£i siai auppsxpoi al 
MN, NS], xal exeI aauppsxpo; saxiv f] AE xfj EA pfjxsi, 
aXX’ f) psv AE auppsxpo; saxi xfj AH, f] 8s EA xfj EZ 
auppsxpo;, aauppsxpo; apa f) AH xfj EZ- oaxs xal to 
AO to EA aauppsxpov saxiv, xouxsaxi to EN xo MP, 
xouxsaxiv 6 ON xfj NP, xouxsaxiv fj MN xfj NS aauppsxpo; 
saxi pfjxsi. sSslx-drjaav 8s al MN, NS xal psaai ouaai xal 
8uvapsi auppsxpoi- al MN, NS apa psaai etal Suvapsi povov 
auppsxpoi. Xsyo 8f), oxi xal prjxov xspLExouaiv. exeI yap f] 
AE uxoxsixai sxaxspa xov AB, EZ auppsxpo;, auppsxpo; 
apa xal f] EZ xfj EK. xal prjxfj sxaxspa auxov- prjxov apa 
to EA, xouxsaxi to MP- xo 8s MP saxi to 0x6 xov MNS. 
sav Ss Suo psaai 8uvapsi povov auppsxpoi auvis-doai prjxov 



For let the area ABCD be contained by the rational 
(straight-line) AB and by the second binomial (straight- 
line) AD. I say that the square-root of area AC is a first 
bimedial (straight-line). 

For since AD is a second binomial (straight-line), let it 
have been divided into its (component) terms at E, such 
that AE is the greater term. Thus, AE and ED are ratio¬ 
nal (straight-lines which are) commensurable in square 
only, and the square on AE is greater than (the square 
on) ED by the (square) on (some straight-line) commen¬ 
surable (in length) with (AE), and the lesser term ED 
is commensurable in length with AB [Def. 10.6]. Let 
ED have been cut in half at F. And let the (rectan¬ 
gle contained) by AGE, equal to the (square) on EF, 
have been applied to AE, falling short by a square fig¬ 
ure. AG (is) thus commensurable in length with GE 
[Prop. 10.17]. And let GH, EK, and EL have been 
drawn through (points) G, E, and F (respectively), par¬ 
allel to AB and CD. And let the square SN, equal to 
the parallelogram AH, have been constructed, and the 
square NQ, equal to GK. And let MN be laid down so 
as to be straight-on to NO. Thus, RN [is] also straight-on 
to NP. And let the square SQ have been completed. So, 
(it is) clear from what has been previously demonstrated 
[Prop. 10.53 lem.] that AIR is the mean proportional to 
SN and NQ, and (is) equal to EL, and that MO is the 
square-root of the area AC. So, we must show that AlO 
is a first bimedial (straight-line). 

Since AE is incommensurable in length with ED, 
and ED (is) commensurable (in length) with AB, 
AE (is) thus incommensurable (in length) with AB 
[Prop. 10.13]. And since AG is commensurable (in 
length) with EG, AE is also commensurable (in length) 
with each of AG and GE [Prop. 10.15], But, AE is in¬ 
commensurable in length with AB. Thus, AG and GE 
are also (both) incommensurable (in length) with AB 
[Prop. 10.13]. Thus, BA, AG, and (BA, and) GE are 
(pairs of) rational (straight-lines which are) commensu¬ 
rable in square only. And, hence, each of AH and GK 
is a medial (area) [Prop. 10.21]. Hence, each of SN 
and NQ is also a medial (area). Thus, MN and NO 
are medial (straight-lines). And since AG (is) commen¬ 
surable in length with GE, AH is also commensurable 
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xepiexouoai, T) oXr] aXoyoq eaxiv, xaXelxai 8e ex Suo peaa>v with GK —that is to say, SN with NQ —that is to say, 
Tiporcr). the (square) on MN with the (square) on NO [hence, 

'H apa MS ex 8uo peocuv earl xpAxr)- oxep e8et Seiran MN and NO are commensurable in square] [Props. 6.1, 

10.11]. And since AE is incommensurable in length with 
ED, but AE is commensurable (in length) with .46', and 
ED commensurable (in length) with EF, AG (is) thus 
incommensurable (in length) with EF [Prop. 10.13]. 
Hence, AF[ is also incommensurable with EL —that is 
to say, SN with MR —that is to say, PN with NR —that 
is to say, MN is incommensurable in length with NO 
[Props. 6.1, 10.11], But MN and NO have also been 
shown to be medial (straight-lines) which are commensu¬ 
rable in square. Thus, MN and NO are medial (straight¬ 
lines which are) commensurable in square only. So, I say 
that they also contain a rational (area). For since DE was 
assumed (to be) commensurable (in length) with each of 
AB and EF, EF (is) thus also commensurable with EK 
[Prop. 10.12], And they (are) each rational. Thus, EL — 
that is to say, MR —(is) rational [Prop. 10.19]. And MR. 
is the (rectangle contained) by MNO. And if two medial 
(straight-lines), commensurable in square only, which 
contain a rational (area), are added together, then the 
whole is (that) irrational (straight-line which is) called 
first bimedial [Prop. 10.37]. 

Thus, MO is a first bimedial (straight-line). (Which 
is) the very thing it was required to show. 


t If the rational straight-line has unit length then this proposition states that the square-root of a second binomial straight-line is a first bimedial 
straight-line: i.e., a second binomial straight-line has a length k/\/l — k rl + k whose square-root can be written p (fc" 1 / 4 + fc" 3 / 4 ), where 
p = \J (fc/2) (1 + k')/( 1 — k') and k" = (1 — k ')/(I + k'). This is the length of a first bimedial straight-line (see Prop. 10.37), since p is rational. 


V?'. 

’Eav ytoplov xepiexrjxai 0x6 prjxfjc; xal xfjc; ex Buo 
ovopaxorv tpiTTjq, f] to ycopLov Buvapevr] aXoyoq eaxiv f] 
xaXoupevr] ex 8uo peocuv Seuxepa. 


A H E Z A P n 



Xwpiov yap to ABTA TtepiexcaDw 0x6 pr)Ti[c; Tfjq AB 
xal Tfjq ex 86o ovoporanv Tprcr)<; Tfjc; AA 8ir)pr]pevr)q eiq xa 
ovopaxa xaxa to E, £>v peT^ov eaxi to AE- Xeyo, oxt f] 
to AT x<up[ov Suvapevr] aXoyoc; eaxiv fj xaXoupevr] ex 8uo 
peawv oeuxepa. 

KaTeaxeuaG-dw yap xa auxa xolq xpoxepov. xal exel 


Proposition 56 

If an area is contained by a rational (straight-line) and 
a third binomial (straight-line) then the square-root of 
the area is the irrational (straight-line which is) called 
second bimedial.' 1 ' 



For let the area ABCD be contained by the rational 
(straight-line) AB and by the third binomial (straight- 
line) AD, which has been divided into its (component) 
terms at E, of which AE is the greater. I say that the 
square-root of area AC is the irrational (straight-line 
which is) called second bimedial. 
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ex 860 ovopaxwv eaxl xplxrj f] AA, al AE, EA apa prjxal 
eiai Buvapei povov auppexpoi. xal f] AE xrj; EA pei£ov 
Buvaxai xA axo auppexpou eauxfj, xal ouBexepa xAv AE, 
EA auppexpo; [eaxi] xfj AB pfjxei. opoiM; 8 f] xoT; xpoBe- 
Beiypevoi; Bel^opev, oxi f] MS eaxiv f) xo Ar yoiplov Bu- 
vapevr), xal al MN, NS peaai eiai Buvapei povov auppexpoi- 
Aaxe f] MS ex Suo peacuv eaxiv. Seixxeov 5rj, oxi xal 
Beuxepa. 

[Kal] exel aauppexpo; eaxiv f] AE xfj AB prjxei, 
xouxeaxL xfj EK, auppexpo; Be f) AE xfj EZ, aauppexpo; 
apa eaxiv f) EZ xfj EK pyjxei. xal eiai prycar al ZE, EK apa 
pr)xa[ eiai Buvapei povov auppexpoi. peaov apa [eaxl] xo 
EA, xouxeaxi xo MP- xal KepLeyexai u no xAv MNS- peaov 
apa eaxl xo 0x6 xAv MNS. 

H MS apa ex Suo peaoiv eaxl Beuxepa- oxep eSei BeT^ai- 


For let the same construction be made as previously. 
And since AD is a third binomial (straight-line), AE and 
ED are thus rational (straight-lines which are) commen¬ 
surable in square only, and the square on AE is greater 
than (the square on) ED by the (square) on (some 
straight-line) commensurable (in length) with (AE), and 
neither of AE and ED [is] commensurable in length with 
AB [Def. 10.7]. So, similarly to that which has been 
previously demonstrated, we can show that MO is the 
square-root of area AC, and AIN and NO are medial 
(straight-lines which are) commensurable in square only. 
Hence, MO is bimedial. So, we must show that (it is) 
also second (bimedial). 

[And] since DE is incommensurable in length with 
AB —that is to say, with EK —and DE (is) commensu¬ 
rable (in length) with EF, EF is thus incommensurable 
in length with EK [Prop. 10.13]. And they are (both) 
rational (straight-lines). Thus, FE and EK are rational 
(straight-lines which are) commensurable in square only. 
EL —that is to say, MR —[is] thus medial [Prop. 10.21]. 
And it is contained by MNO. Thus, the (rectangle con¬ 
tained) by MNO is medial. 

Thus, MO is a second bimedial (straight-line) [Prop. 
10.38]. (Which is) the very thing it was required to show. 


t If the rational straight-line has unit length then this proposition states that the square-root of a third binomial straight-line is a second bimedial 
straight-line: i.e., a third binomial straight-line has a length fc 1 / 2 (1 + Vl — k' 2 ) whose square-root can be written p (fc 1 / 4 + where 

p = \/(l + k')/2 and k" = k (1 — fc')/( 1 + k'). This is the length of a second bimedial straight-line (see Prop. 10.38), since p is rational. 


vC- 

’Eav ywplov itepieyTjxai 0x6 prjxrj; xal xrj; ex Buo 
ovopaxoiv xexapxq;, f] xo ycoplov Buvapevr] aXoyo; eaxiv 
fj xaXoupevq pel^wv. 


A H E Z A P n 



Xcoplov yap xo AT xepieyea-dQ 0x6 prjxrj; xrj; AB xal 
xfj<; ex 86 o ovopaxcuv xexapxr); xfj; AA Birjprjpevr]; ei; xa 
ovopaxa xaxa xo E, Sv peTi^ov eaxcn xo AE - Xeyo, oxi f] xo 
AT yorplov Buvapevr] aXoyo; eaxiv f] xaXoupevrj peii^wv. 

Tkel yap f) AA ex B 6 o ovopaxov eaxl xexapxr], al AE, 
EA apa prjxal eiai Buvapei povov auppexpoi, xal f) AE xfj; 
EA pel^ov BOvaxai xA axo aauppexpou eauxfj, xal f] AE 
xfj AB auppexpoi; [eaxi] pijxei. xexpija-dcu f] AE Blya xaxa 


Proposition 57 

If an area is contained by a rational (straight-line) and 
a fourth binomial (straight-line) then the square-root of 
the area is the irrational (straight-line which is) called 
major. 1 



For let the area AC be contained by the rational 
(straight-line) AB and the fourth binomial (straight-line) 
AD, which has been divided into its (component) terms 
at E, of which let AE be the greater. I say that the square- 
root of AC is the irrational (straight-line which is) called 
major. 

For since AD is a fourth binomial (straight-line), AE 
and ED are thus rational (straight-lines which are) corn- 
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to Z, xal tA duo Tfjc EZ ictov itapa ttjv AE 7tapapepXf|CT , d6} 
TtapaXXrjXoypappov to utco AH, HE' aCTuppeTpoc; apa ecttIv 
f) AH Tfj HE pf|X£i. f]x$Mcrav TtapaXXrjXoi Tfj AB al H0, 
EK, ZA, xod Ta Xouta Ta aina tou; itpo toutou yeyoveTW 
cpavepov 8fj, oti f) to AE )(toplov Buvapevr] ecttIv f] MS. 
Beixteov 8rj, oti f) MS aXoyoq ecttiv f) xaXoupevr] peli^tov. 

Tkel acnjppETpoc; ecttiv f] AH Tfj EH pf|XEi, actuppeTpov 
ectti xal to A@ tA HK, toutectti to EN tA Nn- ai MN, 
NS apa Suvapei sictIv aCTuppETpoi. xal enel cnjppeTpoc; ecttiv 
f] AE Tfj AB [j.rjxei, prjTov ectti to AK- xal ecttiv ictov tou; 
onto twv MN, NS- prjTov apa [ecttI] xal to CTuyxelpevov ex 
tov arco twv MN, NS. xal stceI aCTuppETpoq [ecttiv] f] AE 
Tfj AB pfjxei, toutectti Tfj EK, aXXa f] AE ouppETpoq ectti 
T fj EZ, acJuppETpoq apa fj EZ Tfj EK pf|X£u al EK, EZ 
apa pupal eioi Suvapei povov cruppETpor peoov apa to AE, 
TOUTECTTL TO MP. xal TIEpiEXSTai UTIO TWV MN, NS- psoov 
apa sotI to Ctco tAv MN, NS. xal prjTov to [CTuyxelpevov] 
ex tAv oltzo tAv MN, NS, xal eictiv aCTuppETpoi al MN, NS 
BuvapEL. eav 8 e Suo eudeTai Suvapei aouppeTpoi ctuvteOActi 
itoioucrai to psv CTuyxelpevov ex tAv a k ainAv TETpayAvcov 
prjTov, to 8’ Otc' auTAv pecrov, f] oXrj aXoyoq ecttiv, xaXeTcai 
8e pslCcov. 

'H MS apa aXoyoq ecttiv f) xaXoupsvr] psl^cov, xal 
8uvaTai to Ar x^plov oiiep e8ei Belial. 


mensurable in square only, and the square on AE is 
greater than (the square on) ED by the (square) on 
(some straight-line) incommensurable (in length) with 
(AE), and AE [is] commensurable in length with AB 
[Def. 10.8]. Let DE have been cut in half at F, and let 
the parallelogram (contained by) AG and GE, equal to 
the (square) on EF, (and falling short by a square figure) 
have been applied to AE. AG is thus incommensurable 
in length with GE [Prop. 10.18]. Let GH, EK, and FL 
have been drawn parallel to AB, and let the rest (of the 
construction) have been made the same as the (proposi¬ 
tion) before this. So, it is clear that A IO is the square-root 
of area AC. So, we must show that MO is the irrational 
(straight-line which is) called major. 

Since AG is incommensurable in length with EG, AH 
is also incommensurable with GK —that is to say, SN 
with NQ [Props. 6.1, 10.11]. Thus, MN and NO are 
incommensurable in square. And since AE is commensu¬ 
rable in length with AB, AK is rational [Prop. 10.19]. 
And it is equal to the (sum of the squares) on AIN 
and NO. Thus, the sum of the (squares) on MN and 
NO [is] also rational. And since DE [is] incommensu¬ 
rable in length with AB [Prop. 10.13]—that is to say, 
with EK —but DE is commensurable (in length) with 
EF, EF (is) thus incommensurable in length with EK 
[Prop. 10.13]. Thus, EK and EF are rational (straight¬ 
lines which are) commensurable in square only. LE — 
that is to say, MR —(is) thus medial [Prop. 10.21]. And it 
is contained by MN and NO. The (rectangle contained) 
by MN and NO is thus medial. And the [sum] of the 
(squares) on MN and NO (is) rational, and MN and 
NO are incommensurable in square. And if two straight¬ 
lines (which are) incommensurable in square, making the 
sum of the squares on them rational, and the (rectangle 
contained) by them medial, are added together, then the 
whole is the irrational (straight-line which is) called ma¬ 
jor [Prop. 10.39]. 

Thus, MO is the irrational (straight-line which is) 
called major. And (it is) the square-root of area AC. 
(Which is) the very thing it was required to show. 


t If the rational straight-line has unit length then this proposition states that the square-root of a fourth binomial straight-line is a major straight- 
line: i.e., a fourth binomial straight-line has a length fc(l + 1/%/T+lc 7 ) whose square-root can be written p \J[ 1 + k "/(1 + k " 2 ) 1 / 2 ]/2 + 
p [1 — k"/( 1 + fe" 2 ) 1 / 2 ]/ 2 , where p = \/k and k " 2 = k' . This is the length of a major straight-line (see Prop. 10.39), since p is rational. 


vrf. 

’Eav yrnplov itepiexrjTai uito prjTfjc; xal Tfjc ex Buo 
ovoporaov TtepTmjc;, f] to x w plov Suvapevrj aXoyoq ecttiv 
f] xaXoupevr] prjTov xal peoov Buvapevr). 

Xwplov yap to AT TtepiExechko uno prp:rj<; Tfjq AB xal 


Proposition 58 

If an area is contained by a rational (straight-line) and 
a fifth binomial (straight-line) then the square-root of the 
area is the irrational (straight-line which is) called the 
square-root of a rational plus a medial (area).i 
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xrj; ex Buo ovopaxcnv xepxxrj; xrj; AA Birjprjpevrj; sic, xoc 
ovopaxa xaxa to E, Acte to psTC^ov ovopa swat to AE- 
Xeyw [8fj], oxi fj to Ar ytoplov Suvapcvrj aXoyo; saxiv f) 
xaXoupevrj prjxov xal psaov Buvapsvrj. 


A H E Z A P n 



KaxEaxEuaabM yap Ta auxa xoT; xpoxcpov 8e5eiyp£voi;- 
cpavepov 8fj, oxi fj to AT ycnplov Buvapcvrj eaxiv f) MS. 
Seixteov Sfj, oxi fj MS eaxiv fj prjxov xal peaov Buvapevrj. 

’Exel yap aauppexpo; eaxiv f) AH xfj HE, aauppexpov 
apa eaxl xal to A0 to 0E, xouxeaxi to axo xrj; MN to axo 
xrj; NS- al MN, NS apa Buvapei elalv aauppexpoi. xal exel 
fj AA ex 8uo ovopaxcov eaxl xepxxrj, xal [eaxiv] eXaaaov 
auxrj; xpfjpa to EA, auppexpo; apa f) EA xfj AB pfjxei. 
aXXa f) AE xr] EA eaxiv aouppexpoc;- xal fj AB apa xfj 
AE eaxiv aauppexpo<; prjxei [al BA, AE prjxal eiai 8uvapei 
povov auppexpoi]- peaov apa eaxl to AK, xouxeaxi xo 
auyxelpevov ex xAv axo xAv MN, NS. xal exel auppexpoi; 
eaxiv i] AE xfj AB pfjxei, xouxeaxi xfj EK, aXXa f] AE xfj 
EZ auppexpo; eaxiv, xal f] EZ apa xfj EK auppexpo; eaxiv. 
xal prp:f] f) EK- prjxov apa xal to EA, xouxeaxi xo MP, 
xouxeaxi to Uxo MNS- al MN, NS apa 8uvapei aauppexpol 
elai xoiouaai xo pev auyxelpevov ex xAv ax’ auxAv xe- 
xpayAvcov peaov, xo 8’ Ox’ auxAv prjxov. 

'H MS apa prjxov xal peaov Suvapevrj eaxl xal 8uvaxai 
xo Ar xojplov oxep e8ei BeT^ai. 


For let the area AC be contained by the rational 
(straight-line) AB and the fifth binomial (straight-line) 
AD, which has been divided into its (component) terms 
at E, such that AE is the greater term. [So] I say that 
the square-root of area AC is the irrational (straight-line 
which is) called the square-root of a rational plus a me¬ 
dial (area). 



For let the same construction be made as that shown 
previously. So, (it is) clear that MO is the square-root of 
area AC. So, we must show that MO is the square-root 
of a rational plus a medial (area). 

For since AG is incommensurable (in length) with 
GE [Prop. 10.18], AH is thus also incommensurable 
with HE —that is to say, the (square) on MN with the 
(square) on NO [Props. 6.1, 10.11], Thus, MN and 
NO are incommensurable in square. And since AD is 
a fifth binomial (straight-line), and ED [is] its lesser seg¬ 
ment, ED (is) thus commensurable in length with AB 
[Def. 10.9]. But, AE is incommensurable (in length) 
with ED. Thus, AB is also incommensurable in length 
with AE [BA and AE are rational (straight-lines which 
are) commensurable in square only] [Prop. 10.13]. Thus, 
AK —that is to say, the sum of the (squares) on AIN 
and NO —is medial [Prop. 10.21], And since DE is 
commensurable in length with AB —that is to say, with 
EK —but, DE is commensurable (in length) with EF, 
EF is thus also commensurable (in length) with EK 
[Prop. 10.12]. And EK (is) rational. Thus, EL —that 
is to say, MR —that is to say, the (rectangle contained) 
by MNO —(is) also rational [Prop. 10.19]. MN and NO 
are thus (straight-lines which are) incommensurable in 
square, making the sum of the squares on them medial, 
and the (rectangle contained) by them rational. 

Thus, AIO is the square-root of a rational plus a me¬ 
dial (area) [Prop. 10.40]. And (it is) the square-root of 
area AC. (Which is) the very thing it was required to 
show. 


' If the rational straight-line has unit length then this proposition states that the square-root of a fifth binomial straight-line is the square root of 


a rational plus a medial area: i.e., a fifth binomial straight-line has a length k (vT+Oc 7 + 1) whose square-root can be written 
p ‘J [(1 + fc" 2 ) 1 / 2 -(- k "\/[2 (1 + k" 2 )\ + p -^/[(l + fc" 2 ) 1 / 2 — fc"]/[2 (1 + fc" 2 )], where p = \/fc (1 + k " 2 ) and k" 2 = k'. This is the length of 
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the square root of a rational plus a medial area (see Prop. 10.40), since p is rational. 


vd'. 

’Eav xcopiov 7t£pi£)(r|Tai Oito prjT/jc; xal xfjc ex 8uo 
ovopaTtov exTrjq, f) to x c:> pi ov Suvapcvr) aXoyoq egtlv f) 
xaXoupsvr] 8uo psoa Suvapsvr). 


A H E Z A P n 



Xcopiov yap to ABrA TtEpiExectDw utio prprjc; Tfjq AB 
xal Tfjq ex Suo ovopaTtnv extt)<; Tfjq AA Sir]pr]p£vr]<; siq Ta 
ovopaTa xaTa to E, Agte to psT^ov ovopa slvai. to AE- 
Xsyco, oti fj to Ar ouvapsvr) f] 8uo psoa Suvapsvr] egtlv. 

KaTEaxEudaDco [yap] Ta auTa toTc; TtpoSsBELypEvoiq. 
cpavspov 8f), otl [fj] to Ar Suvapsvr) egt'lv f) M2, xal 
oti aouppETpoq egtiv fj MN Tfj N2 Suvapsi. xal etie'l 
aouppETpoq egtlv f) EA Tfj AB pf]X£i, al EA, AB apa 
pr)Ta[ elgl BuvapiEi. jiovov GUjipiETpor pisoov apa egtI to AK, 
toutegtl to GuyxEiptsvov ex tov aito twv MN, N2. TtaXiv, 
etieI aouptpiETpoq egtlv f) EA Tfj AB p.f|XSi, aGupipiETpoq apa 
egtI xal f] ZE t^ EK- al ZE, EK apa pr)Ta[ elgl 8uvapi£L 
ptovov GUpLpLETpoi* (lEGov apa egt'l to EA, toutegtl to MP, 
TOUTEGTL TO UTtO TMV MN2. Xal ETtsl OLGUpipLETpoq f] AE Tfj 
EZ, xal to AK tw EA doupt(iETp6v egtlv. aXXa to jiev 
AK EOTi to GuyxELptsvov ex tAv onto tAv MN, N2, to 
8e EA egtl to uito tAv MN2' aGupipLETpov apa egt'l to 
auyxEipiEvov ex tAv and tAv MN2 tA uko tAv MN2. xal 
egtl piEGov ExaTEpov auTAv, xal al MN, N2 5uvd(i£i elg'lv 
aGUJipLETpOl. 

'H M2 apa ouo ptsoa 8uvapi£vr] egt'l xal BuvaTai to Ar- 
ojtsp e8el OsT^ai- 


Proposition 59 

If an area is contained by a rational (straight-line) and 
a sixth binomial (straight-line) then the square-root of 
the area is the irrational (straight-line which is) called 
the square-root of (the sum of) two medial (areas).1 



For let the area ABCD be contained by the rational 
(straight-line) AB and the sixth binomial (straight-line) 
AD, which has been divided into its (component) terms 
at E, such that AE is the greater term. So, I say that the 
square-root of AC is the square-root of (the sum of) two 
medial (areas). 

[For] let the same construction be made as that shown 
previously. So, (it is) clear that MO is the square-root of 
AC, and that MN is incommensurable in square with 
NO. And since EA is incommensurable in length with 
AB [Def. 10.10], EA and AB are thus rational (straight¬ 
lines which are) commensurable in square only. Thus, 
AK —that is to say, the sum of the (squares) on AIN 
and NO —is medial [Prop. 10.21]. Again, since ED 
is incommensurable in length with AB [Def. 10.10], 
FE is thus also incommensurable (in length) with EK 
[Prop. 10.13]. Thus, FE and EK are rational (straight¬ 
lines which are) commensurable in square only. Thus, 
EL —that is to say, MR —that is to say, the (rectangle 
contained) by MNO —is medial [Prop. 10.21]. And since 
AE is incommensurable (in length) with EF, AK is also 
incommensurable with EL [Props. 6.1, 10.11]. But, AK 
is the sum of the (squares) on AIN and NO, and EL is 
the (rectangle contained) by AINO. Thus, the sum of the 
(squares) on AINO is incommensurable with the (rect¬ 
angle contained) by AINO. And each of them is medial. 
And AIN and NO are incommensurable in square. 

Thus, MO is the square-root of (the sum of) two me¬ 
dial (areas) [Prop. 10.41]. And (it is) the square-root of 
AC. (Which is) the very thing it was required to show. 


t If the rational straight-line has unit length then this proposition states that the square-root of a sixth binomial straight-line is the square root of 
the sum of two medial areas: i.e., a sixth binomial straight-line has a length y/k + \/W whose square-root can be written 


fc 1 / 4 ^^[1 + k "/(1 + fc" 2 ) 1 / 2 ]/2 + — k "/(1 + k" 2 ) 1 / 2 \/2 S j, where k" 2 = (k — k')/k'. This is the length of the square-root of the sum of 
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two medial areas (see Prop. 10.41). 


Arjppa. 

’Eav su-dsla ypappi) xjj.rj'Ofj etc; aviaa, xa axo xAv aviatov 
TExpaycova (isi^ova saxi xou 81; uxo tuv aviaorv Tiepte— 
yopsvou opdoycoviou. 

I-1-1-1 

A A r B 

’'Ecttco suOsTa f) AB xat TExprjabw si; aviaa xaxa to 
r, xal saxw (isii^ov f) Ar- Xsya>, oxi xa axo xwv AT, TB 
psii^ova saxi xou 81; 0x6 xov AT, TB. 

Texp^a-dM yap rj AB Oiya xaxa xo A. sxsl ouv sOdsTa 
ypappf] Tsxprjxai si; psv (aa xaxa to A, si; 8s aviaa xaxa 
to T, xo apa 0x6 xAv AT, TB psxa xou axo TA Iaov saxi 
tA axo AA- Aaxs xo 0x6 xAv Ar, TB sXaxxov saxi xou 
axo AA- xo apa Si; 0x6 xAv Ar, TB sXaxxov fj BixXaaiov 
saxi xou axo AA. aXXa xa axo xAv Ar, TB oixXaaia [saxi] 
xAv axo xAv AA, Ar- xa apa axo xAv Ar, TB psii^ova 
saxi xou 81; 0x6 xAv Ar, TB- oxsp s8si 8si;ai. 


C'- 

To axo xrj; sx 80o ovopaxwv xapa prjxrjv xapa- 
PaXXojisvov xXaxo; xoisT xrjv sx 80o ovopaxorv xpAxrjv. 

A K M N H 


E 0 A E Z 

i-1-1 

a r b 

’'Eaxco sx Buo ovopaxMv f) AB 8ir]pr)(isvr) si; xa ovopaxa 
xaxa to T, Aaxs xo jisTCov ovopa slvai xo Ar, xai sxxsia'dw 
prjxf) f) AE, xai xA axo xfj; AB iaov xapa xrjv AE xapa- 
|3s|3Xf)aba> xo AEZH xXaxo; xoiouv xrjv AH- Xsyw, oxi rj 
AH sx 8uo ovopaxcov saxi xpAxr). 

napaPs^X^a-dco yap xapa xrjv AE xA psv axo xfj; Ar 
iaov to A@, xA 8s axo xfj; Br iaov to KA- Xoixov apa 
xo 8i; 0x6 xAv Ar, TB iaov saxi xA MZ. TEx^a-dto rj 
MH oiya xaxa xo N, xai xapaXXrjXo; f] NS [sxaxspa 


Lemma 

If a straight-line is cut unequally then (the sum of) the 
squares on the unequal (parts) is greater than twice the 
rectangle contained by the unequal (parts). 

I-1-1-1 

A D C B 

Let AB be a straight-line, and let it have been cut 
unequally at C, and let AC be greater (than CB). I say 
that (the sum of) the (squares) on AC and CB is greater 
than twice the (rectangle contained) by AC and CB. 

For let AB have been cut in half at D. Therefore, 
since a straight-line has been cut into equal (parts) at D, 
and into unequal (parts) at C, the (rectangle contained) 
by AC and CB, plus the (square) on CD, is thus equal 
to the (square) on AD [Prop. 2.5]. Hence, the (rectangle 
contained) by AC and CB is less than the (square) on 
AD. Thus, twice the (rectangle contained) by AC and 
CB is less than double the (square) on AD. But, (the 
sum of) the (squares) on AC and CB [is] double (the 
sum of) the (squares) on AD and DC [Prop. 2.9]. Thus, 
(the sum of) the (squares) on AC and CB is greater than 
twice the (rectangle contained) by AC and CB. (Which 
is) the very thing it was required to show. 

Proposition 60 

The square on a binomial (straight-line) applied to a 
rational (straight-line) produces as breadth a first bino¬ 
mial (straight-line). 1 


D K M N G 






■ h 

[ L O F 


i-1-1 

A C B 

Let AB be a binomial (straight-line), having been di¬ 
vided into its (component) terms at C, such that AC is 
the greater term. And let the rational (straight-line) DE 
be laid down. And let the (rectangle) DEFG, equal to 
the (square) on AB, have been applied to DE, producing 
DC as breadth. I say that DC is a first binomial (straight- 
line) . 

For let DH, equal to the (square) on AC, and KL, 
equal to the (square) on BC, have been applied to DE. 
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twv MA, HZ]. cxaxEpov apa xwv MS, NZ ’laov egxI to 
axal; uxo tov ArB. xal exeI ex Buo ovopaxtov saxlv fj AB 
BirjprjpEvrj sic; xa ovopaxa xaxa xo T, at Ar, TB apa prjxal 
Etat Buvapsi povov auppsxpor xa apa axo xAv AT, TB prjxa 
saxL xal auppsxpa aAAfjAoi.;- Aaxs xal xo auyxclpEvov ex 
xAv axo xAv Ar, TB. xal saxiv ’laov xo A A - prjxov apa 
saxl xo AA. xal xapa prjxfjv xrjv AE xapaxEtxar prjxfj apa 
saxlv fj AM xal auppcxpo; xfj AE pfjxst. xaXtv, exeI al AT, 
TB prjxat eicti Buvapst povov auppsxpoi, psaov apa saxl 
xo 81c; 0x6 xov AT, TB, xouxsaxi xo MZ. xal xapa prjxfjv 
xrjv MA xapaxEtxaf prjxfj apa xal fj MH xal aauppsxpo; 
xfj MA, xouxsaxt xfj AE, pfjxci. saxt 8e xal fj MA prjxfj 
xal xfj AE ptfjxsi auppsxpo;- aauppsxpo; apa saxlv fj AM 
xfj MH ptrjxEt. xal slat prjxat- at AM, MH apa prjxat Etat 
8uvapt£L povov auppsxpor ex 8uo apa ovopaxwv saxlv fj 
AH. 8eixxeov 8rj, oxt xal xpAxrj. 

’ExeI xov axo xAv AT, TB ptsaov avaAoyov saxt xo 
0x6 xAv ArB, xal xAv A0, KA apa ptsaov avaXoyov saxt 
xo MS. saxiv apa A; xo A0 xpo; xo MS, ouxm; xo MS 
xpo; xo KA, xouxsaxtv A; fj AK xpoc; xrjv MN, fj MN xpo; 
xrjv MK- xo apa 0x6 xAv AK, KM ’laov saxl xA axo xfj; 
MN. xal exeI auptptsxpov saxt xo axo xfjc; Ar xA axo xfjc; 
TB, auptptsxpov saxt xal xo A0 xA KA- Aaxs xal fj AK 
xfj KM auptptsxpoc; saxLv. xal exeI ptsl^ova saxt xa axo xAv 
Ar, TB xou 81c; 0x6 xAv Ar, TB, ptsT^ov apa xal xo AA 
xou MZ- Aaxs xal fj AM xfjc; MH ptst^wv saxlv. xal saxtv 
taov xo 0x6 xAv AK, KM xA axo xfjc; MN, xouxsaxt xA 
xsxapxw xou axo xfjc MH, xal auptptsxpoi; fj AK xfj KM. 
sav 8e Aat Suo sO-dsTai avtaot, xA Ss xsxapxo ptspst xou axo 
xfj; eAocggovo; ’taov xapa xfjv ptst^ova xapapArj-Sfj eAAeTxov 
ei8ei xsxpayAvcp xal s’t; auptptsxpa auxfjv Statpfj, fj ptst^wv 
xfj; sAaaaovo; ptsT^ov 8uvaxat xA axo auptptsxpou sauxfj- fj 
AM apa xfj; MH ptsl^ov Suvaxat xA axo auptptsxpou sauxfj. 
xal slat prjxal al AM, MH, xal fj AM ptsl^ov ovopta ouaa 
auptptsxpo; saxt xfj EXXEtptEvjrj prjx^ xfj AE ptfjxsi. 

'H AH apa ex Suo ovoptaxwv saxl xpAxrj- oxsp s8st 
8sT^at. 


Thus, the remaining twice the (rectangle contained) by 
AC and CB is equal to MF [Prop. 2.4]. Let MG have 
been cut in half at N, and let NO have been drawn par¬ 
allel [to each of ML and GF\. MO and NF are thus 
each equal to once the (rectangle contained) by ACB. 
And since AB is a binomial (straight-line), having been 
divided into its (component) terms at C, AC and CB are 
thus rational (straight-lines which are) commensurable 
in square only [Prop. 10.36]. Thus, the (squares) on AC 
and CB are rational, and commensurable with one an¬ 
other. And hence the sum of the (squares) on AC and 
CB (is rational) [Prop. 10.15], and is equal to DL. Thus, 
DL is rational. And it is applied to the rational (straight- 
line) DE. DM is thus rational, and commensurable in 
length with DE [Prop. 10.20]. Again, since AC and CB 
are rational (straight-lines which are) commensurable in 
square only, twice the (rectangle contained) by AC and 
CB —that is to say, MF- —is thus medial [Prop. 10.21]. 
And it is applied to the rational (straight-line) ML. MG 
is thus also rational, and incommensurable in length 
with ML —that is to say, with DE [Prop. 10.22], And 
MD is also rational, and commensurable in length with 
DE. Thus, DM is incommensurable in length with MG 
[Prop. 10.13], And they are rational. DM and MG are 
thus rational (straight-lines which are) commensurable 
in square only. Thus, DG is a binomial (straight-line) 
[Prop. 10.36]. So, we must show that (it is) also a first 
(binomial straight-line). 

Since the (rectangle contained) by ACB is the 
mean proportional to the squares on AC and CB 
[Prop. 10.53 lem.], MO is thus also the mean propor¬ 
tional to DH and KL. Thus, as DH is to MO, so 
MO (is) to KL —that is to say, as DK (is) to MN, 
(so) AIN (is) to MK [Prop. 6.1]. Thus, the (rectan¬ 
gle contained) by DK and KM is equal to the (square) 
on AIN [Prop. 6.17]. And since the (square) on AC is 
commensurable with the (square) on CB, DH is also 
commensurable with KL. Hence, DK is also commensu¬ 
rable with KM [Props. 6.1, 10.11]. And since (the sum 
of) the squares on AC and CB is greater than twice the 
(rectangle contained) by AC and CB [Prop. 10.59 lem.], 
DL (is) thus also greater than AIF. Hence, DAI is also 
greater than AIG [Props. 6.1, 5.14]. And the (rectan¬ 
gle contained) by DK and KAI is equal to the (square) 
on AIN —that is to say, to one quarter the (square) on 
AIG. And DK (is) commensurable (in length) with KAI. 
And if there are two unequal straight-lines, and a (rect¬ 
angle) equal to the fourth part of the (square) on the 
lesser, falling short by a square figure, is applied to the 
greater, and divides it into (parts which are) commensu¬ 
rable (in length), then the square on the greater is larger 
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than (the square on) the lesser by the (square) on (some 
straight-line) commensurable (in length) with the greater 
[Prop. 10.17]. Thus, the square on DM is greater than 
(the square on) MG by the (square) on (some straight- 
line) commensurable (in length) with (DM). And DM 
and MG are rational. And DM, which is the greater 
term, is commensurable in length with the (previously) 
laid down rational (straight-line) DE. 

Thus, DG is a first binomial (straight-line) [Def. 
10.5], (Which is) the very thing it was required to show. 


t In other words, the square of a binomial is a first binomial. See Prop. 10.54. 


To axo xfjc ex Buo peowv xpAxrjc; xapa prjxfjv xapa- 
(3aXXopevov xXaxoc; Ttoiel xf)v ex 8uo ovopaxwv Bsuxspav. 

A K M N H 


E © A E Z 

I-1-1 

a r b 

’'Ecrao ex Buo peacov xpAxr] f) AB Birjprjpsvr] sic xa<; 
peoaq xaxa to T, Sv pe(<Z>v fj AT, xal exxeia'doi prjxf) f) 
AE, xai TtapapepXqaDw xapa xf)v AE xq axo xfjq AB laov 
xapaXXqXoypappov to AZ xXaxoq xoiouv xf]v AH - Xeyco, 
oxi f) AH ex Buo ovopaxcuv eaxl Beuxepa. 

Kaxeaxeuaabco yap xa auxa toTc xpo xouxou. xal 
exel f) AB ex Buo peacov eaxl xpAxr) BLrjprjpevr) xaxa xo 
T, ai AT, TB apa peoai etal Buvapei povov auppexpoi 
pr)xov xepieyouaar Aaxe xal xa axo xAv AT, TB peaa 
eaxlv. peaov apa eaxl to AA. xal Ttapa pr)xf)v xfjv AE xa- 
papepXqxai- pqxf) apa eaxlv f) MA xal aauppexpoq xfj AE 
prjxei. xaXiv, exel pqxov eaxi to 81c uxo xAv AT, TB, prjxov 
eaxi xal xo MZ. xal Ttapa prjxfjv xf]v MA xapaxeixai- pqxf) 
apa [eaxl] xal f] MH xal pqxei auppexpoq xfj MA, xouxeaxi 
xfj AE- aauppexpoq apa eaxlv f] AM xfj MH pqxei. xai eiai 
pqxai- al AM, MH apa prjxai etat Buvapei. povov auppexpoi- 
ex Buo apa ovopaxwv eaxlv f] AH. Beixxeov 8Vj, oxi xal 
Beuxepa. 

’Exel yap xa axo xAv AT, TB pei^ova eaxi xou Sic uxo 
xAv AT, TB, peZov apa xal to AA xou MZ- Aaxe xal f] 
AM xfjc MH. xal exel auppexpov eaxi to axo xfjq AT xA 
onto xfjc TB, auppexpov eaxi xal to A0 xA KA- Aaxe xal 
f] AK xfj KM auppexpoi; eaxiv. xai eaxi to uxo xAv AKM 
’(aov tA axo xfjc MN- f) AM apa xfjq MH pel^ov Buvaxai xA 


Proposition 61 

The square on a first bimedial (straight-line) applied 
to a rational (straight-line) produces as breadth a second 
binomial (straight-line) d 


D K M N G 






E L 

[ L O F 


i-1-1 

A C B 

Let AB be a first bimedial (straight-line) having been 
divided into its (component) medial (straight-lines) at 
C, of which AC (is) the greater. And let the rational 
(straight-line) DE be laid down. And let the parallelo¬ 
gram DF, equal to the (square) on AB, have been ap¬ 
plied to DE, producing DG as breadth. I say that DG is 
a second binomial (straight-line). 

For let the same construction have been made as 
in the (proposition) before this. And since AB is a 
first bimedial (straight-line), having been divided at C, 
AC and CB are thus medial (straight-lines) commen¬ 
surable in square only, and containing a rational (area) 
[Prop. 10.37]. Hence, the (squares) on AC and CB 
are also medial [Prop. 10.21]. Thus, DL is medial 
[Props. 10.15,10.23 corr.]. And it has been applied to the 
rational (straight-line) DE. MD is thus rational, and in¬ 
commensurable in length with DE [Prop. 10.22], Again, 
since twice the (rectangle contained) by AC and CB is 
rational, MF is also rational. And it is applied to the 
rational (straight-line) AIL. Thus, MG [is] also ratio¬ 
nal, and commensurable in length with ML —that is to 
say, with DE [Prop. 10.20]. DAI is thus incommensu¬ 
rable in length with MG [Prop. 10.13]. And they are 
rational. DAI and AIG are thus rational, and commensu- 
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duo auppsxpou eauxfj. xal eaxiv f) MH auppexpoq xfj AE 

pf)X£l. 

H AH apa ex 8uo ovopaxov eaxl 8euxepa. 


tin other words, the square of a first bimedial is a second binomial. See 

W- 

To axo xrjq ex 8uo peaorv Beuxepac; xapa prjxfjv xapa- 
f3aXXo(ievov xXaxoq xoieT xf)v ex 8uo ovopaxwv xplxrjv. 

A K M N H 


E 0 A E Z 

i-1-1 

a r b 

’'Eaxw ex 6uo peaorv oeuxepa f) AB 8ir)pr)pevr] etq xaq 
peaaq xaxa xo T, Aaxe xo pei^ov xprjpa elvai xo Ar, prjxf] 
8e xiq eaxw f] AE, xal xapa xf]v AE xo axo xfj<; AB laov 
xapaXXrjXoypappov xapapepXrja'Ow xo AZ xXaxoq xoiouv 
xf]v AH- Xeyw, oxi f] AH ex 8uo ovopaxov eaxl xplxrj. 

Kaxeaxeuaahio xa auxa xolc; xpo8e8eiypevoi<;. xal exel 
ex 8uo peawv Seuxepa eaxlv f] AB 8Lr)pr]pevr] xaxa xo T, 
al Ar, TB apa peaai dal Suvapei povov auppexpoi peaov 
xepieyouaai- Aaxe xal xo auyxelpevov ex xAv axo xAv AT, 
TB peaov eaxlv. xal eaxiv Taov xA AA- peaov apa xal xo 
AA. xal xapaxeixai xapa prjxfjv xf)v AE- prjxf] apa eaxl xal f] 
MA xal aauppexpoc xfj AE pfjxei. 8ia xa auxa Sf] xal f) MH 
prpVj eaxi xal aauppexpoq xfj MA, xouxeaxi xfj AE, prjxer 
prjxf] apa eaxlv exaxepa xAv AM, MH xal aauppexpoq xfj 
AE (jtrjxeL. xal exel aauppexpoq eaxiv fj Ar xfj TB pVjxei, 
Aq 8e f) Ar xpoq xfjv TB, ouxctx; xo axo xfjq Ar xpoq xo 


rable in square only. DG is thus a binomial (straight-line) 
[Prop. 10.36]. So, we must show that (it is) also a second 
(binomial straight-line). 

For since (the sum of) the squares on AC and CB is 
greater than twice the (rectangle contained) by AC and 
CB [Prop. 10.59], DL (is) thus also greater than MF. 
Hence, DAI (is) also (greater) than MG [Prop. 6.1]. 
And since the (square) on AC is commensurable with 
the (square) on CB, DH is also commensurable with 
KL. Hence, DK is also commensurable (in length) with 
KM [Props. 6.1, 10.11]. And the (rectangle contained) 
by DKM is equal to the (square) on MN. Thus, the 
square on DM is greater than (the square on) MG by 
the (square) on (some straight-line) commensurable (in 
length) with ( DM ) [Prop. 10.17]. And MG is commen¬ 
surable in length with DE. 

Thus, DG is a second binomial (straight-line) [Def. 
10 . 6 ], 

Prop. 10.55. 

Proposition 62 

The square on a second bimedial (straight-line) ap¬ 
plied to a rational (straight-line) produces as breadth a 
third binomial (straight-line).1 


D K M N G 






5 h 

[ L O F 


i-1-1 

A C B 

Let AB be a second bimedial (straight-line) having 
been divided into its (component) medial (straight-lines) 
at C, such that AC is the greater segment. And let DE be 
some rational (straight-line). And let the parallelogram 
DF, equal to the (square) on AB, have been applied to 
DE, producing DG as breadth. I say that DG is a third 
binomial (straight-line). 

Let the same construction be made as that shown pre¬ 
viously. And since AB is a second bimedial (straight- 
line), having been divided at C, AC and CB are thus 
medial (straight-lines) commensurable in square only, 
and containing a medial (area) [Prop. 10.38]. Hence, 
the sum of the (squares) on AC and CB is also medial 
[Props. 10.15, 10.23 corn]. And it is equal to DL. Thus, 
DL (is) also medial. And it is applied to the rational 
(straight-line) DE. AID is thus also rational, and in- 
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Ono xwv ATB, dauppExpov apa xai to and xrjq Ar to Oho 
tov ArB. Aote xai to ouyxEipsvov ex xov and xAv Ar, 
TB tA Big Otto tov ATB aauppExpov ecttiv, toutectti to 
AA tA MZ- Aote xai f) AM tA MH aouppExpoc; saxiv. xai 
siai prjxar ex Buo apa ovopaxtov saxiv f] AH. Beixteov [BVj], 
oxi xai TpiTT). 

'Opoitoc; 6f) xou; ixpOTepou; ETuXoYioupE-da, oti psi^tov 
saxiv f) AM Trjc MH, xai auppsxpoc; fj AK xrj KM. xai saxi 
to Otto xAv AKM Ictov tA and xrjc; MN- f] AM apa xrjc; MH 
piel^ov Buvaxai tA oitto auppsxpou eauxf). xai ooBsxspa xAv 
AM, MH auppsxpoc; eaxi xrj AE (j.r)xei. 

'H AH apa ex Buo ovopaxtov eaxi xpixr)' oxep eBei Bacjai. 


commensurable in length with DE [Prop. 10.22], So, 
for the same (reasons), MG is also rational, and incom¬ 
mensurable in length with ML —that is to say, with DE. 
Thus, DM and MG are each rational, and incommen¬ 
surable in length with DE. And since AC is incommen¬ 
surable in length with CB, and as AC (is) to CB, so 
the (square) on AC (is) to the (rectangle contained) by 
ACB [Prop. 10.21 lem.], the (square) on AC (is) also in¬ 
commensurable with the (rectangle contained) by ACB 
[Prop. 10.11]. And hence the sum of the (squares) on 
AC and C7i is incommensurable with twice the (rect¬ 
angle contained) by ACB —that is to say, DL with MF 
[Props. 10.12, 10.13]. Hence, DM is also incommen¬ 
surable (in length) with MG [Props. 6.1, 10.11]. And 
they are rational. DC is thus a binomial (straight-line) 
[Prop. 10.36]. [So] we must show that (it is) also a third 
(binomial straight-line). 

So, similarly to the previous (propositions), we can 
conclude that DM is greater than MG, and DK (is) com¬ 
mensurable (in length) with KM. And the (rectangle 
contained) by DI\M is equal to the (square) on MN. 
Thus, the square on DAI is greater than (the square on) 
MG by the (square) on (some straight-line) commensu¬ 
rable (in length) with ( DM ) [Prop. 10.17]. And neither 
of DAI and AIG is commensurable in length with DE. 

Thus, DC is a third binomial (straight-line) [Def. 
10.7]. (Which is) the very thing it was required to show. 


t In other words, the square of a second bimedial is a third binomial. See Prop. 10.56. 


5y'- 

To and xfj<; psi^ovoc; xapa pqxfjv TrapapaXXopsvov 
TrXdxoc; hoieT xf]v ex Buo ovopaxcnv x£Tdpxr)v. 

A IC M N H 


E © A E Z 

I-1-1 

a r b 

THaTM psi^orv f] AB Sirjpqpsvr) xaxa to T, Actce pci^ova 
slvai xf)v AT xfjq TB, prjxf) Be f] AE, xai xA ano xrj<; AB igov 
T iapa xfjv AE TrapapE^Xficrdw to AZ TiapaXXqXdypappov 
TiXaToc; noiouv xfjv AH- Xcyw, oxi f] AH ex Buo ovopaxwv 
saxl TExdpxr). 

KaTEaxEudahto xa auxa xoTc; TTpoBsBEiypEvoic;. xai ettei 
pEi^cnv saxiv f] AB Bir]pr)p£vr) xaxa to T, ai AT, TB Buvapci 


Proposition 63 

The square on a major (straight-line) applied to a ra¬ 
tional (straight-line) produces as breadth a fourth bino¬ 
mial (straight-line). 1 


D K M N G 






i H 

[ L O F 


i-1-1 

A C B 

Let AB be a major (straight-line) having been divided 
at C, such that AC is greater than CB, and (let) DE 
(be) a rational (straight-line). And let the parallelogram 
DF, equal to the (square) on AB, have been applied to 
DE, producing DC as breadth. I say that DC is a fourth 
binomial (straight-line). 

Let the same construction be made as that shown pre- 
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elolv dauppExpoi xoiouaai to psv auyxEipEvov ex twv ax’ 
auxAv TExpayAvwv prjxov, to Ss Ox’ auxAv psaov. exeI ouv 
prjxov saxi to auyxEipEvov ex xAv axo xAv Ar, TB, prjxov 
apa saxl to AA- prjxf) apa xal f) AM xai auppsxpoc; Tfj 
AE prjXEi. xaXiv, exeI psaov saxl to 81c 8x6 xAv Ar, TB, 
touxegxl to MZ, xai xapa prjxfjv eoti xfjv MA, prjxf) apa 
sot! xai f) MH xal aauppExpoq Tfj AE pfjXEi- aauppExpoq 
apa eoti xal f] AM xfj MH prjxsi. al AM, MH apa prjxal 
siai 8uvapsi povov auppsxpoi' ex 8uo apa ovopaxcrv egxIv 
f) AH. Beixteov [8fj], oxi xal TExdpxr). 

'Ojioiwc 5f) 8slc;op£v toic xpoxspov, oxi psl^Mv saxlv 
f) AM xfjc MH, xal oxi to 0x6 AKM laov saxl xA axo 
xfjc MN. exeI ouv aauppsxpov eoti to axo xfjc AT xA 
axo xfjc TB, aauppsxpov apa saxl xal to A0 tA KA - 
Aote aauppsxpoq xal f] AK xfj KM egxiv. sav Ss Aai 
8uo sudslai aviaoi, xA os xExapxw pspsi xou axo xfjc 
sXdaaovoc ioov xapaXXrjXoypappov xapa xfjv psl^ova xapa- 
pXrySfj eXXeTxov eiSei TExpayAvcp xal sic aauppsxpa aOxfjv 
8iaipfj, f) psl^wv xfjc sXdaaovoc psi^ov SuvfjaExai xA axo 
aauppsxpou sauxfj pfjXEL- f) AM apa xfjc MH pEl^ov 8uvaxai 
xA axo aauppsxpou sauxfj. xai siaiv al AM, MH prjxal 
8uvap£L povov auppsxpoi, xal f] AM Guppsxpoq eaxi xfj 
ExxsifiEVT) prjxfj xfj AE. 

H AH apa ex 8uo ovopaxov saxl xExapxr]* oxsp e8si 
BsT^ai. 


f In other words, the square of a major is a fourth binomial. See Prop. 10 

56 '. 

To axo xfjc prjxov xal psaov Suvapiv/jc xapa prjxfjv xa- 
papaXXopsvov xXaxoc; xoisT xfjv ex Suo ovopaxwv xspxxrjv. 

’'Eaxt.r prjxov xal psaov 8uvapsvr] f) AB 8ir)pr)p£vr) sic 
xac suflEiac xaxa xo T, Aaxs psii^ova slvai xfjv Ar, xal 
Exxsia'dw prjxf) f) AE, xal xA axo xfjc AB igov xapa xfjv 
AE xapa^pX/jaDo xo AZ xXaxoc xoiouv xfjv AH' Xejco, 
oxi f) AH ex 8uo ovopaxwv saxl xspxxrj. 


viously. And since AB is a major (straight-line), hav¬ 
ing been divided at C, AC and CB are incommensu¬ 
rable in square, making the sum of the squares on them 
rational, and the (rectangle contained) by them medial 
[Prop. 10.39]. Therefore, since the sum of the (squares) 
on AC and CB is rational, DL is thus rational. Thus, 
DM (is) also rational, and commensurable in length with 
DE [Prop. 10.20], Again, since twice the (rectangle con¬ 
tained) by AC and CB —that is to say, MF —is medial, 
and is (applied to) the rational (straight-line) ML, MG 
is thus also rational, and incommensurable in length with 
DE [Prop. 10.22]. DAI is thus also incommensurable 
in length with AIG [Prop. 10.13]. DM and MG are 
thus rational (straight-lines which are) commensurable 
in square only. Thus, DG is a binomial (straight-line) 
[Prop. 10.36]. [So] we must show that (it is) also a fourth 
(binomial straight-line). 

So, similarly to the previous (propositions), we can 
show that DAI is greater than AlG, and that the (rectan¬ 
gle contained) by DKAI is equal to the (square) on AIN. 
Therefore, since the (square) on AC is incommensurable 
with the (square) on CB, DH is also incommensurable 
with KL. Hence, DK is also incommensurable with 
KAl [Props. 6.1, 10.11]. And if there are two unequal 
straight-lines, and a parallelogram equal to the fourth 
part of the (square) on the lesser, falling short by a square 
figure, is applied to the greater, and divides it into (parts 
which are) incommensurable (in length), then the square 
on the greater will be larger than (the square on) the 
lesser by the (square) on (some straight-line) incommen¬ 
surable in length with the greater [Prop. 10.18]. Thus, 
the square on DM is greater than (the square on) AIG 
by the (square) on (some straight-line) incommensurable 
(in length) with (DAI) . And DAI and MG are rational 
(straight-lines which are) commensurable in square only. 
And DM is commensurable (in length) with the (previ¬ 
ously) laid down rational (straight-line) DE. 

Thus, DG is a fourth binomial (straight-line) [Def. 
10.8]. (Which is) the very thing it was required to show. 

.57. 


Proposition 64 

The square on the square-root of a rational plus a me¬ 
dial (area) applied to a rational (straight-line) produces 
as breadth a fifth binomial (straight-line).1 

Let AB be the square-root of a rational plus a medial 
(area) having been divided into its (component) straight¬ 
lines at C, such that AC is greater. And let the rational 
(straight-line) DE be laid down. And let the (parallelo¬ 
gram) DE, equal to the (square) on AB, have been ap- 
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A K M N H 


E 0 A E Z 

I-1-1 

a r b 

Kaxeaxcudadw xa auxa xok xpo xouxou. sits! ouv 
prjxov xai piaov Suvapivrj saxiv f) AB 8irjprj(ievrj xaxa xo 
F, at Ar, TB apa 8uvap£L eiaiv aauppsxpoi xoiouaai xo pev 
auyxEipevov ex xAv ax’ auxAv xExpayAvcuv peaov, xo 8’ Ox’ 
auxAv prjxov. exel ouv peaov eaxl xo auyxEipevov ex xuv 
axo xAv Ar, TB, (ieaov apa eaxl xo AA- Aaxe prjxfj eaxiv 
f) AM xai (i/|Xei aauppexpoq xfj AE. xaXiv, exel prjxov eaxi 
xo 8k 0x6 xwv ATB, xouxeaxi xo MZ, prjxfj apa fj MH xal 
auppexpoq xfj AE. aauppexpoq apa fj AM xfj MH- al AM, 
MH apa prjxai e’lai 8uvapei povov auppexpoL- ex 80o apa 
ovopaxwv eaxiv fj AH. Xeyco 8rj, oxl xal xepxxrj. 

'Ojioiwc; yap 8iexhfjaexai, oxl xo 0x6 xAv AKM laov 
eaxl xA axo xfjc MN, xal aa6(i(iexpo<; fj AK xfj KM [irjxet' fj 
AM apa xfjc MH (lekov 8uvaxai xA axo aau(i(iexpou eauxfj. 
xai elaiv al AM, MH [prjxai] 8uva(ieL (lovov aO(i(iexpoL, xal 
rj eXaaacrv fj MH a0(i(iexpoi; xfj AE (irjxei. 

'H AH apa ex 80o 6vo(iaxa>v eaxl xejixxrj- oxep c8cl 
8ekai. 


plied to DE, producing DG as breadth. I say that DG is 
a fifth binomial straight-line. 


D K M N G 






; h 

[ L O F 


i-1-1 

A C B 

Let the same construction be made as in the (proposi¬ 
tions) before this. Therefore, since AB is the square-root 
of a rational plus a medial (area), having been divided 
at C, AC and CB are thus incommensurable in square, 
making the sum of the squares on them medial, and the 
(rectangle contained) by them rational [Prop. 10.40]. 
Therefore, since the sum of the (squares) on AC and 
CB is medial, DL is thus medial. Hence, DAI is rational 
and incommensurable in length with DE [Prop. 10.22]. 
Again, since twice the (rectangle contained) by ACB — 
that is to say, ME —is rational, MG (is) thus rational 
and commensurable (in length) with DE [Prop. 10.20]. 
DAI (is) thus incommensurable (in length) with AIG 
[Prop. 10.13], Thus, DAI and AIG are rational (straight¬ 
lines which are) commensurable in square only. Thus, 
DG is a binomial (straight-line) [Prop. 10.36]. So, I say 
that (it is) also a fifth (binomial straight-line). 

For, similarly (to the previous propositions), it can 
be shown that the (rectangle contained) by DKM is 
equal to the (square) on AIN, and DK (is) incommen¬ 
surable in length with KAI. Thus, the square on DM 
is greater than (the square on) AlG by the (square) on 
(some straight-line) incommensurable (in length) with 
{DAI) [Prop. 10.18]. And DAI and AIG are [rational] 
(straight-lines which are) commensurable in square only, 
and the lesser AIG is commensurable in length with DE. 

Thus, DG is a fifth binomial (straight-line) [Def. 10.9]. 
(Which is) the very thing it was required to show. 


' In other words, the square of the square-root of a rational plus medial is a fifth binomial. See Prop. 10.58. 


To axo xfjq 8uo peaa 8uvapsvrjc; xapa prjxfjv xapa- 
f3aXX6pevov xXaxoq xoisT xfjv sx 8uo ovopaxov exxrjv. 

’lEaxw 8uo peaa 8uvapevrj fj AB Sirjprjpevrj xaxa xo T, 
prjxfj 8e eaxco fj AE, xal xapa xfjv AE xA axo xfjq AB laov 
xapaPepXfja-da) xo AZ xXaxoq xoiouv xfjv AH- Xeyw, oxl fj 
AH ex Suo ovopaxwv eaxiv exxrj. 


Proposition 65 

The square on the square-root of (the sum of) two me¬ 
dial (areas) applied to a rational (straight-line) produces 
as breadth a sixth binomial (straight-line) d 

Let AB be the square-root of (the sum of) two me¬ 
dial (areas), having been divided at C. And let DE be a 
rational (straight-line). And let the (parallelogram) DF, 
equal to the (square) on AB, have been applied to DE, 
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E © A E Z 

I-1-1 

a r b 

KaxeaxEudodto yap xa auxa xou; xpoxspov. xal ex si f] 
AB ouo psaa Ouvapsvr] saxi 8LT)pr]p£vr] xaxa xo T, ai AT, TB 
apa 8uvap£i eialv aauppsxpoi xoiouaai xo xe auyxEipEvov 
ex xwv a k auxAv xExpayAvcnv psaov xal xo Ox’ auxAv 
psaov xal £xi aauppsxpov xo ex xwv ax’ auxAv xsxpayAvoiv 
auyxEipEvov xo Ox’ auxAv woxe xaxa xa xpoOsostyfisva 
psaov saxlv sxaxspov xwv A A, MZ. xal xapa prjxfv xf)v 
AE Ttapaxsixac prjxf] apa saxlv sxaxspa xwv AM, MH xal 
aauppsxpoc; xfj AE pf)X£i. xal exeI aauppsxpov saxi xo 
ouyxEipEvov ex xov axo xfiv AT, TB xo 8lc 0x6 xAv AT, 
TB, aouppExpov apa saxi xo AA xA MZ. aauppsxpoq apa 
xal f) AM xfj MH- ai AM, MH apa prjxal siai 8uvapsi povov 
ouppsxpor ex 8uo apa ovopaxwv saxlv f) AH. Xsyw 8f), oxi 
xal exxt). 

'OpoiMc; Sf] xaXiv 8£Tc;op£v, oxi xo 0x6 xAv AKM ’iaov 
saxi xA axo xfjc; MN, xal oxi f] AK xfj KM pfjxsi saxlv 
aouppsxpoc xal 8ia xa auxa 5f) f] AM xrjc MH psi£ov 
Suvaxai xA axo aauppsxpou sauxfj pfxsi. xal ouBsxspa xAv 
AM, MH auppsxpoc; saxi xfj Exxsipsvr] prjxfj xfj AE pfjxsi. 

'H AH apa ex 8uo ovopaxtov saxlv sxxrp oxsp e8ei 
S£T<;ai. 


producing DG as breadth. I say that DG is a sixth bino- 


mial (straight-line). 

D 

K 

M 

N 

G 






E 

B 

L 


O 

F 


i-1-1 

A C B 

For let the same construction be made as in the pre¬ 
vious (propositions). And since AB is the square-root 
of (the sum of) two medial (areas), having been divided 
at C, AC and CB are thus incommensurable in square, 
making the sum of the squares on them medial, and the 
(rectangle contained) by them medial, and, moreover, 
the sum of the squares on them incommensurable with 
the (rectangle contained) by them [Prop. 10.41]. Hence, 
according to what has been previously demonstrated, DL 
and MF are each medial. And they are applied to the 
rational (straight-line) DE. Thus, DM and MG are 
each rational, and incommensurable in length with DE 
[Prop. 10.22], And since the sum of the (squares) on 
AC and CB is incommensurable with twice the (rectan¬ 
gle contained) by AC and CB, DL is thus incommensu¬ 
rable with MF. Thus, DAL (is) also incommensurable (in 
length) with MG [Props. 6.1, 10.11]. DAI and MG are 
thus rational (straight-lines which are) commensurable 
in square only. Thus, DG is a binomial (straight-line) 
[Prop. 10.36]. So, I say that (it is) also a sixth (binomial 
straight-line). 

So, similarly (to the previous propositions), we can 
again show that the (rectangle contained) by DKM is 
equal to the (square) on MN, and that DK is incom¬ 
mensurable in length with KM. And so, for the same 
(reasons), the square on DM is greater than (the square 
on) MG by the (square) on (some straight-line) incom¬ 
mensurable in length with ( DAI ) [Prop. 10.18], And nei¬ 
ther of DAI and AIG is commensurable in length with the 
(previously) laid down rational (straight-line) DE. 

Thus, DG is a sixth binomial (straight-line) [Def. 
10.10]. (Which is) the very thing it was required to show. 


' In other words, the square of the square-root of two medials is a sixth binomial. See Prop. 10.59. 


<;A Proposition 66 

'H xfj Ex 8uo ovopaxwv pijxsi auppsxpoq xal auxf] ex A (straight-line) commensurable in length with a bi- 
8uo ovopaxtov saxi xal xfj xac;si f] auxf]. nomial (straight-line) is itself also binomial, and the same 

’'Eoxw ex 8uo ovopaxov f] AB, xal xfj AB pqxEi in order. 
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auppsxpoc; eotco r| TA- Xsyto, oxi f] TA ex 8uo ovopaxwv 
saxi xal xfj xa^ei rj auxf] xfj AB. 

A E B 

i-1-1 

r z a 

i-1-1 

Tksl yap sx 8uo ovopaxov saxlv f] AB, Oirjprjo'dw si<; xa 
ovopaxa xaxa xo E, xod soxw psT((ov ovopa xo AE- al AE, 
EB apa pyjxal siai Buvapsi povov auppsxpoi. ysyovsxcy A<; 
f) AB xpo<; xf]v TA, ouxux; f] AE xpo<; xfjv TZ- xal Aoixf) 
apa y) EB xpoc; Aoixqv xqv ZA saxiv, A<; f] AB yxpoc xfjv 
TA. auppsxpoi; 8s f] AB xfj TA pfjxsi- auppsxpoi; apa sox! 
xal yj psv AE xfj TZ, f] 8s EB xfj ZA. xal slat pyjxal al AE, 
EB- pyjxal apa dal xal al TZ, ZA. xal saxiv Ac; f AE xpoc; 
rZ, yj EB xpoc ZA. svaAAac; apa saxlv A; yj AE xpo<; EB, yj 
rZ xpoc; ZA. al 5s AE, EB Buvapsi povov [stal] auppsxpoi- 
xal al rZ, ZA apa Buvapsi povov sial auppsxpoi. xal slat 
pyjxal- sx 8uo apa ovopaxcov saxlv f) TA. Xsyo 8f), oxi xfj 
xac;£i saxlv yj auxf) xfj AB. 

H yap AE xfj; EB psT((ov Buvaxai fjxoi xA axo 
auppsxpou Sauxfj f] xA axo aauppsxpou. si psv ouv f] 
AE xyjc EB psl((ov Buvaxai xA axo auppsxpou sauxfj, xal 
f) EZ xfj<; ZA psT<(ov Buvrjasxai xA axo auppsxpou sauxfj. 
xal si psv auppexpo; saxiv f] AE xfj sxxsipsvy) pyjxfj, xal 
f) rZ auppsxpoi; auxfj saxai, xal Bia xouxo sxaxspa xAv 
AB, TA sx Buo ovopaxcov saxi xpAxy], xouxsaxi xfj xa^SL 
f) auxrj. si 8s f) EB auppsxpoi; saxi xfj sxxsipsvy] pyjxfj, 
xal yj ZA auppsxpoi; saxiv auxfj, xal Bia xouxo xaAiv xfj 
xa^si f] auxf) saxai xfj AB- sxaxspa yap auxAv saxai sx Buo 
ovopaxov Bsuxspa. si 8s ouBsxspa xAv AE, EB auppsxpo; 
saxi xfj sxxsipsvy] pyjxfj, ouBsxspa xAv TZ, ZA auppsxpo; 
auxfj saxai, xal saxiv sxaxspa xplxyj. si 8s f] AE xfjc; EB 
psTiljov Buvaxai xA and aauppsxpou sauxfj, xal f) TZ xfjt; ZA 
psTiljov Buvaxai xA axo aauppsxpou sauxfj. xal si psv f] AE 
ouppExpo; saxi xfj sxxsipsvy) prjxy], xal f] TZ auppExpo; 
saxiv auxfj, xal saxiv sxaxspa xsxapxyj. si 8s f] EB, xal 
f) ZA, xal saxai sxaxspa xspxxy). si 8s ouBsxspa xAv AE, 
EB, xal xAv TZ, ZA ouBsxspa auppsxpo; saxi xfj sxxsipsvy) 
pyjxfj, xal saxai sxaxspa sxxrj. 

Tlaxs f) xfj sx Buo ovopaxwv pyjxsi auppsxpo; sx Buo 
ovojidxov saxi xal xfj xa^si yj auxf)- oxsp s8si BsT^ai. 


Let AB be a binomial (straight-line), and let CD be 
commensurable in length with AB. I say that CD is a bi¬ 
nomial (straight-line), and (is) the same in order as AB. 

A E B 

i-1-1 

C F D 

i-1-1 

For since AB is a binomial (straight-line), let it have 
been divided into its (component) terms at E, and let 
AE be the greater term. AE and EB are thus rational 
(straight-lines which are) commensurable in square only 
[Prop. 10.36], Let it have been contrived that as AB (is) 
to CD, so AE (is) to CF [Prop. 6.12]. Thus, the remain¬ 
der EB is also to the remainder ED, as AB (is) to CD 
[Props. 6.16, 5.19 corr.]. And AB (is) commensurable 
in length with CD. Thus, AE is also commensurable 
(in length) with CF, and EB with ED [Prop. 10.11]. 
And AE and EB are rational. Thus, CF and FD are 
also rational. And as AE is to CF, (so) EB (is) to FD 
[Prop. 5.11]. Thus, alternately, as AE is to EB, (so) 
CF (is) to FD [Prop. 5.16]. And AE and EB [are] 
commensurable in square only. Thus, CF and FD are 
also commensurable in square only [Prop. 10.11], And 
they are rational. CD is thus a binomial (straight-line) 
[Prop. 10.36]. So, I say that it is the same in order as 
AB. 

For the square on AE is greater than (the square on) 
EB by the (square) on (some straight-line) either com¬ 
mensurable or incommensurable (in length) with (AE). 
Therefore, if the square on AE is greater than (the square 
on) EB by the (square) on (some straight-line) com¬ 
mensurable (in length) with (AE) then the square on 
CF will also be greater than (the square on) FD by 
the (square) on (some straight-line) commensurable (in 
length) with (CF) [Prop. 10.14]. And if AE is com¬ 
mensurable (in length) with (some previously) laid down 
rational (straight-line) then CF will also be commensu¬ 
rable (in length) with it [Prop. 10.12]. And, on account 
of this, AB and CD are each first binomial (straight¬ 
lines) [Def. 10.5]—that is to say, the same in order. And if 
EB is commensurable (in length) with the (previously) 
laid down rational (straight-line) then FD is also com¬ 
mensurable (in length) with it [Prop. 10.12], and, again, 
on account of this, (CD) will be the same in order as 
AB. For each of them will be second binomial (straight¬ 
lines) [Def. 10.6], And if neither of AE and EB is com¬ 
mensurable (in length) with the (previously) laid down 
rational (straight-line) then neither of CF and FD will 
be commensurable (in length) with it [Prop. 10.13], and 
each (of AB and CD) is a third (binomial straight-line) 
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'H xf) ex Buo [isouv pfjxei auppexpo<; xod auxf) ex Buo 
[ieo«v eaxl xal xfj xac;ei f) auxr]. 

A E B 

i-1-1 

r z a 

i-1-1 

’'Eaxw ex Buo peawv rj AB, xal xfj AB auppexpoc eaxo 
fjirjxeL f] TA- Xeyo, oxi f] TA ex Buo peatov eaxl xal xfj xa^ei 
f) auxf) xfj AB. 

’Exel yap ex Buo peawv eaxiv f] AB, 5ir]pfjoi}M sic, xa<; 
peaa<; xaxa xo E- ai AE, EB apa peaai eial Buvapei povov 
ouppexpoi. xal yeyovexo A<; f] AB xpo<; TA, f] AE xpoc; 
TZ- xal Xoixf) apa f| EB xpog Xoixfjv xfjv ZA eaxiv, Ac; f] 
AB xpoc; TA. auppexpoc; Be f] AB xfj TA pqxei- auppexpoc; 
apa xal exaxepa xuv AE, EB exaxepa xAv EZ, ZA. peoai 
Be al AE, EB- peaai apa xal al TZ, ZA. xal exel eaxiv 
Ac f] AE xpoc EB, f) EZ xpoc ZA, al Be AE, EB Suvapei 
povov aupipiexpoi elaiv, xal al TZ, ZA [apa] Buvapiei piovov 
aupipiexpol elaiv, eoelx-drjaav Be xal (ieaai- f] TA apa ex Buo 
pieawv eaxiv. Xeyw Bfj, oxi xal xfj xa^ei f] auxf] eaxi xfj AB. 

’Exel yap eaxiv Ac f] AE xpoc EB, f] TZ xpoc ZA, xal 
Ac apa xo axo xfjc AE xpoc to 0x6 xAv AEB, ouxmc to 
axo Tfjc rZ xpoc to 0x6 tAv TZA- evaXXa^ Ac to axo Tfjc 


[Def. 10.7]. And if the square on AE is greater than 
(the square on) EB by the (square) on (some straight- 
line) incommensurable (in length) with (AE) then the 
square on CF is also greater than (the square on) FD 
by the (square) on (some straight-line) incommensurable 
(in length) with (CF) [Prop. 10.14]. And if AE is com¬ 
mensurable (in length) with the (previously) laid down 
rational (straight-line) then CF is also commensurable 
(in length) with it [Prop. 10.12], and each (of AB and 
CD) is a fourth (binomial straight-line) [Def. 10.8]. And 
if EB (is commensurable in length with the previously 
laid down rational straight-line) then FD (is) also (com¬ 
mensurable in length with it), and each (of AB and CD) 
will be a fifth (binomial straight-line) [Def. 10.9]. And 
if neither of AE and EB (is commensurable in length 
with the previously laid down rational straight-line) then 
also neither of CF and FD is commensurable (in length) 
with the laid down rational (straight-line), and each (of 
AB and CD) will be a sixth (binomial straight-line) 
[Def. 10.10]. 

Hence, a (straight-line) commensurable in length 
with a binomial (straight-line) is a binomial (straight- 
line), and the same in order. (Which is) the very thing it 
was required to show. 

Proposition 67 

A (straight-line) commensurable in length with a bi- 
medial (straight-line) is itself also bimedial, and the same 
in order. 

A E B 

i-1-1 

C F D 

i-1-1 

Let AB be a bimedial (straight-line), and let CD be 
commensurable in length with AB. I say that CD is bi¬ 
medial, and the same in order as AB. 

For since AB is a bimedial (straight-line), let it have 
been divided into its (component) medial (straight-lines) 
at E. Thus, AE and EB are medial (straight-lines 
which are) commensurable in square only [Props. 10.37, 
10.38]. And let it have been contrived that as AB (is) to 
CD, (so) AE (is) to CF [Prop. 6.12], And thus as the 
remainder EB is to the remainder FD, so AB (is) to CD 
[Props. 5.19 corn, 6.16]. And AB (is) commensurable 
in length with CD. Thus, AE and EB are also com¬ 
mensurable (in length) with CF and FD, respectively 
[Prop. 10.11]. And AE and EB (are) medial. Thus, CF 
and FD (are) also medial [Prop. 10.23]. And since as 
AE is to EB, (so) CF (is) to FD, and AE and EB are 
commensurable in square only, CF and FD are [thus] 


359 




ETOIXEIfiN i'. 


ELEMENTS BOOK 10 


AE xpoc; to axo Tfjc rZ, outo<; to 0x6 twv AEB xpoc; to 
Guo tAv TZA. ouppeTpov Be to duo Tfjc AE tA duo xfjc 
TZ- ouppexpov apa xal to 0x6 twv AEB to 0x6 twv TZA. 
site ouv pr)Tov egtl to 0x6 tAv AEB, xal to 0x6 tAv TZA 
prjTov egtiv [xal Bid touto eoxiv ex Buo peowv xpAxr]] . cite 
peoov, peoov, xal egtiv exaxepa Beuxepa. 

Kal Bid touto Eaxai f) TA Tfj AB Tfj Ta^ei f] a0xf|' oxep 
eBei Bel^ai. 


lr\. 

'H Tfj pel^ovi ouppexpoc; xal aOxf] pel^wv egtiv. 

A E B 

i-1-1 

r z a 

i-1-1 

’'Egtu peli^tov f) AB, xal Tfj AB ouppexpoc eotm f] TA- 
Xeyo, oti f) TA peli^ov egtiv. 

Airjpfjoilw f) AB xaxa to E- ai AE, EB apa Buvapei eiolv 
aouppexpoi xoiouaai to pev ouyxelpevov ex tAv ax’ aOxAv 
TexpayAvov pqxov, to 8’ Ox’ aOxAv peoov- xal yeyovexco 
Ta aOxa toTc xpoxepov. xal exel egtiv Ac; f) AB xpoc xqv 
TA, ouxwc fj Te AE xpoc ttjv TZ xal f] EB xpoc ttjv ZA, 
xal A<; apa f] AE xpoc ttjv TZ, ouxoc f) EB xpoc ttjv ZA. 
ouppexpoc Be f] AB Tfj TA' ouppexpoc apa xal exaxepa tAv 
AE, EB exaTepa tAv TZ, ZA. xal exel egtiv At; f) AE xpoc 
xf]v TZ, ouxwc f] EB xpoc xf]v ZA, xal evaXXac; At; f) AE 
xpoc; EB, ouxwc f) TZ xpoc; ZA, xal ouvdevxi apa egtiv At; 
f) AB xpot; xqv BE, ouxwc fj TA xpoc xqv AZ- xal At; apa 
to axo Tfjc AB xpoc; to axo Tfjc BE, outgk to axo Tfjc TA 
xpoc; to axo Tfjt; AZ. opolooc 8f) Bel^opev, oti xal At; to axo 
Tfjt; AB xpot; to axo Tfjt; AE, ouxoc to axo Tfjt; TA xpoc; 
to axo Tfjc TZ. xal At; apa to axo Tfjt; AB xpoc; xa axo tAv 
AE, EB, oux«c to axo Tfjt; TA xpoc; Ta axo tAv TZ, ZA- 


also commensurable in square only [Prop. 10.11], And 
they were also shown (to be) medial. Thus, CD is a bi- 
medial (straight-line). So, I say that it is also the same in 
order as AB. 

For since as AE is to EB, (so) CF (is) to FD, thus 
also as the (square) on AE (is) to the (rectangle con¬ 
tained) by AEB, so the (square) on CF (is) to the (rect¬ 
angle contained) by CFD [Prop. 10.21 lem.]. Alter¬ 
nately, as the (square) on AE (is) to the (square) on 
CF, so the (rectangle contained) by AEB (is) to the 
(rectangle contained) by CFD [Prop. 5.16]. And the 
(square) on AE (is) commensurable with the (square) 
on CF. Thus, the (rectangle contained) by AEB (is) 
also commensurable with the (rectangle contained) by 
CFD [Prop. 10.11]. Therefore, either the (rectangle 
contained) by AEB is rational, and the (rectangle con¬ 
tained) by CFD is rational [and, on account of this, 
(AE and CD) are first bimedial (straight-lines)], or (the 
rectangle contained by AEB is) medial, and (the rect¬ 
angle contained by CFD is) medial, and (AB and CD) 
are each second (bimedial straight-lines) [Props. 10.23, 
10.37, 10.38]. 

And, on account of this, CD will be the same in order 
as AB. (Which is) the very thing it was required to show. 

Proposition 68 

A (straight-line) commensurable (in length) with a 
major (straight-line) is itself also major. 

A E B 

i-1-1 

C F D 

i-1-1 

Let AB be a major (straight-line), and let CD be com¬ 
mensurable (in length) with AB. I say that CD is a major 
(straight-line). 

Let AB have been divided (into its component terms) 
at E. AE and EB are thus incommensurable in square, 
making the sum of the squares on them rational, and the 
(rectangle contained) by them medial [Prop. 10.39]. And 
let (the) same (things) have been contrived as in the pre¬ 
vious (propositions). And since as AB is to CD, so AE 
(is) to CF and EB to FD, thus also as AE (is) to CF, 
so EB (is) to FD [Prop. 5.11]. And AB (is) commen¬ 
surable (in length) with CD. Thus, AE and EB (are) 
also commensurable (in length) with CF and FD, re¬ 
spectively [Prop. 10.11], And since as AE is to CF, so 
EB (is) to FD, also, alternately, as AE (is) to EB, so 
CF (is) to FD [Prop. 5.16], and thus, via composition, 
as AB is to BE, so CD (is) to DF [Prop. 5.18]. And thus 
as the (square) on AB (is) to the (square) on BE, so the 
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xal svaXXaJj apa saxiv Ac; to axo xrjc; AB xpoc to axo xfjc; 
TA, outck Ta axo twv AE, EB xpo<; Ta axo xwv TZ, ZA. 
auppsxpov 6s to axo xfj<; AB to axo xfjg TA' auppsxpa 
apa xal xa aixo xfiv AE, EB xoT<; axo xwv TZ, ZA. xal saxi 
xa axo xov AE, EB apa prjxov, xal xa axo xAv TZ, ZA 
apa prjxov saxiv. opoloK 8s xal to Sic uxo xAv AE, EB 
auppsxpov saxi xA 6lc uxo xAv TZ, ZA. xai saxi psaov xo 
Sic uxo xAv AE, EB' psaov apa xal to Sic uxo xAv TZ, 
ZA. al rZ, ZA apa Suvapsi aauppsxpol stai xoiouaai to 
psv auyxslpsvov sx xAv ax' auxAv xsxpayAvwv apa prjxov, 
to 8s 81c Ox’ auxAv psaov- oXrj apa fj TA aXoyoc; saxiv fj 
xaXoupsvrj psl^Mv. 

'H apa xfj pisi^ovi auppsxpoc; psl^oov saxiv oxsp s8si 
8sT^ai. 


ZV- 

'H xfj prjxov xal ptsaov 8uvapisvr) aupipi£xpo<; [xal aOxfj] 
prjxov xal pisaov 8uva(isvrj saxiv. 

A E B 

i-1-1 

r z a 

i-1-1 

’'Eaxw prjxov xal pisaov Suvapisvrj fj AB, xal xfj AB 
aupipiExpoc; saxtr fj TA- 8sixxsov, oxi xal fj TA prjxov xal 
(isaov 8uvapisvrj saxiv. 

Aijrjpfja'dto fj AB sic xac; sODsiac; xaxa to E- al AE, EB 
apa 8uva(isi slalv daupijiSTpoi xoiouaai to pisv auYXEipiEvov 
sx xAv ax’ auxAv TExpayAvtov pisaov, xo 8’ Ox’ aOxAv 
prjxov xal xa aOxa xaTsaxEudaDw xolc xpoxspov. optoiiog 
8fj Ssl^ojisv, oxi xal al EZ, ZA Suvajisi slalv aaupi(iETpoi, 
xal aupipiExpov xo pisv auyxslpisvov sx xAv axo xAv AE, EB 
tA auyx£ipi£v(j sx xAv axo xAv TZ, ZA, xo 8s 0x6 AE, EB 
tA 0x6 EZ, ZA- Aaxs xal to [pisv] auyxsljisvov sx xAv axo 
xAv rZ, ZA xsxpayAvtov saxl pisaov, xo 8’ 0x6 xAv TZ, 


(square) on CD (is) to the (square) on DF [Prop. 6.20]. 
So, similarly, we can also show that as the (square) on 
AB (is) to the (square) on AE, so the (square) on CD 
(is) to the (square) on CF. And thus as the (square) on 
AB (is) to (the sum of) the (squares) on AE and EB, so 
the (square) on CD (is) to (the sum of) the (squares) on 
CF and FI). And thus, alternately, as the (square) on AB 
is to the (square) on CD, so (the sum of) the (squares) on 
AE and EB (is) to (the sum of) the (squares) on CF and 
FD [Prop. 5.16], And the (square) on AB (is) commen¬ 
surable with the (square) on CD. Thus, (the sum of) the 
(squares) on AE and EB (is) also commensurable with 
(the sum of) the (squares) on CF and FD [Prop. 10.11]. 
And the (squares) on AE and EB (added) together are 
rational. The (squares) on CF and FD (added) together 
(are) thus also rational. So, similarly, twice the (rect¬ 
angle contained) by AE and EB is also commensurable 
with twice the (rectangle contained) by CF and FD. And 
twice the (rectangle contained) by AE and EB is me¬ 
dial. Therefore, twice the (rectangle contained) by CF 
and FD (is) also medial [Prop. 10.23 corn]. CF and FD 
are thus (straight-lines which are) incommensurable in 
square [Prop 10.13], simultaneously making the sum of 
the squares on them rational, and twice the (rectangle 
contained) by them medial. The whole, CD, is thus that 
irrational (straight-line) called major [Prop. 10.39]. 

Thus, a (straight-line) commensurable (in length) 
with a major (straight-line) is major. (Which is) the very 
thing it was required to show. 

Proposition 69 

A (straight-line) commensurable (in length) with the 
square-root of a rational plus a medial (area) is [itself 
also] the square-root of a rational plus a medial (area). 

A E B 

i-1-1 

C F D 

i-1-1 

Let AB be the square-root of a rational plus a medial 
(area), and let CD be commensurable (in length) with 
AB. We must show that CD is also the square-root of a 
rational plus a medial (area). 

Let AB have been divided into its (component) 
straight-lines at E. AE and EB are thus incommensu¬ 
rable in square, making the sum of the squares on them 
medial, and the (rectangle contained) by them rational 
[Prop. 10.40]. And let the same construction have been 
made as in the previous (propositions). So, similarly, we 
can show that CF and FD are also incommensurable 
in square, and that the sum of the (squares) on AE and 
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ZA prjxov. 

'Ptjtov apa xai yteoov Suvapcvr] caxlv rj TA- oxcp sosi 
8 £lc;ai. 


/ 

o . 

'H xf) 8uo (ieaa 8uva(i£vr) auppcxpoc; 860 ytsaa Suvapcvr] 
Eaxiv. 

A E B 

1-1-1 

r z a 

1 - 1 - 1 

’'Eaxw 860 (leaa Suvapcvr] f] AB, xai xfj AB auppExpoc; 
f] TA- 8eixxeov, 6x1 xai /] TA 860 pcaa 8uvapi£vr] Eaxiv. 

’Exsi yap 860 psaa 8uvap evt] Eaxiv f) AB, Sirjpricrdw 
sic xac su-hsiac; xaxa xo E- at AE, EB apa 8uva(i£i 
siaiv aauppsxpoi xoiouaai xo xe auyxEipsvov ex xAv ax’ 
auxAv [xsxpayAvcov] psaov xai xo Ox’ auxAv pisaov xai 
exi aauppsxpov xo auyxEipsvov ex xAv axo xAv AE, EB 
xsxpayAvov xA 0 x 6 xAv AE, EB- xai xaxsaxsuaa'dw xa 
auxa xoic xpoxspov. ojioiwt; 8 r\ Osi^opisv, oxi xai ai TZ, ZA 
8uvapi£i e’ictIv daOpipiExpoi xai aupipiExpov xo (isv auyx£i(i£vov 
ex xAv axo xAv AE, EB xA a^yxEipiEvcp ex xAv axo xAv TZ, 
ZA, xo 8 e 0 x 6 xAv AE, EB xA 0 x 6 xAv TZ, ZA- Aaxs xai 
xo auyx£i(i£vov ex xAv axo xAv TZ, ZA xsxpayAvoiv pisoov 
saxl xai xo 0 x 6 xAv TZ, ZA (isaov xai exi aaupipiExpov xo 
auyxsipiEvov ex xAv axo xAv TZ, ZA xsxpayAvwv xA 0 x 6 

xAv rz, ZA. 

'H apa TA 8O0 (isaa Suvapisvr] saxiv oxsp e8ei SsT^ai. 


oa. 

'Prjxou xai (isaou auvxi-dspisvou xsaaapst; aXoyoi ylyvov- 
xai fjxoi ex 8 O 0 ovopiaxwv f\ ex 8uo (iEawv xpAxrj r] (isi^tov 
fj prjxov xai (isaov 8 uvapisvr). 


EB (is) commensurable with the sum of the (squares) 
on CF and FD, and the (rectangle contained) by AE 
and EB with the (rectangle contained) by CF and FD. 
And hence the sum of the squares on CF and FD is me¬ 
dial, and the (rectangle contained) by CF and FD (is) 
rational. 

Thus, CD is the square-root of a rational plus a medial 
(area) [Prop. 10.40]. (Which is) the very thing it was 
required to show. 

Proposition 70 

A (straight-line) commensurable (in length) with the 
square-root of (the sum of) two medial (areas) is (itself 

also) the square-root of (the sum of) two medial (areas). 

A E B 

1 - 1 - 1 

C F D 

1-1-1 

Let AB be the square-root of (the sum of) two medial 
(areas), and (let) CD (be) commensurable (in length) 
with AB. We must show that CD is also the square-root 
of (the sum of) two medial (areas). 

For since AB is the square-root of (the sum of) two 
medial (areas), let it have been divided into its (compo¬ 
nent) straight-lines at E. Thus, AE and EB are incom¬ 
mensurable in square, making the sum of the [squares] 
on them medial, and the (rectangle contained) by them 
medial, and, moreover, the sum of the (squares) on AE 
and EB incommensurable with the (rectangle) contained 
by AE and EB [Prop. 10.41]. And let the same construc¬ 
tion have been made as in the previous (propositions). 
So, similarly, we can show that CF and FD are also 
incommensurable in square, and (that) the sum of the 
(squares) on AE and EB (is) commensurable with the 
sum of the (squares) on CF and FD, and the (rectangle 
contained) by AE and EB with the (rectangle contained) 
by CF and FD. Hence, the sum of the squares on CF 
and FD is also medial, and the (rectangle contained) by 
CF and FD (is) medial, and, moreover, the sum of the 
squares on CF and FD (is) incommensurable with the 
(rectangle contained) by CF and FD. 

Thus, CD is the square-root of (the sum of) two me¬ 
dial (areas) [Prop. 10.41]. (Which is) the very thing it 
was required to show. 

Proposition 71 

When a rational and a medial (area) are added to¬ 
gether, four irrational (straight-lines) arise (as the square- 
roots of the total area)—either a binomial, or a first bi- 
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’'Ecttm prjTov pcv to AB, pcoov oe to TA- Xsyw, otl f) 
to AA xwpiov Buvapsvr] fjToi sx 8uo ovoparcov ecttiv fj ex 
Suo [iectgw 7ip«TT] fj [isiCwv fj prjTov xai pscrav 5uvap£vr). 


AT E © K 



To yap AB tou TA f]Toi psl^ov ecttiv f\ sXaaaov. 
ecttm xpoTEpov pETi^ov xod exxeictDo:) prjTT) f] EZ, xai napa- 
PepXr]a , do napa tt)v EZ tA AB Ictov to EH tcXocto; tioiouv 
tt]v E0- tA 8s Ar Ictov napa t f]v EZ napaPepX^CT'dw to 
01 tcXocto; tioiouv ttjv 0K. xai etceI prjTov ectti to AB xai 
ecttiv Ictov tA EH, prjTov apa xai to EH. xai Tiapa [prjTfjv] 
tt]v EZ TiapaPspXrjTai kXoito; tioiouv ttjv E0- f] E0 apa 
prjTrj ectti xai cruppETpo; Tfj EZ pf)X£i. xaXiv, eteI pscrov 
ecttI to TA xai ecttiv ictov tA 01, (iectov apa ecttI xai to 
01. xai napa pr)TT)v ttjv EZ napaxsiTai tcXoito; tioiouv ttjv 
0K- pr]TT] apa ecttiv f] 0K xai acruppsTpo; Tfj EZ pf|XEi. xai 
etieI (iECTov ectti to FA, prpov 8s to AB, acruppETpov apa 
ecttI to AB tA TA' Actte xai to EH acnjppETpov ectti tA 
01. A; 8e to EH Ttpo; to 01, outo; ecttiv f) E0 xpo; ttjv 
0K- acruppsTpo; apa ectti xai f) E0 Tfj 0K (jLrjxeL. xai eictiv 
apcpoTEpai prjTai- al E0, 0K apa prjTai eicti 8uvapsi povov 
CTuppsTpoi* ex 8uo apa ovopaTWv ecttiv f) EK Siflprjpsvr] 
xaTa to 0. xai ekeI psT^ov ectti to AB tou TA, Ictov Se to 
psv AB tA EH, to 8s TA tA 01, psTi(ov apa xai to EH 
tou 0F xai f] E0 apa pEii^tov ectti Tfj; 0K. f]Toi ouv f) E0 
Tfj; 0K psT((ov SuvaTai tA omo cruppsTpou sauTfj prjxEi fj 
tA duo acruppETpou. SuvaoDw TtpoTspov tA ano cruppsTpou 
EaUTfj- Xod ECTTIV f) [lEl^WV fj 0E CTUppSTpo; Tfj EXXElflEVT) 
prjTT) Tfj EZ- f] apa EK ex 8uo ovopaTtov ectti TtpATT). prjTif] 
8s f) EZ- sav Se x^piov TtEpisxr)Tai Guo prjTfj; xai Tfjc; ex 8uo 
ovopaTUtv TipATT);, f) to ytoplov 8uvapEvr] ex Suo ovopaTtov 
ecttiv. f] apa to El Suvapsvrj ex 8uo ovopanratv ecttiv Actte 
xai f] to AA Suvapsvq ex Suo ovopaTtov ecttiv. aXXa 8f) 
SuvacrDw f) E0 Tfj; 0K psi£ov tA aTio aCTuppETpou sauTfj- 
xod ecttiv f) [isi^cov f) E0 cruppsTpo; Tfj sxxsipEvr] prpfj Tfj 
EZ ^jifjXEi- f] apa EK ex 8uo ovo^aTtov ectti TETapTT). pr]TT] 
8 e f) EZ- sav 8 e x^piov 7ispiExr]Tai Guo prjTfj; xai Tfj; ex 6uo 


medial, or a major, or the square-root of a rational plus a 
medial (area). 

Let AB be a rational (area), and CD a medial (area). 
I say that the square-root of area AD is either binomial, 
or first bimedial, or major, or the square-root of a rational 
plus a medial (area). 


AC E H K 



For AB is either greater or less than CD. Let it, first 
of all, be greater. And let the rational (straight-line) EF 
be laid down. And let (the rectangle) EG, equal to AB, 
have been applied to EF, producing EH as breadth. And 
let (the recatangle) HI, equal to DC, have been ap¬ 
plied to EF, producing HK as breadth. And since AB 
is rational, and is equal to EG, EG is thus also rational. 
And it has been applied to the [rational] (straight-line) 
EF, producing EH as breadth. EH is thus rational, and 
commensurable in length with EF [Prop. 10.20]. Again, 
since CD is medial, and is equal to HI, HI is thus also 
medial. And it is applied to the rational (straight-line) 
EF, producing HK as breadth. HK is thus rational, 
and incommensurable in length with EF [Prop. 10.22]. 
And since CD is medial, and AB rational, AB is thus 
incommensurable with CD. Hence, EG is also incom¬ 
mensurable with HI. And as EG (is) to HI, so EH is 
to HK [Prop. 6.1]. Thus, EH is also incommensurable 
in length with HK [Prop. 10.11]. And they are both ra¬ 
tional. Thus, EH and HK are rational (straight-lines 
which are) commensurable in square only. EK is thus 
a binomial (straight-line), having been divided (into its 
component terms) at H [Prop. 10.36]. And since AB 
is greater than CD, and AB (is) equal to EG, and CD 
to HI, EG (is) thus also greater than HI. Thus, EH is 
also greater than HK [Prop. 5.14]. Therefore, the square 
on EH is greater than (the square on) HK either by 
the (square) on (some straight-line) commensurable in 
length with (EH), or by the (square) on (some straight- 
line) incommensurable (in length with EH). Let it, first 
of all, be greater by the (square) on (some straight-line) 
commensurable (in length with EH). And the greater 
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ovojidxwv TETdpxr]<;, f) to x^plov 8uvap£vr] aXoyoc; ecttlv f) 
xaXoupevr] f] apa to El x^plov Buvapsvr) pd((«v 

ecttIv Actte xal fj to AA SuvapEvr] [isl^tov ecttIv. 

AXXa 8r) scttco eXocaaov to AB tou FA- xal to EH 
apa eXaaoov sctti tou 0F Actte xal fj E0 sXa ctctcov ecttI 
tt)<; 0K. rjToi 8 e f) 0K Tfjc; E0 psi^ov 8uvaxai tA aiio 
aup.(i£Tpou EauTfj fj tA ano acruppETpou. Suvacrdto upoTEpov 
tA duo cruppETpou sauTf) (irjxsi' xal ecttiv f] sXdaawv fj E0 
cruppETpoc; Tfj exxei^evt) prjTjj Tfj EZ pijxsr fj apa EK ex 
S uo ovopaTtov scttI 8suTEpa. prjTf] 8 e f] EZ- sav 8s ytoplov 
TEpiEXTjTai uito prjTrjc; xal Tfjc; ex 8uo ovopaTWv 8suTEpa<;, f] 
to xwpiov 8uvap.Evr) ex Suo pectmv ecttI upATT]. f] apa to El 
X«p[ov SuvapiEvr) ex 8uo pectgw ecttI TtpATiy Actte xal f] to 
AA 8uvapsvr] ex 8uo pscrtov ecttI npATT). aXXa 8f) fj 0K Tfjc; 
0E pslc^ov 8uvaCTTL>« tA duo aouppsTpou sauTfj. xal ecttiv 
fj sXa ctctwv fj E0 cnjppsTpo; Tfj Exxsipsvr] pqTfj Tfj EZ- f] 
apa EK ex 8uo ovopaTMv ecttI TispTiTY]. py]TT] 8s f] EZ- sav 
8 e x^plov TCEpiEX^Tai utio prjTfj; xal Tfjc; ex Suo ovopaTtov 
itspitTr];, f] to x^plov 8uva(i£vr) prjTov xal psoov Buvapsvr] 
ecttIv. fj apa to El x^piov 8uvapsvr] prjTov xal pscrov 8u- 
vapsvr] ecttiv- Actte xal fj to AA x^plov 8uvapEvr] prjTov 
xal psoov Suvapsvr] ecttiv. 

'Ptjtou apa xal psoou ctovtOe^evou TEoaaps; aXoyoi 
ylyvovTai fjToi ex 8uo ovopaTtov fj ex 8uo pectmv upATT] fj 
psli^tov fj prjTov xal pscrov Suvapsvr]' ousp s8si Ssl^ai. 


(of the two components of EK) HE is commensurable 
(in length) with the (previously) laid down (straight- 
line) EF. EK is thus a first binomial (straight-line) 
[Def. 10.5], And EF (is) rational. And if an area is con¬ 
tained by a rational (straight-line) and a first binomial 
(straight-line) then the square-root of the area is a bino¬ 
mial (straight-line) [Prop. 10.54]. Thus, the square-root 
of El is a binomial (straight-line). Hence the square- 
root of AD is also a binomial (straight-line). And, so, let 
the square on EH be greater than (the square on) HK 
by the (square) on (some straight-line) incommensurable 
(in length) with (EH). And the greater (of the two com¬ 
ponents of EK) EH is commensurable in length with the 
(previously) laid down rational (straight-line) EF. Thus, 
EK is a fourth binomial (straight-line) [Def. 10.8]. And 
EF (is) rational. And if an area is contained by a rational 
(straight-line) and a fourth binomial (straight-line) then 
the square-root of the area is the irrational (straight-line) 
called major [Prop. 10.57]. Thus, the square-root of area 
El is a major (straight-line). Hence, the square-root of 
AD is also major. 

And so, let AB be less than CD. Thus, EG is also less 
than HI. Hence, EH is also less than HK [Props. 6.1, 
5.14]. And the square on HK is greater than (the 
square on) EH either by the (square) on (some straight- 
line) commensurable (in length) with (HK), or by the 
(square) on (some straight-line) incommensurable (in 
length) with (HK). Let it, first of all, be greater by the 
square on (some straight-line) commensurable in length 
with (HK). And the lesser (of the two components of 
EK) EH is commensurable in length with the (previ¬ 
ously) laid down rational (straight-line) EF. Thus, EK 
is a second binomial (straight-line) [Def. 10.6]. And EF 
(is) rational. And if an area is contained by a rational 
(straight-line) and a second binomial (straight-line) then 
the square-root of the area is a first bimedial (straight- 
line) [Prop. 10.55]. Thus, the square-root of area El is 
a first bimedial (straight-line). Hence, the square-root of 
AD is also a first bimedial (straight-line). And so, let 
the square on HK be greater than (the square on) HE 
by the (square) on (some straight-line) incommensurable 
(in length) with (HK). And the lesser (of the two compo¬ 
nents of EK) EH is commensurable (in length) with the 
(previously) laid down rational (straight-line) EF. Thus, 
EK is a fifth binomial (straight-line) [Def. 10.9]. And 
EF (is) rational. And if an area is contained by a ratio¬ 
nal (straight-line) and a fifth binomial (straight-line) then 
the square-root of the area is the square-root of a rational 
plus a medial (area) [Prop. 10.58]. Thus, the square-root 
of area El is the square-root of a rational plus a medial 
(area). Hence, the square-root of area AD is also the 
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W- 

Auo peaorv dtauppexporv aXXfjXou; auvxt-depevorv at 
XotTtai 8uo aXoyot ytyvovxai fjxoi ex 8uo (ieaa>v 8euxepa 
fj [fj] 8uo peaa 8uvapevrj. 


AT E © K 



Enyxeta-dor yap 8uo peaa aauppexpa aXXfjXoi; xa AB, 
TA- Xeyto, oxt fj xo AA ^wpiov 8uvapevrj fjxoi ex 860 (ieaatv 
eaxl 8euxepa fj 8uo peaa Suvapevrj. 

To yap AB xou TA fjxoi pel^ov eaxtv fj eXaaaov. eaxto, 
ei xuyov, Kpoxepov peTi^ov xo AB xou TA- xal exxeta-dto 
prjxf) f) EZ, xal xo pev AB taov itapa xf]v EZ 7iapape(3Xf)o , t)w 
xo EH tcXocxoc; xotouv xf)v E0, xA 8e TA taov xo 01 xXaxoc; 
itotouv xfjv 0K. xal exel peaov eaxlv exaxepov xAv AB, TA, 
peaov apa xal exaxepov xAv EH, 01. xal xapa prjxfjv xf)v 
ZE xapaxetxat xXaxo; xotouv xa; E0, 0K- exaxepa apa xAv 
E0, 0K prjxfj eaxt xal aauppexpo; xfj EZ pfjxet. xal exel 
aauppexpov eaxt xo AB xA TA, xa[ eaxtv taov xo pev AB 
xA EH, xo 8e TA xA 01, aauptptexpov apa eaxl xal xo EH xA 
01. A<; 8e xo EH xpo; xo 01, ouxo; eaxlv f] E0 xpo; 0K- 
aauppexpo; apa eaxlv f) E0 xfj 0K pfjxet. at E0, 0K apa 
prjxai eiat 8uvapet ptovov auppexpor ex 860 apa ovopaxwv 
eaxlv f] EK. fjxoi 8e f] E0 xfj; 0K peTi^ov 8uvaxat xA axo 
auppexpou eauxfj fj xA and aauppexpou. SuvaaDw xpoxepov 
xA axo auptptexpou eauxfj pfjxer xal ouSexepa xAv E0, 0K 
auppexpo; eaxt xfj exxetpevjrj prjxfj xfj EZ prjxer fj EK apa 
ex 5 uo ovopaxwv eaxl xptxrp prjxf) 8e fj EZ- eav 8e ywptov 
xepteyrjxat uxo pr)xfj; xal xfj; ex 860 ovopaxwv xptxrj;, f) 
xo ywpiov 8uvapevrj ex 8uo pteawv eaxl 8euxepa- fj apa xo 
El, xouxeaxt xo AA, 8uvapevrj ex 8uo pteawv eaxl Oeuxepa. 


square-root of a rational plus a medial (area). 

Thus, when a rational and a medial area are added to¬ 
gether, four irrational (straight-lines) arise (as the square- 
roots of the total area)—either a binomial, or a first bi- 
medial, or a major, or the square-root of a rational plus a 
medial (area). (Which is) the very thing it was required 
to show. 

Proposition 72 

When two medial (areas which are) incommensu¬ 
rable with one another are added together, the remaining 
two irrational (straight-lines) arise (as the square-roots of 
the total area)—either a second bimedial, or the square- 
root of (the sum of) two medial (areas). 


AC E H K 



For let the two medial (areas) AB and CD, (which 
are) incommensurable with one another, have been 
added together. I say that the square-root of area AD 
is either a second bimedial, or the square-root of (the 
sum of) two medial (areas). 

For AB is either greater than or less than CD. By 
chance, let AB, first of all, be greater than CD. And 
let the rational (straight-line) EF be laid down. And let 
EG, equal to AB, have been applied to EF, producing 
EH as breadth, and HI, equal to CD, producing HK 
as breadth. And since AB and CD are each medial, EG 
and HI (are) thus also each medial. And they are ap¬ 
plied to the rational straight-line FE, producing EH and 
HK (respectively) as breadth. Thus, EH and HK are 
each rational (straight-lines which are) incommensurable 
in length with EF [Prop. 10.22]. And since AB is incom¬ 
mensurable with CD, and AB is equal to EG, and CD 
to HI, EG is thus also incommensurable with HI. And 
as EG (is) to HI, so EH is to HK [Prop. 6.1]. EH is 
thus incommensurable in length with HK [Prop. 10.11]. 
Thus, EH and HK are rational (straight-lines which are) 
commensurable in square only. EK is thus a binomial 
(straight-line) [Prop. 10.36]. And the square on EH is 
greater than (the square on) HK either by the (square) 
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aXXa 6f) f) E@ Tfjc 0 K peic^ov BovaaDu xcb axo aauppcxpou 
eauxfj prjxsi- xal aauppexpoc; eaxiv exaxepa xov E 0 , 0 K 
xfj EZ prjxer rj apa EK ex Buo ovopaxwv eaxiv exxr). eav 
8 e x w pi°v xepiexrjxai uxo prjxrjc; xal xfj<; ex Buo ovopaxwv 
exxrjc;, rj xo x^plov Buvapevrj V) Buo peaa Buvapevq eaxiv 
oaxe xal fj xo AA x^plov Buvapevq rj Buo peaa Buvapevy] 
eaxiv. 

['Opol&x; Sr] BelJjopev, oxi xav eXaxxov fj xo AB xou FA, 
f] xo AA x^plov Buvapevq rj ex Buo peawv Beuxepa eaxiv 
yjxoi Buo peaa Buvapevyj]. 

Auo apa peaorv aauppexporv aXXy]Xoi<; auvxnlepevoyv al 
Xoixal Buo aXoyoi ylyvovxai fjxoi ex Buo peaorv Beuxepa yj 
Buo peaa Buvapevyj. 

’H ex Buo ovopaxorv xal al pex’ auxyjv aXoyoi ouxe 
xfj peayj ouxe aXXyjXaic; eialv al auxal. xo pev yap axo 
pearjc; xapa pyjxyjv xapapaAAopevov xXaxoc; xoiel prjxfjv xal 
aauppexpov xfj xap’ fjv xapaxeixai pyjxei. xo Be axo xfjc; 
ex Buo ovopaxov xapa prjxfjv xapapaAAopevov xXaxoc; xoiel 
xf]v ex Buo ovopaxcrv xpwxrjv. xo Be axo xfjc; ex Buo 
peaorv xpwxrjc; xapa prjxfjv xapapaAAopevov xXaxoc; xoiel 
xf]v ex Buo ovopaxcrv Beuxepav. xo Be axo xfjc; ex Buo 
peaorv Seuxepac; xapa prjxfjv xapapaAAopevov xXaxoc xoiel 
xf]v ex Buo ovopaxwv xplxrjv. xo Be axo xfjc (icl^ovoc xapa 
prjxfjv xapapaXX6(ievov xXaxoc xoiel xfjv ex Buo ovopaxwv 
xexapxrjv. xo Be axo xfjc prjxov xal peaov Buvapevrjc; xapa 
prjxfjv xapapaAAopevov xXaxoc xoiel xfjv ex Buo ovopaxwv 
xepxxrjv. xo Be axo xfjc Buo peaa Buvapevrjc; xapa prjxfjv 
xapapaAAopevov xXaxoc xoiel xfjv ex Buo ovopaxwv exxrjv. 
xa 8’ eiprjpeva xAaxrj Biacpepei xou xe xpwxou xal aAArjAcrv, 
xou pev xpclrxou, oxi pr)xrj eaxiv, aXXfjXwv Be, oxi xfj xac;ei 
oux eialv al auxal - Saxe xal auxal al aXoyoi Biacpepouaiv 
aAArjAwv. 


on (some straight-line) commensurable (in length) with 
(EH), or by the (square) on (some straight-line) incom¬ 
mensurable (in length with EH). Let it, first of all, be 
greater by the square on (some straight-line) commensu¬ 
rable in length with (EH). And neither of EH or HK is 
commensurable in length with the (previously) laid down 
rational (straight-line) EF. Thus, EK is a third binomial 
(straight-line) [Def. 10.7]. And EF (is) rational. And if 
an area is contained by a rational (straight-line) and a 
third binomial (straight-line) then the square-root of the 
area is a second bimedial (straight-line) [Prop. 10.56]. 
Thus, the square-root of El —that is to say, of AD — 
is a second bimedial. And so, let the square on EH 
be greater than (the square) on HK by the (square) 
on (some straight-line) incommensurable in length with 
(EH). And EH and HK are each incommensurable in 
length with EF. Thus, EK is a sixth binomial (straight- 
line) [Def. 10.10]. And if an area is contained by a ra¬ 
tional (straight-line) and a sixth binomial (straight-line) 
then the square-root of the area is the square-root of (the 
sum of) two medial (areas) [Prop. 10.59]. Hence, the 
square-root of area AD is also the square-root of (the 
sum of) two medial (areas). 

[So, similarly, we can show that, even if AB is less 
than CD, the square-root of area AD is either a second 
bimedial or the square-root of (the sum of) two medial 
(areas).] 

Thus, when two medial (areas which are) incommen¬ 
surable with one another are added together, the remain¬ 
ing two irrational (straight-lines) arise (as the square- 
roots of the total area)—either a second bimedial, or the 
square-root of (the sum of) two medial (areas). 

A binomial (straight-line), and the (other) irrational 
(straight-lines) after it, are neither the same as a medial 
(straight-line) nor (the same) as one another. For the 
(square) on a medial (straight-line), applied to a rational 
(straight-line), produces as breadth a rational (straight- 
line which is) also incommensurable in length with (the 
straight-line) to which it is applied [Prop. 10.22], And 
the (square) on a binomial (straight-line), applied to a 
rational (straight-line), produces as breadth a first bino¬ 
mial [Prop. 10.60], And the (square) on a first bimedial 
(straight-line), applied to a rational (straight-line), pro¬ 
duces as breadth a second binomial [Prop. 10.61], And 
the (square) on a second bimedial (straight-line), applied 
to a rational (straight-line), produces as breadth a third 
binomial [Prop. 10.62], And the (square) on a major 
(straight-line), applied to a rational (straight-line), pro¬ 
duces as breadth a fourth binomial [Prop. 10.63], And 
the (square) on the square-root of a rational plus a medial 
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°Y- 

’Eav axo prjxrjc; prpr) acpaipsDf) Suvapsi povov auppsxpoc; 
ouaa xr] oXrj, rj Xoixrj aXoyo; saxiv xaXsiabM 8s axoxopr). 

AT B 

i- 1 - 1 

Axo yap prjxfjc xr)<; AB prjxf) acprjpqailM f] Br Suvapsi 
povov auppsxpo; ouaa xfj oXry Xsyo, oxi V) Xoixf] f) Ar 
aXoyo; saxiv f) xaXoupsvr) axoxopf). 

’Exsi yap aauppsxpoc; saxiv f) AB xrj Br pqxsi, xai saxiv 
<!><; yj AB xpo<; xrjv Br, ouxok xo axo xrjc; AB xpo; xo uxo 
xov AB, Br, aauppsxpov apa saxi xo axo xrjc AB xo uxo 
xov AB, Br. aXXa xo psv axo xrj<; AB auppsxpa saxi xa axo 
xov AB, Br xsxpaywva, xo 8s 0x6 xov AB, Br aupipisxpov 
saxi xo 81c; 0x6 xov AB, Br. xai sxsi8r]xsp xa axo xov AB, 
Br laa saxi xo Sic 0x6 xov AB, Br pisxa xou axo BA, xai 
Xoixo apa xo axo xfj<; Ar daOpt(isxpd saxi xa axo xov AB, 
Br. prjxa 8s xa axo xov AB, Br- aXoyoc; apa saxiv fj Ar- 
xaXsiaDo 8s axoxopir]. oxsp s8si 8sTc;ai. 


t See footnote to Prop. 10.36. 

o6'. 

’Eav axo [isarjc; (isar] acpaipEDf) 8uvapsi (lovov a0p.(isxpoc; 
ouaa xfj oXr), (isxa 8s xf); oXt]; prjxov xspisxouaa, f] Xoixf) 
aXoyoc; saxiv xaXsiaDo 8s pisar]; axoxojif] xpoxrj. 


(area), applied to a rational (straight-line), produces as 
breadth a fifth binomial [Prop. 10.64]. And the (square) 
on the square-root of (the sum of) two medial (areas), 
applied to a rational (straight-line), produces as breadth 
a sixth binomial [Prop. 10.65]. And the aforementioned 
breadths differ from the first (breadth), and from one 
another—from the first, because it is rational—and from 
one another, because they are not the same in order. 
Hence, the (previously mentioned) irrational (straight¬ 
lines) themselves also differ from one another. 

Proposition 73 

If a rational (straight-line), which is commensu¬ 
rable in square only with the whole, is subtracted from 
a(nother) rational (straight-line) then the remainder is 
an irrational (straight-line). Let it be called an apotome. 

AC B 

i-1-1 

For let the rational (straight-line) BC, which com¬ 
mensurable in square only with the whole, have been 
subtracted from the rational (straight-line) AB. I say that 
the remainder AC is that irrational (straight-line) called 
an apotome. 

For since AB is incommensurable in length with BC, 
and as AB is to BC, so the (square) on AB (is) to the 
(rectangle contained) by AB and BC [Prop. 10.21 lem.], 
the (square) on AB is thus incommensurable with the 
(rectangle contained) by AB and BC [Prop. 10.11]. But, 
the (sum of the) squares on AB and BC is commen¬ 
surable with the (square) on AB [Prop. 10.15], and 
twice the (rectangle contained) by AB and BC is com¬ 
mensurable with the (rectangle contained) by AB and 
BC [Prop. 10.6], And, inasmuch as the (sum of the 
squares) on AB and BC is equal to twice the (rectan¬ 
gle contained) by AB and BC plus the (square) on 6'.4 
[Prop. 2.7], the (sum of the squares) on AB and BC is 
thus also incommensurable with the remaining (square) 
on AC [Props. 10.13, 10.16]. And the (sum of the 
squares) on AB and BC is rational. AC is thus an ir¬ 
rational (straight-line) [Def. 10.4]. And let it be called 
an apotome.1 (Which is) the very thing it was required to 
show. 


Proposition 74 

If a medial (straight-line), which is commensurable in 
square only with the whole, and which contains a ratio¬ 
nal (area) with the whole, is subtracted from a(nother) 
medial (straight-line) then the remainder is an irrational 
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AT B 

i-1-1 

’Aito yap psarj<; xfjc; AB psarj acprjpfjaOo:) fj Br 8uvapsi 
povov auppsxpoc; ouaa xfj AB, psxa 8s xfjg AB prjxov 
xoiouaa xo Olio xwv AB, Br- Xsyo, oxi f) Xoixfj f) Ar 
aXoyoc; saxiv xaXsiabo:) 8s psarjc; axoxopfj xporcrj. 

’Exsi yap ai AB, Br psaai siaiv, psaa saxl xal xa axo 
xov AB, Br. prjxov 8s xo 81c uxo xwv AB, Br- aauppsxpa 
apa xa axo xwv AB, Br xw 61c; 0x6 xwv AB, Br- xal Xoixw 
apa xo axo xfjc; Ar aauppsxpov saxi xo 81c 0x6 xCSv AB, 
Br, Sxsl xav xo oXov svl auxov aauppsxpov fj, xal xa sc; 
apxfjc (ieye'Or) aauppsxpa sax ai. prjxov 8s xo 81 c 0x6 xdv 
AB, Br- aXoyov apa xo axo xfjc Ar- aXoyoc; apa saxiv rj 
Ar- xaXsla-do 8s pisarjc axoxopfj xpcixrj. 


I See footnote to Prop. 10.37. 

os'. 

’Eav axo pisarjc pearj acpaipsllfj Suvapsi (lovov auppsxpoc; 
ouaa xfj oXrj, psxa 8s xfjc oXrjc psaov xspisyouaa, fj Xoixfj 
aXoyoc eaxiv xaXsiafko 8s (isarjc axoxopfj Ssuxspa. 

Axo yap pisarjc xfjc AB psarj acprjpfja-dw fj TB 8uvapsi 
povov auppsxpoc; ouaa xfj oXrj xfj AB, psxa 8s xfjc oXrjc 
xfjc AB psaov xspisyouaa xo 0x6 xov AB, Br- Xsyco, oxi 
fj Xoixfj fj Ar aXoyoc saxiv xaXslaOo 8s (isarjc axoxopfj 
Ssuxspa. 


(straight-line). Let it be called a first apotome of a medial 
(straight-line). 

AC B 

i-1-1 

For let the medial (straight-line) BC, which is com¬ 
mensurable in square only with AB, and which makes 
with AB the rational (rectangle contained) by AB and 
BC, have been subtracted from the medial (straight-line) 
AB [Prop. 10.27]. I say that the remainder AC is an ir¬ 
rational (straight-line). Let it be called the first apotome 
of a medial (straight-line). 

For since AB and BC are medial (straight-lines), the 
(sum of the squares) on AB and BC is also medial. And 
twice the (rectangle contained) by AB and BC (is) ratio¬ 
nal. The (sum of the squares) on AB and BC (is) thus in¬ 
commensurable with twice the (rectangle contained) by 
AB and BC. Thus, twice the (rectangle contained) by 
AB and BC is also incommensurable with the remain¬ 
ing (square) on AC [Prop. 2.7], since if the whole is in¬ 
commensurable with one of the (constituent magnitudes) 
then the original magnitudes will also be incommensu¬ 
rable (with one another) [Prop. 10.16], And twice the 
(rectangle contained) by AB and BC (is) rational. Thus, 
the (square) on AC is irrational. Thus, AC is an irra¬ 
tional (straight-line) [Def. 10.4]. Let it be called a first 
apotome of a medial (straight-line). 1 


Proposition 75 

If a medial (straight-line), which is commensurable in 
square only with the whole, and which contains a me¬ 
dial (area) with the whole, is subtracted from a(nother) 
medial (straight-line) then the remainder is an irrational 
(straight-line). Let it be called a second apotome of a 
medial (straight-line). 

For let the medial (straight-line) CB, which is com¬ 
mensurable in square only with the whole, AB, and 
which contains with the whole, AB, the medial (rect¬ 
angle contained) by AB and BC, have been subtracted 
from the medial (straight-line) AB [Prop. 10.28]. I say 
that the remainder AC is an irrational (straight-line). Let 
it be called a second apotome of a medial (straight-line). 
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AT B 

I-1-1 

A Z H 


I 0 E 

TkxdGTjw yap prp:f] f] AI, xai xok pcv axo ifiv AB, 
Br igov xapa xf]v AI xapaf3Ef3XV)oDM to AE xXocto; xoiouv 
xf]v AH, tA 8s ok 0x6 tAv AB, Br Igov xapa ttjv AI 
xapaPepX^allw to A@ xXaxoc; xoiouv xf]v AZ- Xoixov apa 
to ZEIoov egt'i tA axo xfj<; AI 1 . xai sxeI (ika xai ouppExpa 
eoti xa axo tAv AB, BT, psoov apa xai to AE. xai xapa 
prjTTjv tt)v AI xapaxsixai xXaxoc; xoiouv xf)v AH- pr)xf) apa 
egtiv Y) AH xai aouppexpot; Tfj AI pfjxEi. xaXiv, sxei psoov 
egt'i to 0x6 tAv AB, Br, xai to 8k apa 0x6 tAv AB, 
Br (iegov egtiv. xai egtiv igov tA A©- xai to A© apa 
psoov egtiv. xai xapa prjTTjv xf]v AI xapaps[3Xr]Tai xXaxoc; 
xoiouv ttjv AZ- pr)TT) apa egtiv fj AZ xai aauppExpoc; Tfj AI 
pfjxsi. xai ex si al AB, Br Buvapsi pov ov ouppsxpoi eigiv, 
aouppsxpoc; apa egt'iv r\ AB Tfj Br pfjxsi- aouppExpov apa 
xai to axo xfjc AB TExpayuvov tA 0x6 tAv AB, Br. aXXa 
tA psv axo xfjc AB Guppsxpa eoti xa axo tAv AB, Br, tA 
8e 0x6 tAv AB, Br Guppsxpov eoti to ok 0x6 tAv AB, 
Br- aauppExpov apa egt'i to ok 0x6 tAv AB, Br Tok axo 
tAv AB, Br. Toov 8e Tok psv axo tAv AB, Br to AE, 
tA Be Ok 0x6 tAv AB, Br to A0- aGuppsxpov apa [egt'i] 
to AE tA A0. A<; Be to AE xpoc; to A0, outco; f) HA 
xpoc; ttjv AZ- aGuppsxpoc; apa egt'iv tj HA Tfj AZ. xai eigiv 
apcpoxcpai prjTai- ai apa HA, AZ prycai eigi Buvapsi povov 
Guppsxpoi- f) ZH apa axoxopf| egtiv. prjxf) 0£ f) AI- to Be 
0x6 pr]Tfj<; xai aXoyou xspisxopEvov aXoyov egtiv, xai f) 
Buvapsvr] auxo aXoyo; egtiv. xai Buvaxai to ZE f) Ar- f) 
Ar apa aXoyoc; egtiv xaXri gDo Be pEGTjc; axoxopf] Bsuxspa. 
oxsp eBei Bskai. 


AC B 

i-1-1 


D 

F 

G 



I 

H 

E 


For let the rational (straight-line) DI be laid down. 
And let DE, equal to the (sum of the squares) on AB 
and BC, have been applied to DI, producing DG as 
breadth. And let DH, equal to twice the (rectangle con¬ 
tained) by AB and BC, have been applied to DI, produc¬ 
ing DF as breadth. The remainder FE is thus equal to 
the (square) on AC [Prop. 2.7]. And since the (squares) 
on AB and BC are medial and commensurable (with 
one another), DE (is) thus also medial [Props. 10.15, 
10.23 corn]. And it is applied to the rational (straight- 
line) DI, producing DG as breadth. Thus, DG is rational, 
and incommensurable in length with DI [Prop. 10.22]. 
Again, since the (rectangle contained) by AB and BC is 
medial, twice the (rectangle contained) by AB and BC 
is thus also medial [Prop. 10.23 corn]. And it is equal 
to DH. Thus, DH is also medial. And it has been ap¬ 
plied to the rational (straight-line) DI, producing DF as 
breadth. DF is thus rational, and incommensurable in 
length with DI [Prop. 10.22]. And since AB and BC are 
commensurable in square only, AB is thus incommensu¬ 
rable in length with BC. Thus, the square on AB (is) 
also incommensurable with the (rectangle contained) by 
AB and BC [Props. 10.21 lem., 10.11]. But, the (sum 
of the squares) on AB and BC is commensurable with 
the (square) on AB [Prop. 10.15], and twice the (rectan¬ 
gle contained) by AB and BC is commensurable with the 
(rectangle contained) by AB and BC [Prop. 10.6]. Thus, 
twice the (rectangle contained) by AB and BC is incom¬ 
mensurable with the (sum of the squares) on AB and 
BC [Prop. 10.13]. And DE is equal to the (sum of the 
squares) on AB and BC, and DH to twice the (rectangle 
contained) by AB and BC. Thus, DE [is] incommensu¬ 
rable with DH. And as DE (is) to DH, so CD (is) to 
DF [Prop. 6.1]. Thus, CD is incommensurable with DF 
[Prop. 10.11]. And they are both rational (straight-lines). 
Thus, CD and DF are rational (straight-lines which are) 
commensurable in square only. Thus, FG is an apotome 
[Prop. 10.73]. And DI (is) rational. And the (area) con¬ 
tained by a rational and an irrational (straight-line) is 
irrational [Prop. 10.20], and its square-root is irrational. 
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Of'. 

’Eav ait6 EubEiac; sO'Oei'a acpaipEilf) 8uvap£i aauppExpoc; 
ouaa Tfj oXrj, pcxa 8s Trjc oXrjc; itoiouaa xa pev aid auxwv 
apa prjxov, xo 8’ uid auxwv pcaov, tj Xomfj aXoyo<; Saxiv 
xaXeiCT’dto 8e SXaaacnv. 


AT B 

i-1-1 

Aito yap EudEia; xrj; AB EudEla acpr]pr|a , dw fj Br 
8uvap£i aauppExpoc; ouaa xfj oXrj itoiouaa xa itpoxEipcva. 
Xeyw, oxi fj Xoutfj fj Ar aXoyo<; Saxiv t) xaXoupSvrj SXaaaorv. 

’EitEi yap xo pSv auyxEipEvov ex xfiv aito xwv AB, Br 
xExpaytovcuv prjxov Saxiv, xo 8s 81; Otto xmv AB, BT pSaov, 
aauppcxpa apa Sax! xa aito x£Sv AB, Br xo 81c; uito xdv 
AB, Br- xa! avaaxpEi[iavxi Xonto xw aito xrj; Ar aauppcxpa 
Saxi xa onto xov AB, Br. prjxa 8S xa onto xov AB, Br^ 
aXoyov apa xo aito xfj; AB- aXoyo; apa fj Ar- xaXEiaDw SS 
SXaaacov. oitsp eSei Bsl^ai. 


t See footnote to Prop. 10.39. 

oC- 

’Eav aito EubEia; codeia acpaipEdf) 8uvapci aauppExpo; 
ouaa xfj oXrj, pcxa 8S xfjc oXrjc; itoiouaa xo pSv auyxcipEvov 
ex xov ait’ auxov xExpayovov pSaov, xo 8S 8!; Git’ auxov 
prjxov, fj Xoutfj aXoyo; saxiv xaXEiado 8s fj pcxa prjxou 
pSaov xo oXov itoiouaa. 

AT B 

i-1-1 

Aito yap eudEia; xfjc AB cudda acprjpfjado fj Br 
8uvap£i aauppExo; ouaa xfj AB itoiouaa xa itpoxcipEva- 
XSyo, oxi fj Xoutf) fj Ar aXoyoc; saxiv fj TtpoEiprjpSvrj. 

’Eitsi yap xo pSv auyxEipEvov ex xov aito xov AB, Br 


And AC is the square-root of FE. Thus, AC is an irra¬ 
tional (straight-line) [Def. 10.4]. And let it be called the 
second apotome of a medial (straight-line) J (Which is) 
the very thing it was required to show. 


Proposition 76 

If a straight-line, which is incommensurable in square 
with the whole, and with the whole makes the (squares) 
on them (added) together rational, and the (rectangle 
contained) by them medial, is subtracted from a(nother) 
straight-line then the remainder is an irrational (straight- 
line). Let it be called a minor (straight-line). 

AC B 

i-1-1 

For let the straight-line BC, which is incommensu¬ 
rable in square with the whole, and fulfils the (other) 
prescribed (conditions), have been subtracted from the 
straight-line AB [Prop. 10.33]. I say that the remainder 
AC is that irrational (straight-line) called minor. 

For since the sum of the squares on AB and BC is 
rational, and twice the (rectangle contained) by AB and 
BC (is) medial, the (sum of the squares) on AB and BC 
is thus incommensurable with twice the (rectangle con¬ 
tained) by AB and BC. And, via conversion, the (sum 
of the squares) on AB and BC is incommensurable with 
the remaining (square) on AC [Props. 2.7, 10.16]. And 
the (sum of the squares) on AB and BC (is) rational. 
The (square) on AC (is) thus irrational. Thus, AC (is) 
an irrational (straight-line) [Def. 10.4]. Let it be called 
a minor (straight-line).t (Which is) the very thing it was 
required to show. 


Proposition 77 

If a straight-line, which is incommensurable in square 
with the whole, and with the whole makes the sum of the 
squares on them medial, and twice the (rectangle con¬ 
tained) by them rational, is subtracted from a(nother) 
straight-line then the remainder is an irrational (straight- 
line). Let it be called that which makes with a rational 
(area) a medial whole. 

AC B 

i-1-1 

For let the straight-line BC, which is incommensu¬ 
rable in square with AB, and fulfils the (other) prescribed 
(conditions), have been subtracted from the straight-line 
AB [Prop. 10.34]. I say that the remainder AC is the 
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xexpayAvcov peaov eaxiv, xo Be Sic uxo xuv AB, Br prjxov, 
aauppexpa apa eaxi xa ocxo xAv AB, Br xo 6lc 0 x 6 x«v 
AB, Br- xai Xoixov apa xo axo xfjc Ar aauppexpov eaxi 
xA Big 0 x 6 xwv AB, Br. xai eaxi xo Big 0 x 6 xwv AB, Br 
prjxov xo apa axo xfjc Ar aXoyov eaxiv aXoyoc; apa eaxiv 
f] Ar- xaXeiabt) Be fj pexa prjxou peaov xo oXov xoiouaa. 
oxep eBei Bel^ai. 


t See footnote to Prop. 10.40. 


Of]'. 

’Eav axo eubeiac; eubela acpaipeflfj Buvapei aauppexpoc; 
ouaa xfj oXrj, pexa Be xfjc; oXrjc; xoiouaa xo xe auyxeipevov 
ex xAv ax’ auxAv xexpayAvuv peaov xo xe Sic Ox’ auxAv 
peaov xal exi xa ax’ auxAv xexpaywva aauppexpa xo Big Ox’ 
auxAv, fj Xoixfj aXoyoc; ecmv xaXeiabw Be fj pexa peaou 
peaov xo oXov xoiouaa. 


A Z H 


© E 


aforementioned irrational (straight-line). 

For since the sum of the squares on AB and BC is 
medial, and twice the (rectangle contained) by AB and 
BC rational, the (sum of the squares) on AB and BC 
is thus incommensurable with twice the (rectangle con¬ 
tained) by AB and BC. Thus, the remaining (square) 
on AC is also incommensurable with twice the (rectan¬ 
gle contained) by AB and BC [Props. 2.7, 10.16]. And 
twice the (rectangle contained) by AB and BC is ratio¬ 
nal. Thus, the (square) on AC is irrational. Thus, AC 
is an irrational (straight-line) [Def. 10.4]. And let it be 
called that which makes with a rational (area) a medial 
whole.1 (Which is) the very thing it was required to show. 


Proposition 78 

If a straight-line, which is incommensurable in square 
with the whole, and with the whole makes the sum of the 
squares on them medial, and twice the (rectangle con¬ 
tained) by them medial, and, moreover, the (sum of the) 
squares on them incommensurable with twice the (rect¬ 
angle contained) by them, is subtracted from a(nother) 
straight-line then the remainder is an irrational (straight- 
line). Let it be called that which makes with a medial 
(area) a medial whole. 



i-1-1 

AT B 

’Axo yap eudeiai; xfjc AB eubeTa acprjprjailw fj Br 
Buvapei aauppexpoc; ouaa xrj AB xoiouaa xa xpoxeipeva- 
Xeya>, oxi fj Xoixfj f) AT aXoyoc; eaxiv fj xaXoupevrj fj pexa 
peaou peaov xo oXov xoiouaa. 

’Exxeiabat yap prjxfj fj AI, xai xoi<; pev axo xAv AB, 
BT Iaov xapa xfjv AI xapa( 3 ef 3 Xfjabu> xo AE xXaxoc; xoiouv 
xfjv AH, xA Be 8lc 0 x 6 xAv AB, Br laov acprjpfjalko xo 
A0 [xXaxoc; xoiouv xfjv AZ]. Xoixov apa xo ZE laov eaxi 
xA axo xfjc; Ar- Aaxe fj Ar Buvaxai xo ZE. xai exei xo 
auyxeipevov ex xAv axo xAv AB, Br xexpayAvorv peaov 
eaxi xai eaxiv iaov xA AE, peaov apa [eaxi] xo AE. xai xapa 
prjxfjv xfjv AI xapaxeixai xXaxoc; xoiouv xfjv AH- prjxfj apa 
eaxiv fj AH xai aauppexpoc; xrj AI pfjxei. xaXiv, exei xo Blc; 
0 x 6 xAv AB, Br peaov eaxi xai eaxiv iaov xA A0, xo apa 


i - 1 - 1 

AC B 

For let the straight-line BC, which is incommensu¬ 
rable in square AB, and fulfils the (other) prescribed 
(conditions), have been subtracted from the (straight- 
line) AB [Prop. 10.35]. I say that the remainder AC is 
the irrational (straight-line) called that which makes with 
a medial (area) a medial whole. 

For let the rational (straight-line) DI be laid down. 
And let DE, equal to the (sum of the squares) on AB and 
BC, have been applied to 1)1, producing DC as breadth. 
And let DH, equal to twice the (rectangle contained) by 
AB and BC, have been subtracted (from DE) [produc¬ 
ing DF as breadth]. Thus, the remainder FE is equal 
to the (square) on AC [Prop. 2.7]. Hence, AC is the 
square-root of FE. And since the sum of the squares on 
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A0 peaov eaxlv. xal Ttapa prjxfjv xrjv AI Tiapaxeixai TtXaxoc; 
itoiouv xrjv AZ- prjxfj apa eaxl xal fj AZ xal aauppexpoc; 
xfj AI pfjxei. xal cue! aauppexpa eaxi xa omo xAv AB, Br 
xA 81c utio xAv AB, Br, aauppexpov apa xal xo AE xA 
A0. Ac Be xo AE Tipoc xo A0, ouxwc eaxl xal f) AH Tipoc 
xrjv AZ - aauppexpo<; apa fj AH xfj AZ. xal eiaiv apcpoxepat 
prjxal- at HA, AZ apa prjxal eiai Buvapei povov auppexpoi. 
aTtoxopfj apa eaxlv fj ZH- prjxf] Be fj Z0. xo Be 0x6 prjxfjc 
xal aKoxoptfjc Tiepiexopevov [opdoyAviov] aXoyov eaxtv, xal 
V) Buvapevrj auxo aXoyoc eaxtv xal Buvaxat xo ZE fj AH fj 
AT apa aXoyoc eaxtv xaXelaDto Be f) pexa piaou peaov xo 
oXov xotouaa. orcep eBet Bel^at. 


t See footnote to Prop. 10.41. 

of)'. 

Tfj aTtoxopfj pla [povov] itpoaappoC^ei eu-dela prjxfj 
Buvapet povov auppexpoc; ouaa xfj oXrj. 

A B T A 

I-1-1-1 

’'Eaxco aitoxoptf) f] AB, xpooappto^ouoa Be auxfj f] BT- at 
AT, TB apa prjxal etat Buvaptet ptovov aupiptexpop Xeyco, oxt 
xfj AB exepa ou itpoaappto^et prjxf) Buvaptet ptovov auptptexpoc 
ouaa xfj oXfj. 

Et yap Buvaxov, xpoaappto^exo fj BA- xal a! AA, 
AB apa prjxal etat Suvaptei ptovov auptptexpot. xal eitet, 6 
Oitepexei xa atto xAv AA, AB xou Blc utto xAv AA, AB, 
xouxw UTtepexet xal xa aito xAv Ar, TB xou Blc uito xAv 
AT, TB- xA yap auxA xA a no xfjc AB aptcpoxepa uitepexef 
evaXAal; apa, 6 uttepexei xa aito xAv AA, AB xAv aito xAv 
AT, TB, xouxw uxepexet [xal] xo Blc uko xAv AA, AB xou 
Blc uito xAv Ar, TB. xa Be otTto xAv A A, AB xAv aito xAv 
Ar, TB uxepexet prjxA- prjxa yap aptcpoxepa. xal xo Blc apa 
Otto xAv AA, AB xou Blc uito xAv Ar, TB UTtepexet prjxA- 
oitep eaxlv aBuvaxov pteoa yap aptcpoxepa, pteaov Be pteaou 
oux UTtepexet prjxA. xfj apa AB exepa ou Ttpooappto^et prjxf) 
Buvaptet ptovov auptptexpoc ouaa xfj oXrj. 

Mia apa ptovrj xfj otTtoxoptfj Ttpoaappto^et prjxf) BuvapteL 


AB and BC is medial, and is equal to DE, DE [is] thus 
medial. And it is applied to the rational (straight-line) 
DI, producing DG as breadth. Thus, DG is rational, and 
incommensurable in length with DI [Prop 10.22]. Again, 
since twice the (rectangle contained) by AB and BC is 
medial, and is equal to DH, DH is thus medial. And it is 
applied to the rational (straight-line) DI, producing DF 
as breadth. Thus, DF is also rational, and incommen¬ 
surable in length with DI [Prop. 10.22]. And since the 
(sum of the squares) on AB and BC is incommensurable 
with twice the (rectangle contained) by AB and BC, DE 
(is) also incommensurable with DH. And as DE (is) to 
DH, so DG also is to DF [Prop. 6.1]. Thus, DG (is) in¬ 
commensurable (in length) with DF [Prop. 10.11]. And 
they are both rational. Thus, GD and DF are ratio¬ 
nal (straight-lines which are) commensurable in square 
only. Thus, FG is an apotome [Prop. 10.73]. And FH 
(is) rational. And the [rectangle] contained by a rational 
(straight-line) and an apotome is irrational [Prop. 10.20], 
and its square-root is irrational. And AC is the square- 
root of FE. Thus, AC is irrational. Let it be called 
that which makes with a medial (area) a medial whole.t 
(Which is) the very thing it was required to show. 


Proposition 79 

[Only] one rational straight-line, which is commensu¬ 
rable in square only with the whole, can be attached to 
an apotome.I' 

A B CD 

i-1-1—i 

Let AB be an apotome, with BC (so) attached to it. 
AC and CB are thus rational (straight-lines which are) 
commensurable in square only [Prop. 10.73]. I say that 
another rational (straight-line), which is commensurable 
in square only with the whole, cannot be attached to AB. 

For, if possible, let BD be (so) attached (to AB). 
Thus, AD and DB are also rational (straight-lines which 
are) commensurable in square only [Prop. 10.73], And 
since by whatever (area) the (sum of the squares) on AD 
and DB exceeds twice the (rectangle contained) by AD 
and DB, the (sum of the squares) on AC and CB also ex¬ 
ceeds twice the (rectangle contained) by AC and CB by 
this (same area). For both exceed by the same (area)— 
(namely), the (square) on AB [Prop. 2.7]. Thus, alter¬ 
nately, by whatever (area) the (sum of the squares) on 
AD and DB exceeds the (sum of the squares) on AC 
and CB, twice the (rectangle contained) by AD and DB 
[also] exceeds twice the (rectangle contained) by AC and 
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povov auppsxpo; ouaa xfj oXr)- oxep eSei 8eT<;ai. CB by this (same area). And the (sum of the squares) on 

AD and DB exceeds the (sum of the squares) on AC 
and CB by a rational (area). For both (are) rational (ar¬ 
eas). Thus, twice the (rectangle contained) by AD and 
DB also exceeds twice the (rectangle contained) by AC 
and CB by a rational (area). The very thing is impos¬ 
sible. For both are medial (areas) [Prop. 10.21], and a 
medial (area) cannot exceed a(nother) medial (area) by 
a rational (area) [Prop. 10.26]. Thus, another rational 
(straight-line), which is commensurable in square only 
with the whole, cannot be attached to AB. 

Thus, only one rational (straight-line), which is com¬ 
mensurable in square only with the whole, can be at¬ 
tached to an apotome. (Which is) the very thing it was 
required to show. 


t This proposition is equivalent to Prop. 10.42, with minus signs instead of plus signs. 


7t'. 

Tfj peaqc; axoxopfj xpAxT] plot povov xpooappoC^ei euheTa 
pear] Suvapei povov auppexpoi; ouaa Tfj oXr), pexa 8s Tfjc 
okr\c, prjTov xepieyouaa. 

A B T A 

I-1-1-1 

’'Ecttco yap pearjc axoTopf) xpAxr] f] AB, xai Tfj AB 
Ttpoaappo^Exco f) BT- ai AT, TB apa peaai eial Suvapei 
povov auppexpoi prjTov xepieyouaai to uxo twv AT, TB- 
Xeyo, oti Tfj AB exepa ou xpoaappo^ei pear) 8uvapei 
povov auppexpoc ouaa Tfj oXrj, pexa Se Tfjc oXrjq prjTov 
Ttepiexouaa. 

Ei yap 8uvaTov, xpoaappoi^ETM xal f) AB- ai apa A A, 
AB peaai eiai Suvapei povov auppexpoi prycov Tepieyouaai 
to uxo twv AA, AB. xal eitei, 6 uxepeyei Ta axo tAv AA, 
AB tou 8 lc 0 x 6 tAv AA, AB, toutw uxepeyei xal xa axo 
tAv AT, TB tou 6 lc 0 x 6 tAv AT, TB- tA yap auxA [xaXiv] 
uxepeyouai tA axo Tfjc AB- evaXXa^ apa, 6 uxepeyEi Ta 
axo tAv AA, AB tAv axo tAv AT, TB, toutco Oxepexci 
xal to 61c; 0 x 6 tAv AA, AB tou 81c 0x6 tAv AT, TB. to 
8 e 8lc 0 x 6 tAv AA, AB tou 81c 0x6 tAv AT, TB Oxepexei 
prpA- pr]Ta yap apcpoxepa. xal Ta axo tAv AA, AB apa 
tAv axo tAv AT, TB [xeTpayAvov] uxepexei prpA- oxep 
eaxlv aSuvaxov- peaa yap eaxiv apcpoxepa, peaov 8e peaou 
oux uxepexei pfxA. 

Tfj apa pearjc axoTopfj xpAxrj pia povov xpoaappoijjei 
eudela pear) Suvapei povov auppexpoc ouaa Tfj oXr), pexa 
Se Tfjc oXrjc prpov xepiexouaa- oxep eSei Ssi'cai. 


Proposition 80 

Only one medial straight-line, which is commensu¬ 
rable in square only with the whole, and contains a ra¬ 
tional (area) with the whole, can be attached to a first 
apotome of a medial (straight-line).^ 

A B CD 

i-1-1—i 

For let AB be a first apotome of a medial (straight- 
line), and let BC be (so) attached to AB. Thus, AC 
and CB are medial (straight-lines which are) commen¬ 
surable in square only, containing a rational (area)— 
(namely, that contained) by AC and CB [Prop. 10.74]. 
I say that a(nother) medial (straight-line), which is com¬ 
mensurable in square only with the whole, and contains 
a rational (area) with the whole, cannot be attached to 
AB. 

For, if possible, let DB also be (so) attached to 
AB. Thus, AD and DB are medial (straight-lines which 
are) commensurable in square only, containing a ratio¬ 
nal (area)—(namely, that) contained by AD and DB 
[Prop. 10.74]. And since by whatever (area) the (sum of 
the squares) on AD and DB exceeds twice the (rectangle 
contained) by AD and DB, the (sum of the squares) on 
AC and CB also exceeds twice the (rectangle contained) 
by AC and CB by this (same area). For [again] both ex¬ 
ceed by the same (area)—(namely), the (square) on AB 
[Prop. 2.7]. Thus, alternately, by whatever (area) the 
(sum of the squares) on AD and DB exceeds the (sum 
of the squares) on AC and CB, twice the (rectangle con¬ 
tained) by AD and DB also exceeds twice the (rectangle 
contained) by AC and CB by this (same area). And twice 
the (rectangle contained) by AD and DB exceeds twice 
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the (rectangle contained) by AC and CB by a rational 
(area). For both (are) rational (areas). Thus, the (sum 
of the squares) on AD and DB also exceeds the (sum 
of the) [squares] on AC and CB by a rational (area). 
The very thing is impossible. For both are medial (areas) 
[Props. 10.15, 10.23 corn], and a medial (area) can¬ 
not exceed a(nother) medial (area) by a rational (area) 
[Prop. 10.26], 

Thus, only one medial (straight-line), which is com¬ 
mensurable in square only with the whole, and contains 
a rational (area) with the whole, can be attached to a first 
apotome of a medial (straight-line). (Which is) the very 
thing it was required to show. 


t This proposition is equivalent to Prop. 10.43, with minus signs instead of plus signs. 


7ta\ 

Tfj psar]c; axoxopfj ScuxEpa pia povov xpoaappoi(ei 
euOeia pear] 8uvapei povov auppexpoq Tfj okr\, pexa 5e xfjq 
oXr]c; peaov xepieyouaa. 

A B T A 

I-1-1-1 


E 0 M N 



’'Eaxw pearjq axoxopf] oeuxepa f] AB xai xfj AB xpo- 
aappoi^ouaa f] BT- ai apa AT, TB peaai eial 8uvapei povov 
auppexpoi peaov xepieyouaai xo 0x6 xwv AT, TB- Xeyco, 
oxi xfj AB exepa ou xpoaappoaei eODela pear] 8uvapei 
povov auppexpoq ouaa xfj oXrj, pexa 8e xfjq oXr] c, peaov 
itepiexouaa. 

Ei yap 8uvaxov, xpoaappo^excu f] BA- xai ai AA, AB 
apa peaaL eiai BuvapeL povov auppexpoi peaov xepieyouaai 
xo 0x6 xAv AA, AB. xai exxeiaOor prjxf] f] EZ, xai xou; 
pev onto xAv AT, TB iaov xapa xf]v EZ xapapepArjabcu to 
EH xXaxoc xoiouv xf]v EM- xA 8e 8i<^ Oito xAv AT, TB iaov 
acprjpfja'dw to 0H TtXaxoc; itoiouv xf]v 0M- Xoixov apa xo EA 
iaov eaxi xA axo xfjq AB- Aaxe f] AB 8uvaxai to EA. xaXiv 
8f] xoiq onto xAv AA, AB iaov itapa xfjv EZ xapapepXfjailco 
xo EI xXaxoq xoiouv xfjv EN- eaxi 8e xai xo EA iaov xA axo 
xfjc AB xexpayAvcp- Xoixov apa xo 01 iaov eaxi xA 8i<; uxo 
xAv AA, AB. xai exei peaai eiaiv ai AT, TB, peaa apa eaxi 
xai xa onto xAv AT, TB. xai eaxiv laa xA EH- peaov apa xai 
to EH. xai xapa pqxqv xf)v EZ xapaxeixai xXaxoc; xoiouv 


Proposition 81 

Only one medial straight-line, which is commensu¬ 
rable in square only with the whole, and contains a me¬ 
dial (area) with the whole, can be attached to a second 
apotome of a medial (straight-line).t 

A B CD 

i-1-1-1 


E H M N 



Let AB be a second apotome of a medial (straight- 
line), with BC (so) attached to AB. Thus, AC and CB 
are medial (straight-lines which are) commensurable in 
square only, containing a medial (area)—(namely, that 
contained) by AC and CB [Prop. 10.75]. I say that 
a(nother) medial straight-line, which is commensurable 
in square only with the whole, and contains a medial 
(area) with the whole, cannot be attached to AB. 

For, if possible, let BD be (so) attached. Thus, AD 
and DB are also medial (straight-lines which are) com¬ 
mensurable in square only, containing a medial (area)— 
(namely, that contained) by AD and DB [Prop. 10.75]. 
And let the rational (straight-line) EF be laid down. And 
let EG, equal to the (sum of the squares) on AC and 
CB, have been applied to EF, producing EM as breadth. 
And let HG, equal to twice the (rectangle contained) by 
AC and CB, have been subtracted (from EG), produc¬ 
ing HM as breadth. The remainder EL is thus equal 
to the (square) on AB [Prop. 2.7]. Hence, AB is the 


374 




ETOIXEIfiN i'. 


ELEMENTS BOOK 10 


xf]v EM- prjxf] apa saxlv f) EM xal aauppexpog xfj EZ pfjxei. 
xaXiv, exel pieaov eaxi xo 0 x 6 xov Ar, BB, xal xo Big 0 x 6 
xov AT, BB peaov saxlv. xal saxiv iaov xo 0H- xal xo 0H 
apa psaov eaxiv. xal xapa pr)xf)v xrjv EZ xapaxsixai xXaxog 
xoiouv xfjv 0M- prjxf) apa eaxl xal f) 0M xal aauppexpog 
xfj EZ pf|xei. xal exsi al Ar, BB Buvapsi povov auppsxpol 
siaiv, aauppsxpog apa eaxiv f) Ar xfj BB pf|X£i. cbg Be f) Ar 
xpog xf]v BB, ouxtog eaxl xo axo xfjg AB xpog xo 0 x 6 xov 
Ar, BB- aauppsxpov apa eaxl xo axo xfjc Ar x£> 0 x 6 xov 
Ar, BB. aXXa xw pev axo xfjc; AB auppexpa saxi xa axo 
xov AB, BB, xc 5 Be 0 x 6 xov AT, BB auppexpov eaxi xo 
Big 0 x 6 xwv Ar, BB- aauppexpa apa eaxl xa axo x£ 3 v Ar, 
BB xw Big 0 x 6 xov AB, BB. xal eaxi xoig psv axo xov AB, 
BB laov xo EH, xw Be Big 0 x 6 xov AB, BB laov xo H0- 
aauppexpov apa eaxl xo EH xa> 0H. 6 g Be xo EH xpog xo 
0H, ouxcog eaxiv f] EM xpog xfjv 0M- aauppexpog apa eaxiv 
fj EM xfj M0 pfjxsi. xal eiaiv apcpoxspai prjxal- al EM, M0 
apa prjxal eiai Buvapsi povov auppexpov axoxopf] apa eaxiv 
fj E0, xpoaappo^ouaa Be aOxfj fj 0M. opoltog 8f) BelEjopev, 
oxi xal fj 0N aOxfj xpoaappo^si- xfj apa axoxopfj aXXrj xal 
aXXr) xpoaappo^si eODela Buvapsi povov auppsxpog ouaa 
xfj oXrp oxep eaxiv aBuvaxov. 

Tfj apa psarjg axoxopfj Seuxepa pla povov xpoaappoi^ei 
su-dsTa pear) Buvapsi povov auppsxpog ouaa xfj oXrj, psxa 
Be xfjg oXrjg psaov xspisxouaa- oxep eBsi SeT^ai. 


square-root of EL. So, again, let El, equal to the (sum 
of the squares) on AD and DB have been applied to EF, 
producing EN as breadth. And EL is also equal to the 
square on AB. Thus, the remainder HI is equal to twice 
the (rectangle contained) by AD and DB [Prop. 2.7]. 
And since AC and CB are (both) medial (straight-lines), 
the (sum of the squares) on AC and CB is also me¬ 
dial. And it is equal to EG. Thus, EG is also medial 
[Props. 10.15, 10.23 corn]. And it is applied to the ratio¬ 
nal (straight-line) EF, producing EM as breadth. Thus, 
EM is rational, and incommensurable in length with EF 
[Prop. 10.22]. Again, since the (rectangle contained) by 
AC and CB is medial, twice the (rectangle contained) 
by AC and CB is also medial [Prop. 10.23 corn]. And it 
is equal to HG. Thus, HG is also medial. And it is ap¬ 
plied to the rational (straight-line) EF, producing HM 
as breadth. Thus, HM is also rational, and incommen¬ 
surable in length with EF [Prop. 10.22]. And since AC 
and CB are commensurable in square only, AC is thus 
incommensurable in length with CB. And as AC (is) 
to CB, so the (square) on AC is to the (rectangle con¬ 
tained) by AC and CB [Prop. 10.21 corn]. Thus, the 
(square) on AC is incommensurable with the (rectan¬ 
gle contained) by AC and CB [Prop. 10.11]. But, the 
(sum of the squares) on AC and CB is commensurable 
with the (square) on AC, and twice the (rectangle con¬ 
tained) by AC and CB is commensurable with the (rect¬ 
angle contained) by AC and CB [Prop. 10.6]. Thus, 
the (sum of the squares) on AC and CB is incommen¬ 
surable with twice the (rectangle contained) by AC and 
CB [Prop. 10.13], And EG is equal to the (sum of the 
squares) on AC and CB. And GH is equal to twice the 
(rectangle contained) by AC and CB. Thus, EG is in¬ 
commensurable with HG. And as EG (is) to HG, so EM 
is to HM [Prop. 6.1]. Thus, EM is incommensurable 
in length with MH [Prop. 10.11], And they are both 
rational (straight-lines). Thus, EM and MH are ratio¬ 
nal (straight-lines which are) commensurable in square 
only. Thus, EH is an apotome [Prop. 10.73], and HM 
(is) attached to it. So, similarly, we can show that HN 
(is) also (commensurable in square only with EN and is) 
attached to {EH). Thus, different straight-lines, which 
are commensurable in square only with the whole, are 
attached to an apotome. The very thing is impossible 
[Prop. 10.79]. 

Thus, only one medial straight-line, which is commen¬ 
surable in square only with the whole, and contains a me¬ 
dial (area) with the whole, can be attached to a second 
apotome of a medial (straight-line). (Which is) the very 
thing it was required to show. 
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t This proposition is equivalent to Prop. 10.44, with minus signs instead of plus signs. 


ti(3'. 

Tfj eXaaaovi pia povov xpoaappo^ei eu'Os'ia Buvapei 
aauppexpoc; ouaa xfj oXrj xoiouaa pexa xrjq oXrjq xo pev 
ex xuv ax’ auxAv xexpayAvtov prjxov, xo Be Sic Ox’ auxAv 
peaov. 

A B T A 

I-1-1-1 

’'Eaxw f) eXaoowv fj AB, xal xfj AB xpoaappo^ouaa 
eaxw fj BT' ai apa Ar, TB Buvapei eialv aauppexpoi 
xoiouaai xo (lev auyxeipevov ex xwv ax’ auxAv xexpayAvcnv 
prjxov, xo Be Sic; Ox’ auxAv peaov Xeyco, oxi xfj AB exepa 
eO'deTa oO xpoaappoaei xa auxa xoiouaa. 

EE yap Suvaxov, xpoaappo^excn f) BA - xal ai AA, AB 
apa Buvapei eialv aauppexpoi xoiouaai xa xpoeiprjpeva. xal 
exei, 6 uxepeyei xa axo xAv AA, AB xAv axo xAv AF, TB, 
xouxcp uxepeyei xal xo Blc 0x6 xAv AA, AB xou Blc 0x6 
xAv AF, TB, xa Be axo xAv AA, AB xexpaycnva xAv axo 
xAv Ar, TB xexpayAvwv uxepeyei prjxA- prjxa yap eaxiv 
apcpoxepa - xal xo Blc 0x6 xAv AA, AB apa xoO Blc 0x6 
xAv Ar, TB Oxepexei prjxA- oxep eaxiv aSuvaxov- peaa 
yap eaxiv apcpoxepa. 

Tfj apa eXaaaovi (iia povov xpoaappoaei eOUela Buvapei 
aauppexpoc; ouaa xfj oXrj xal xoiouaa xa pev ax’ aOxAv 
xexpaywva apa prjxov, xo Be Blc Ox’ aOxAv peaov oxep eSei 
Bel^ai. 


Proposition 82 

Only one straight-line, which is incommensurable in 
square with the whole, and (together) with the whole 
makes the (sum of the) squares on them rational, and 
twice the (rectangle contained) by them medial, can be 
attached to a minor (straight-line). 

A B CD 

i-1-1-1 

Let AB be a minor (straight-line), and let BC be (so) 
attached to AB. Thus, AC and CB are (straight-lines 
which are) incommensurable in square, making the sum 
of the squares on them rational, and twice the (rectan¬ 
gle contained) by them medial [Prop. 10.76]. I say that 
another another straight-line fulfilling the same (condi¬ 
tions) cannot be attached to AB. 

For, if possible, let BD be (so) attached (to AB). 
Thus, AD and DB are also (straight-lines which are) 
incommensurable in square, fulfilling the (other) afore¬ 
mentioned (conditions) [Prop. 10.76]. And since by 
whatever (area) the (sum of the squares) on AD and DB 
exceeds the (sum of the squares) on AC and CB, twice 
the (rectangle contained) by AD and DB also exceeds 
twice the (rectangle contained) by AC and CB by this 
(same area) [Prop. 2.7]. And the (sum of the) squares 
on AD and DB exceeds the (sum of the) squares on AC 
and CB by a rational (area). For both are rational (ar¬ 
eas). Thus, twice the (rectangle contained) by AD and 
DB also exceeds twice the (rectangle contained) by AC 
and CB by a rational (area). The very thing is impossible. 
For both are medial (areas) [Prop. 10.26]. 

Thus, only one straight-line, which is incommensu¬ 
rable in square with the whole, and (with the whole) 
makes the squares on them (added) together rational, 
and twice the (rectangle contained) by them medial, can 
be attached to a minor (straight-line). (Which is) the very 
thing it was required to show. 


t This proposition is equivalent to Prop. 10.45, with minus signs instead of plus signs. 


Tiy'. 

Tfj pexa prjxou peaov xo 6Xov xoiouarj pia povov xpo- 
aappoi^ei euDela Buvapei aauppexpoc; ouaa xfj oXjrj, pexa Be 
xfjq oXrjc; xoiouaa xo pev auyxeipevov ex xAv ax’ auxAv 
xexpayAvcov peaov, xo Be Blc; ux’ auxAv prjxov. 


Proposition 83 

Only one straight-line, which is incommensurable in 
square with the whole, and (together) with the whole 
makes the sum of the squares on them medial, and twice 
the (rectangle contained) by them rational, can be at¬ 
tached to that (straight-line) which with a rational (area) 
makes a medial whole.! 

A B 
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’'Eaxcu f) pcxa prjxou pcaov to oXov xoiouaa f) AB, xai 
xf) AB xpoaappo^Exw f] BP al apa AT, TB 5uvapEi Eiaiv 
aauppsxpoi xoiouaai xa xpoxEipcva- XEyo, oxi xfj AB Exspa 
ou xpoaappoaci xa auxa xoiouaa. 

El yap Ouvaxov, xpoaappoi^Exo V) BA- xai ai AA, 
AB apa EU-dcuxi Suvapci Elalv aauppsxpoi xoiouaai xa 
xpoxslpsva. exeI ouv, 6 uxspsxEi xa axo xwv AA, AB 
xAv axo xAv Ar, TB, xouxq> uxspsxEi xai to 51c 0x6 xAv 
AA, AB toO 5lc 0x6 xAv AT, TB axoXoO'dwc xolc xpo 
auxou, xo 8s 81 c 0x6 xAv A A, AB xou Sic 6x6 xAv Ar, TB 
OxEpsxei prjxA- prjxa yap saxiv apcpoxspa- xai xa axo xAv 
AA, AB apa xAv axo xAv AF, TB Oxspsxei pqxA- oxsp 
saxiv aSuvaxov- psaa yap saxiv apcpoxEpa. 

06x apa xfj AB Exspa xpoaappoasi su-dsla 8uvapsi 
aauppsxpoc; ouaa xfj oXrj, psxa 5s xfjc oXr]c xoiouaa xa 
xposiprjpsva- pla apa povov xpoaappoasi- oxsp e8ei SsT^ai. 


Let AB be a (straight-line) which with a rational 
(area) makes a medial whole, and let BC be (so) at¬ 
tached to AB. Thus, AC and CB are (straight-lines 
which are) incommensurable in square, fulfilling the 
(other) proscribed (conditions) [Prop. 10.77]. I say that 
another (straight-line) fulfilling the same (conditions) 
cannot be attached to AB. 

For, if possible, let BD be (so) attached (to AB). 
Thus, AD and DB are also straight-lines (which are) 
incommensurable in square, fulfilling the (other) pre¬ 
scribed (conditions) [Prop. 10.77]. Therefore, analo¬ 
gously to the (propositions) before this, since by what¬ 
ever (area) the (sum of the squares) on AD and DB ex¬ 
ceeds the (sum of the squares) on AC and CB, twice the 
(rectangle contained) by AD and DB also exceeds twice 
the (rectangle contained) by AC and CB by this (same 
area). And twice the (rectangle contained) by AD and 
DB exceeds twice the (rectangle contained) by AC and 
CB by a rational (area). For they are (both) rational (ar¬ 
eas) . Thus, the (sum of the squares) on AD and DB also 
exceeds the (sum of the squares) on AC and CB by a ra¬ 
tional (area). The very thing is impossible. For both are 
medial (areas) [Prop. 10.26]. 

Thus, another straight-line cannot be attached to AB, 
which is incommensurable in square with the whole, and 
fulfills the (other) aforementioned (conditions) with the 
whole. Thus, only one (such straight-line) can be (so) 
attached. (Which is) the very thing it was required to 
show. 


t This proposition is equivalent to Prop. 10.46, with minus signs instead of plus signs. 


no'. 

Tfj psxa psaou psaov to oXov xoiouar) pla povr) xpo- 
aappoi^Ei su-hsla Suvapsi aauppsxpoc; ouaa xfj oXrj, psxa 8s 
xfjq oXrjq xoiouaa to xe auyxslpsvov ex xAv ax’ auxAv 
xExpayAvcov psaov to xe 8'k; Ox’ auxAv psaov xai sxi 
aauppsxpov xA auyxEipsvqi ex xAv ax’ auxAv. 

’'Eaxw f] psxa psaou psaov to 6Xov xoiouaa f] AB, xpo- 
aappo^ouaa 8 e auxfj f) BT- al apa AT, TB Suvapsi siaiv 
aauppsxpoi xoiouaai xa xposipqpsva. Xsyo, oxi xfj AB 
Exspa ou xpoaappoasi xoiouaa xposipqpsva. 


Proposition 84 

Only one straight-line, which is incommensurable in 
square with the whole, and (together) with the whole 
makes the sum of the squares on them medial, and twice 
the (rectangle contained) by them medial, and, more¬ 
over, incommensurable with the sum of the (squares) on 
them, can be attached to that (straight-line) which with 
a medial (area) makes a medial whole.1 

Let AB be a (straight-line) which with a medial 
(area) makes a medial whole, BC being (so) attached 
to it. Thus, AC and CB are incommensurable in 
square, fulfilling the (other) aforementioned (conditions) 
[Prop. 10.78]. I say that a(nother) (straight-line) fulfill¬ 
ing the aforementioned (conditions) cannot be attached 
to AB. 
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A B T A 

I-1-1-1 


E 0 M N 



Ei yap Buvaxov, xpoaappo^exw f) BA, Aaxs xal xa<; 
AA, AB Suvapei aauppexpoui; efvai xoiouaa<; xa xe and 
xfiv AA, AB xexpaywva apa pcaov xal xo 8l<; 0x6 xuv 
AA, AB [ieaov xal exi xa axo xAv AA, AB aauppexpa xA 
Big 0x6 xuv AA, AB- xal exxelaDw prjxf) f) EZ, xal xol'c 
pev axo xwv Ar, TB laov xapa xfjv EZ xapapepXf|a , dto xo 
EH xXaxo<; xoiouv xf]v EM, xA Be Big 0x6 xfiv Ar, TB 
laov xapa xfjv EZ xapa(3ef3XiqaDa> xo ©H xXaxoc; xoiouv 
xrjv ©M- Xoixov apa xo axo xrjc AB laov eaxi xA EA- f\ 
apa AB Buvaxai xo EA. xaXiv xoi<; axo xAv AA, AB laov 
xapa xr)v EZ xapapepXf|a , d(J xo EI xXaxoc; xoiouv xfjv EN. 
Eaxi Be xal xo axo xrjc AB Taov xA EA- Xoixov apa xo Bic; 
0x6 xAv AA, AB laov [eaxl] xA ©I. xal exel [ieaov eaxl 
xo auyxeipevov ex xfiv axo xAv Ar, TB xal eaxiv laov 
xA EH, [ieaov apa eaxl xal xo EH. xal xapa prjxrjv xfjv EZ 
xapaxeixai xXaxoc; xoiouv xfjv EM- prjxf] apa eaxiv f\ EM xal 
aauppexpoc; xfj EZ pf|xei. xaXiv, exel [ieaov eaxl xo 81c 0x6 
xfiv Ar, TB xal eaxiv laov xA 0H, [ieaov apa xal xo 0H. 
xal xapa prjxfjv xrjv EZ xapaxeixai xXaxoc xoiouv xrjv 0M- 
prjxr) apa eaxiv f] 0M xal aa0[i[iexpo<; xfj EZ [irjxei. xal exel 
aau[i[iexpd eaxi xa axo xwv Ar, TB xA Sic 0x6 xAv Ar, 
TB, aau[i[iexp6v eaxi xal xo EH xA 0H- aau[i[iexpo(; apa 
eaxl xal f) EM xfj M0 [ifjxei. xal eiaiv a[i<p6xepai prjxai- ai 
apa EM, M0 prjxai eiai Suvajiei [lovov au[i[iexpoi- axoxo[if) 
apa eaxiv f] E0, xpoaap[io^ouaa Be aOxfj f] 0M. 6[ioiwc 8f) 
Bei^ojiev, oxi f) E0 xaXiv axoxo[if) eaxiv, xpoaapjio^ouaa 
8e auxfj f) 0N. xfj apa axoxo[if) a Xkr\ xal aXXr) xpoaapjio^ei 
pr)xf) 8uva[iei [lovov au[i[iexpoc; ouaa xfj oXr)- oxep eoeixUr) 
aBuvaxov. oux apa xfj AB exepa xpoaapjioaei eO-dela. 

Tfj apa AB [iia [lovov xpoaapjio^ei euileTa 8uva[iei 
aau[i[iexpoc; ouaa xfj oXr], [icxa Be xfjc oXr]c xoiouaa xa 
xe ax’ auxAv xexpaywva a[ia [ieaov xal xo Sic Ox’ aOxAv 
[ieaov xal exi xa ax’ auxAv xexpayoiva aau[i[iexpa xA 8lc 
Ox’ aOxAv oxep e8ei Selpai. 


A B CD 

i-1-1-1 


E H M N 



For, if possible, let BD be (so) attached. Hence, 
AD and DB are also (straight-lines which are) incom¬ 
mensurable in square, making the squares on AD and 
DB (added) together medial, and twice the (rectangle 
contained) by AD and DB medial, and, moreover, the 
(sum of the squares) on AD and DB incommensurable 
with twice the (rectangle contained) by AD and DB 
[Prop. 10.78]. And let the rational (straight-line) EF be 
laid down. And let EG, equal to the (sum of the squares) 
on AC and CB, have been applied to EF, producing EM 
as breadth. And let HG, equal to twice the (rectangle 
contained) by AC and CB, have been applied to EF, 
producing HM as breadth. Thus, the remaining (square) 
on AB is equal to EL [Prop. 2.7]. Thus, AB is the square- 
root of EL. Again, let EI, equal to the (sum of the 
squares) on AD and DB, have been applied to EF, pro¬ 
ducing EN as breadth. And the (square) on AB is also 
equal to EL. Thus, the remaining twice the (rectangle 
contained) by AD and DB [is] equal to HI [Prop. 2.7]. 
And since the sum of the (squares) on AC and CB is me¬ 
dial, and is equal to EG, EG is thus also medial. And 
it is applied to the rational (straight-line) EF, producing 
EM as breadth. EM is thus rational, and incommen¬ 
surable in length with EF [Prop. 10.22]. Again, since 
twice the (rectangle contained) by AC and CB is me¬ 
dial, and is equal to HG, HG is thus also medial. And 
it is applied to the rational (straight-line) EF, produc¬ 
ing HM as breadth. HM is thus rational, and incom¬ 
mensurable in length with EF [Prop. 10.22]. And since 
the (sum of the squares) on AC and CB is incommen¬ 
surable with twice the (rectangle contained) by AC and 
CB, EG is also incommensurable with HG. Thus, EM 
is also incommensurable in length with MH [Props. 6.1, 
10.11], And they are both rational (straight-lines). Thus, 
EM and MH are rational (straight-lines which are) com¬ 
mensurable in square only. Thus, EH is an apotome 
[Prop. 10.73], with HM attached to it. So, similarly, 
we can show that EH is again an apotome, with HN 
attached to it. Thus, different rational (straight-lines), 
which are commensurable in square only with the whole, 
are attached to an apotome. The very thing was shown 
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(to be) impossible [Prop. 10.79]. Thus, another straight- 
line cannot be (so) attached to AB. 

Thus, only one straight-line, which is incommensu¬ 
rable in square with the whole, and (together) with the 
whole makes the squares on them (added) together me¬ 
dial, and twice the (rectangle contained) by them medial, 
and, moreover, the (sum of the) squares on them incom¬ 
mensurable with the (rectangle contained) by them, can 
be attached to AB. (Which is) the very thing it was re¬ 
quired to show. 


t This proposition is equivalent to Prop. 10.47, with minus signs instead of plus signs. 


5 'Opoi TplTOl. 

ia'. 'Txoxeipevrjq prjxfjc; xal aitoxopfjc;, eav pev fj oXrj xfj<; 
xpoaappoi(ouar]<; peI((ov Buvrjxai xcp axo auppexpou eauxfj 
pfjxei, xal fj oXrj auppexpoc; fj xfj exxeipevrj prjxfj pfjxei, 
xaXeicrdto axoxopfj xpwxrj. 

i[3'. ’Eav Be fj xpoaappoCouaa auppexpoi; fj xfj exxeipevrj 
prjxfj pfjxei, xal fj oXrj xfjq itpooappo<(ouarjc; pelc^ov Buvrjxai 
xcp aito auppexpou eauxfj, xaXelahw aitoxopf) Seuxepa. 

iy'. ’Eav Be prjBexepa auppexpoc; fj xfj Exxeipevrj prjxfj 
pfjxei, fj Be oXrj xfjq itpoaappoi^ouarjc; pel^ov Buvrjxai xw 
aito auppexpou eauxfj, xaXsiafko aitoxopf) xpixrj. 

iB'. IlaXiv, eav fj oXrj xfjq itpoaappoi^ouarjc; pel^ov 
Buvrjxai xw onto aauppexpou eauxfj [pfjxei], eav pev fj oXrj 
auppexpoc; fj xfj Exxeipevrj prjxfj pfjxei, xaXeicrdM aitoxopf) 
xexapxrj. 

ie'. ’Eav Be fj itpoaappoi(ouaa, itepitxrj. 
w'. ’Eav Be prjBexepa, exxrj. 


its'. 

EupeTv xfjv itpwxrjv aitoxopfjv. 


Definitions III 

11. Given a rational (straight-line) and an apotome, if 
the square on the whole is greater than the (square on a 
straight-line) attached (to the apotome) by the (square) 
on (some straight-line) commensurable in length with 
(the whole), and the whole is commensurable in length 
with the (previously) laid down rational (straight-line), 
then let the (apotome) be called a first apotome. 

12. And if the attached (straight-line) is commen¬ 
surable in length with the (previously) laid down ra¬ 
tional (straight-line), and the square on the whole is 
greater than (the square on) the attached (straight-line) 
by the (square) on (some straight-line) commensurable 
(in length) with (the whole), then let the (apotome) be 
called a second apotome. 

13. And if neither of (the whole or the attached 
straight-line) is commensurable in length with the (previ¬ 
ously) laid down rational (straight-line), and the square 
on the whole is greater than (the square on) the attached 
(straight-line) by the (square) on (some straight-line) 
commensurable (in length) with (the whole), then let the 
(apotome) be called a third apotome. 

14. Again, if the square on the whole is greater 
than (the square on) the attached (straight-line) by the 
(square) on (some straight-line) incommensurable [in 
length] with (the whole), and the whole is commensu¬ 
rable in length with the (previously) laid down rational 
(straight-line), then let the (apotome) be called a fourth 
apotome. 

15. And if the attached (straight-line is commensu¬ 
rable), a fifth (apotome). 

16. And if neither (the whole nor the attached 
straight-line is commensurable), a sixth (apotome). 

Proposition 85 

To find a first apotome. 
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b r h 

I-1-1 


(A 


E Z A 

i-1-1 


’ExxdaOco prjxf) fj A, xal xfj A (i/|X£i auppexpoc screw 
f) BH- prjTT) apa ecru, xai f) BH. xai exxeia'dwoav Buo 
xexpaywvoi dpibpoi ol AE, EZ, Sv f] Oxepoyr] 6 ZA pf] 
eaxw xexpayMvoc' ouS’ apa 6 EA xpoc xov AZ Xoyov eyci, 
ov xexpaywvoc apibpoc xpoc xexpaywvov apibpov. xal xe- 
xoirjabw ox 6 EA xpoc xov AZ, ouxox xo axo xfjc BH 
xexpaywvov xpoc xo axo xqc Hr xexpaywvov auppexpov 
apa eaxi xo axo xfjc BH x£> axo xfjc; Hr. pqxov 8e xo axo 
xfjc; BH- prjxov apa xal xo axo xfjc; HB- prjxr] apa eaxl xal 
f) HB. xal exel 6 EA xpoc xov AZ Xoyov oux eyei, ov 
xexpdytovoc apibpoc xpoc xexpaywvov apibpov, ou8’ apa xo 
axo xfjc; BH xpoc xo axo xfjc Hr Xoyov e/ei, ov vexpaywvoc 
apulpoc xpoc xexpaywvov apibpov aauppexpoc apa eaxiv 
f] BH xfj Hr prjxei. xal elaiv aptcpoxepai prjxal- ai BH, Hr 
apa prjxal elai 8uva(iei piovov aujipexpoi- f] apa Br axoxop.f| 
eaxiv. Xeyw 8fj, oxi xal xpwxrj. 

’T2i yap ptel^ov eaxi xo axo xfjc BH xou axo xfjc Hr, 
eaxw xo axo xfjc 0. xal exel eaxiv ebe 6 EA xpoc xov 
ZA, ouxtoc xo axo xfjc BH xpoc xo axo xfjc Hr, xal ava- 
axpeijiavxi apa eaxiv wc 6 AE xpoc xov EZ, ouxwc xo axo 
xfjc HB xpoc xo axo xfjc 0. 6 Se AE xpoc xov EZ Xoyov 
e/ei, ov xexpaywvoc api-dpioc xpoc xexpaywvov dpi'Opov 
exaxepoc yap xexpaywvoc eaxiv xal xo axo xfjc HB apa 
xpoc xo axo xfjc 0 Xoyov ° v xexpaywvoc dpiD(ioc 
xpoc xexpaywvov dpiD|iov aupjiexpoc apa eaxiv f) BH xfj 
0 ^fjxei. xal Suvaxai fj BH xfjc Hr piel^ov xw axo xfjc 0- 
fj BH apa xfjc Hr piel^ov Suvaxai xw axo auppiexpou eauxfj 
(ju]xei. xal eaxiv fj oXr) f) BH aupipexpoc xfj exxeipievr) pr)xfj 
(if]xei xfj A. f] Br apa axoxo(if] eaxi xpwxr). 

Eupr)xai apa f) xpwxr) axoxo|jif) f) Br- oxep e8ei eupelv. 


f See footnote to Prop. 10.48. 


TiZ. 

EupeTv xfjv Seuxepav axoxoptf|v. 


B C G 

A i-1 |-1-1 

E F D 

H i-1 i-1-1 

Let the rational (straight-line) A be laid down. And 
let BG be commensurable in length with A. BG is thus 
also a rational (straight-line). And let two square num¬ 
bers DE and EF be laid down, and let their difference 
FD be not square [Prop. 10.28 lem. I], Thus, ED does 
not have to DF the ratio which (some) square number 
(has) to (some) square number. And let it have been 
contrived that as ED (is) to DF, so the square on BG 
(is) to the square on GC [Prop. 10.6. corn]. Thus, the 
(square) on BG is commensurable with the (square) on 
GC [Prop. 10.6]. And the (square) on BG (is) ratio¬ 
nal. Thus, the (square) on GC (is) also rational. Thus, 
GC is also rational. And since ED does not have to DF 
the ratio which (some) square number (has) to (some) 
square number, the (square) on BG thus does not have to 
the (square) on GC the ratio which (some) square num¬ 
ber (has) to (some) square number either. Thus, BG is 
incommensurable in length with GC [Prop. 10.9]. And 
they are both rational (straight-lines). Thus, BG and GC 
are rational (straight-lines which are) commensurable in 
square only. Thus, BC is an apotome [Prop. 10.73]. So, 
I say that (it is) also a first (apotome). 

Let the (square) on H be that (area) by which the 
(square) on BG is greater than the (square) on GC 
[Prop. 10.13 lem.]. And since as ED is to FD, so the 
(square) on BG (is) to the (square) on GC, thus, via con¬ 
version, as DE is to EF, so the (square) on GB (is) to 
the (square) on H [Prop. 5.19 corn]. And DE has to EF 
the ratio which (some) square-number (has) to (some) 
square-number. For each is a square (number). Thus, the 
(square) on GB also has to the (square) on H the ra¬ 
tio which (some) square number (has) to (some) square 
number. Thus, BG is commensurable in length with H 
[Prop. 10.9]. And the square on BG is greater than (the 
square on) GC by the (square) on H. Thus, the square on 
BG is greater than (the square on) GC by the (square) 
on (some straight-line) commensurable in length with 
(BG). And the whole, BG, is commensurable in length 
with the (previously) laid down rational (straight-line) A. 
Thus, BC is a first apotome [Def. 10.11]. 

Thus, the first apotome BC has been found. (Which 
is) the very thing it was required to find. 


Proposition 86 

To find a second apotome. 
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’ExxsiaOw pqxr) fj A xal xfj A auppsxpoc pqxsi f] HT. 
pr)TT) apa saxiv fj Hr. xal sxxsla-dooaav Suo xsxpaywvoi 
apnlpol ol AE, EZ, Sv f) Oxspoxr] 6 AZ [if] saxw xsxpaywvoi;. 
xal xsxoiqaflw A<; 6 ZA xpoc; xov AE, ouxw<; to axo 
Tfj<; TH xsxpaycovov xpoc; to axo xfj<; HB xsxpdywvov. 
auppsxpov apa saxl to axo xfj<; TH xsxpaywvov xA axo 
xfj<; HB xsxpayAvw. prpov 8s to axo Tfjc; TH. prjxov apa 
[saxl] xal to axo Tfjc HB- prjxr] apa saxiv fj BH. xal sxsl to 
axo Tfjc; Hr xExpdywvov xpoc; to axo xrjc; HB Xoyov oux 
sysi, ov xsxpdyoyvoc; apidpoc; xpoc; xsxpaywvov apnlpov, 
aauppsxpoi; sotlv f) TH xrj HB pqxsi. xai siaiv apcpoxspai 
pr)xa[- al TH, HB apa pr)xa[ etcn Suvapsi povov auppsxpoi- 
f) Br apa axoxopir] Saxiv. Xsyw 8rj, oxi xal 8suxspa. 


b r h 

A i-1 |-1-1 

E Z A 

(m) I-1 I-1-1 

Tli yap (jiei£6v g CTTL T q omo xfj<; BH xou axo xfjc; Hr, 
screw to axo xfj<; 0. sxsl ouv saxiv Ac; to axo xfjc BH 
xpoc; to axo xrjc; Hr, ouxwc; 6 EA apidpoc; xpoc; xov AZ 
apibpov, avaaxpe^avTi apa saxiv A<; to axo xfjc; BH xpoc; 
to axo xfjc; 0, ouxw<; 6 AE xpoc; xov EZ. xal saxiv sxaxspoc; 
xAv AE, EZ Tsxpdywvoc;- to apa axo x^c; BH xpoc; to axo 
xfjc; 0 Xoyov s/si, ov xsxpdywvoc; apiOpoc; xpoc; xsxpdywvov 
apiDpov auppsxpoc; apa saxiv f] BH xfj 0 pfjxsi. xal Suvaxai 
fj BH xfjc; Hr pisl^ov xA axo xrj<; 0- fj BH apa xfjc; Hr 
pst^ov Suvaxai xA axo auppsxpou sauxfj pf|XEi. xai saxiv f] 
xpoaappo^ouaa fj TH xfj sxxsipsvr] pqxfj auppsxpoc; xfj A. 
f] Br apa axoxopr] Saxi 8suxsxa. 

Eupqxai apa 8suxspa axoxopr) fj Br- oxsp s8si 8sTc;ai. 


t See footnote to Prop. 10.49. 

TlC'. 

EupsTv xrjv xpixr)v axoxoprjv. 


Let the rational (straight-line) A, and GC (which is) 
commensurable in length with A, be laid down. Thus, 
GC is a rational (straight-line). And let the two square 
numbers DE and EF be laid down, and let their differ¬ 
ence DF be not square [Prop. 10.28 lem. I]. And let it 
have been contrived that as FD (is) to DE, so the square 
on CG (is) to the square on GB [Prop. 10.6 corn]. Thus, 
the square on CG is commensurable with the square on 
GB [Prop. 10.6]. And the (square) on CG (is) rational. 
Thus, the (square) on GB [is] also rational. Thus, BG is a 
rational (straight-line). And since the square on GC does 
not have to the (square) on GB the ratio which (some) 
square number (has) to (some) square number, CG is 
incommensurable in length with GB [Prop. 10.9]. And 
they are both rational (straight-lines). Thus, CG and GB 
are rational (straight-lines which are) commensurable in 
square only. Thus, BC is an apotome [Prop. 10.73]. So, 
I say that it is also a second (apotome). 

B C G 

A i-1 |-1-1 

E F D 

H i-1 |-1-1 

For let the (square) on H be that (area) by which 
the (square) on BG is greater than the (square) on GC 
[Prop. 10.13 lem.]. Therefore, since as the (square) on 
BG is to the (square) on GC, so the number ED (is) 
to the number DF, thus, also, via conversion, as the 
(square) on BG is to the (square) on H, so DE (is) 
to EF [Prop. 5.19 corn]. And DE and EF are each 
square (numbers). Thus, the (square) on BG has to the 
(square) on H the ratio which (some) square number 
(has) to (some) square number. Thus, BG is commen¬ 
surable in length with H [Prop. 10.9]. And the square on 
BG is greater than (the square on) GC by the (square) 
on H. Thus, the square on BG is greater than (the square 
on) GC by the (square) on (some straight-line) commen¬ 
surable in length with (BG). And the attachment CG 
is commensurable (in length) with the (prevously) laid 
down rational (straight-line) A. Thus, BC is a second 
apotome [Def. 10.12] 7 

Thus, the second apotome BC has been found. 
(Which is) the very thing it was required to show. 


Proposition 87 

To find a third apotome. 
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. ba r 

A i-1 |-1-1 


B D C 

A i-1 |-1-1 


E ^ 


Z © H 

1-1-1 


E h 


F H G 

1-1-1 


K>-' 

’ExxelaOo prjxfj f] A, xal exxelabwaav xpelc dpitlpol 
oi E, BT, TA Xoyov pfj eyovrec xpoc aXXf]Xou<;, ov 
Texpdytovoc apiOpoc xpoc Texpdytovov apiOpov, 6 Be TB 
xpoc xov BA Xoyov eyexoj, ov xexpdyorvoc apiUpoc xpoc 
Texpdytovov apiOpov, xal xexoifjaba) Ac; pev 6 E xpoc xov 
Br, outgx; xo axo xfjc A xexpaytovov xpoc xo axo xfjc 
ZH xexpaywvov, Ac; Be 6 Br xpoc xov TA, ouxcoc xo axo 
xfjc; ZH xexpaytovov xpoc xo duo xfjc H0. sue! ouv eaxiv 
Ac; 6 E xpoc xov Br, ouxwc xo axo xfjc; A xexpaywvov 
xpoc xo axo xfjc; ZH xexpaywvov, auppexpov apa eaxi 
xo axo xfjc; A xexpaycovov xA axo xfjc; ZH xexpayAvqx 
prjxov Be xo axo xfjc; A xexpaywvov. prjxov apa xal xo axo 
xfjc; ZH- prjxfj apa eaxiv f] ZH. xal exel 6 E xpoc; xov Br 
Xoyov oux ex £l > Texpaywvoc apiDpoc xpoc xexpaycovov 
apibpov, ouB’ apa xo axo xfjc A xexpaywvov xpoc xo axo 
xfjc ZH [xexpaywvov] Xoyov exei, ° v xexpaycovoc apnlpoc 
xpoc xexpayorvov apiDpov aauppexpoc apa eaxiv rj A xfj 
ZH pfjxei. xaXiv, exel eaxiv Ac 6 Br xpoc xov TA, ouxwc to 
axo xfjc ZH xexpaywvov xpoc to axo xfjc H@, auppexpov 
apa eaxi xo axo xfjc ZH xA axo xfjc H@. prjxov Be xo axo 
xfjc ZH- prjxov apa xal xo axo xfjc H0- prjxfj apa eaxiv fj H0. 
xal exel 6 Br xpoc xov TA Xoyov oux exci, ov xexpaywvoc 
apnlpoc xpoc xexpaywvov apiDpov, ouB’ apa xo axo xfjc ZH 
xpoc to axo xfjc H0 Xoyov exei, ov xexpaywvoc apibpbc 
xpoc xexpayorvov apibpov aauppexpoc apa eaxiv f] ZH xfj 
H0 pfjxei. xal eiaiv apcpoxepai prjxal- a'l ZH, H0 apa prjxal 
eiai Buvapei povov auppexpoi- axoxopfj apa eaxiv fj Z0. 
Xeyw Bfj, oxi xal xplxrj. 

’Exel yap eaxiv Ac pev 6 E xpoc xov Br, ouxwc to axo 
xfjc A xexpayorvov xpoc xo axo xfjc ZH, Ac Be 6 Br xpoc 
xov TA, ouxoc xo axo xfjc ZH xpoc to axo xfjc 0H, Bi’iaou 
apa eaxiv Ac 6 E xpoc xov TA, ouxorc xo axo xfjc A xpoc 
to axo xfjc 0H. 6 Be E xpoc xov TA Xoyov oux ex £l > ov 
xexpaywvoc apiDpoc xpoc xexpaywvov apiDpov ouB’ apa to 
axo xfjc A xpoc to axo xfjc H0 Xoyov ex £ b ov xexpayorvoc 
apnlpoc xpoc xexpaywvov apibpov aauppexpoc apa f] A xfj 
H0 pfjxei. ouBexepa apa xAv ZH, H0 auppexpoc Eaxi xfj 
exxeipevrj prjxfj xfj A pfjxei. 6 ouv pelcljov eaxi xo axo xfjc 
ZH xou axo xfjc H0, eaxw xo axo xfjc K. exel ouv eaxiv 
Ac 6 Br xpoc xov TA, ouxa>c to axo xfjc ZH xpoc to axo 
xfjc H0, avaaxpetjiavxi apa eaxiv Ac 6 Br xpoc xov BA, 
outoc to axo xfjc ZH xexpaywvov xpoc to axo xfjc K. 6 Be 
Br xpoc xov BA Xoyov ex £l > ov xexpaywvoc apiDpoc xpoc 
xexpaywvov apnlpov. xal xo axo xfjc ZH apa xpoc to axo 
xfjc K Xoyov ex £1 j ov xexpaywvoc aprOpoc xpoc xexpaycrvov 


K i-1 

Let the rational (straight-line) A be laid down. And 
let the three numbers, E, BC, and CD, not having to one 
another the ratio which (some) square number (has) to 
(some) square number, be laid down. And let CB have 
to BD the ratio which (some) square number (has) to 
(some) square number. And let it have been contrived 
that as E (is) to BC, so the square on A (is) to the 
square on EG, and as BC (is) to CD, so the square on 
FG (is) to the (square) on GH [Prop. 10.6 corn]. There¬ 
fore, since as E is to BC, so the square on A (is) to the 
square on FG, the square on A is thus commensurable 
with the square on FG [Prop. 10.6]. And the square on 
A (is) rational. Thus, the (square) on FG (is) also ra¬ 
tional. Thus, FG is a rational (straight-line). And since 
E does not have to BG the ratio which (some) square 
number (has) to (some) square number, the square on A 
thus does not have to the [square] on FG the ratio which 
(some) square number (has) to (some) square number 
either. Thus, A is incommensurable in length with FG 
[Prop. 10.9]. Again, since as BC is to CD, so the square 
on FG is to the (square) on GH, the square on FG is thus 
commensurable with the (square) on GH [Prop. 10.6]. 
And the (square) on FG (is) rational. Thus, the (square) 
on GH (is) also rational. Thus, GH is a rational (straight- 
line). And since BC does not have to CD the ratio which 
(some) square number (has) to (some) square number, 
the (square) on FG thus does not have to the (square) 
on GH the ratio which (some) square number (has) to 
(some) square number either. Thus, FG is incommen¬ 
surable in length with GH [Prop. 10.9]. And both are 
rational (straight-lines). FG and GH are thus rational 
(straight-lines which are) commensurable in square only. 
Thus, FH is an apotome [Prop. 10.73]. So, I say that (it 
is) also a third (apotome). 

For since as E is to BC, so the square on A (is) to the 
(square) on FG, and as BC (is) to CD, so the (square) 
on FG (is) to the (square) on HG, thus, via equality, as 
E is to CD, so the (square) on A (is) to the (square) on 
HG [Prop. 5.22], And E does not have to CD the ra¬ 
tio which (some) square number (has) to (some) square 
number. Thus, the (square) on A does not have to the 
(square) on GH the ratio which (some) square number 
(has) to (some) square number either. A (is) thus incom¬ 
mensurable in length with GH [Prop. 10.9]. Thus, nei¬ 
ther of FG and GH is commensurable in length with the 
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apnlpov. ouppsxpo; apa Eoxlv fj ZH xfj K pfjxEi, xal Buvaxai 
fj ZH Tfj; H0 pcT^ov to axo auppsxpou Eauxfj. xal ouBcxEpa 
xov ZH, H0 auppsxpo; egtl Tfj EXXEipEvrj prjxfj Tfj A prjxEi- 
fj Z0 apa axoxopfj Egtl xpLxrj. 

Euprjxai apa fj xpLxrj axoxopfj f) Z0- oxsp eSsl oei^ai. 


t See footnote to Prop. 10.50. 

TIT]'. 

EupsTv xf]v xExapxrjv axoxopfjv. 

b r h 

A i-1 |-1-1 

A Z E 

(m) I-1 I-1-1 

’ExxeloDm prjxfj fj A xal xfj A prjxsi ouppsxpo; fj BH- 
prjxfj apa eaxl xal fj BH. xal sxxEia'dMaav Suo dpitlpol ol 
AZ, ZE, woxe xov AE oXov xpo; sxaxEpov xwv AZ, EZ 
Xoyov [IT] e/elv, ov xExpaywvo; apLilpo; xpo; xExpaywvov 
aptdpiov. xal xExoifjoilto (be; 6 AE xpo; xov EZ, ouxo; xo 
axo xfj; BH xExpaywvov xpo; xo axo Tfj; Hr- auppsxpov 
apa £0x1 xo axo xfj; BH xA axo Tfj; Hr. prjxov Bs xo axo 
Tfj; BH- prjxov apa xal xo axo xfjc Hr- prjxr] apa eaxlv fj Hr. 
xal exeI 6 AE xpo; xov EZ Xoyov oux sysL, ° v TC^pay^ 0 ? 
apLilpb; xpo; xExpayovov aptdptov, ou8’ apa xo axo xfjc; BH 
xpo; xo axo xfjc; Hr Xoyov e/el, ov xExpdywvo; dpiilpb; 
xpo; xsxpaycovov dpitlpov aouppsxpo; apa eoxlv fj BH xfj 
Hr (jifjxEi. xai elolv apcpoxEpai prjxar al BH, Hr apa prjxal 
eiai ouvapei (lovov ouppexpoi- axoxopfj apa eoxlv fj Br. 
[Xsyco Bfj, otl xal xExapxrj.] 

TIl ouv (isl^ov eotl xo axo xfjc; BH xou axo xfjc; Hr, 
eoxco xo axo xfj; 0. exeI ouv eoxlv A; 6 AE xpoc; xov 
EZ, ouxw; xo axo xfj; BH xpo; xo axo xfj; Hr, xal ava- 
oxpscjiavxi apa saxlv A; 6 EA xpo; xov AZ, ouxw; xo 
axo xfj; HB xpo; xo axo xfj; 0. 6 Be EA xpo; xov AZ 
Xoyov oux Eyei, xExpaywvo; apL-dpo; xpo; xsxpayoivov 


(previously) laid down rational (straight-line) A. There¬ 
fore, let the (square) on K be that (area) by which the 
(square) on FG is greater than the (square) on GH 
[Prop. 10.13 lem.]. Therefore, since as BC is to CD, so 
the (square) on FG (is) to the (square) on GFl, thus, via 
conversion, as BC is to BD, so the square on FG (is) to 
the square on K [Prop. 5.19 corr.]. And BC has to BD 
the ratio which (some) square number (has) to (some) 
square number. Thus, the (square) on FG also has to 
the (square) on K the ratio which (some) square number 
(has) to (some) square number. FG is thus commen¬ 
surable in length with K [Prop. 10.9]. And the square 
on FG is (thus) greater than (the square on) GH by 
the (square) on (some straight-line) commensurable (in 
length) with (FG). And neither of FG and GH is com¬ 
mensurable in length with the (previously) laid down ra¬ 
tional (straight-line) A. Thus, FH is a third apotome 
[Def. 10.13]. 

Thus, the third apotome FH has been found. (Which 
is) very thing it was required to show. 


Proposition 88 

To find a fourth apotome. 

B C G 

A i-1 |-1-1 

E F D 

H i-1 |-1-1 

Let the rational (straight-line) A, and BG (which is) 
commensurable in length with A, be laid down. Thus, 
BG is also a rational (straight-line). And let the two 
numbers DF and FE be laid down such that the whole, 
DE, does not have to each of DF and EF the ratio 
which (some) square number (has) to (some) square 
number. And let it have been contrived that as DE (is) to 
EF, so the square on BG (is) to the (square) on GC 
[Prop. 10.6 corr.]. The (square) on BG is thus com¬ 
mensurable with the (square) on GC [Prop. 10.6]. And 
the (square) on BG (is) rational. Thus, the (square) on 
GC (is) also rational. Thus, GC (is) a rational (straight- 
line) . And since DE does not have to EF the ratio which 
(some) square number (has) to (some) square number, 
the (square) on BG thus does not have to the (square) 
on GC the ratio which (some) square number (has) to 
(some) square number either. Thus, BG is incommensu¬ 
rable in length with GC [Prop. 10.9]. And they are both 
rational (straight-lines). Thus, BG and GC are rational 
(straight-lines which are) commensurable in square only. 
Thus, BC is an apotome [Prop. 10.73]. [So, I say that (it 
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dpitlpov ouS’ apa to and xfjc; HB x poc; to duo xfjc; 0 Xoyov 
§Xei, ov xexpdywvoc; api-dphc; xpoc; xexpaywvov dpitlpov 
aabppexpoc; apa eaxlv fj BH xfj 0 pfjxei. xal Suvaxai f) 
BB xfjc; BT peZov xo and xfj? 0- f] apa BB xfjc; HT peZov 
8uvaxai xo and aauppsxpou eauxfj. xal eaxiv oXrj f) BB 
auppexpoc xfj exxeipevir] prjxfj prjxei xfj A. fj apa Br axo- 
xopf) eaxi xexapxr). 

Euprjxai apa f) xexapxr) axoxopfj- oxep e8ei 8eTl;ai. 


t See footnote to Prop. 10.51. 




EupeTv xfjv xepxxijv axoxopf]v. 


A h 


B 

i— 

A 


r h 

—i-1 

Z E 

—i- 1 


’Exxela-do prjxf) fj A, xal xfj A prjxei auppexpoc; eaxw f) 
TH- prjxf) apa [eaxlv] f| TH. xal exxela'dtoaav 860 apibpol oi 
AZ, ZE, Aaxe xov AE xpoc; exaxepov xAv AZ, ZE Xoyov 
xaXiv pf) eyeiv, ov xexpaytovoc; apibpoc; xpoc; xexpaywvov 
apibpov xal xexoifja-dk) A<; 6 ZE xpoc; xov EA, ouxox; xo 
axo xfjg TB xpoc; xo axo xfjc; BB. prjxov apa xal xo axo xfjc 
BB- prjxf) apa eaxl xal f) BB. xal exel eaxiv Ac; 6 AE xpoc; 
xov EZ, ouxcoc; xo axo xfjc; BB xpoc; xo axo xfjc; Br, 6 8e 
AE xpoc; xov EZ Xoyov oux e/ei, ov xexpaywvoc; apnljioc; 
xpog xexpaywvov apif)(i6v, ou6’ apa xo axo xfjc; BB xpoc; 
xo axo xfjc Hr Xoyov exei, ov xexpaywvoc; apui>|ji6c; xpoc; 
xexpaywvov apiDpiov aaupipiexpoc; apa eaxlv f] BH xfj Hr 
ptfjxei. xal elaiv apicpoxepai prjxal- al BH, Hr apa prjxal elai 
8uvapiei jiovov aujipiexpor f) Br apa dxoxojif] eaxiv. Xeyw 
8f), oTi xal xejixxr). 

Tli yap pieZov eaxi xo axo xfjc BH xou axo xfjc; Hr, 
eax« xo axo xfjc; 0 . exel ouv eaxiv A<; xo axo xfjc; BH xpoc; 
to axo xfjc Hr, ouxtoc; 6 AE xpoc; xov EZ, avaaxpec|>avxi 
apa eaxlv Ac; 6 EA xpoc; xov AZ, out&k; to axo xfjc; BH xpoc; 
xo axo xfjc; 0 , 6 Se EA xpoc; xov AZ Xoyov oux exei, ov 


is) also a fourth (apotome).] 

Now, let the (square) on H be that (area) by which 
the (square) on BG is greater than the (square) on GC 
[Prop. 10.13 lem.]. Therefore, since as DE is to EF, 
so the (square) on BG (is) to the (square) on GC, thus, 
also, via conversion, as ED is to DF, so the (square) on 
GB (is) to the (square) on H [Prop. 5.19 corn]. And ED 
does not have to DF the ratio which (some) square num¬ 
ber (has) to (some) square number. Thus, the (square) on 
GB does not have to the (square) on H the ratio which 
(some) square number (has) to (some) square number 
either. Thus, BG is incommensurable in length with H 
[Prop. 10.9]. And the square on BG is greater than (the 
square on) GC by the (square) on H. Thus, the square on 
BG is greater than (the square) on GC by the (square) on 
(some straight-line) incommensurable (in length) with 
(BG). And the whole, BG, is commensurable in length 
with the the (previously) laid down rational (straight- 
line) A. Thus, BG is a fourth apotome [Def. 10.14]. ' 
Thus, a fourth apotome has been found. (Which is) 
the very thing it was required to show. 


Proposition 89 

To find a fifth apotome. 

B C G 

A i-1 |-1-1 

D F E 

H i-1 |-1-1 

Let the rational (straight-line) A be laid down, and let 
CG be commensurable in length with A. Thus, CG [is] 
a rational (straight-line). And let the two numbers DF 
and EE be laid down such that DE again does not have 
to each of DF and FE the ratio which (some) square 
number (has) to (some) square number. And let it have 
been contrived that as FE (is) to ED, so the (square) on 
CG (is) to the (square) on GB. Thus, the (square) on GB 
(is) also rational [Prop. 10.6]. Thus, BG is also rational. 
And since as DE is to EF, so the (square) on BG (is) to 
the (square) on GC. And DE does not have to EF the ra¬ 
tio which (some) square number (has) to (some) square 
number. The (square) on BG thus does not have to the 
(square) on GC the ratio which (some) square number 
(has) to (some) square number either. Thus, BG is in¬ 
commensurable in length with GC [Prop. 10.9]. And 
they are both rational (straight-lines). BG and GC are 
thus rational (straight-lines which are) commensurable 
in square only. Thus, BC is an apotome [Prop. 10.73]. 
So, I say that (it is) also a fifth (apotome). 
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TETpaywvog apiDpog xpog TETpaycovov dpiDpov ou8’ apa to 
duo Tfjg BH Tipog to duo Tfjg 0 Xoyov sy si, ov TETpaywvog 
apnlpog xpog TSTpaywvov api-dpov aauppsTpog apa ecttIv f] 
BH Tfj 0 [if|X£i. xai SuvaTai f] BH Tfjg Hr [ieT^ov to axo 
Tfjg 0' f) HB apa Tfjg HT [ieT^ov 8uvaTai tA axo dauppETpou 
eauTfj pfjxEi. xai sgtiv f) xpooappo^ouoa f] TH ouppiETpog 
Tfj EXXEipsvr) prjTfj Tfj A pfjxEi- f) apa BT axoTopf) soti 

XEpXTT). 

Euprpai apa f] xspxTri axoTopf] f] BP oxsp e 8 si osigai. 


t See footnote to Prop. 10.52. 


L ] • 

EupsTv tt)v sxtiqv axoTopfjv. 

’Exxsta'dw prjTf) f\ A xai Tp£lg dpiilpoi ol E, BE, TA 
Xoyov [IT] sxovTEg r:pog aXXf]Xoug, ov TETpayorvog dpiilpbg 
xpog TSTpaywvov dpitlpov sti 8e xai 6 TB xpog tov BA 
Xoyov [if] ExetA, § v TETpaycovog apibpog xpog TETpayorvov 
dpitlpov xai Ti£Tioif|CT'Otii Ag psv 6 E xpog tov Br, ouTorg 
to axo Tfjg A xpog to axo Tfjg ZH, Ac; 8 e 6 Br xpog tov 
TA, ouTtog to axo Tfjg ZH xpog to axo Tfjg H0. 


B AT 

A i-1 |-1- 1 




Z © H 

I-1-1 


Kj-' 

’ExeI ouv sgtiv o; 6 E xpog tov Br, ouxog to axo Tfjc; 
A xpog to axo Tfjc; ZH, auppETpov apa to axo Tfjc; A tA 
axo Tfjc; ZH. pr]Tov 8 e to axo Tfjc; A- pypov apa xai to axo 
Tfjc; ZH- prjTf] apa sgtI xai f] ZH. xai exeI 6 E xpog tov Br 
Xoyov oux sysi, ov TSTpaytovog apnlpog xpog TETpaywvov 
apibpov, ouS’ apa to axo Tfjg A xpog to axo Tfjg ZH Xoyov 
Eysi, ov TETpaywvog aprhpog xpog TSTpaytovov apibpov 
aouppETpog apa ecttIv f] A Tfj ZH (ifjxEi. xaXiv, exeI eotiv Ag 
6 Br xpog tov TA, ouTtog to axo Tfjg ZH xpog to axo Tfjg 
H0, auppETpov apa to axo Tfjg ZH tA axo Tfjg H0. pr]Tov 


For, let the (square) on H be that (area) by which 
the (square) on BG is greater than the (square) on GC 
[Prop. 10.13 lem.]. Therefore, since as the (square) on 
BG (is) to the (square) on GC, so DE (is) to EF, thus, 
via conversion, as ED is to DF, so the (square) on BG 
(is) to the (square) on W [Prop. 5.19 corn]. And ED does 
not have to DF the ratio which (some) square number 
(has) to (some) square number. Thus, the (square) on 
BG does not have to the (square) on H the ratio which 
(some) square number (has) to (some) square number 
either. Thus, BG is incommensurable in length with H 
[Prop. 10.9]. And the square on BG is greater than (the 
square on) GC by the (square) on H. Thus, the square on 
GB is greater than (the square on) GC by the (square) 
on (some straight-line) incommensurable in length with 
(GB). And the attachment CG is commensurable in 
length with the (previously) laid down rational (straight- 
line) A. Thus, BG is a fifth apotome [Def. 10.15].! 

Thus, the fifth apotome BC has been found. (Which 
is) the very thing it was required to show. 


Proposition 90 

To find a sixth apotome. 

Let the rational (straight-line) A, and the three num¬ 
bers E, BC, and CD, not having to one another the ra¬ 
tio which (some) square number (has) to (some) square 
number, be laid down. Furthermore, let CB also not have 
to BD the ratio which (some) square number (has) to 
(some) square number. And let it have been contrived 
that as E (is) to BC, so the (square) on A (is) to the 
(square) on EG, and as BC (is) to CD, so the (square) 
on FG (is) to the (square) on GEL [Prop. 10.6 corr.]. 

B DC 

A i-1 |-1-1 


E h 


F 

h 


H 

H- 


G 

H 


K '-' 

Therefore, since as E is to BC, so the (square) on A 
(is) to the (square) on FG, the (square) on A (is) thus 
commensurable with the (square) on FG [Prop. 10.6]. 
And the (square) on A (is) rational. Thus, the (square) 
on FG (is) also rational. Thus, FG is also a rational 
(straight-line). And since E does not have to BC the ra¬ 
tio which (some) square number (has) to (some) square 
number, the (square) on A thus does not have to the 
(square) on FG the ratio which (some) square number 
(has) to (some) square number either. Thus, A is in- 
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8s to duo iff, ZH- prjTov apa xal to duo xfjc H0- prjTf) apa 
xal fj H0. xal sit si 6 Br xpoc; tov TA Xoyov oux gyei, ov 
TSTpaytovoc; dptdpoc; xpoc; TETpaycovov aptdpov, ouS’ apa to 
axo Tfjc; ZH xpoc; to axo Tfjc; H0 Xoyov sysi, ° v TSTpaywvoc; 
aptdpoc; xpoc; TSTpaywvov aptdpov aouppsTpoc; apa sgt'iv 
f] ZH Tfj H0 pf|xsi. xal siaiv dpcpoxepai pr)Ta[- al ZH, H0 
apa prycai slat 8uvapsi povov ouppsxpor f] apa Z0 axoTopf) 
sgtiv. Xsyw Sfj, otl xal sxtt). 

’Exsl yap sgtiv Ac; psv 6 E xpoc; tov BT, outmc; to axo 
Tfjc A xpoc; to axo Tfjc ZH, Ac; 8s 6 Br xpo? tov TA, outux; 
to axo Tfjc; ZH xpoc; to axo Tfjc; H0, 8i’ laou apa sgt'iv Ac; 6 
E xpoc; tov TA, outok to axo Tfjc A xpoc; to axo Tfjc; H0. 6 
8s E xpoc; tov TA Xoyov oux syei , ov TSTpaycnvoc; dptdpoc; 
xpoc; TETpaywvov apiDpov ou8’ apa to axo Tfjc; A xpoc; 
to axo Tfjc H0 Xoyov Eyst, ov TETpaytovoc; apiDpoc; xpoc; 
TETpaytovov apidpov douppsxpoc; apa sgtIv f) A Tfj H0 
pfjxsi- oOSsTspa apa tAv ZH, H0 auppsTpoc; sgti Tfj A prpfj 
pifjxsi. A ouv psi£6v sgti to axo Tfjc; ZH tou axo Tfjc; H0, 
egtco to axo Tfjc; K. sxsl ouv sgtiv Ac; 6 Br xpoc; tov TA, 
outox to axo Tfjc; ZH xpoc; to axo Tfjc; H0, avaoTps^avTi. 
apa sgt'iv Ac; 6 TB xpoc; tov BA, outux; to axo Tfjc; ZH xpoc; 
to axo Tfjc; K. 6 8s TB xpoc; tov BA Xoyov oux Eyci, ov 
TETpaycovoc; dpidpoc; xpoc; TETpaywvov aptdpov ouS’ apa to 
axo Tfjc; ZH xpoc; to axo Tfjc; K Xoyov sysi, ov TETpaywvoc; 
apulpoc; xpoc; TETpaywvov apiOpov aGuppsxpoc; apa sgtIv f) 
ZH Tfj K prjxsi. xal ouvaxai f) ZH Tfjc; H0 psTijjov tA axo 
Tfjc; K- f] ZH apa Tfjc; H0 psTijjov 8uvaxai tA axo aGuppsxpou 
sauTfj pfjxsi. xal ou8sTspa tAv ZH, H0 Guppsxpoc; sgti Tfj 
sxxsipsvr] prpfj pf|xsi Tfj A. f] apa Z0 axoTopf] sgtiv exttj. 

Euprjxai apa f) sxtt] axoTopf) f) Z0- oxsp sSsi 8sTc;ai.. 


commensurable in length with FG [Prop. 10.9]. Again, 
since as BC is to CD, so the (square) on FG (is) to the 
(square) on GF[, the (square) on FG (is) thus commen¬ 
surable with the (square) on GF[ [Prop. 10.6]. And the 
(square) on FG (is) rational. Thus, the (square) on GF[ 
(is) also rational. Thus, GH (is) also rational. And since 
BC does not have to CD the ratio which (some) square 
number (has) to (some) square number, the (square) on 
FG thus does not have to the (square) on GFl the ra¬ 
tio which (some) square (number) has to (some) square 
(number) either. Thus, FG is incommensurable in length 
with GFl [Prop. 10.9]. And both are rational (straight¬ 
lines). Thus, FG and GH are rational (straight-lines 
which are) commensurable in square only. Thus, FH is 
an apotome [Prop. 10.73]. So, I say that (it is) also a 
sixth (apotome). 

For since as E is to BC, so the (square) on A (is) 
to the (square) on FG, and as BC (is) to CD, so the 
(square) on FG (is) to the (square) on GH, thus, via 
equality, as E is to CD, so the (square) on A (is) to 
the (square) on GH [Prop. 5.22]. And E does not have 
to CD the ratio which (some) square number (has) to 
(some) square number. Thus, the (square) on A does not 
have to the (square) GH the ratio which (some) square 
number (has) to (some) square number either. A is thus 
incommensurable in length with GH [Prop. 10.9]. Thus, 
neither of FG and GH is commensurable in length with 
the rational (straight-line) A. Therefore, let the (square) 
on K be that (area) by which the (square) on FG is 
greater than the (square) on GH [Prop. 10.13 lem.]. 
Therefore, since as BC is to CD, so the (square) on FG 
(is) to the (square) on GH, thus, via conversion, as CB is 
to BD, so the (square) on FG (is) to the (square) on K 
[Prop. 5.19 corn]. And CB does not have to BD the ra¬ 
tio which (some) square number (has) to (some) square 
number. Thus, the (square) on FG does not have to the 
(square) on K the ratio which (some) square number 
(has) to (some) square number either. FG is thus in¬ 
commensurable in length with K [Prop. 10.9]. And the 
square on FG is greater than (the square on) GH by the 
(square) on K. Thus, the square on FG is greater than 
(the square on) GH by the (square) on (some straight- 
line) incommensurable in length with (FG) . And neither 
of FG and GH is commensurable in length with the (pre¬ 
viously) laid down rational (straight-line) A. Thus, FH 
is a sixth apotome [Def. 10.16]. 

Thus, the sixth apotome FH has been found. (Which 
is) the very thing it was required to show. 


t See footnote to Prop. 10.53. 
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Proposition 91 


’Eav ycoplov xEpiExrjxaL 0x6 prjxfjc; xal axoxopfjc; xpAxrj<;, 
f] to ytopiov Suvapcvr] axopopfj ectxlv. 

nspiexsaitto yap ytopiov to AB 0x6 prjxfjc; xfjc; AT xal 
axoxopfjc; xpAxrjc; xfjc; AA- Xsyor, oxi fj xo AB ycoplov 8u- 
vapsvrj axoxopfj ectxlv. 

A A E Z H 


F B ©IK 


’Exsl yap axoxopfj ectxl xpAxrj f] AA, sctxq aOxfj xpo- 
aapjio^ouaa fj AH' ai AH, HA apa prjxal eiai SuvapEL povov 
CTuppsxpoi. xal oArj fj AH CTuppsxpoi; ectxl xfj EXXELpsvrj prjxfj 
xf) Ar, xal f] AH xfjc; HA psi£ov Suvaxai xA axo CTuppsxpou 
sauxfj pfjxsi- sav apa xA xexapxcp pspsi xou axo xfjc; AH 
Ictov xapa xfjv AH xapaf3Xrjflfj eAAeTxov sI8el xexpayAvcp, 
el<; cnjppExpa aOxfjv OiaipsT. xExpfjchlM fj AH 8iya xaxa xo 
E, xal xA axo xfjc; EH Ictov xapa xfjv AH xapapspArjcrdto 
sAXeIxov eIoel xexpayAvw, xal screw xo Otio xAv AZ, ZH- 
CTuppsxpoc; apa ectxIv fj AZ xfj ZH. xal 8ia xAv E, Z, H 
CTrjpsiwv xfj AT xapaAArjAoi qy^aav at E0, ZI, HK. 

Kal cxsl CTuppsxpoc; ectxlv f) AZ xfj ZH pfjxsi, xal f] AH 
apa sxaxspa xAv AZ, ZH oOppExpoc; ectxl pfjXEL. aXXa f) 
AH CTuppsxpoc; ectxl xfj AT' xal sxaxspa apa xAv AZ, ZH 
CTuppsxpoi; ectxl xfj AT pfjXEL. xai ectxl prjxfj f) Ar- prjxfj 
apa xal sxaxspa xAv AZ, ZH' Actte xal sxaxspov xAv AI, 
ZK prjxov Eaxiv. xal sxsl CTuppsxpoi; ectxlv fj AE xfj EH 
pfjxsi, xal f] AH apa sxaxspa xAv AE, EH CTuppsxpoc; ectxl 
pfjxsi. prjxfj 8 e f) AH xal aCTuppsxpoi; xfj Ar pfjxsi- prjxf] 
apa xal sxaxspa xAv AE, EH xal ocCTuppExpoi; xfj Ar pfjxsi- 
sxaxspov apa xAv A0, EK psuov ectxlv. 

Ksicrdco 8fj xA psv AI Ictov xsxpdywvov xo AM, xA 8e 
ZK Ictov xsxpaywvov acprjpfjCTDw xoivfjv ywviav syov aOxA 
xfjv 0x6 AOM to NS- xspl xfjv aOxfjv apa Siapsxpov ectxl xa 
AM, NS xsxpaywva. ectxw aOxAv Biapsxpoc; f) OP, xal xa- 
xaysypacpflw xo CTyfjpa. sxsl ouv Ictov ecttI xo 0x6 xAv AZ, 
ZH xEpiEyopEvov ophoyAviov xA axo xfjc; EH xsxpayAvw, 
ectxlv apa Ac; fj AZ xpoc; xfjv EH, ouxax; fj EH xpoc; xfjv ZH. 
aAA’ Ac; psv fj AZ xpoc; xfjv EH, ouxoc; xo AI xpoc; xo EK, 
Ac; Ss fj EH xpoc; xfjv ZH, ouxoc; ectxI xo EK xpoc; xo KZ- 
xAv apa AI, KZ psoov avaXoyov ectxl xo EK. ectxl 8e xal 
xAv AM, NS jjlectov avaXoyov xo MN, Ac; sv tolc; spxpo- 
ctDev s8£i)cdr), xai ectxl xo [psv] AI xA AM xsxpayAvw Ictov, 
xo 8e KZ xA NS- xal xo MN apa xA EK Ictov ectxlv. aXXa 
xo psv EK xA A0 ectxlv Ictov, to Se MN xA AS- xo apa 



If an area is contained by a rational (straight-line) and 
a first apotome then the square-root of the area is an apo- 
tome. 


For let the area AB have been contained by the ratio¬ 
nal (straight-line) AC and the first apotome AD. I say 
that the square-root of area AB is an apotome. 



For since AD is a first apotome, let DG be its at¬ 
tachment. Thus, AG and DG are rational (straight-lines 
which are) commensurable in square only [Prop. 10.73]. 
And the whole, AG, is commensurable (in length) with 
the (previously) laid down rational (straight-line) AC, 
and the square on AG is greater than (the square on) 
GD by the (square) on (some straight-line) commensu¬ 
rable in length with (AG) [Def. 10.11]. Thus, if (an area) 
equal to the fourth part of the (square) on DG is applied 
to AG, falling short by a square figure, then it divides 
(AG) into (parts which are) commensurable (in length) 
[Prop. 10.17]. Let DG have been cut in half at E. And 
let (an area) equal to the (square) on EG have been ap¬ 
plied to AG, falling short by a square figure. And let it 
be the (rectangle contained) by AF and EG. AF is thus 
commensurable (in length) with FG. And let EH, FI, 
and GK have been drawn through points E, F, and G 
(respectively), parallel to AC. 

And since AF is commensurable in length with FG, 
AG is thus also commensurable in length with each of 
AF and FG [Prop. 10.15]. But AG is commensurable 
(in length) with AC. Thus, each of AF and FG is also 
commensurable in length with AC [Prop. 10.12]. And 
AC is a rational (straight-line). Thus, AF and FG (are) 
each also rational (straight-lines). Hence, AI and FK 
are also each rational (areas) [Prop. 10.19]. And since 
DE is commensurable in length with EG, DG is thus 
also commensurable in length with each of DE and EG 
[Prop. 10.15]. And DG (is) rational, and incommen¬ 
surable in length with AC. DE and EG (are) thus 
each rational, and incommensurable in length with AC 
[Prop. 10.13]. Thus, DH and EK are each medial (ar¬ 
eas) [Prop. 10.21]. 

So let the square LAI, equal to AI, be laid down. 
And let the square NO, equal to FK, have been sub- 
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AK i aov saxl xA T4>X yvApovi xal xA NS. saxi Se xal to 
AK iaov toi; AM, NS xsxpayAvoic;- Xoixov apa to AB laov 
saxl xA ET. to oe ET to axo xfj<; AN sera TExpaycovov- to 
apa axo xrjc AN TExpdywvov laov saxl xA AB' f] AN apa 
Suvaxai to AB. Xsyto 8rj, oxi rj AN axoxopr] saxiv. 

’ExeI yap prjxov saxiv sxaxEpov xAv AI, ZK, xa[ saxiv 
ictov toic; AM, NS, xal Exdxspov apa xAv AM, NS prjxov 
saxiv, xouxsaxi to axo sxaxspac; xwv AO, ON- xal Exaxspa 
apa xAv AO, ON prjxr) saxiv. xaXiv, exeI psaov saxl to AO 
xai saxiv laov xA AS, psaov apa saxl xal to AS. exeI ouv to 
(isv AS psaov saxiv, to 8e NS prjxov, aaujipiExpov apa saxl 
xo AS tA NS- Ac; 8s xo AS xpoc; xo NS, ouxax; saxiv f] AO 
xpo; xrjv ON- aaupipiExpoc; apa saxiv rj AO xfj ON pirjXEi. 
xai siaiv oqicpoxEpai prjxai- al AO, ON apa prjxai etai 8uvapi£i 
piovov aufjipiexpoi- axoxopir) apa saxiv f) AN. xal Suvaxai xo 
AB xupiov rj apa xo AB xopiov ouvajiEvr) axoxopir] saxiv. 

’Eav apa )(crpiov xEpisxrjxai 0x6 prjxfjc; xal xa eZ,r)c,. 


L .P- 


’Eav x«ptov xspiExrjxai 0x6 prjxfjc; xal dxoxojifjc; SsuxEpac;, 
f] xo x^piov SuvajiEvr) piEarj; axoxojjr] saxi xpAxr). 



tracted (from LM), having with it the common angle 
LPM. Thus, the squares LM and NO are about the 
same diagonal [Prop. 6.26]. Let PR be their (com¬ 
mon) diagonal, and let the (rest of the) figure have been 
drawn. Therefore, since the rectangle contained by AF 
and FG is equal to the square EG, thus as AF is to 
EG, so EG (is) to FG [Prop. 6.17]. But, as AF (is) 
to EG, so AI (is) to EK, and as EG (is) to FG, so 
EK is to KF [Prop. 6.1]. Thus, EK is the mean pro¬ 
portional to AI and KF [Prop. 5.11], And MN is also 
the mean proportional to LM and NO, as shown before 
[Prop. 10.53 lem.]. And AI is equal to the square LM, 
and KF to NO. Thus, MN is also equal to EK. But, EK 
is equal to DH, and AIN to LO [Prop. 1.43]. Thus, DK 
is equal to the gnomon UVW and NO. And AK is also 
equal to (the sum of) the squares LAI and NO. Thus, the 
remainder AB is equal to ST. And ST is the square on 
LN. Thus, the square on LN is equal to AB. Thus, LN is 
the square-root of AB. So, I say that LN is an apotome. 

For since AI and FK are each rational (areas), and 
are equal to LAI and NO (respectively), thus LM and 
NO —that is to say, the (squares) on each of LP and PN 
(respectively)—are also each rational (areas). Thus, LP 
and PN are also each rational (straight-lines). Again, 
since DH is a medial (area), and is equal to LO, LO 
is thus also a medial (area). Therefore, since LO is 
medial, and NO rational, LO is thus incommensurable 
with NO. And as LO (is) to NO, so LP is to PN 
[Prop. 6.1]. LP is thus incommensurable in length with 
PN [Prop. 10.11]. And they are both rational (straight¬ 
lines). Thus, LP and PN are rational (straight-lines 
which are) commensurable in square only. Thus, LN is 
an apotome [Prop. 10.73]. And it is the square-root of 
area AB. Thus, the square-root of area AB is an apo¬ 
tome. 

Thus, if an area is contained by a rational (straight- 
line), and so on .... 

Proposition 92 


If an area is contained by a rational (straight-line) and 
a second apotome then the square-root of the area is a 
first apotome of a medial (straight-line). 
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Xwplov yap to AB TEpiEyEGilw uxo ptjTfj; Tfj; AT xal 
axoTopfj; ScuTEpa; Tfj; AA- Xcyw, oti f] to AB x w pi°v 
SuvapEvy] picrr]; axoTopf] eoti xpAxyj. 

"Egtco yap Tfj AA xpoaappoi^ouaa f] AH- a'l apa 
AH, HA pypal siai Buvapsi povov auppETpoi, xal rj xpo- 
aappo^ouaa f] AH auppETpo; eoti Tfj sxxEipsvy] prjTfj Tfj 
Ar, f] Be oXr] f) AH Tfj; xpoaappoi^ouay]; Tfj; HA psl^ov 
Suvaxai tA axo auppexpou EauTfj pfjxEi. sxsl ouv f] AH 
Tfj; HA [isl^ov Suvaxai tA axo auppsTpou EauTfj, sav apa 
tA TExapTW pspsi too axo Tfj; HA loov xapa tt)v AH xa- 
papXyjbfj eXXeTxov sIBei TETpayAvw, sic; auppsxpa auxf)v 
Biaipsl. TETpfjchlw ouv f] AH 8lxa xaxa to E- xal tA axo 
Tfjc; EH loov xapa tt]v AH xapaf3s(3Xy|ch)co eXXeTxov Etosi 
TETpayAvw, xal screw to 0x6 tAv AZ, ZH- ouppETpo; apa 
scrav f] AZ xfj ZH pf|X£i. xal f) AH apa Exaxspa tAv AZ, 
ZH ouppETpo; sgti pfjxsi. pypf) 8s f) AH xal aauppsTpo; 
Tfj Ar pfjxEi- xal sxaxspa apa tAv AZ, ZH pyjTTj eoti xal 
aauppsTpo; Tfj Ar pfjxEi- sxonxpov apa tAv AI, ZK psaov 
scrav. xaXiv, exeI ouppETpo; scrav f) AE Tfj EH, xal f) AH 
apa Exaxspa tAv AE, EH ouppETpo; scrav. aXX’ f] AH 
ouppETpo; ectti Tfj Ar pirjxEi [pr)TT] apa xal sxaxspa tAv 
AE, EH xal cruppsTpo; Tfj Ar pypcsi]. Exorcspov apa tAv 
A0, EK pypov scrav. 

Euvecttoitw ouv tA psv AI laov TETpaywvov to AM, tA 
8e ZK i gov acprip^allo to NS xspl tt)v auTTjv ywvlav ov tA 
AM TTjv 0x6 tAv AOM- xspl ttjv auTyjv apa sera BiapETpov 
Ta AM, NS TETpaywva. screw aOxAv BiapETpo; f) OP, xal 
xaTaysypacp-dw to crxfjpa. exeI ouv Ta AI, ZK pscra ecttI 
xal eotiv loa toT; axo tAv AO, ON, xal Ta axo tAv AO, 
ON [apa] psoa eotiv xal al AO, ON apa psaai siol Buvapsi 
povov cruppsTpoi. xal exeI to 0x6 tAv AZ, ZH loov sera tA 
axo Tfjc; EH, eotiv apa A; f) AZ xpo; ttjv EH, outw; f) EH 
xpo; tt]v ZH- aXX’ A; psv f] AZ xpo; t f]v EH, outw; to AI 
xpo; to EK- A<; 8s f] EH xpo; xf)v ZH, outw; [eotI] to EK 
xpo; to ZK- tAv apa AI, ZK pscrov avaXoyov sera to EK. 
eoti. 8s xal tAv AM, NS xsxpayAvwv pisoov avaXoyov to 
MN- xai eotiv loov to pisv AI tA AM, to 8e ZK tA NS- xal 
to MN apa ioov eot'i tA EK. aXXa tA pisv EK Toov [eot'l] 
to AO, tA 8e MN Ioov to AS- oXov apa to AK loov eot'i 
tA Y<J>X yvApiovi. xal tA NS. exeI ouv oXov to AK ioov 
eotI toT; AM, NS, Av to AK ioov eot'i tA T$X yvApiovi 
xal tA NS, Xoixov apa to AB ioov eot'i tA TX. to 8e TS 
eoti to axo Tf); AN- to axo Tf); AN apa loov eot'i tA AB 
Xoypiw- f) AN apa SuvaTai to AB xwpiov. Xsyw [Bfj], oti f) 
AN pisoy); axoTopif] eoti xpATT). 

’ExeI yap pyjxov eoti to EK xai eotiv loov tA AS, pyjTov 
apa eot'i to AS, touteoti to 0x6 tAv AO, ON. pisoov 8s 
eSslx^y] to NS- aoupipiETpov apa eot'i to AS tA NS- A; 
8e to AS xpo; to NS, outo; eotiv f) AO xpo; ON- al 
AO, ON apa aoupipiETpol eioi piy]XEi. al apa AO, ON pisoai 
siol Buvapisi piovov oupipiETpoi pyjTov xspisxouoai- f) AN apa 


For let the area AB have been contained by the ratio¬ 
nal (straight-line) AC and the second apotome AD. I say 
that the square-root of area AB is the first apotome of a 
medial (straight-line). 

For let DC be an attachment to AD. Thus, AG and 
GD are rational (straight-lines which are) commensu¬ 
rable in square only [Prop. 10.73], and the attachment 
DG is commensurable (in length) with the (previously) 
laid down rational (straight-line) AC, and the square on 
the whole, AG, is greater than (the square on) the at¬ 
tachment, GD, by the (square) on (some straight-line) 
commensurable in length with {AG) [Def. 10.12]. There¬ 
fore, since the square on AG is greater than (the square 
on) GD by the (square) on (some straight-line) commen¬ 
surable (in length) with {AG), thus if (an area) equal 
to the fourth part of the (square) on GD is applied 
to AG, falling short by a square figure, then it divides 
{AG) into (parts which are) commensurable (in length) 
[Prop. 10.17]. Therefore, let DG have been cut in half at 
E. And let (an area) equal to the (square) on EG have 
been applied to AG, falling short by a square figure. And 
let it be the (rectangle contained) by AF and FG. Thus, 
AF is commensurable in length with FG. AG is thus 
also commensurable in length with each of AF and FG 
[Prop. 10.15], And AG (is) a rational (straight-line), and 
incommensurable in length with AC. AF and FG are 
thus also each rational (straight-lines), and incommen¬ 
surable in length with AC [Prop. 10.13]. Thus, AI and 
FK are each medial (areas) [Prop. 10.21]. Again, since 
DE is commensurable (in length) with EG, thus DG is 
also commensurable (in length) with each of DE and EG 
[Prop. 10.15], But, DG is commensurable in length with 
AC [thus, DE and EG are also each rational, and com¬ 
mensurable in length with AC). Thus, DH and EK are 
each rational (areas) [Prop. 10.19]. 

Therefore, let the square LM, equal to AI, have 
been constructed. And let NO, equal to FK, which is 
about the same angle LPM as LM, have been subtracted 
(from LM). Thus, the squares LM and NO are about 
the same diagonal [Prop. 6.26]. Let PR be their (com¬ 
mon) diagonal, and let the (rest of the) figure have been 
drawn. Therefore, since AI and FK are medial (areas), 
and are equal to the (squares) on LP and PN (respec¬ 
tively), [thus] the (squares) on LP and PN are also me¬ 
dial. Thus, LP and PN are also medial (straight-lines 
which are) commensurable in square only. And since 
the (rectangle contained) by AF and FG is equal to 
the (square) on EG, thus as AF is to EG, so EG (is) 
to FG [Prop. 10.17]. But, as AF (is) to EG, so AI 
(is) to EK. And as EG (is) to FG, so EK [is] to FK 
[Prop. 6.1]. Thus, EK is the mean proportional to AI 
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[i£or]c; axoToprj sgti xporcr)- xal ouvcrcai to AB ycoplov. 

'H apa to AB yatplov Buvapevr] pear]? axoTopt] sgti 
npcoTT)' oxep eBei BeT<;ai. 


and FK [Prop. 5.11]. And MN is also the mean pro¬ 
portional to the squares LM and NO [Prop. 10.53 lem.]. 
And AI is equal to LM, and FK to NO. Thus, MN is 
also equal to EK. But, DH [is] equal to EK, and LO 
equal to MN [Prop. 1.43]. Thus, the whole (of) DK is 
equal to the gnomon UVW and NO. Therefore, since the 
whole (o0 AK is equal to LM and NO, of which DK is 
equal to the gnomon UVW and NO, the remainder AB 
is thus equal to TS. And TS is the (square) on LN. Thus, 
the (square) on LN is equal to the area AB. LN is thus 
the square-root of area AB. [So], I say that LN is the 
first apotome of a medial (straight-line). 

For since EK is a rational (area), and is equal to 
LO, LO —that is to say, the (rectangle contained) by LP 
and PN —is thus a rational (area). And NO was shown 
(to be) a medial (area). Thus, LO is incommensurable 
with NO. And as LO (is) to NO, so LP is to PN 
[Prop. 6.1], Thus, LP and PN are incommensurable 
in length [Prop. 10.11]. LP and PN are thus medial 
(straight-lines which are) commensurable in square only, 
and which contain a rational (area). Thus, LN is the first 
apotome of a medial (straight-line) [Prop. 10.74]. And it 
is the square-root of area AB. 

Thus, the square root of area AB is the first apotome 
of a medial (straight-line). (Which is) the very thing it 
was required to show. 


t There is an error in the argument here. It should just say that LP and PN are commensurable in square, rather than in square only, since LP 
and PN are only shown to be incommensurable in length later on. 


hy'. 

’Eav ycuplov xspiexrpai Otto prjTfjq xod axoToprjc; Tpnnqc;, 
f) to ytopiov Buvapevr] p£ar]q axoTopr] ecru. osuTEpa. 



Xwpiov yap to AB KEpisysahw 0x6 ptjTfjq Tfj<; AT xal 
axoToprjq TpiTTjq Tfjc; AA- Xsyw, oti f] to AB ycoplov 8u- 
vapivr) peorjc; axoTopr] eaxi Beuxepa. 

THgtco yap xfj AA xpoaappo^ouaa r\ AH- ai AH, HA 
apa prjTai eioi 5uvapei povov ouppsxpoi, xal oOBsTspa tov 
AH, HA auppsTpoc; soti prjxei xfj cxxeipevr) prjTfj Tfj AT, r] 
8s o\f] f) AH tt)<; xpoaappo£ouar]<; Tfjq AH pcl^ov Buvaxai 
to axo auppsxpou eauTfj. exsl ouv f) AH xfjq HA peli^ov 


Proposition 93 


If an area is contained by a rational (straight-line) and 
a third apotome then the square-root of the area is a sec¬ 
ond apotome of a medial (straight-line). 



nal (straight-line) AC and the third apotome AD. I say 
that the square-root of area AB is the second apotome of 
a medial (straight-line). 

For let DG be an attachment to AD. Thus, AG and 
GD are rational (straight-lines which are) commensu¬ 
rable in square only [Prop. 10.73], and neither of AG 
and GD is commensurable in length with the (previ- 
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Suvaxai xA duo auppexpou eauxfj, eav apa xA xexapxtp pepei 
xou axo xfjc AH ’laov xapa xfjv AH xapa(3Xr]hfj eXXelxov 
el'bei xexpayAvcp, eic, auppexpa auxfjv 8ieXeT. xexpf|aD« ouv 
f] AH 8lya xaxa xo E, xal xA axo xrjc EH ’laov xapa xf)v 
AH xapaPepXr]CT , dw eXXelxov e’l8ei xexpayAvcp, xal eotcd to 
uxo xAv AZ, ZH. xal fjx^waav Sia xAv E, Z, H arjpeltov 
xfj AT xapaXXrjXoi. al E@, ZI, HK- auppexpoi apa eialv at 
AZ, ZH' auppexpov apa xal xo AI xA ZK. xal exel al AZ, 
ZH auppexpol slat pfjxei, xal f) AH apa exaxepa xAv AZ, 
ZH auppexpoc eaxi pVjxei. pr]xf] 8s V) AH xal aauppexpoc 
xfj AT ptr]X£f A axe xal at AZ, ZH. exaxepov apa xAv AI, 
ZK peaov eaxlv. xaXtv, exel auppexpoc eaxtv f] AE xfj EH 
ptrjxet, xal f] AH apa exaxepa xAv AE, EH auppexpoc eaxi 
ptrjxet. prjxr) Se f] HA xal aauppexpoc xfj AT pfjxec prjxf] 
apa xal exaxepa xAv AE, EH xal aauppexpoc xfj Ar pfjxei- 
exaxepov apa xAv A0, EK peaov eaxlv. xal exel al AH, 
HA 8uvaptet povov auppexpol etatv, aauppexpoc apa eaxl 
ptfjxet f] AH xfj HA. aXA’ f] ptev AH xfj AZ auppexpoc eaxt 
ptfjxet f) 8e AH xfj EH- aauptptexpoc apa eaxlv f] AZ xfj EH 
ptfjxet. Ac Be f) AZ xpoc xf)v EH, ouxoc eaxl xo AI xpoc xo 
EK- aauptptexpov apa eaxl xo AI xA EK. 

Euveaxaxw ouv xA ptev AI taov xexpaywvov xo AM, xA 
8e ZK taov acpfjpija-do xo NS Ttepl xfjv auxfjv ywvtav ov xA 
AM- xepl xf)v auxfjv apa 8taptexp6v eaxt xa AM, NS. eaxw 
auxAv 8taptexpoc f) OP, xal xaxayeypacp'dw xo a)(fjpta. exel 
ouv xo uko xAv AZ, ZH taov eaxl xA and xfjc EH, eaxtv apa 
Ac f] AZ rcpoc xfjv EH, ouxoc f] EH xpoc xfjv ZH. aXX’ Ac 
ptev f] AZ xpoc xfjv EH, ouxwc eaxl xo AI upoc xo EK- Ac 
8e f) EH Tipoc xfjv ZH, ouxwc eaxl xo EK Tipoc xo ZK- xal 
Ac apa xo AI Tipoc xo EK, ouxoc to EK Tipoc xo ZK- xAv 
apa AI, ZK pteaov avaXoyov eaxt xo EK. eaxt 8e xal xAv 
AM, NS xexpayAvwv pteaov avaXoyov xo MN- xal eaxtv 
taov xo ptev AI xA AM, xo 8e ZK xA NS- xal xo EK apa 
taov eaxl xA MN. aXXa xo ptev MN taov eaxl xA AS, xo 
8e EK taov [eaxl] xA AO- xal oXov apa xo AK taov eaxl 
xA T$X yvAptovt xal xA NS. eaxt 8e xal xo AK taov xoTc 
AM, NS- Xoitcov apa xo AB taov eaxl xA ET, xouxeaxt xA 
aTio xfjc AN xexpayAvw- f) AN apa Suvaxat xo AB )(wplov. 
Xeyo, oxi f] AN ptearjc aKoxoptfj eaxt 8euxepa. 

’Exel yap pteaa eSelxHr] xa AI, ZK xal eaxtv taa xoTc dxo 
xAv AO, ON, pteaov apa xal exaxepov xAv axo xAv AO, 
ON- ptear) apa exaxepa xAv AO, ON. xal exel auptptexpov 
eaxt xo AI xA ZK, auptptexpov apa xal xo axo xfjc AO xA 
axo xfjc ON. xaXtv, exel aauptptexpov e8etxilr) xo AI xA EK, 
aauptptexpov apa eaxl xal xo AM xA MN, xouxeaxt xo axo 
xfjc AO xA Uxo xAv AO, ON- Aaxe xal f] AO aauptptexpoc 
eaxt ptfxet xfj ON- at AO, ON apa pteaat etal 8uvaptet ptovov 
auptptexpot. Xeyw Sf), oxl xal pteaov xeptexouatv. 

’Exel yap pteaov eBetx'dr] xo EK xal eaxtv taov xA 0x6 
xAv AO, ON, pteaov apa eaxl xal xo 0x6 xAv AO, ON- 
Aaxe at AO, ON pteaat etal Suvaptet ptovov auptptexpot pteaov 


ously) laid down rational (straight-line) AC, and the 
square on the whole, AG, is greater than (the square on) 
the attachment, DG, by the (square) on (some straight- 
line) commensurable (in length) with (AG) [Def. 10.13]. 
Therefore, since the square on AG is greater than (the 
square on) GD by the (square) on (some straight-line) 
commensurable (in length) with (AG), thus if (an area) 
equal to the fourth part of the square on DG is applied 
to AG, falling short by a square figure, then it divides 
(AG) into (parts which are) commensurable (in length) 
[Prop. 10.17]. Therefore, let DG have been cut in half 
at E. And let (an area) equal to the (square) on EG 
have been applied to AG, falling short by a square fig¬ 
ure. And let it be the (rectangle contained) by AF and 
FG. And let EH, FI, and GK have been drawn through 
points E, F, and G (respectively), parallel to AC. Thus, 
AF and FG are commensurable (in length). AI (is) thus 
also commensurable with FK [Props. 6.1, 10.11]. And 
since AF and FG are commensurable in length, AG is 
thus also commensurable in length with each of AF and 
FG [Prop. 10.15]. And AG (is) rational, and incommen¬ 
surable in length with AC. Hence, AF and FG (are) 
also (rational, and incommensurable in length with AC) 
[Prop. 10.13]. Thus, AI and FK are each medial (ar¬ 
eas) [Prop. 10.21], Again, since DE is commensurable 
in length with EG, DG is also commensurable in length 
with each of DE and EG [Prop. 10.15], And GD (is) 
rational, and incommensurable in length with AC. Thus, 
DE and EG (are) each also rational, and incommensu¬ 
rable in length with AC [Prop. 10.13]. DH and EK are 
thus each medial (areas) [Prop. 10.21], And since AG 
and GD are commensurable in square only, AG is thus 
incommensurable in length with GD. But, AG is com¬ 
mensurable in length with AF, and DG with EG. Thus, 
AF is incommensurable in length with EG [Prop. 10.13]. 
And as AF (is) to EG, so AI is to EK [Prop. 6.1]. Thus, 
AI is incommensurable with EK [Prop. 10.11]. 

Therefore, let the square LM, equal to AI, have 
been constructed. And let NO, equal to FK, which is 
about the same angle as LM, have been subtracted (from 
LAI). Thus, LAI and NO are about the same diagonal 
[Prop. 6.26]. Let PR be their (common) diagonal, and 
let the (rest of the) figure have been drawn. Therefore, 
since the (rectangle contained) by AF and FG is equal 
to the (square) on EG, thus as AF is to EG, so EG (is) 
to FG [Prop. 6.17]. But, as AF (is) to EG, so AI is to 
EK [Prop. 6.1]. And as EG (is) to FG, so EK is to FK 
[Prop. 6.1]. And thus as AI (is) to EK, so EK (is) to 
FK [Prop. 5.11]. Thus, EK is the mean proportional to 
AI and FK. And AIN is also the mean proportional to 
the squares LAI and NO [Prop. 10.53 lem.]. And AI is 
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7 t£pi£XOuaai. f] AN apa ptsarjc axoToprj scrci SsuxEpa- xal 
Buvaxai to AB yopiov. 

H apa to AB x w pl° v Buvapsvr] p£ar]<; aKOTopr) egti 
BsuTspa' oTisp s 8 ei SeT^ai. 


ho'. 

’Eav x^ptov xEpiixrjTai 0x6 prjxfjc; xal axoxoprjc; TSTdpxrjc, 
f) to x^piov 8uva(ievr) EXaaawv saxiv. 



Xwpiov yap to AB x£pi£X£ch)co 0x6 pr)Tf)<; Tfj<; AT xal 
axoxoprjc; TETapTTjc; Tfjc A A- Xsyco, oxi f] to AB x w pi° v 
Buvapsvr] sXaoouv egtiv. 


equal to LAI, and FK to NO. Thus, EK is also equal to 
MN. But, MN is equal to LO, and EK [is] equal to DH 
[Prop. 1.43]. And thus the whole of DK is equal to the 
gnomon UVW and NO. And AK (is) also equal to LAI 
and NO. Thus, the remainder AB is equal to ST —that is 
to say, to the square on LN. Thus, LN is the square-root 
of area AB. I say that LN is the second apotome of a 
medial (straight-line). 

For since AI and FK were shown (to be) medial (ar¬ 
eas), and are equal to the (squares) on LP and PN (re¬ 
spectively), the (squares) on each of LP and PN (are) 
thus also medial. Thus, LP and PN (are) each medial 
(straight-lines). And since AI is commensurable with 
FK [Props. 6.1, 10.11], the (square) on LP (is) thus 
also commensurable with the (square) on PN. Again, 
since AI was shown (to be) incommensurable with EK, 
LAI is thus also incommensurable with AIN —that is to 
say, the (square) on LP with the (rectangle contained) 
by LP and PN. Hence, LP is also incommensurable in 
length with PN [Props. 6.1, 10.11]. Thus, LP and PN 
are medial (straight-lines which are) commensurable in 
square only. So, I say that they also contain a medial 
(area). 

For since EK was shown (to be) a medial (area), and 
is equal to the (rectangle contained) by LP and PN, the 
(rectangle contained) by LP and PN is thus also medial. 
Hence, LP and PN are medial (straight-lines which are) 
commensurable in square only, and which contain a me¬ 
dial (area). Thus, LN is the second apotome of a medial 
(straight-line) [Prop. 10.75]. And it is the square-root of 
area AB. 

Thus, the square-root of area AB is the second apo¬ 
tome of a medial (straight-line). (Which is) the very thing 
it was required to show. 

Proposition 94 


If an area is contained by a rational (straight-line) and 
a fourth apotome then the square-root of the area is a 
minor (straight-line). 



For let the area AB have been contained by the ra¬ 
tional (straight-line) AC and the fourth apotome AD. I 
say that the square-root of area AB is a minor (straight- 
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’'Eaxco yap xfj AA xpoaappo^ouaa fj AH- al apa 
AH, HA prjxal slai ouvapci povov auppcxpoi, xal fj AH 
auppcxpoi; ecru xfj EXXEipEvrj prjxrj xfj Ar pfjxci, fj 8 e oXrj 
f) AH Tfjc xpoaappo£ouarj<; xfjc; AH pcl^ov Suvaxai xA 
axo dauppcxpou sauxfj pfjxci. exeI ouv fj AH xfjc HA 
pcT^ov Suvaxai xA axo aauppsxpou sauxfj fxrjxsi, sav apa 
xA xexapxcp (ispsi xou axo xfj<; AH Tgov xapa xfjv AH xa- 
pa(3Xrjbfj eXXeIxov sISsi xsxpayAvw, sic; aauppsxpa auxfjv 
SieXeI. xsxpfja'dw ouv f] AH Sixa xaxa xo E, xal xA axo 
xfjc; EH laov xapa xf]v AH xapapspXfja-da) eXXeIxov eISei 
xsxpayAvw, xal saxw xo uxo xAv AZ, ZH- aauppsxpoc; 
apa ectxI pfjxsi f] AZ xfj ZH. rjxdwaav ouv 8ia xAv E, Z, H 
xapaXXrjXoi xau; Ar, BA al E@, ZI, HK. exeI ouv prjxrj saxiv 
f] AH xal auppsxpoc; xfj AT pfjXEi, prjxov apa saxiv oXov xo 
AK. xaXiv, exeI aauppcxpoi; saxiv f) AH xfj AT pfjxci, xal 
slaiv dpcpoxspai prjxal, psaov apa saxl xo AK. xaXiv, exeI 
aauppExpoc; saxiv f] AZ xfj ZH pfjxsi, aauppsxpov apa xal 
xo AI xA ZK. 

Euvsaxaxw ouv xA psv AI laov xsxpaywvov xo AM, xA 
Se ZK laov acprjpfja-Dw xspl xfjv auxfjv ywvlav xf]v 0x6 xAv 
AOM xo NS. xspl xfjv auxfjv apa Siapcxov saxi xa AM, NS 
xsxpaywva. saxw aOxAv 8iap£xo<; f) OP, xal xaxayEypacpiIw 
xo a)(fj(ia. exeI ouv xo 0x6 xAv AZ, ZH laov saxl xA axo 
xfjc; EH, avaXoyov apa saxiv Ac; fj AZ xpoc; xfjv EH, ouxcoc; 
fj EH xpo<; xfjv ZH. aXX’ Ac (isv fj AZ xpoc xfjv EH, ouxwc 
saxl xo AI xpoc xo EK, Ac 8e fj EH xpoc xfjv ZH, ouxcoc 
saxl xo EK xpoc xo ZK- xAv apa AI, ZK psaov avaXoyov 
saxi xo EK. saxi 8e xal xAv AM, NS xsxpayAvwv psaov 
avaXoyov xo MN, xal saxiv laov xo psv AI xA AM, xo 8s 
ZK xA NS- xal xo EK apa laov saxl xA MN. aXXa xA psv 
EK laov saxl xo A©, xA Se MN laov saxl xo AS- oXov 
apa xo AK laov saxl xA T$X yvApovi xal xA NS. exeI 
ouv oXov xo AK laov saxl xolc; AM, NS xsxpayAvoic, Av 
xo AK laov saxl xA T<1>X yvApiovi xal xA NS xsxpayAvw, 
Xoixov apa xo AB laov saxl xA XT, xouxsaxi xA axo xfjc 
AN xsxpayAvcp- fj AN apa 8uvaxai xo AB )(wp[ov. Xsyto, 
oxi fj AN aXoyoc; saxiv fj xaXoupsvrj sXaaatov. 

’ExeI yap prjxov saxi xo AK xal saxiv laov xolc axo xAv 
AO, ON xExpaywvoic, xo apa auyxslpsvov ex xAv axo xAv 
AO, ON prjxov saxiv. xaXiv, exeI xo AK psaov saxiv, xal 
saxiv laov xo AK xA 8lc 0x6 xAv AO, ON, xo apa 8lc 0x6 
xAv AO, ON piaov saxiv. xal exeI aauppsxpov sSEix-dr] xo 
AI xA ZK, aauppsxpov apa xal xo axo xfjc AO xsxpaywvov 
xA axo xfjc ON xsxpayAvtp. al AO, ON apa Suvapsi slaiv 
aauppsxpoi xoiouaai xo psv auyxslpsvov ex xAv ax’ auxAv 
xsxpayAvtov prjxov, xo 8e 81c Ox’ auxAv psaov. fj AN apa 
aXoyoc; saxiv fj xaXoupsvrj sXaaawv- xal 8uvaxai xo AB 
X^plov. 

'H apa xo AB x w pl° v 8uvapiEvrj sXaaawv saxiv- oxsp 
e8ei 8El^ai. 


line). For let DG be an attachment to AD. Thus, AG 
and DG are rational (straight-lines which are) commen¬ 
surable in square only [Prop. 10.73], and AG is com¬ 
mensurable in length with the (previously) laid down ra¬ 
tional (straight-line) AC, and the square on the whole, 
AG, is greater than (the square on) the attachment, DG, 
by the square on (some straight-line) incommensurable 
in length with (AG) [Def. 10.14]. Therefore, since the 
square on AG is greater than (the square on) GD by 
the (square) on (some straight-line) incommensurable in 
length with (AG), thus if (some area), equal to the fourth 
part of the (square) on DG, is applied to AG, falling short 
by a square figure, then it divides (AG) into (parts which 
are) incommensurable (in length) [Prop. 10.18]. There¬ 
fore, let DG have been cut in half at E, and let (some 
area), equal to the (square) on EG, have been applied 
to AG, falling short by a square figure, and let it be the 
(rectangle contained) by AF and FG. Thus, AF is in¬ 
commensurable in length with FG. Therefore, let EH, 
FI, and GK have been drawn through E, F, and G (re¬ 
spectively), parallel to AG and BD. Therefore, since AG 
is rational, and commensurable in length with AG, the 
whole (area) AI< is thus rational [Prop. 10.19]. Again, 
since DG is incommensurable in length with AG, and 
both are rational (straight-lines), DK is thus a medial 
(area) [Prop. 10.21]. Again, since AF is incommensu¬ 
rable in length with FG, AI (is) thus also incommensu¬ 
rable with FK [Props. 6.1, 10.11]. 

Therefore, let the square LM, equal to AI, have been 
constructed. And let NO, equal to FK, (and) about the 
same angle, LPM, have been subtracted (from LAI). 
Thus, the squares LM and NO are about the same diag¬ 
onal [Prop. 6.26]. Let PR be their (common) diagonal, 
and let the (rest of the) figure have been drawn. There¬ 
fore, since the (rectangle contained) by AF and FG is 
equal to the (square) on EG, thus, proportionally, as AF 
is to EG, so EG (is) to FG [Prop. 6.17]. But, as AF (is) 
to EG, so AI is to EK, and as EG (is) to FG, so EK is 
to FK [Prop. 6.1]. Thus, EK is the mean proportional to 
AI and FK [Prop. 5.11]. And MN is also the mean pro¬ 
portional to the squares LM and NO [Prop. 10.13 lem.], 
and AI is equal to LM, and FK to NO. EK is thus 
also equal to MN. But, DH is equal to EK, and LO is 
equal to MN [Prop. 1.43]. Thus, the whole of DK is 
equal to the gnomon UVW and NO. Therefore, since 
the whole of AI\ is equal to the (sum of the) squares LAI 
and NO, of which DK is equal to the gnomon UVW 
and the square NO, the remainder AB is thus equal to 
ST —that is to say, to the square on LN. Thus, LN is the 
square-root of area AB. I say that LN is the irrational 
(straight-line which is) called minor. 
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he'- 

’Eav ywplov 7t£pisxr)xai 0x6 prjxrjc; xal dmoTO(ifjc; xepxxrjc;, 
f) to ywplov 8uvapevr] [rj] pexa prjxou peaov to oXov xotouaa 

SaTLV. 

A A E Z H 


r b ©ik 


Xwpiov yap to AB xepiexeailM 0x6 pr)xfj<; xfjc; AT xal 
axoxoprjc; xepxxrjc; xrjc AA- Xeyw, oxi f) to AB ywplov 8u- 
vapievr) [f]] pexa prjxou piaov to oXov xoiouaa eaxiv. 

"Eaxco yap xfj AA xpoaappoi(ouaa f] AH' al apa 
AH, HA prjxal eiai Suvapei povov auppexpoi, xal f) xpo- 
aappo((ouaa fj HA auppexpoc; ecru pqxei xfj exxeipevr] 
prjTfj xfj Ar, f) 5e oXrj f) AH xfjc; xpooappo^ouarjc; xfjc; 
AH peTi(ov 80vaxai tw axo aauppexpou eauxfj. eav apa 
tS> TETapTW pepei xou axo xfjc; AH laov xapa xfjv AH xa- 
pa(3Xr)Dfj eXXelxov 01601 xexpaycOvcp, etc; aauppexpa auxfjv 
BieXeT. Texpfjahw ouv fj AH 8lya xaxa to E arjpelov, xal 
xq> axo xfjc; EH laov xapa ttjv AH xapa|3ef3Xf)aha> eXXelxov 
eT6ei xexpaytovtp xal ecmo to uxo twv AZ, ZH- aauppexpoc 
apa ecrxlv f\ AZ xfj ZH prjxei.. xal exel aauppexpoc; eaxiv f) 
AH xfj EA [i/jXoi, xal eiaiv apcpoxepai prycal, peaov apa eaxi 
to AK. xaXiv, exel prjxrj eaxiv f] AH xal auppexpog xfj Ar 
pf|xei, prjxov eaxi to AK. 

Euveaxaxto ouv xw [rev AI laov xexpayuvov to AM, xw 
8 e ZK iaov xexpaywvov acprjpfja-dw to NS xepl xfjv aOxfjv 
yojvlav xfjv 0x6 AOM- xepl xfjv auxfjv apa Siapexpov eaxi 
xa AM, NS xexpaycova. eaxto aOxcOv Biapexpoc; fj OP, xal 



For since AI\ is rational, and is equal to the (sum of 
the) squares LP and PN, the sum of the (squares) on 
LP and PN is thus rational. Again, since DK is me¬ 
dial, and DK is equal to twice the (rectangle contained) 
by LP and PN, thus twice the (rectangle contained) by 
LP and PN is medial. And since AI was shown (to be) 
incommensurable with FK, the square on LP (is) thus 
also incommensurable with the square on PN. Thus, LP 
and PN are (straight-lines which are) incommensurable 
in square, making the sum of the squares on them ra¬ 
tional, and twice the (rectangle contained) by them me¬ 
dial. LN is thus the irrational (straight-line) called minor 
[Prop. 10.76], And it is the square-root of area AB. 

Thus, the square-root of area AB is a minor (straight- 
line) . (Which is) the very thing it was required to show. 

Proposition 95 

If an area is contained by a rational (straight-line) and 
a fifth apotome then the square-root of the area is that 
(straight-line) which with a rational (area) makes a me¬ 
dial whole. 



tional (straight-line) AC and the fifth apotome AD. I 
say that the square-root of area AB is that (straight-line) 
which with a rational (area) makes a medial whole. 

For let DC be an attachment to AD. Thus, AG and 
DG are rational (straight-lines which are) commensu¬ 
rable in square only [Prop. 10.73], and the attachment 
GD is commensurable in length the the (previously) laid 
down rational (straight-line) AC, and the square on the 
whole, AG, is greater than (the square on) the attach¬ 
ment, DG, by the (square) on (some straight-line) incom¬ 
mensurable (in length) with (AG) [Def. 10.15]. Thus, if 
(some area), equal to the fourth part of the (square) on 
DG, is applied to AG, falling short by a square figure, 
then it divides (AG) into (parts which are) incommensu¬ 
rable (in length) [Prop. 10.18]. Therefore, let DG have 
been divided in half at point E, and let (some area), equal 
to the (square) on EG, have been applied to AG, falling 
short by a square figure, and let it be the (rectangle con¬ 
tained) by AF and FG. Thus, AF is incommensurable 
in length with FG. And since AG is incommensurable 
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xaTayEypacp-do to axfjpa. opo[«<; 8f] SeIc;o(jI£v, otl f] AN 
8uvavai to AB )(copi ov. Xeyo, oti f) AN f) p£Ta prjTou pcaov 
to oXov Ttoiouaa ectclv. 

’EtceI yap pcaov EOEixArj to AK xa( sgtiv Ioov tou; and 
t ov AO, ON, to apa auyxEipEvov ex tov duo twv AO, ON 
pcaov eotiv. TtaXiv, etceI prjTov eoti to AK xal eotiv ioov 
tCS 81c utio twv AO, ON, xal auTO prycov eotiv. xal etiel 
douppiETpov eoti to AI to ZK, doupijjiETpov apa eotl xal to 
duo Trjc AO to aTio Tfj<; ON- al AO, ON apa Suvapsi eioiv 
aouppiETpoi 7ioi.o0oai. to jjev ouyxslptEvov ex tov an’ auTWv 
TETpayOvwv psaov, to 8e 81c utc" auTWv prjTov. f) Xoixf] apa 
f) AN aXoyoc; eotiv f] xaXoupEvr] ptETa prycou psaov to oXov 
T iotouaa- xal 8uvaTai to AB x^plov. 

H to AB apa x^plov 8uvap£vr] p£Ta prycou psoov to 
oXov ixoLouad eotiv ousp e8ei BsT^ai.. 


W- 

’Eav x^plov TEpiExrjTai utco prjTfjc; xal aiioTopfjc; sxttjc;, 
rj to x w piov Suvapsvrj p£Ta psaou pcaov to oXov 7ioi.ouod 

EOTIV. 

A A E Z H 


r b ©ik 


Xwplov yap to AB TCEpiEXEabw Oreo prjTfjc; Tfjc AT xal 
dnoTopfjc; extitjc; Trjc AA- Xsyw, oti fj to AB x w pl° v 8u- 
vapiEvr) [rj] pETa psaou psoov to oXov rcoioOaa eotiv. 

”Eotco yap Tfj AA npooappo^ouoa fj AH- at apa AH, 
HA prjTal slot Buvapsi povov auppETpoi, xal ouBsTEpa 



in length with C A, and both are rational (straight-lines), 
AK is thus a medial (area) [Prop. 10.21]. Again, since 
DG is rational, and commensurable in length with AC, 
DK is a rational (area) [Prop. 10.19]. 

Therefore, let the square LM, equal to AI, have been 
constructed. And let the square NO, equal to FK, (and) 
about the same angle, LPM, have been subtracted (from 
NO). Thus, the squares LM and NO are about the same 
diagonal [Prop. 6.26]. Let PR be their (common) diag¬ 
onal, and let (the rest of) the figure have been drawn. 
So, similarly (to the previous propositions), we can show 
that LN is the square-root of area AB. I say that LN is 
that (straight-line) which with a rational (area) makes a 
medial whole. 

For since AK was shown (to be) a medial (area), and 
is equal to (the sum of) the squares on LP and PN, 
the sum of the (squares) on LP and PN is thus medial. 
Again, since DI< is rational, and is equal to twice the 
(rectangle contained) by LP and PN, (the latter) is also 
rational. And since AI is incommensurable with FK, the 
(square) on LP is thus also incommensurable with the 
(square) on PN. Thus, LP and PN are (straight-lines 
which are) incommensurable in square, making the sum 
of the squares on them medial, and twice the (rectangle 
contained) by them rational. Thus, the remainder LN is 
the irrational (straight-line) called that which with a ra¬ 
tional (area) makes a medial whole [Prop. 10.77]. And it 
is the square-root of area AB. 

Thus, the square-root of area AB is that (straight- 
line) which with a rational (area) makes a medial whole. 
(Which is) the very thing it was required to show. 

Proposition 96 

If an area is contained by a rational (straight-line) and 
a sixth apotome then the square-root of the area is that 
(straight-line) which with a medial (area) makes a medial 
whole. 



tional (straight-line) AC and the sixth apotome AD. I 
say that the square-root of area AB is that (straight-line) 
which with a medial (area) makes a medial whole. 

For let DG be an attachment to AD. Thus, AG and 
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auxAv auppsxpo; saxi xfj sxxsipsvr) prjxfj xfj Ar pf|xsi, f) 
8s oXq f) AH xfj; xpoaappoi(ouar); xfj; AH psTCov 8uvaxai 
xo axo aauppixpou Sauxfj [iVjxsi. sxsl ouv f] AH xfj; HA 
psl((ov Suvaxai xA axo aauppsxpou sauxfj fxrjxsi, sav apa 
xA xsxapxco [ispsi xou axo xfj; AH laov xapa xf)v AH xa- 
papXrjDfj sXXsTxov s(8si xsxpayAvw, si; aauppsxpa auxfjv 
8isXeT. xsx[if)aha> ouv f) AH Slya xaxa xo E [arjpslov], xai 
xA axo xfjc EH Ictov xapa xf)v AH xapapspXqaha) sXXsixov 
slSsi xsxpayAvto, xal saxto xo uxo xAv AZ, ZH- aauppsxpo; 
apa saxiv f) AZ xfj ZH [rr|xsi. A; 8s f] AZ xpo; xfjv ZH, 
ouxa>; saxl xo AI xpo; xo ZK- aauppsxpov apa saxl xo 
AI xA ZK. xal sxsl ai AH, Ar prjxal s’lai 8uvapsi povov 
auppsxpoi, psaov saxl xo AK. xaXiv, sxsl ai Ar, AH prjxal 
siai xal aauppsxpoi pfjxsi, [isaov saxl xal xo AK. sxsl ouv 
ai AH, HA Suvapsi povov auppsxpoi siaiv, aauppsxpo; apa 
saxiv fj AH xfj HA pf|XEi. Ac; 6s f) AH xpo; xfjv HA, ouxco; 
saxl xo AK xpo; xo KA' dau[i[isxpov apa saxl xo AK xA 
KA. 

Euvsaxaxto ouv xA [isv AI laov xsxpaytovov xo AM, 
xA 8s ZK laov acpr)pf]a , d6i xspl xf)v auxf)v ywvlav xo NS' 
xspl xf)v auxf)v apa Sid[isxp6v saxi xa AM, NS xsxpaywva. 
saxw auxAv 8id[isxpoc; f) OP, xal xaxaysypacpDw xo a)(fj[ia. 
ojioiw; 8f) xol'c sxavto 8s(^o[isv, oxi f) AN Suvaxai xo AB 
XGiplov. Xsyw, oxi f] AN [fj] [isxa [isaou [isaov xo oXov 
xoiouaa saxiv. 

’Exsl yap [isaov sSs[)($r) xo AK xal saxiv laov xou; axo 
xAv AO, ON, xo apa auyxsl[isvov sx xAv axo xAv AO, ON 
[isaov saxiv. xaXiv, sxsl [isaov sBeIxDt) xo AK xal saxiv 
laov xA 81; 0x6 xAv AO, ON, xal xo 81; 0x6 xAv AO, ON 
[isaov saxiv. xal sxsl dau[i[isxpov sBslx'dr) xo AK xA AK, 
dau[i[isxpa [apa] saxl xal xa axo xAv AO, ON xsxpaytova 
xA 81; 0x6 xAv AO, ON. xal sxsl aaO[i[iExp6v saxi xo AI xA 
ZK, dau[i[isxpov apa xal xo axo xfj; AO xA axo xfj; ON- 
ai AO, ON apa 8uva[isi sialv aau[i[isxpoi xoiouaai xo xs 
auyxsl[isvov sx xAv ax’ aOxAv xsxpayAvoiv [isaov xal xo 81; 
Ox’ aOxAv [isaov sxi xs xa ax’ auxAv xsxpaywva dau[i[isxpa 
xA 61; Ox’ auxAv. f] apa AN aXoyo; saxiv f] xaXoujispr) [isxa 
[isaou [isaov xo oXov xoiouaa- xal Suvaxai xo AB )(«plov. 

'H apa xo x w pE° v Suvajisvr) [isxa [isaou [isaov xo oXov 
xoiouaa saxiv oxsp sSsi 8sl^ai. 


GD are rational (straight-lines which are) commensu¬ 
rable in square only [Prop. 10.73], and neither of them is 
commensurable in length with the (previously) laid down 
rational (straight-line) AC, and the square on the whole, 
AG, is greater than (the square on) the attachment, DG, 
by the (square) on (some straight-line) incommensurable 
in length with (AG) [Def. 10.16]. Therefore, since the 
square on AG is greater than (the square on) GD by 
the (square) on (some straight-line) incommensurable in 
length with (AG), thus if (some area), equal to the fourth 
part of square on DG, is applied to AG, falling short by 
a square figure, then it divides (AG) into (parts which 
are) incommensurable (in length) [Prop. 10.18]. There¬ 
fore, let DG have been cut in half at [point] E. And let 
(some area), equal to the (square) on EG, have been ap¬ 
plied to AG, falling short by a square figure. And let it 
be the (rectangle contained) by AF and FG. AF is thus 
incommensurable in length with FG. And as AF (is) to 
FG, so AI is to FK [Prop. 6.1]. Thus, AI is incommen¬ 
surable with FK [Prop. 10.11]. And since AG and AG 
are rational (straight-lines which are) commensurable in 
square only, AK is a medial (area) [Prop. 10.21]. Again, 
since AC and DG are rational (straight-lines which are) 
incommensurable in length, DI\ is also a medial (area) 
[Prop. 10.21]. Therefore, since AG and GD are com¬ 
mensurable in square only, AG is thus incommensurable 
in length with GD. And as AG (is) to GD, so AK is to 
KD [Prop. 6.1]. Thus, AK is incommensurable with KD 
[Prop. 10.11]. 

Therefore, let the square LM, equal to AI, have been 
constructed. And let NO, equal to FK, (and) about the 
same angle, have been subtracted (from LM). Thus, 
the squares LM and NO are about the same diagonal 
[Prop. 6.26]. Let PR be their (common) diagonal, and 
let (the rest of) the figure have been drawn. So, similarly 
to the above, we can show that LN is the square-root of 
area AB. I say that LN is that (straight-line) which with 
a medial (area) makes a medial whole. 

For since A A' was shown (to be) a medial (area), and 
is equal to the (sum of the) squares on LP and PN, the 
sum of the (squares) on LP and PN is medial. Again, 
since DI\ was shown (to be) a medial (area), and is 
equal to twice the (rectangle contained) by LP and PN, 
twice the (rectangle contained) by LP and PN is also 
medial. And since AK was shown (to be) incommensu¬ 
rable with DK, [thus] the (sum of the) squares on LP 
and PN is also incommensurable with twice the (rect¬ 
angle contained) by LP and PN. And since AI is in¬ 
commensurable with FK, the (square) on LP (is) thus 
also incommensurable with the (square) on PN. Thus, 
LP and PN are (straight-lines which are) incommensu- 
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hC- 

To axo axoxoprjc; xapa prjxfjv xapapaXXopsvov xXaxoc; 
xoisl axoxopfjv xpGxrjv. 

A B H 

i-1-1 


r Z N K M 



TEaxco axoxopfj fj AB, prjxfj 8s fj TA, xal ip axo Tfjc 
AB I'aov xapa xrjv TA xapaPspXfjaDw to TE xXaxoc; xoiouv 
xrjv TZ- Xsyo, oti f) rZ axoxopfj saxi xpGxrj. 

’Taxa) yap xfj AB xpoaappoi^ouaa t\ BH' al apa AH, 
HB prjxal siai Suvapsi povov auppsxpoi. xal xG psv axo 
xfjc; AH laov xapa xrjv TA xapapspXrja'dw to T0, to 8s 
axo xfj<; BH xo KA. oXov apa xo TA Taov saxl xok axo 
xov AH, HB' Gv to TE laov saxl xG axo xfj<; AB - Xoixov 
apa xo ZA ioov saxl xG 8k uxo xGv AH, HB. TETpfja'do 
fj ZM 8[ya xaxa xo N arjpsTov, xal f]xDw 8ia xou N xfj TA 
xapaXXr]Xoc; fj NS- sxaxspov apa xGv ZS, AN Taov saxl xG 
0x6 xGv AH, HB. xal sxsl xa axo xGv AH, HB prjxa saxiv, 
xal saxi xoT<; axo xGv AH, HB Taov xo AM, prjxov apa 
saxl xo AM. xal xapa pr]xr]v xrjv TA xapaPspXr)xai xXaxoc; 
xolouv xf]v TM- prjxr) apa saxiv f) TM xal aOpipisxpot; x^ TA 
[irjxsi. xaXiv, sxsl (isaov saxl xo 81c; 0x6 xGv AH, HB, xal 
xG ok 0x6 xGv AH, HB laov xo ZA, pisaov apa xo ZA. xal 
xapa pr)xr)v xrjv TA xapaxsraa xXaxoc; xoiouv xrjv ZM- prjxr) 
apa saxiv fj ZM xal aaupipLsxpoi; xfj TA ptfjxsL. xal sxsl xa 
pisv axo xGv AH, HB prjxa saxiv, xo 8s 8k 0x6 xGv AH, 
HB (isaov, aaujipisxpa apa saxl xa axo xGv AH, HB xG 8k 
0x6 xGv AH, HB. xal xok [isv axo xGv AH, HB laov saxl 
to TA, xG 8s 8k 0x6 xGv AH, HB xo ZA - daujipisxpov apa 
saxl to AM xG ZA. G<; 8s xo AM xpoc; xo ZA, out&k; saxiv 
fj TM xpoc; xrjv ZM. aaOpipiExpoc apa saxiv f) TM xfj ZM 
ptfjxsi. xal siaiv apicpoxspai prjxal- ai apa TM, MZ prjxal stai 


rable in square, making the sum of the squares on them 
medial, and twice the (rectangle contained) by medial, 
and, furthermore, the (sum of the) squares on them in¬ 
commensurable with twice the (rectangle contained) by 
them. Thus, LN is the irrational (straight-line) called 
that which with a medial (area) makes a medial whole 
[Prop. 10.78]. And it is the square-root of area AB. 

Thus, the square-root of area {AB) is that (straight- 
line) which with a medial (area) makes a medial whole. 
(Which is) the very thing it was required to show. 

Proposition 97 

The (square) on an apotome, applied to a rational 
(straight-line), produces a first apotome as breadth. 

A B G 

i-1-1 


C F N K M 



Let AB be an apotome, and CD a rational (straight- 
line). And let CE, equal to the (square) on AB, have 
been applied to CD, producing CF as breadth. I say that 
CF is a first apotome. 

For let BG be an attachment to AB. Thus, AG and 
GB are rational (straight-lines which are) commensu¬ 
rable in square only [Prop. 10.73]. And let CH, equal 
to the (square) on AG, and KL, (equal) to the (square) 
on BG, have been applied to CD. Thus, the whole of 
CL is equal to the (sum of the squares) on AG and GB, 
of which CE is equal to the (square) on AB. The re¬ 
mainder FL is thus equal to twice the (rectangle con¬ 
tained) by AG and GB [Prop. 2.7]. Let FM have been 
cut in half at point N. And let NO have been drawn 
through N, parallel to CD. Thus, FO and LN are each 
equal to the (rectangle contained) by AG and GB. And 
since the (sum of the squares) on AG and GB is rational, 
and DAI is equal to the (sum of the squares) on AG and 
GB, DM is thus rational. And it has been applied to the 
rational (straight-line) CD, producing CM as breadth. 
Thus, CAI is rational, and commensurable in length with 
CD [Prop. 10.20]. Again, since twice the (rectangle con¬ 
tained) by AG and GB is medial, and FL (is) equal to 
twice the (rectangle contained) by AG and GB, FL (is) 
thus a medial (area). And it is applied to the rational 
(straight-line) CD, producing FAI as breadth. FAI is 
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Suvapsi povov auppsTpov f) TZ apa axoTopf) sgtiv. Xsyor 
Sr), oti xai xpAxr). 

’Exsi yap tAv axo tuv AH, HB psaov avaXoyov saxi 
to 6Tio twv AH, HB, xai ecru tA psv axo Trj<; AH laov to 
T0, to 8s axo Tfj<; BH laov to KA, tA 8s uxo tAv AH, 
HB to NA, xai twv T0, KA apa psaov avaXoyov sgti to 
NA- sgtiv apa A<; to T0 xpo<; to NA, outux; to NA xpoc; 
to KA. aXX’ ox; psv to T0 xpoc; to NA, outux; sgtIv rj 
BK xpoc; tt)v NM- A<; 8s to NA xpoc; to KA, outck saxiv 
V) NM xpoc; TTjv KM' to apa 0x6 twv BK, KM laov sgti 
tA axo Tfjc; NM, toutegti to TSTapTW pspsi tou axo xfjc; 
ZM. xai sxsl auppsxpov sgti to axo rrjc; AH to axo xfjc; 
HB, auppsxpov [saxi] xai to T0 to KA. (be 8s to T0 xpoe 
to KA, 0 UT«e f) BK xpoc; xqv KM- ouppsxpoc; apa soxiv f) 
TK xfj KM. sxsl ouv Buo su-dslai aviaoi sioiv al TM, MZ, 
xai tA TETapTW pspsi tou axo Tfje ZM laov xapa tt)v TM 
xapaf3sf3Xr)Tai sXXslxov slSsi TExpayAvw to 0x6 tAv I K, 
KM, xai sgti auppsxpoi; f] TK xfj KM, f] apa TM xfje MZ 
psTi^ov Buvaxai tA axo auppsxpou sauTfj pfjxsi. xai sgtiv rj 
TM auppsxpoi; Tf) sxxsipsvr] pr)Tfj xfj TA pfjxsi- f) apa TZ 
axoxopf] saxi xpAxr). 

To apa axo axoxoprjc; xapa prjxrjv xapapaXXopsvov 
xXaxoc; xoisl axoTO(if)v xpAxqv oxsp sSsi Ssl^ai. 


To axo (isar)e axoxoprjc; xpAxqc; xapa pr)xf)v xapa¬ 
paXXopsvov xXaToe xoisl axoxopijv osuxspav. 

’'Egtm psorji; axoxopi) xpAxr] f] AB, pr)xf] 8s f) TA, xai tA 
axo xfje AB laov xapa ttjv TA xapa(3s|3Xr)a7L>a> to TE xXaxoc; 


thus rational, and incommensurable in length with CD 
[Prop. 10.22]. And since the (sum of the squares) on AG 
and GB is rational, and twice the (rectangle contained) 
by AG and GB medial, the (sum of the squares) on AG 
and GB is thus incommensurable with twice the (rectan¬ 
gle contained) by AG and GB. And CL is equal to the 
(sum of the squares) on AG and GB, and FL to twice the 
(rectangle contained) by AG and GB. DM is thus incom¬ 
mensurable with FL. And as DAI (is) to FL, so CM is to 
FM [Prop. 6.1]. CM is thus incommensurable in length 
with FM [Prop. 10.11]. And both are rational (straight¬ 
lines). Thus, CM and MF are rational (straight-lines 
which are) commensurable in square only. CF is thus an 
apotome [Prop. 10.73], So, I say that (it is) also a first 
(apotome). 

For since the (rectangle contained) by AG and GB is 
the mean proportional to the (squares) on AG and GB 
[Prop. 10.21 lem.], and CH is equal to the (square) on 
AG, and KL equal to the (square) on BG, and NL to 
the (rectangle contained) by AG and GB, AL is thus 
also the mean proportional to CH and KL. Thus, as 
CH is to NL, so NL (is) to KL. But, as CH (is) to 
NL, so CK is to NM, and as NL (is) to KL, so NM 
is to KM [Prop. 6.1]. Thus, the (rectangle contained) 
by CK and KM is equal to the (square) on NM — 
that is to say, to the fourth part of the (square) on FM 
[Prop. 6.17]. And since the (square) on AG is commen¬ 
surable with the (square) on GB, CH [is] also commen¬ 
surable with KL. And as CH (is) to KL, so CK (is) to 
KM [Prop. 6.1]. CK is thus commensurable (in length) 
with KM [Prop. 10.11]. Therefore, since CM and MF 
are two unequal straight-lines, and the (rectangle con¬ 
tained) by CK and KM, equal to the fourth part of the 
(square) on FM, has been applied to CM, falling short 
by a square figure, and CK is commensurable (in length) 
with KM, the square on CM is thus greater than (the 
square on) MF by the (square) on (some straight-line) 
commensurable in length with (CM) [Prop. 10.17]. And 
CM is commensurable in length with the (previously) 
laid down rational (straight-line) CD. Thus, CF is a first 
apotome [Def. 10.15], 

Thus, the (square) on an apotome, applied to a ratio¬ 
nal (straight-line), produces a first apotome as breadth. 
(Which is) the very thing it was required to show. 

Proposition 98 

The (square) on a first apotome of a medial (straight- 
line), applied to a rational (straight-line), produces a sec¬ 
ond apotome as breadth. 

Let AB be a first apotome of a medial (straight-line). 
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xoiouv tt)v TZ- Xcyco, oxi f] TZ dxoxopf| saxi ScuxEpa. 

’'Ecrcw yap xfj AB xpoaappoC^ouaa f) BH' ai apa AH, 
HB pcaai eiol Suvapci povov auppsxpoi prjxov xcpiExouaai. 
xal to (lev axo Tfj; AH laov xapa xf]v TA xapap£pXf)aila> 
to r© xXaxo; koioOv ttjv HK, tA Se axo Tfj; HB laov to 
KA xXaxo; xoiouv xf)v KM' oXov apa to TA laov saxi toT; 
axo xov AH, HB' psaov apa xal to TA. xal xapa prjxfjv 
tt]v TA xapaxsixai xXaxo; xoiouv xf]v TM- prjxf] apa ecttIv 
f) TM xal dauppsxpo; Tfj TA pfjxEi. xal £tteI to BA laov 
saxi toI; axo tov AH, HB, Av to axo Tfj; AB laov ecttI 
tA TE, Xoixov apa to 81; 0x6 tAv AH, HB laov saxi tA 
ZA. prjxov oe [saxi] to ole; 0x6 tAv AH, HB- prjTov apa to 
ZA. xal xapa prjxfjv xfjv ZE xapaxsixai xXaxo; xoiouv xfjv 
ZM- prjxf] apa saxi xal f) ZM xal auppexpo; Tfj TA pfjxsi. 
exeI ouv xa psv axo tAv AH, HB, Touxsaxi to TA, psaov 
saxlv, to Ss 81; 0x6 tAv AH, HB, touteoti to ZA, prjTov 
aauppsxpov apa saxi to TA tA ZA. A; 8e to TA xpo; to 
ZA, ouxo; saxiv fj TM xpo; ttjv ZM- aauppsxpo; apa fj 
TM Tfj ZM pfjxsi. xal siaiv apcpoxspai prjxal- al apa TM, 
MZ prjxal siai Suvapsi povov auppsxpoi- f) TZ apa axoxopfj 
saxiv. Xsyw 8rj, oxi xal 8suT£pa. 


A B H 

i-1-1 


r Z N K AI 



TsTpfjaOM yap fj ZM 8lya xaxa to N, xal fjxflu) 8ia tou 
N Tfj TA xapaXXrjXo; fj NS' sxdxspov apa tAv ZS, NA laov 
saxl tA 0x6 tAv AH, HB. xal exeI tAv axo tAv AH, HB 
TExpayAvtov psaov avaXoyov saxi to 0x6 tAv AH, HB, xal 
saxiv laov to psv axo Tfj; AH tA T0, to 8s 0x6 tAv AH, 
HB tA NA, to Ss axo Tfj; BH tA KA, xal tAv T0, KA 
apa psaov avaXoyov saxi to NA' saxiv apa A; to T0 xpo; 
to NA, ouxco; to NA xpo; to KA. aXX’ A; psv to T0 xpo; 


and CD a rational (straight-line). And let CE, equal to 
the (square) on AB, have been applied to CD, producing 
CF as breadth. I say that CF is a second apotome. 

For let BG be an attachment to AB. Thus, AG and 
GB are medial (straight-lines which are) commensurable 
in square only, containing a rational (area) [Prop. 10.74]. 
And let CH, equal to the (square) on AG, have been ap¬ 
plied to CD, producing CK as breadth, and KL, equal 
to the (square) on GB, producing KM as breadth. Thus, 
the whole of CL is equal to the (sum of the squares) 
on AG and GB. Thus, CL (is) also a medial (area) 
[Props. 10.15, 10.23 corn]. And it is applied to the ratio¬ 
nal (straight-line) CD, producing CM as breadth. CM 
is thus rational, and incommensurable in length with CD 
[Prop. 10.22]. And since CL is equal to the (sum of the 
squares) on AG and GB, of which the (square) on AB 
is equal to CE, the remainder, twice the (rectangle con¬ 
tained) by AG and GB, is thus equal to FL [Prop. 2.7]. 
And twice the (rectangle contained) by AG and GB [is] 
rational. Thus, FL (is) rational. And it is applied to the 
rational (straight-line) FE, producing FM as breadth. 
FM is thus also rational, and commensurable in length 
with CD [Prop. 10.20]. Therefore, since the (sum of the 
squares) on AG and GB —that is to say, CL —is medial, 
and twice the (rectangle contained) by AG and GB — 
that is to say, FL —(is) rational, CL is thus incommen¬ 
surable with FL. And as CL (is) to FL, so CA'I is to 
FAL [Prop. 6.1], Thus, CM (is) incommensurable in 
length with FAL [Prop. 10.11]. And they are both ra¬ 
tional (straight-lines). Thus, CAL and MF are rational 
(straight-lines which are) commensurable in square only. 
CF is thus an apotome [Prop. 10.73]. So, I say that (it 
is) also a second (apotome). 

A B G 

i-1-1 


C F N K M 



For let FAL have been cut in half at N. And let 
NO have been drawn through (point) N, parallel to 
CD. Thus, FO and NL are each equal to the (rectan¬ 
gle contained) by AG and GB. And since the (rectan¬ 
gle contained) by AG and GB is the mean proportional 
to the squares on AG and GB [Prop. 10.21 lem.], and 
the (square) on AG is equal to CH, and the (rectangle 
contained) by AG and GB to NL, and the (square) on 
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to NA, outgk egtIv f] TK xpoc; xf]v NM, Ac; 8s to NA xpoc; 
to KA, outok egtIv f) NM xpoc; xf]v MK- (be; apa f] TK 
xpoc; TTjv NM, outox egtIv f) NM xpoc; xfjv KM- to apa 
uxo xAv TK, KM igov eotI to axo xfj<; NM, toutsgti to 
TET apTW {jispet tou axo Tfjc; ZM [xal exeI OUJipETpOV EGTI TO 
axo xfj<; AH to duo Tfjc; BH, ouppsxpov egti xal to T@ tA 
KA, toutecttiv f) TK xfj KM]. sxsl ouv 8uo suOslai aviGol 
eictiv ai FM, MZ, xal to TExaxpco pspsi tou axo Tfjc; MZ 
Igov xapa ttjv psl^ova xfjv TM xapa[3E[3Xr)Tai sXXslxov ei8ei 
TE xpaytbvtp to 0x6 xAv TK, KM xal sic; Guppsxpa auxfjv 
Oiaipsl, f] apa TM xfjc; MZ psi^ov 8uvaxai tA axo ouppsxpou 
sauxfj pf)X£i. xal eotiv f) xpoaappo^ouoa f) ZM ouppsxpoc; 
pfjXEi xfj £XX£i[iEVT] prpfj xf) TA' fj apa TZ dxoxopf] ectti 
8suTEpa. 

To apa axo psarjc; axoxopfjc; xpAxrjc; xapa prjxfjv xa- 
pa(3aXXopi£vov xXaxoc; xoisl axoxopf]v Bsuxspav oxsp s8ei 
SsTc;ai. 


To axo psor]c; axoxopfji; Ssuxspac; xapa prjxfjv xapa- 
PaXXojisvov xXaxoc; xoieT axoxopf]v xplxrjv. 

A B H 

i-1-1 


r Z N K M 



THaTM pEor]? axoxopf) SsuTEpa f] AB, prjxf) 8e f) TA, xal 
to axo xfjc; AB ioov xapa xfjv TA xapa(3E(3Xf)Gba> to TE 
xXaxoc; xoiouv xfjv TZ- Xsyco, oxi f) TZ axoxopf) egti xplxT). 

THaTM yap xfj AB xpooappoi^ouGa f] BH- ai apa AH, HB 
psoai eIctI 8uvapsi povov Guppsxpoi psoov xcpiExouGai. xal 
tA psv axo xfjc; AH igov xapa xfjv TA xapa(3E(3Xf)Gila> to T@ 
xXaxoc; xoiouv xfjv TK, tA 8s axo xfjc; BH igov xapa xfjv K0 
xapaPspX^a-dw to KA xXaxoi; xoiouv xf]v KM- oXov apa to 
FA i aov Eoxl xolc; axo xAv AH, HB [xal egti psoa xa axo 
xAv AH, HB]- psoov apa xal to FA. xal xapa prjxfjv xfjv 


BG to KL, NL is thus also the mean proportional to 
CH and KL. Thus, as CH is to NL, so NL (is) to KL 
[Prop. 5.11]. But, as CH (is) to NL, so CK is to NM, 
and as NL (is) to KL, so NM is to MK [Prop. 6.1]. 
Thus, as CK (is) to NM, so NM is to KM [Prop. 5.11]. 
The (rectangle contained) by CK and KM is thus equal 
to the (square) on NM [Prop. 6.17]—that is to say, to 
the fourth part of the (square) on FM [and since the 
(square) on AG is commensurable with the (square) on 
BG, CH is also commensurable with KL —that is to say, 
CK with KM]. Therefore, since CM and MF are two 
unequal straight-lines, and the (rectangle contained) by 
CK and KM, equal to the fourth part of the (square) 
on MF, has been applied to the greater CM, falling 
short by a square figure, and divides it into commensu¬ 
rable (parts), the square on CM is thus greater than (the 
square on) MF by the (square) on (some straight-line) 
commensurable in length with (CM) [Prop. 10.17]. The 
attachment FM is also commensurable in length with the 
(previously) laid down rational (straight-line) CD. CF is 
thus a second apotome [Def. 10.16]. 

Thus, the (square) on a first apotome of a medial 
(straight-line), applied to a rational (straight-line), pro¬ 
duces a second apotome as breadth. (Which is) the very 
thing it was required to show. 

Proposition 99 

The (square) on a second apotome of a medial 
(straight-line), applied to a rational (straight-line), pro¬ 
duces a third apotome as breadth. 

A B G 

i-1-1 


C F N K M 



Let AB be the second apotome of a medial (straight- 
line), and CD a rational (straight-line). And let CE, 
equal to the (square) on AB, have been applied to CD, 
producing CF as breadth. I say that CF is a third apo¬ 
tome. 

For let BG be an attachment to AB. Thus, AG and 
GB are medial (straight-lines which are) commensurable 
in square only, containing a medial (area) [Prop. 10.75]. 
And let CH, equal to the (square) on AG, have been 
applied to CD, producing CI\ as breadth. And let KL, 
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TA xapa(3e[3Xr]xai xXaxoc; xoiouv xf)v TM- prjxf] apa eaxlv 
f) TM xal aauppexpoi; xfj TA prjxei. xal exel oXov xo LA 
igov eaxl xou; axo xuv AH, HB, Av xo TE iaov eaxl xA 
axo xfjc AB, Xoixov apa xo AZ laov eaxl xA Sic 0x6 xAv 
AH, HB. x£X(ir|ai)oj ouv f] ZM Slya xaxa xo N arjpelov, 
xal xf] TA xapaXXrjXoc r^Dat f] NS- exaxepov apa xAv ZS, 
NA igov saxi xA 0x6 xAv AH, HB. (ieaov 8e xo 0x6 xAv 
AH, HB- (ieaov apa eaxl xal xo ZA. xal xapa prjxfjv xf]v 
EZ xapaxeixai xXaxoc xoiouv xrjv ZM- prjxr] apa xal rj ZM 
xal aauppexpoc xfj TA prjxei. xal exel al AH, HB 8uvapei 
(iovov elal auppexpoi, aauppexpoc apa [eaxl] (iijxei f] AH 
xfj HB- aauppexpov apa eaxl xal xo axo xfjc AH xA 0x6 
xAv AH, HB. aXXa xA pev axo xfjc; AH auppexpa eaxi xa 
axo xAv AH, HB, xA Se 0x6 xAv AH, HB xo 8lc 0x6 xAv 
AH, HB- aauppexpa apa eaxl xa axo xAv AH, HB xA Sic 
0x6 xAv AH, HB. aXXa xou; (lev axo xAv AH, HB i'aov 
eaxl xo EA, xA Se 81c; 0x6 xAv AH, HB igov eaxl xo ZA- 
aauppexpov apa eaxl xo TA xA ZA. Ac; 8e xo TA xpoc xo 
ZA, ouxgk eaxlv f] TM xpoc; xrjv ZM- aauppexpoc apa eaxlv 
f] TM xfj ZM (if]xet. xal eiaiv apcpoxepai prjxal- al apa TM, 
MZ prjxal eiai Suvapei (iovov auppexpou axoxopf] apa eaxlv 
f) TZ. Xeyw 8f], oxi xal xplxrj. 

’Exel yap auppexpov eaxi xo axo xfjc; AH xA axo xfjc; 
HB, a0(i(iexpov apa xal xo T0 xA KA- Aaxe xal f] FK xfj 
KM. xal exel xAv axo xAv AH, HB (ieaov avaXoyov eaxi 
xo 0x6 xAv AH, HB, xal eaxi xA (lev axo xfjc; AH igov 
xo T0, xA 8e axo xfjc; HB laov xo KA, xA 6e 0x6 xAv 
AH, HB igov xo NA, xal xAv T0, KA apa (ieaov avaXoyov 
eaxi xo NA- eaxiv apa Ac; xo T0 xpoc; xo NA, ouxcoc; xo 
NA xpoc; xo KA. aXX’ Ac; (lev xo T0 xpoc; xo NA, ouxoc; 
eaxlv f] TK xpo? xf]v NM, Ac; 8e xo NA xpoc; xo KA, ouxok 
eaxlv f] NM xpoc; xrjv KM- Ac; apa f] FK xpoc; xrjv MN, 
ouxok eaxlv f] MN xpoc; xrjv KM- xo apa 0x6 xAv TK, KM 
laov eaxl xA [axo xfjc; MN, xouxeaxi xA] xexapxcp pepei xou 
axo xfjc; ZM. exel ouv 8uo eu-Oelai aviaol eiaiv al TM, MZ, 
xal xA xexapxcp (icpei xou axo xfjc; ZM laov xapa xf]v TM 
xapa[3epXr]xai eXXelxov e!8ei xexpayAvcp xal elc; aupjiexpa 
auxfjv 8iaipeT, f] TM apa xfjc; MZ (icT^ov 8uvaxai xA axo 
au(i(iexpou eauxfj. xal oOSexepa xAv TM, MZ aujipexpoc; 
eaxi (irjxei xfj exxei(ievr) prjx^ xfj TA- f] apa TZ axoxoprj eaxi 
xplxr). 

To apa axo (icarjc; axoxopfjc; 8euxepa<; xapa prjxfjv xapa- 
PaXXopevov xXaxoc; xoieT axoxopfjv xplxrjv oxep e8ei 8eT^ai- 


equal to the (square) on BG, have been applied to KH, 
producing KM as breadth. Thus, the whole of CL is 
equal to the (sum of the squares) on AG and GB [and 
the (sum of the squares) on AG and GB is medial]. CL 
(is) thus also medial [Props. 10.15, 10.23 corr.]. And it 
has been applied to the rational (straight-line) CD, pro¬ 
ducing CM as breadth. Thus, CM is rational, and incom¬ 
mensurable in length with CD [Prop. 10.22]. And since 
the whole of CL is equal to the (sum of the squares) on 
AG and GB, of which CE is equal to the (square) on 
AB, the remainder LF is thus equal to twice the (rect¬ 
angle contained) by AG and GB [Prop. 2.7]. Therefore, 
let FM have been cut in half at point N. And let NO 
have been drawn parallel to CD. Thus, FO and NL are 
each equal to the (rectangle contained) by AG and GB. 
And the (rectangle contained) by AG and GB (is) me¬ 
dial. Thus, FL is also medial. And it is applied to the 
rational (straight-line) EF, producing FM as breadth. 
FM is thus rational, and incommensurable in length with 
CD [Prop. 10.22]. And since AG and GB are commen¬ 
surable in square only, AG [is] thus incommensurable in 
length with GB. Thus, the (square) on AG is also incom¬ 
mensurable with the (rectangle contained) by AG and 
GB [Props. 6.1, 10.11], But, the (sum of the squares) 
on AG and GB is commensurable with the (square) on 
AG, and twice the (rectangle contained) by AG and GB 
with the (rectangle contained) by AG and GB. The 
(sum of the squares) on AG and GB is thus incommen¬ 
surable with twice the (rectangle contained) by AG and 
GB [Prop. 10.13]. But, CL is equal to the (sum of the 
squares) on AG and GB, and FL is equal to twice the 
(rectangle contained) by AG and GB. Thus, CL is in¬ 
commensurable with FL. And as CL (is) to FL, so CM 
is to FM [Prop. 6.1]. CM is thus incommensurable in 
length with FM [Prop. 10.11]. And they are both ra¬ 
tional (straight-lines). Thus, CM and MF are rational 
(straight-lines which are) commensurable in square only. 
CF is thus an apotome [Prop. 10.73]. So, I say that (it 
is) also a third (apotome). 

For since the (square) on AG is commensurable with 
the (square) on GB, CFL (is) thus also commensu¬ 
rable with KL. Hence, CK (is) also (commensurable 
in length) with KM [Props. 6.1, 10.11]. And since the 
(rectangle contained) by AG and GB is the mean propor¬ 
tional to the (squares) on AG and GB [Prop. 10.21 lem.], 
and CFL is equal to the (square) on AG, and KL equal 
to the (square) on GB, and NL equal to the (rectangle 
contained) by AG and GB, NL is thus also the mean 
proportional to CH and KL. Thus, as CH is to NL, so 
NL (is) to I\L. But, as CH (is) to NL, so CK is to NM, 
and as NL (is) to KL, so NM (is) to KM [Prop. 6.1]. 
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P'- 

To axo it\a.ooovoz xapa prjxqv xapa|3aAA6p£vov xXaxoc; 
xoiel axoxopqv xsxapxrjv. 

A B H 

i-1-1 


r Z N K M 



v Eaxw eXaaaojv f) AB, pqxf] Se f) FA, xal xA axo xrjc 
AB Ictov xapa prjxrjv xqv TA napape^X^ailo xo TE xXaxoc; 
xoiouv xfjv TZ- Asya), oxi f] TZ axoxopr] eaxi xexapxr). 

’'Ectxw yap xfj AB xpoCTappoi^ouCTa f] BH- al apa AH, 
HB Suvapei stalv aouppexpoi xoiouoai xo (lev cnjyxelpevov 
ex xAv axo xAv AH, HB xexpayAvcov pqxov, xo 8e 51c 8x6 
xAv AH, HB (ieaov. xal xA ptev axo xfjc AH Ictov xapa 
xr]v TA KapapepXrjo'dw xo T0 nXaxoc; xoiouv xrjv TK, xA 
8e axo xfjc; BH Ictov xo KA xXaxoc; xoiouv xrjv KM' oXov 
apa xo TA Ictov ectxI xolc axo xAv AH, HB. xal sctxi xo 
CTuyxeljievov ex xAv axo xAv AH, HB prjxov prjxov apa 
cctxi xal xo FA. xal xapa prjxfjv xrjv TA xapaxeixai. xXaxoc 
xoiouv xrjv TM- prjxr) apa xal f) TM xal CTUjipiexpoi; xfj TA 
pnrjxei.. xal exel oXov xo TA Ictov ecrri xoTc axo xAv AH, HB, 
Sv xo TE ictov cctxI xA axo xfj<c AB, Aoixov apa xo ZA ictov 
cctxI xA 81c; 0x6 xAv AH, HB. xex^crdtd ouv fj ZM 8lxa 
xaxa xo N or^elov, xal Ola xou N oxoxepa xAv TA, 


Thus, as CK (is) to MN, so MN is to KM [Prop. 5.11]. 
Thus, the (rectangle contained) by CK and I\M is equal 
to the [(square) on MN —that is to say, to the] fourth 
part of the (square) on FM [Prop. 6.17]. Therefore, 
since CM and MF are two unequal straight-lines, and 
(some area), equal to the fourth part of the (square) on 
FM, has been applied to CM, falling short by a square 
figure, and divides it into commensurable (parts), the 
square on CM is thus greater than (the square on) MF 
by the (square) on (some straight-line) commensurable 
(in length) with {CM) [Prop. 10.17]. And neither of 
CM and MF is commensurable in length with the (pre¬ 
viously) laid down rational (straight-line) CD. CF is 
thus a third apotome [Def. 10.13]. 

Thus, the (square) on a second apotome of a medial 
(straight-line), applied to a rational (straight-line), pro¬ 
duces a third apotome as breadth. (Which is) the very 
thing it was required to show. 

Proposition 100 

The (square) on a minor (straight-line), applied to 
a rational (straight-line), produces a fourth apotome as 
breadth. 

A B G 

i-1-1 


C F N K M 



Let AB be a minor (straight-line), and CD a rational 
(straight-line). And let CE, equal to the (square) on AB, 
have been applied to the rational (straight-line) CD, pro¬ 
ducing CF as breadth. I say that CF is a fourth apotome. 

For let BG be an attachment to AB. Thus, AG and 
GB are incommensurable in square, making the sum of 
the squares on AG and GB rational, and twice the (rect¬ 
angle contained) by AG and GB medial [Prop. 10.76]. 
And let CH, equal to the (square) on AG, have been ap¬ 
plied to CD, producing CK as breadth, and KL, equal 
to the (square) on BG, producing KM as breadth. Thus, 
the whole of CL is equal to the (sum of the squares) on 
AG and GB. And the sum of the (squares) on AG and 
GB is rational. CL is thus also rational. And it is ap¬ 
plied to the rational (straight-line) CD, producing CM 
as breadth. Thus, CM (is) also rational, and commen¬ 
surable in length with CD [Prop. 10.20]. And since the 
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MA xapaXXr]Xo<; f] NS' exarepov apa iwv ZS, NA ’laov sgti 
tS> 0x6 ifiv AH, HB. xal exd to olg 0x6 iwv AH, HB peaov 
Sail xal sgtiv laov to ZA, xal to ZA apa piaov sgtIv. xal 
xapa prjTrjv ttjv ZE xapaxeixai xXdxoc; xoiouv tt)v ZM- prjTf] 
apa ecttIv f] ZM xal aauppexpoc; xfj TA pfjxei. xal exel to 
(iev CTuyxelpievov ex twv axo t£>v AH, HB prpov eaxiv, to 
6e 51c 0x6 twv AH, HB (ieaov, dauppexpa [apa] eaxl xa axo 
t£Sv AH, HB to) 51c 0x6 tov AH, HB. laov 5e [eaxi] to EA 
toIc axo twv AH, HB, t£> 6e 51c 0x6 twv AH, HB ’laov to 
ZA' aa0(i(ieTpov apa [eaxl] to FA tw ZA. d>c 5e to FA xpoc 
to ZA, outcoc eaxlv f) TM xpoc ttjv MZ- aauppeTpoc; apa 
eaxlv T) TM xfj MZ pfjxei. xal elaiv apcpoxepai prjxal- ai apa 
FM, MZ pr)Tal elai Suvapei povov auppexpoc axoTopf) apa 
eaxlv f) rZ. Xeyto [5Vj], oti xal TexapTr). 

’Exel yap al AH, HB 5uvapei elaiv aauppexpoi, aauppex- 
pov apa xal to axo Tfjc AH t£> axo Tfjc HB. xal eaxi tw 
(iev axo xfj<; AH laov to T0, t£3 5e axo Tfjc HB ’laov to 
KA' aauppexpov apa eaxl to T0 t£> KA. d>c 5e to T0 xpoc 
to KA, outcoc saxlv f) TK xpoc ttjv KM' aa0(i(ieTpoc apa 
eaxlv f] TK xf) KM (irjxei. xal exel tov axo twv AH, HB 
(ieaov avaXoyov eaxi to 0x6 t£3v AH, HB, xal eaxiv ’laov 
to (iev axo Tfjc AH t£S F0, to 5e axo Tfjc HB tw KA, 
to 5e 0x6 tov AH, HB tw NA, tuv apa T0, KA (ieaov 
avaXoyov eaxi to NA' eaxiv apa «c to T0 xpoc to NA, 
outcoc to NA xpoc to KA. aXX’ «c (iev to T0 xpoc to 
NA, outwc sgtIv f] FK xpoc tt)v NM, cbc 5e to NA xpoc 
to KA, outwc eaw f) NM xpoc ttjv KM- (be apa f] TK 
xpoc ttjv MN, outcoc eaxlv f) MN xpoc tt)v KM- to apa 
0x6 tc3v FK, KM ’laov eaxl tc5 axo Tfjc MN, toutcgti to 
TCTapTO piepei tou axo Tfjc ZM. exel ouv 5uo eODelai aviaol 
elaiv al TM, MZ, xal to TCTpapTO (iepei tou axo Tfjc MZ 
’laov xapa tt]v TM xapa[3epXr)Tai eXXelxov e’15ei TCTpayovo 
to 0x6 tov TK, KM xal elc aaO(i(ieTpa aOxfjv SiaipeT, f] apa 
TM Tfjc MZ (ieli^ov 5uvaTai to axo dau(i(iexpou eauxfj. xal 
eaxiv oXrj fj TM aO(i(iCTpoc (if)XCL xfj exxeipievr] prjxfj xfj TA- 
f) apa rZ axoTojif] eaxi TexapTr). 

To apa axo eXaaaovoc xal xa e^fje- 


whole of CL is equal to the (sum of the squares) on AG 
and GB, of which CE is equal to the (square) on AB, 
the remainder FL is thus equal to twice the (rectangle 
contained) by AG and GB [Prop. 2.7]. Therefore, let 
FM have been cut in half at point N. And let NO have 
been drawn through N, parallel to either of CD or ALL. 
Thus, FO and NL are each equal to the (rectangle con¬ 
tained) by AG and GB. And since twice the (rectangle 
contained) by AG and GB is medial, and is equal to FL, 
FL is thus also medial. And it is applied to the ratio¬ 
nal (straight-line) FE, producing FM as breadth. Thus, 
FM is rational, and incommensurable in length with CD 
[Prop. 10.22]. And since the sum of the (squares) on AG 
and GB is rational, and twice the (rectangle contained) 
by AG and GB medial, the (sum of the squares) on AG 
and GB is [thus] incommensurable with twice the (rect¬ 
angle contained) by AG and GB. And CL (is) equal to 
the (sum of the squares) on AG and GB, and FL equal 
to twice the (rectangle contained) by AG and GB. CL 
[is] thus incommensurable with FL. And as CL (is) to 
FL, so CM is to MF [Prop. 6.1]. CM is thus incommen¬ 
surable in length with MF [Prop. 10.11]. And both are 
rational (straight-lines). Thus, CM and MF are rational 
(straight-lines which are) commensurable in square only. 
CF is thus an apotome [Prop. 10.73]. [So], I say that (it 
is) also a fourth (apotome). 

For since AG and GB are incommensurable in square, 
the (square) on AG (is) thus also incommensurable with 
the (square) on GB. And CH is equal to the (square) on 
AG, and I\L equal to the (square) on GB. Thus, CH is 
incommensurable with KL. And as CH (is) to KL, so 
CK is to KM [Prop. 6.1]. CI\ is thus incommensurable 
in length with KM [Prop. 10.11], And since the (rectan¬ 
gle contained) by AG and GB is the mean proportional 
to the (squares) on AG and GB [Prop. 10.21 lem.], and 
the (square) on AG is equal to CH, and the (square) 
on GB to KL, and the (rectangle contained) by AG and 
GB to NL, NL is thus the mean proportional to CH and 
KL. Thus, as CH is to NL, so NL (is) to KL. But, 
as CH (is) to NL, so CK is to NAL, and as NL (is) to 
KL, so NM is to KAd [Prop. 6.1], Thus, as CK (is) to 
MN, so MN is to KM [Prop. 5.11]. The (rectangle con¬ 
tained) by CK and KM is thus equal to the (square) on 
MN —that is to say, to the fourth part of the (square) on 
FM [Prop. 6.17]. Therefore, since CM and At F are two 
unequal straight-lines, and the (rectangle contained) by 
CK and KM, equal to the fourth part of the (square) on 
MF, has been applied to CM, falling short by a square 
figure, and divides it into incommensurable (parts), the 
square on CM is thus greater than (the square on) MF 
by the (square) on (some straight-line) incommensurable 
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pa'. 

To axo xfjc; pexa prjTou pecrov to oXov xoioucty|C xapa 
prjxrjv xapaf3aXX6pevov xXaxoc; xoiel axoxopqv xepxxYjv. 

A B H 

i-1-1 


r Z N K M 



"Ecttm f) pexa prjxou pecrov xo oXov xoiouoa Y] AB, prjxr) 
8s f) TA, xal tA axo xfjc; AB ictov xapa xfjv TA xapa- 
PepX^o'dw xo TE xXaxo<; xoiouv xqv TZ- Xeyco, oxi Y] TZ 
axoxopY] cctti xepxxY). 

"Eaxco yap xfj AB xpooappo^ouCTa Y] BH- al apa AH, 
HB eu-delai Suvapei eicfiv aouppexpoi xoioucrai xo pev 
cnjyxeipevov ex xwv ax’ auxAv xexpayAvwv pecrav, to 8e 
81c Ox’ auxAv prjxov, xal tA pev axo xfjc AH laov xapa 
xf]v TA xapapepXfjO'dw xo T0, tA 8e axo xfjc HB ictov 
to KA- oXov apa xo TA laov eaxl xolc axo xAv AH, HB. 
to 8e ouyxeipevov ex xAv axo xAv AH, HB apa peoov 
eaxtv (xeoov apa eaxl xo TA. xal xapa pr)xf)v xfjv TA 
xapaxeixai xXaxoc xoiouv xfjv TM- prjxf) apa eaxlv f) I’M xal 
aouppexpoc; xfj TA. xal exel oXov xo TA laov eaxl xolc axo 
xAv AH, HB, 6v to TE Ictov eaxl xA axo xfjc AB, Xoixov 
apa xo ZA laov eaxl xA Sic 0x6 xAv AH, HB. Texp-fjcrdw 
ouv f] ZM 8[ya xaxa xo N, xal fjx’dco 8ia xou N oxoxepa 
xAv TA, MA xapaXXrjXoc Y] NS- exaxepov apa xAv ZS, NA 
laov ccttI xA 0x6 xAv AH, HB, xal exel to 81c 0x6 xAv AH, 
HB pYjxov cctti xai [ecruiv] ictov xA ZA, pYjxov apa ccttI xo 
ZA. xal xapa pYjxfjv xfjv EZ xapaxeixai xXaxoc xoiouv xqv 
ZM- pY]xf] apa cctt'iv f) ZM xal cnjppexpoc; xfj TA pyjxei. xal 
exel to pev TA pecrov ccttiv, xo 8e ZA pYjxov, acruppexpov 
apa eoxl xo TA xA ZA. Ac 8e xo FA xpoc xo ZA, ouxoc 
Y) TM xpoc xfjv MZ- aCTuppexpo<; apa eoxlv f) TM xfj MZ 
pfjxei. xal e’iCTiv apcpoxepai pYjxac al apa TM, MZ pY)xa[ eicn 
8uvapa povov ouppexpor axoxopf] apa cctt'iv Y) TZ. Xeyw 
8f), oxi xal xejixxY). 

'Opoitoc; yap 8edijopev, oxi to 0x6 xAv TKM Ictov eoxl 
xA axo xfjc NM, toutcctti xA xexapxcp pepei xou axo xfjc 


(in length) with ( CM ) [Prop. 10.18]. And the whole of 
CM is commensurable in length with the (previously) 
laid down rational (straight-line) CD. Thus, CF is a 
fourth apotome [Def. 10.14]. 

Thus, the (square) on a minor, and so on ... 

Proposition 101 

The (square) on that (straight-line) which with a ra¬ 
tional (area) makes a medial whole, applied to a rational 
(straight-line), produces a fifth apotome as breadth. 

A B G 

i-1-1 


C F N K M 



Let AB be that (straight-line) which with a ratio¬ 
nal (area) makes a medial whole, and CD a rational 
(straight-line). And let CE, equal to the (square) on AB, 
have been applied to CD, producing CF as breadth. I 
say that CF is a fifth apotome. 

Let BG be an attachment to AB. Thus, the straight¬ 
lines AG and GB are incommensurable in square, mak¬ 
ing the sum of the squares on them medial, and twice 
the (rectangle contained) by them rational [Prop. 10.77]. 
And let CH, equal to the (square) on AG, have been ap¬ 
plied to CD, and KL, equal to the (square) on GB. The 
whole of CL is thus equal to the (sum of the squares) on 
AG and GB. And the sum of the (squares) on AG and 
GB together is medial. Thus, CL is medial. And it has 
been applied to the rational (straight-line) CD, produc¬ 
ing CM as breadth. CAT is thus rational, and incommen¬ 
surable (in length) with CD [Prop. 10.22]. And since 
the whole of CL is equal to the (sum of the squares) on 
AG and GB, of which CE is equal to the (square) on 
AB, the remainder FL is thus equal to twice the (rect¬ 
angle contained) by AG and GB [Prop. 2.7]. Therefore, 
let FM have been cut in half at N. And let NO have 
been drawn through N, parallel to either of CD or AIL. 
Thus, FO and NL are each equal to the (rectangle con¬ 
tained) by AG and GB. And since twice the (rectangle 
contained) by AG and GB is rational, and [is] equal to 
FL, FL is thus rational. And it is applied to the ratio¬ 
nal (straight-line) EF, producing FAT as breadth. Thus, 
FAI is rational, and commensurable in length with CD 
[Prop. 10.20]. And since CL is medial, and FL rational, 
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ZM. xal exeI aouppsTpov ectci to duo xfjc AH to axo xfj<; 
HB, Taov 8 e to psv axo Tfj<; AH to T 0 , to 8s axo Tfj<; 
HB to KA, aauppExpov apa to T 0 to KA. A<; 8s to T 0 
xpoc; to KA, outok tj TK xpo<; tt]v KM- aauppExpoc; apa 
V) TK Tfj KM (jirixeL. exeI ouv ouo su-dslai. awrot eiaiv ai 
TM, MZ, xal tA TETapTW pspsi too axo Tfjg ZM igov xapa 
ttjv TM xapaPepXr]Tai sXXeTxov eiSsi TETpayAvcp xal sic; 
aauppETpa auxfjv Siaipel, f) apa TM t^<; MZ psT^ov 8uvaxai 
tA axo aaupp£Tpou sauTfj. xal sgtiv f) xpoaappoiljouaa f] 
ZM ouppexpoc; Tfj EXXEtpsvr] prpfj Tfj TA- f) apa TZ axoTopr) 
sgti. xsjiXTr)- oxsp sosi Ssl<;ai. 


pp'. 

To axo Tfj<; psxa psoou psaov to oXov xoiouaqc; xapa 
prjTrjv xapaf3aXX6psvov xXaToc; xoiel axoxopqv sxttjv. 

A B H 

i-1-1 


r Z N K M 



’Tcttco f] psxa psoou psoov to oXov xoiouoa f] AB, prycr) 
8s f] TA, xal tA axo xfjc; AB igov xapa ttjv TA xapa- 
PepX^aalw to TE xXaxoc; xoiouv Tqv TZ- Xsyw, oti f] TZ 
axoTopr] egtiv sxtt). 

"Eotco yap Tfj AB xpooapjio^ouaa f] BH- al apa AH, 
HB Suvapsi eiaiv aGuppsTpoi xoiouaai to te GuyxEipsvov 
ex tAv ax’ auxAv TETpayAvorv psoov xal to 81c uxo tAv 
AH, HB psoov xal aouppETpov Ta axo tAv AH, HB tA 


CL is thus incommensurable with FL. And as CL (is) to 
FL, so CM (is) to MF [Prop. 6.1]. CM is thus incom¬ 
mensurable in length with MF [Prop. 10.11]. And both 
are rational. Thus, CM and MF are rational (straight¬ 
lines which are) commensurable in square only. CF is 
thus an apotome [Prop. 10.73], So, I say that (it is) also 
a fifth (apotome). 

For, similarly (to the previous propositions), we can 
show that the (rectangle contained) by CKM is equal to 
the (square) on NM —that is to say, to the fourth part 
of the (square) on FM. And since the (square) on AG 
is incommensurable with the (square) on GB, and the 
(square) on AG (is) equal to CH, and the (square) on 
GB to KL, CH (is) thus incommensurable with KL. 
And as CH (is) to KL, so CK (is) to KM [Prop. 6.1]. 
Thus, CK (is) incommensurable in length with KAI 
[Prop. 10.11]. Therefore, since CM and MF are two un¬ 
equal straight-lines, and (some area), equal to the fourth 
part of the (square) on FM, has been applied to CM, 
falling short by a square figure, and divides it into incom¬ 
mensurable (parts), the square on CM is thus greater 
than (the square on) MF by the (square) on (some 
straight-line) incommensurable (in length) with (CM) 
[Prop. 10.18]. And the attachment FM is commensu¬ 
rable with the (previously) laid down rational (straight- 
line) CD. Thus, CF is a fifth apotome [Def. 10.15]. 
(Which is) the very thing it was required to show. 

Proposition 102 

The (square) on that (straight-line) which with a me¬ 
dial (area) makes a medial whole, applied to a rational 
(straight-line), produces a sixth apotome as breadth. 

A B G 

i-1-1 


C F N K M 



Let AB be that (straight-line) which with a me¬ 
dial (area) makes a medial whole, and CD a rational 
(straight-line). And let CE, equal to the (square) on AB, 
have been applied to CD, producing CF as breadth. I 
say that CF is a sixth apotome. 

For let BG be an attachment to AB. Thus, AG and 
GB are incommensurable in square, making the sum of 
the squares on them medial, and twice the (rectangle 
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8lc 6x6 tuv AH, HB. napaPepXricrdM ouv xapa ttjv TA tA 
pisrv axo Tfjc; AH Igov to r@ xXoltoc; xoiouv ttjv TK, tA 
8s duo TTjc BH to KA- oXov apa to EA igov egtI tou; axo 
tov AH, HB- pcoov apa [eotI] xal to EA. xal xapa pr)TT)v 
tt]v TA xapaxEixai xXoltoc; xoiouv ttjv EM- prjTf] apa egt'lv 
f) I'M xal aGuppsTpoi; Tfj TA prjxEi. sxsl ouv to TA igov 
eotI toll; a tio tAv AH, HB, Av to TE Igov tA axo Tfjc; AB, 
Xoixov apa to ZA igov sot! tA 51c 6x6 tAv AH, HB. xal 
egti. to 8l<; 6x6 tAv AH, HB [iloov xal to ZA apa psoov 
sgtlv. xal xapa prjTrjv ttjv ZE xapaxcixaL xXoltoc; xoiouv ttjv 
ZM- prjTT] apa egt'lv f] ZM xal aauppsTpoc; Tfj TA pfjxEi. xal 
sxsl toc axo tAv AH, HB aauppETpa egti tA 81c 0x6 tAv 
AH, HB, xal egti toTc psv axo tAv AH, HB igov to TA, 
tA 8e 81c uxo tAv AH, HB igov to ZA, aouppETpoc; apa 
[egti] to EA tA ZA. Ac 8s to TA xpoc; to ZA, outoc sgtIv 
f) I'M xpoc xf]v MZ- dou^(!£Tpoc apa egt'lv f) I'M Tfj MZ 
[ifjxsi. xal eigiv apcpoTEpai pr]Ta(. al I'M, MZ apa prjTal elgl 
8uvap£L povov GUji^ETpor axoTojif) apa egtIv fj TZ. Xsyo 
8f), OTl Xal EXTT). 

’Exsl yap to ZA Igov egti tA 81c 6x6 tAv AH, HB, 
TET^fjoUw 8(xa f] ZM xaxa to N, xal fjxDo 8ia tou N Tfj 
TA xapaXXrjXoc f) NS- sxaTEpov apa tAv ZS, NA Igov egti 
tA 6x6 tAv AH, HB. xal exeI al AH, HB ouvdusi eigIv 
aGUji^ETpoi, aG6^(i£Tpov apa egti to axo Tfjc AH tA axo 
Tfjc HB. aXXa tA (iev axo Tfjc AH Igov eotI to T0, tA 8e 
axo Tfjc HB Igov eotI to KA- ao6^(!£Tpov apa egtI to T0 
tA KA. Ac 8e to T0 xpoc to KA, outwc egt'lv f] TK xpoc 
ttjv KM- aou^ETpoc apa egt'lv f) TK Tfj KM. xal exe'l tAv 
axo tAv AH, HB ^legov avaXoyov egtl to 6x6 tAv AH, 
HB, xal egtl tA ^ev axo Tfjc AH Igov to T0, tA 8e axo 
Tfjc HB Igov to KA, tA 8e 6x6 tAv AH, HB Igov to NA, 
xal tAv apa T0, KA ^jlegov avaXoyov egtl to NA- egtiv apa 
Ac to T0 xpoc to NA, outcuc to NA xpoc to KA. xal 8La 
Ta auTa f) TM Tfjc MZ ^eI^ov SuvaTai tA axo aou^ETpou 
sauT^. xal ou8sTEpa auxAv GU^^tETpoc egtl Tfj ExxsifLEvr) 
prjTfj Tfj TA- fj rZ apa axoTojif] egtiv extt)- oxsp e8el 8eI5m- 


contained) by AG and GB medial, and the (sum of the 
squares) on AG and GB incommensurable with twice 
the (rectangle contained) by AG and GB [Prop. 10.78]. 
Therefore, let CH, equal to the (square) on AG, have 
been applied to CD, producing CK as breadth, and KL, 
equal to the (square) on BG. Thus, the whole of CL 
is equal to the (sum of the squares) on AG and GB. 
CL [is] thus also medial. And it is applied to the ratio¬ 
nal (straight-line) CD, producing CM as breadth. Thus, 
CM is rational, and incommensurable in length with 
CD [Prop. 10.22], Therefore, since CL is equal to the 
(sum of the squares) on AG and GB, of which CE (is) 
equal to the (square) on AB, the remainder FL is thus 
equal to twice the (rectangle contained) by AG and GB 
[Prop. 2.7]. And twice the (rectangle contained) by AG 
and GB (is) medial. Thus, FL is also medial. And it is 
applied to the rational (straight-line) FE, producing FM 
as breadth. FM is thus rational, and incommensurable 
in length with CD [Prop. 10.22]. And since the (sum 
of the squares) on AG and GB is incommensurable with 
twice the (rectangle contained) by AG and GB, and CL 
equal to the (sum of the squares) on AG and GB, and 
FL equal to twice the (rectangle contained) by AG and 
GB, CL [is] thus incommensurable with FL. And as CL 
(is) to FL, so CM is to MF [Prop. 6.1]. Thus, CM is 
incommensurable in length with MF [Prop. 10.11]. And 
they are both rational. Thus, CM and MF are rational 
(straight-lines which are) commensurable in square only. 
CF is thus an apotome [Prop. 10.73]. So, I say that (it 
is) also a sixth (apotome). 

For since FL is equal to twice the (rectangle con¬ 
tained) by AG and GB, let FM have been cut in half 
at N, and let NO have been drawn through N, parallel 
to CD. Thus, FO and NL are each equal to the (rect¬ 
angle contained) by AG and GB. And since AG and GB 
are incommensurable in square, the (square) on AG is 
thus incommensurable with the (square) on GB. But, 
CH is equal to the (square) on AG, and KL is equal 
to the (square) on GB. Thus, CH is incommensurable 
with KL. And as CH (is) to KL, so CK is to KM 
[Prop. 6.1]. Thus, CK is incommensurable (in length) 
with KM [Prop. 10.11], And since the (rectangle con¬ 
tained) by AG and GB is the mean proportional to the 
(squares) on AG and GB [Prop. 10.21 lem.], and CH 
is equal to the (square) on AG, and KL equal to the 
(square) on GB, and NL equal to the (rectangle con¬ 
tained) by AG and GB, NL is thus also the mean pro¬ 
portional to CH and KL. Thus, as CM is to NL, so NL 
(is) to KL. And for the same (reasons as the preced¬ 
ing propositions), the square on CM is greater than (the 
square on) MF by the (square) on (some straight-line) 
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H xf axoxopf pfxei auppexpoc axoxopf eaxL xal xf 
xa^ei f auxf. 

A BE 

i-1-1 

r a z 

i-1-1 

’'Eotm axoxopf f) AB, xod xf) AB pfxei auppexpoc eaxor 
f TA- Xeya>, oxi xal f FA axoxopf eaxL xal xf xac;ei f auxf 
xfj AB. 

’Exel yap axoxopf eaxLv f AB, eaxw auxf xpo- 
aappo^ouaa f) BE- ai AE, EB apa prjxai eiai 8uvapei povov 
auppexpoi. xal xA xfj<; AB xpoc; xfv TA Aoycp 6 auxoc; 
yeyovexu) 6 xfj<; BE xpoc; xfv AZ- xal A<; ev apa xpoc; ev, 
xavxa [eaxl] xpoc; xavxa- eaxiv apa xal Ac; oXrj f) AE xpoc; 
oXr]v xfv TZ, ouxoc; f AB xpoc; xfv TA. auppexpo? oe f AB 
xfj TA pfxer auppexpoc; apa xal f) AE pev xfj TZ, f) 8s BE 
xfj AZ. xal ai AE, EB prjxai eiai 5uvapei povov auppexpoi- 
xal ai TZ, ZA apa prjxai eioi Buvapei povov auppexpoi [axo- 
xopf apa eaxiv f] TA. Xeyo 5f, oxi xal xf xac;ei f) auxf) xfj 
AB], 

Tkei ouv eaxiv A<; f) AE xpoc; xfv TZ, ouxok f) BE xpoc; 
xf]v AZ, evaXAac; apa eaxiv Ac; f) AE xpoc; xfv EB, ouxgx; 
f) TZ xpoc; xfv ZA. fxoi 5f) f) AE xfj<; EB pel^ov Buvaxai 
xA axo auppexpou eauxfj fj xA axo aauppexpou. ei pev ouv 
f) AE xrjc; EB pel^ov Ouvaxai xA axo auppexpou eauxfj, xal 
f) TZ xfjg ZA pel^ov 5uvf)aexai xA axo auppexpou eauxfj. 
xal ei pev auppexpoc; eaxiv f) AE xfj exxeipevr) prjxfj pfxei, 
xal f TZ, ei 8e f) BE, xal f) AZ, ei 8e ouBexepa xAv AE, 
EB, xal ouBexepa xAv TZ, ZA. ei oe f] AE [xfj<; EB] pei^ov 
Buvaxai xA axo aauppexpou eauxf, xal f) TZ xfj<; ZA pei^ov 
Buvfaexai xA axo aauppexpou eauxfj. xal ei pev auppexpoc; 
eaxiv f AE xf exxeipevr) prjxf pfxei, xal f TZ, ei 8e f BE, 
xal fj AZ, ei 8e ouBexepa xAv AE, EB, ouBexepa xAv TZ, 
ZA. 

Axoxopf apa eaxiv f TA xal xf xa^ei f auxf xf AB- 
oxep e8ei SeFjoa. 


incommensurable (in length) with {CM) [Prop. 10.18]. 
And neither of them is commensurable with the (previ¬ 
ously) laid down rational (straight-line) CD. Thus, CF 
is a sixth apotome [Def. 10.16]. (Which is) the very thing 
it was required to show. 

Proposition 103 

A (straight-line) commensurable in length with an 
apotome is an apotome, and (is) the same in order. 

A BE 

i-1-1 

C D F 

i-1-1 

Let AB be an apotome, and let CD be commensu¬ 
rable in length with AB. I say that CD is also an apo¬ 
tome, and (is) the same in order as AB. 

For since AB is an apotome, let BE be an attachment 
to it. Thus, AE and EB are rational (straight-lines which 
are) commensurable in square only [Prop. 10.73]. And 
let it have been contrived that the (ratio) of BE to DF 
is the same as the ratio of AB to CD [Prop. 6.12], Thus, 
also, as one is to one, (so) all [are] to all [Prop. 5.12]. 
And thus as the whole AE is to the whole CF, so AB 
(is) to CD. And AB (is) commensurable in length with 
CD. AE (is) thus also commensurable (in length) with 
CF, and BE with DF [Prop. 10.11], And AE and 
BE are rational (straight-lines which are) commensu¬ 
rable in square only. Thus, CF and FD are also rational 
(straight-lines which are) commensurable in square only 
[Prop. 10.13]. [CD is thus an apotome. So, I say that (it 
is) also the same in order as AB.] 

Therefore, since as AE is to CF, so BE (is) to 
DF, thus, alternately, as AE is to EB, so CF (is) to 
FD [Prop. 5.16]. So, the square on AE is greater 
than (the square on) EB either by the (square) on 
(some straight-line) commensurable, or by the (square) 
on (some straight-line) incommensurable, (in length) 
with {AE). Therefore, if the (square) on AE is greater 
than (the square on) EB by the (square) on (some 
straight-line) commensurable (in length) with {AE) then 
the square on CF will also be greater than (the square 
on) FD by the (square) on (some straight-line) commen¬ 
surable (in length) with {CF) [Prop. 10.14]. And if AE 
is commensurable in length with a (previously) laid down 
rational (straight-line) then so (is) CF [Prop. 10.12], 
and if BE (is commensurable), so (is) DF, and if nei¬ 
ther of AE or EB (are commensurable), neither (are) 
either of CF or FD [Prop. 10.13], And if the (square) 
on AE is greater [than (the square on) EB] by the 
(square) on (some straight-line) incommensurable (in 
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'H xfj psar]; axoxopfj auppsxpo; psar); axoxopf) saxi 
xal xf) xaljsi f\ ami]. 

A BE 

i-1-1 

r a z 

i-1-1 

’'Eaxw pear]; axoxopf] f] AB, xal xfj AB pfjxsi auppsxpo; 
saxto fj FA- Xsya>, oxi xal f) TA psar); axoxopr] saxi xal xfj 
xa^si f) auxr) xfj AB. 

’Enel yap psar]; axoxopf] saxiv f] AB, saxa> auxfj xpo- 
aappo((ouaa f] EB. al AE, EB apa psaai sial Suvapsi povov 
auppsxpoi. xal ysyovsxw Ac; f) AB xpo; xf]v TA, ouxor; f] 
BE xpo; xfjv AZ- auppsxpo; apa [saxl] xal f) AE xfj TZ, 
f) 8s BE xfj AZ. al 8s AE, EB psaai dal 8uvapsi povov 
auppsxpor xal al TZ, ZA apa psaai dal 8uvapsi povov 
auppsxpor psar]; apa axoxopf) saxiv f) TA. Xsyo 8fj, oxi 
xal xfj xaljsi saxiv f) auxr) xfj AB. 

’Exsl [yap] saxiv Ac; f) AE xpo; xrjv EB, ouxor; f] TZ 
xpo; xfjv ZA [aXX’ A; psv f] AE xpo; xf]v EB, ouxo; xo 
axo xfj; AE xpo; xo uxo xAv AE, EB, A; 8s f) TZ xpo; xf)v 
ZA, ouxor; xo axo xfjc; TZ xpo; xo 0x6 xAv TZ, ZA], saxiv 
apa xal Ac; xo axo xfj; AE xpoc; xo 0x6 xAv AE, EB, ouxa>; 
xo axo xfjc; TZ xpoc; xo 0x6 xAv TZ, ZA [xal svaXXac; A; 
xo axo xfj; AE xpo; xo axo xfj; TZ, ouxw; xo 0x6 xAv AE, 
EB xpo; xo 0x6 xAv TZ, ZA]. auppsxpov 8s xo axo xfj; AE 
xA axo xfj; TZ- auppsxpov apa saxl xal xo 0x6 xAv AE, 
EB xA 0x6 xAv TZ, ZA. si'xs oov prjxov saxi xo 0x6 xAv 
AE, EB, prprov saxai xal xo 0x6 xAv TZ, ZA, sixs psaov 
[saxl] xo 0x6 xAv AE, EB, psaov [saxl] xal xo 0x6 xAv TZ, 
ZA. 

Msar); apa axoxopf] saxiv f) TA xal xfj xa^si f) auxf) xfj 
AB- oxsp sSsi 8sT?ai. 


length) with {AE) then the (square) on CF will also 
be greater than (the square on) FD by the (square) on 
(some straight-line) incommensurable (in length) with 
{CF) [Prop. 10.14]. And if AE is commensurable in 
length with a (previously) laid down rational (straight- 
line), so (is) CF [Prop. 10.12], and if BE (is com¬ 
mensurable), so (is) DF, and if neither of AE or EB 
(are commensurable), neither (are) either of CF or FD 
[Prop. 10.13], 

Thus, CD is an apotome, and (is) the same in order 
as AB [Defs. 10.11—10.16]. (Which is) the very thing it 
was required to show. 

Proposition 104 

A (straight-line) commensurable (in length) with an 
apotome of a medial (straight-line) is an apotome of a 
medial (straight-line), and (is) the same in order. 

A BE 

i-1-1 

C D F 

i-1-1 

Let AB be an apotome of a medial (straight-line), and 
let CD be commensurable in length with AB. I say that 
CD is also an apotome of a medial (straight-line), and 
(is) the same in order as AB. 

For since AB is an apotome of a medial (straight- 
line), let EB be an attachment to it. Thus, AE and 
EB are medial (straight-lines which are) commensurable 
in square only [Props. 10.74, 10.75], And let it have 
been contrived that as AB is to CD, so BE (is) to DF 
[Prop. 6.12]. Thus, AE [is] also commensurable (in 
length) with CF, and BE with DF [Props. 5.12, 10.11]. 
And AE and EB are medial (straight-lines which are) 
commensurable in square only. CF and FD are thus 
also medial (straight-lines which are) commensurable in 
square only [Props. 10.23, 10.13]. Thus, CD is an apo¬ 
tome of a medial (straight-line) [Props. 10.74, 10.75]. 
So, I say that it is also the same in order as AB. 

[For] since as AE is to EB, so CF (is) to FD 
[Props. 5.12, 5.16] [but as AE (is) to EB, so the (square) 
on AE (is) to the (rectangle contained) by AE and EB, 
and as CF (is) to FD, so the (square) on CF (is) to 
the (rectangle contained) by CF and FD), thus as the 
(square) on AE is to the (rectangle contained) by AE 
and EB, so the (square) on CF also (is) to the (rectan¬ 
gle contained) by CF and FD [Prop. 10.21 lem.] [and, 
alternately, as the (square) on AE (is) to the (square) 
on CF, so the (rectangle contained) by AE and EB (is) 
to the (rectangle contained) by CF and FD]. And the 
(square) on AE (is) commensurable with the (square) 


408 




ETOIXEIfiN t'. 


ELEMENTS BOOK 10 


pel 

'H xfj eXaaaovL auppcxpoi; eXaaaojv egxiv. 

A BE 

i-1-1 

r a z 

i-1-1 

’'Eaxw yap eXaacxov f] AB xal xfj AB auppcxpoc; f\ TA- 
Xeyo, oxi xal f] TA sXaaawv egxiv. 

TsyovExo yap xa auxcr xal exe! a! AE, EB Buvapsi siolv 
dauppsxpoi, xal ai TZ, ZA apa Buvapsi s’lalv aauppExpoi. 
exe! ouv sgxlv A<; f] AE xpoc; xf]v EB, ouxax; rj TZ xpoc; 
xfjv ZA, saxiv apa xal Ac; xo axo xfjc; AE xpoc; xo axo xfjc; 
EB, ouxcog xo axo xfjc; EZ xpoc; xo axo xfjc; ZA. auvdsvxi 
apa saxiv Ac; xa axo xuv AE, EB xpoc; xo axo xfjc; EB, 
ouxcoc; xa axo xc5v TZ, ZA xpoc; xo axo xfjc; ZA [xal 
EvaXXac;]' auppsxpov Be saxi xo axo xfjc; BE xA axo xfjc; AZ- 
auppsxpov apa xal xo auyxEipsvov ex xAv axo xAv AE, EB 
xsxpayAvwv xA auyxEiptEvw ex xAv axo xAv TZ, ZA xs- 
xpayAvtov. prpov Be ectxi xo auyxslpEvov ex xAv axo xAv 
AE, EB xExpayAvwv prjxov apa saxl xal xo auyx£i(i£vov 
ex xAv axo xAv TZ, ZA xsxpayAvwv. xaXi.v, exei saxiv Ac; 
xo axo xfjc; AE xpoc; xo uxo xAv AE, EB, ouxck xo axo 
xfjc; rZ xpoc; xo 0x6 xAv TZ, ZA, au(ipi£xpov Be xo axo xfjc; 
AE xsxpaywvov xA axo xfjc; TZ xsxpayAvw, auptpiExpov apa 
saxl xal xo 0x6 xAv AE, EB xA 0x6 xAv TZ, ZA. pisaov 
Be xo 0x6 xAv AE, EB' (isaov apa xal xo 0x6 xAv TZ, ZA' 
al rZ, ZA apa Buvoqisi sialv daujiptExpoi xoiouaai xo (isv 
auyxslptsvov ex xAv ax’ aOxAv xsxpayAvoov prjxov, xo B’ 
Ox’ auxAv pisoov. 

’EXaaawv apa saxiv fj TA- oxsp eBei. BsT^ai. 


on CF. Thus, the (rectangle contained) by AE and EB 
is also commensurable with the (rectangle contained) by 
CF and FD [Props. 5.16, 10.11]. Therefore, either the 
(rectangle contained) by AE and EB is rational, and the 
(rectangle contained) by CF and FD will also be ratio¬ 
nal [Def. 10.4], or the (rectangle contained) by AE and 
EB [is] medial, and the (rectangle contained) by CF and 
FD [is] also medial [Prop. 10.23 corr.]. 

Therefore, CD is the apotome of a medial (straight- 
line), and is the same in order as AB [Props. 10.74, 
10.75]. (Which is) the very thing it was required to show. 

Proposition 105 

A (straight-line) commensurable (in length) with a 
minor (straight-line) is a minor (straight-line). 

A BE 

i-1-1 

C D F 

i-1-1 

For let AB be a minor (straight-line), and (let) CD 
(be) commensurable (in length) with AB. I say that CD 
is also a minor (straight-line). 

For let the same things have been contrived (as in 
the former proposition). And since AE and EB are 
(straight-lines which are) incommensurable in square 
[Prop. 10.76], CF and FD are thus also (straight-lines 
which are) incommensurable in square [Prop. 10.13]. 
Therefore, since as AE is to EB, so CF (is) to FD 
[Props. 5.12, 5.16], thus also as the (square) on AE is 
to the (square) on EB, so the (square) on CF (is) to the 
(square) on FD [Prop. 6.22]. Thus, via composition, as 
the (sum of the squares) on AE and EB is to the (square) 
on EB, so the (sum of the squares) on CF and FD (is) to 
the (square) on FD [Prop. 5.18], [also alternately]. And 
the (square) on BE is commensurable with the (square) 
on DF [Prop. 10.104]. The sum of the squares on AE 
and EB (is) thus also commensurable with the sum of the 
squares on CF and FD [Prop. 5.16, 10.11], And the sum 
of the (squares) on AE and EB is rational [Prop. 10.76]. 
Thus, the sum of the (squares) on CF and FD is also 
rational [Def. 10.4]. Again, since as the (square) on 
AE is to the (rectangle contained) by AE and EB, so 
the (square) on CF (is) to the (rectangle contained) by 
CF and FD [Prop. 10.21 lem.], and the square on AE 
(is) commensurable with the square on CF, the (rect¬ 
angle contained) by AE and EB is thus also commen¬ 
surable with the (rectangle contained) by CF and FD. 
And the (rectangle contained) by AE and EB (is) me¬ 
dial [Prop. 10.76]. Thus, the (rectangle contained) by 
CF and FD (is) also medial [Prop. 10.23 corr.]. CF and 
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'H xfj pexa prjxou peaov xo oXov xoiouarj auppexpoi; 
pexa prjxou peaov xo oXov xoiouaa eaxiv. 

A BE 

i-1-1 

r a z 

i-1-1 

’'Eaxw pexa prjxou peaov xo oXov xoiouaa fj AB xai xfj 
AB auppexpoc fj TA- Xeya>, oxi xai fj TA pexa prjxou peaov 
xo oXov xoiouaa eaxiv. 

’Tlaxa) yap xfj AB xpoaappoi^ouaa fj BE - ai AE, EB apa 
Suvapei eiaiv aauppexpoi xoiouaai xo pev auyxeipevov ex 
xAv axo xAv AE, EB xexpayAvorv peaov, xo 8’ Ox’ auxAv 
prjxov. xai xa auxa xaxeaxeuaabM. opoiGK Sfj oei^opsv xou; 
xpoxepov, oxi ai TZ, ZA ev xA auxA Xoyor etol xal<; AE, 
EB, xai aupjiexpov saxi xo auyxsijxsvov ex xAv axo xAv 
AE, EB xexpayAvcov xA auyxeijxevcr ex xAv axo xAv TZ, 
ZA xexpayAvcrv, xo 8e 0x6 xAv AE, EB xA 0x6 xAv TZ, 
ZA- Aaxe xai ai FZ, ZA 8uvapei eiaiv aaupjiexpoi xoiouoai 
xo (lev auyxeijxevov ex xAv axo xAv TZ, ZA xexpayAvcrv 
peoov, xo 8’ Ox’ aOxAv prjxov. 

'H TA apa (lexa prjxou jxeaov xo oXov xoiouaa eaxiv 
oxep e8ei Bei^ai. 


PC- 

'H xfj (iexa (ieaou (ieaov xo oXov xoiouarj aujijxexpoi; 
xai auxfj (iexa (ieaou (ieaov xo oXov xoiouaa eaxiv. 

A BE 

i-1-1 

r a z 

i-1-1 

’'Eaxw ji£xa jxeaou peaov xo oXov xoiouaa fj AB, xai xfj 


FD are thus (straight-lines which are) incommensurable 
in square, making the sum of the squares on them ratio¬ 
nal, and the (rectangle contained) by them medial. 

Thus, CD is a minor (straight-line) [Prop. 10.76]. 
(Which is) the very thing it was required to show. 

Proposition 106 

A (straight-line) commensurable (in length) with a 
(straight-line) which with a rational (area) makes a me¬ 
dial whole is a (straight-line) which with a rational (area) 
makes a medial whole. 

A BE 

i-1-1 

C D F 

i-1-1 

Let AB be a (straight-line) which with a rational 
(area) makes a medial whole, and (let) CD (be) com¬ 
mensurable (in length) with AB. I say that CD is also a 
(straight-line) which with a rational (area) makes a me¬ 
dial (whole). 

For let BE be an attachment to AB. Thus, AE and 
EB are (straight-lines which are) incommensurable in 
square, making the sum of the squares on AE and EB 
medial, and the (rectangle contained) by them rational 
[Prop. 10.77]. And let the same construction have been 
made (as in the previous propositions). So, similarly to 
the previous (propositions), we can show that CF and 
FD are in the same ratio as AE and EB, and the sum of 
the squares on AE and EB is commensurable with the 
sum of the squares on CF and FD, and the (rectangle 
contained) by AE and EB with the (rectangle contained) 
by CF and FD. Hence, CF and FD are also (straight¬ 
lines which are) incommensurable in square, making the 
sum of the squares on CF and FD medial, and the (rect¬ 
angle contained) by them rational. 

CD is thus a (straight-line) which with a rational 
(area) makes a medial whole [Prop. 10.77]. (Which is) 
the very thing it was required to show. 

Proposition 107 

A (straight-line) commensurable (in length) with a 
(straight-line) which with a medial (area) makes a me¬ 
dial whole is itself also a (straight-line) which with a me¬ 
dial (area) makes a medial whole. 

A BE 

i-1-1 

C D F 

i-1-1 

Let AB be a (straight-line) which with a medial (area) 


410 




ETOIXEIfiN i'. 


ELEMENTS BOOK 10 


AB eoxw au(i(i£xpoc f) TA- Xeyw, oxi xal f) TA pexa peoou 
peoov xo oXov Koiouaa saxiv. 

’'Ectxw yap xfj AB xpooappoi^ouGa f) BE, xal xa auxa 
xaxeaxsuaa'dw ai AE, EB apa Suvapei elolv aouppexpoi 
xoiouoai xo xs Guyxeipevov ex xAv an’ auxAv xexpayAvorv 
peaov xal xo Ox’ auxAv peaov xal ext aouppexpov xo 
ouyxeipevov ex xAv ax’ auxAv xexpayAvcov xA Ox’ auxAv. 
xai eioiv, A? sheiy-dr], al AE, EB ouppexpoi xau; TZ, ZA, 
xal xo ouyxeipevov ex xAv axo xAv AE, EB xexpayAvorv 
xA ouyxeipevw ex xAv axo xAv TZ, ZA, xo 8e 0x6 xAv 
AE, EB xA 0x6 xAv TZ, ZA- xal al TZ, ZA apa 8uvapei 
eioiv aouppexpoi xoiouoai xo xe ouyxeipevov ex xAv ax’ 
aoxAv xexpayAvorv peoov xal xo Ox’ auxAv peoov xal 
exi aouppexpov xo auyxeipevov ex xAv ax’ aOxAv [xe- 
xpayAvcov] xA Ox’ aoxAv. 

H TA apa pexa peoou peoov xo oXov xoiouoa eaxiv 
oxep e8ei BeT^ai. 


pr]'. 

’Axo prjxou peoou acpaipoupevou V) xo Xoixov ywpiov 
8uvapevrj pia 80o aXoywv yivexai rjxoi axoxoprj fj eXaooorv. 

A E B 


A H 


0 K Z 


T A 

’Axo yap prjxou xou BT peoov acprjpfjaba) xo BA- Xeyto, 
oxi rj xo Xoixov 8uvapevrj xo Er pia Suo aXoyorv yivexai 
rjxoi axoxoprj fj eXaoocov. 

’Exxeio-dor yap prjxfj f) ZH, xal xA pev BT ioov xapa xfjv 
ZH xapapepXrjO'Ow opboyAviov xapaXXrjXoypappov xo H0, 
xA Se AB laov acprjpfjo-dor xo HK- Xoixov apa xo Er ioov 
eoxl xA A0. exel ouv prjxov pev eoxi xo Br, peoov Se xo 
BA, ’(aov 8e xo pev Br xA H0, xo 8e BA xA HK, prjxov pev 
apa eaxl xo H0, peoov 8e xo HK. xal xapa prjxfjv xfjv ZH 
xapaxeixai- prjxfj pev apa fj Z0 xal ouppexpo? xfj ZH pfjxei, 
prjxfj 8e fj ZK xal aouppexpoi; xfj ZH pfjxer aouppexpo; apa 


makes a medial whole, and let CD be commensurable (in 
length) with AB. I say that CD is also a (straight-line) 
which with a medial (area) makes a medial whole. 

For let BE be an attachment to AB. And let the same 
construction have been made (as in the previous propo¬ 
sitions). Thus, AE and EB are (straight-lines which 
are) incommensurable in square, making the sum of the 
squares on them medial, and the (rectangle contained) 
by them medial, and, further, the sum of the squares on 
them incommensurable with the (rectangle contained) by 
them [Prop. 10.78]. And, as was shown (previously), AE 
and EB are commensurable (in length) with CF and FD 
(respectively), and the sum of the squares on AE and 
EB with the sum of the squares on CF and FD, and 
the (rectangle contained) by AE and EB with the (rect¬ 
angle contained) by CF and FD. Thus, CF and FD 
are also (straight-lines which are) incommensurable in 
square, making the sum of the squares on them medial, 
and the (rectangle contained) by them medial, and, fur¬ 
ther, the sum of the [squares] on them incommensurable 
with the (rectangle contained) by them. 

Thus, CD is a (straight-line) which with a medial 
(area) makes a medial whole [Prop. 10.78]. (Which is) 
the very thing it was required to show. 

Proposition 108 

A medial (area) being subtracted from a rational 
(area), one of two irrational (straight-lines) arise (as) the 
square-root of the remaining area—either an apotome, or 
a minor (straight-line). 

A E B 


L G 


H K F 


C D 

For let the medial (area) BD have been subtracted 
from the rational (area) BC. I say that one of two ir¬ 
rational (straight-lines) arise (as) the square-root of the 
remaining (area), EC —either an apotome, or a minor 
(straight-line). 

For let the rational (straight-line) FG have been laid 
out, and let the right-angled parallelogram GH, equal to 
BC, have been applied to FG, and let GK, equal to DB, 
have been subtracted (from GH). Thus, the remainder 
EC is equal to LH. Therefore, since BC is a rational 
(area), and BD a medial (area), and BC (is) equal to 
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eaxiv f) Z0 xfj ZK [J.fjxei. ai Z0, ZK apa prjxai eiai Suvapei 
povov auppexpov axoxopfj apa eaxiv fj K0, xpoaappo^ouaa 
8s auxfj f) KZ. fjxoi 8f) fj 0Z xfjc; ZK peTCov Suvaxai xw axo 
auppexpou fj ou. 

AuvaaOu) xpoxepov xw axo auppexpou. xai eaxiv 6Xrj rj 
0Z auppexpoc xfj exxeipevjrj prjxfj pfjxei xfj ZH- axoxopfj apa 
xpcoxrj eaxiv fj K0. xo 8’ 0x6 prjxfjc xal axoxopfjc; xpwxrjc; 
xepiexopevov fj Suvapevr] axoxopfj Eaxiv. f) apa xo A0, 
xouxeaxL xo Er, 8uvapevrj axoxopfj eaxiv. 

Ei Se f) 0Z xfjc ZK peTCov Suvaxai tw axo aauppexpou 
eauxfj, xai eaxiv okrj f) Z0 auppexpoc xfj exxeipevjrj prjxfj 
pfjxei xfj ZH, axoxopfj xexapxrj eaxiv fj K0. xo 8’ uxo prjxfjc 
xai axoxopfjc xexdpxrjc xepiexopevov fj 8uvapevrj eXaaawv 
eaxiv oxep eSei SeT^ai. 


pi)'. 

’Axo peaou prjxou acpaipoupevou aXXai Suo aXoyoi 
yivovxai fjxoi pearjc axoxopfj xpwxrj fj pexa prjxou peaov 
xo oXov xoiouaa. 

’Axo yap peaou xou Br prjxov acprjpfja'dto xo BA. Xeyto, 
oxi fj xo Xoixov xo Er Suvapevrj (lia 8uo aXoyorv yivexai 
fjxoi piearjc; axoxopfj xpwxrj fj pexa prjxou peaov xo oXov 
xoiouaa. 

’Exxeiadat yap prjxfj fj ZH, xal xapaf3e(3Xfjada> opoiux; xa 
X^pia. eaxi 8fj axoXouOcoc; prjxfj pev fj Z0 xal aauppexpoc 
xfj ZH pfjxei, prjxfj Se fj KZ xal auppexpoc xfj ZH pfjxei- a'l 
Z0, ZK apa prjxai eiai Suvapei povov auppexpoi- axoxopfj 
apa eaxiv fj K0, xpoaappo^ouaa 8e xauxrj fj ZK. fjxoi 8fj fj 
0Z xfjc ZK pei£ov 8uvaxai x£3 axo auppexpou eauxfj fj xw 
axo aauppexpou. 


GH, and BD to GK, GH is thus a rational (area), and 
GK a medial (area). And they are applied to the rational 
(straight-line) FG. Thus, FH (is) rational, and commen¬ 
surable in length with FG [Prop. 10.20], and FK (is) 
also rational, and incommensurable in length with FG 
[Prop. 10.22], Thus, FH is incommensurable in length 
with FK [Prop. 10.13]. FH and FK are thus rational 
(straight-lines which are) commensurable in square only. 
Thus, KH is an apotome [Prop. 10.73], and KF an at¬ 
tachment to it. So, the square on HF is greater than 
(the square on) FK by the (square) on (some straight- 
line which is) either commensurable, or not (commensu¬ 
rable), (in length with HF). 

First, let the square (on it) be (greater) by the 
(square) on (some straight-line which is) commensurable 
(in length with HF). And the whole of HF is com¬ 
mensurable in length with the (previously) laid down 
rational (straight-line) FG. Thus, KH is a first apotome 
[Def. 10.1]. And the square-root of an (area) contained 
by a rational (straight-line) and a first apotome is an apo¬ 
tome [Prop. 10.91]. Thus, the square-root of LH —that 
is to say, (of) EC —is an apotome. 

And if the square on HF is greater than (the square 
on) FK by the (square) on (some straight-line which is) 
incommensurable (in length) with (HF), and (since) the 
whole of FH is commensurable in length with the (pre¬ 
viously) laid down rational (straight-line) FG, KH is a 
fourth apotome [Prop. 10.14]. And the square-root of an 
(area) contained by a rational (straight-line) and a fourth 
apotome is a minor (straight-line) [Prop. 10.94]. (Which 
is) the very thing it was required to show. 

Proposition 109 

A rational (area) being subtracted from a medial 
(area), two other irrational (straight-lines) arise (as the 
square-root of the remaining area)—either a first apo¬ 
tome of a medial (straight-line), or that (straight-line) 
which with a rational (area) makes a medial whole. 

For let the rational (area) BD have been subtracted 
from the medial (area) BC. I say that one of two ir¬ 
rational (straight-lines) arise (as) the square-root of the 
remaining (area), EC —either a first apotome of a medial 
(straight-line), or that (straight-line) which with a ratio¬ 
nal (area) makes a medial whole. 

For let the rational (straight-line) FG be laid down, 
and let similar areas (to the preceding proposition) have 
been applied (to it). So, accordingly, FH is rational, and 
incommensurable in length with FG, and KF (is) also 
rational, and commensurable in length with FG. Thus, 
FH and FK are rational (straight-lines which are) corn- 
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A AT 

1 

T A 


Ei psv ouv f] 0Z xrjc ZK psi£ov 8uvocxai xcp axo 
auppsxpou sauxYj, xad saxiv Y] xpoaappoi^ouaa Y] ZK 
auppsxpoi; xfj sxxsipsvy] prjxf) pYjxsi xfj ZH, axoxopf] 8suxspa 
saxiv f) K0. pr)xr) 8s fj ZH- oaxs Y) xo A0, xouxsaxL xo ET, 
8uvapsvY] psaY]<; axoxopf) xpwxY] saxiv. 

Ei 8s Y] 0Z xfj<; ZK psl^ov 8uvaxai xo axo aauppsxpou, 
xai saxiv f] xpoaappoi^ouaa f] ZK auppsxpoc; xfj sxxsipevy) 
pY)xfj pfjxsi xfj ZH, axoxopf] xspxxY] saxiv Y) K0- oaxs f) 
xo Er Suvapsvy) psxa pypou psaov xo oXov xoiouaa saxiv 
oxsp s8si SslEjai. 


pi'. 

Axo psaou psaou acpaipoupsvou aauppsxpou xfi) oXto ai 
Xoixal Suo aXoyoi yivovxai ijxoi psaY)<; axoxopf] 8suxspa fj 
psxa (isaou psaov xo oXov xoiouaa. 

AcpTip^a-do yap A<; sxl xov xpoxsipsvorv xaxaypacpov 
and (isaou xou BT psaov xo BA aauppsxpov xo oXcr Xsya>, 
oxi Y) xo Er 8uvapsvY] pia saxl Suo aXoywv fjxoi psaY]<; axo¬ 
xopf] Ssuxspa fj psxa psaou psaov xo oXov xoiouaa. 


mensurable in square only [Prop. 10.13]. I\H is thus 
an apotome [Prop. 10.73], and FK an attachment to it. 
So, the square on HF is greater than (the square on) FK 
either by the (square) on (some straight-line) commensu¬ 
rable (in length) with (HF), or by the (square) on (some 
straight-line) incommensurable (in length with HF). 

B E F K H 



G L 

Therefore, if the square on HF is greater than (the 
square on) FK by the (square) on (some straight-line) 
commensurable (in length) with (HF), and (since) the 
attachment FK is commensurable in length with the 
(previously) laid down rational (straight-line) FG, KH 
is a second apotome [Def. 10.12], And FG (is) rational. 
Hence, the square-root of LH —that is to say, (of) EC —is 
a first apotome of a medial (straight-line) [Prop. 10.92]. 

And if the square on HF is greater than (the square 
on) FK by the (square) on (some straight-line) incom¬ 
mensurable (in length with HF), and (since) the attach¬ 
ment FK is commensurable in length with the (previ¬ 
ously) laid down rational (straight-line) FG, KH is a 
fifth apotome [Def. 10.15]. Hence, the square-root of EC 
is that (straight-line) which with a rational (area) makes 
a medial whole [Prop. 10.95], (Which is) the very thing 
it was required to show. 

Proposition 110 

A medial (area), incommensurable with the whole, 
being subtracted from a medial (area), the two remaining 
irrational (straight-lines) arise (as) the (square-root of 
the area)—either a second apotome of a medial (straight- 
line), or that (straight-line) which with a medial (area) 
makes a medial whole. 

For, as in the previous figures, let the medial (area) 
BD, incommensurable with the whole, have been sub¬ 
tracted from the medial (area) BC. I say that the square- 
root of EC is one of two irrational (straight-lines)— 
either a second apotome of a medial (straight-line), or 
that (straight-line) which with a medial (area) makes a 
medial whole. 
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’Etc! yap piaov Eaxlv Exaxcpov xwv BT, BA, xal 
aauppExpov to Br xA BA, Eaxai dxoXouAcoc; prjxr] Exaxcpa 
ifiv Z0, ZK xal aauppExpoc; xfj ZH pf|XEi. xal exeI 
aauppExpov ectxi xo Br xA BA, xouxsaxi to H0 xA HK, 
aauppExpoc; xal f] 0Z xfj ZK- ai Z0, ZK apa pqxai stat 
BuvapEL povov auppsxpor axoxopf] apa saxlv f) K0 [xpo- 
aappoi^ouaa Be f) ZK. rjxoi 8f] f) Z0 xfj<; ZK psT^ov Buvaxai 
xA axo auppsxpou fj xA axo aauppsxpou sauxfj]. 

Ei psv Br) f) Z0 Tr\z ZK psT^ov Buvaxai xA axo 
auppsxpou sauxfj, xal oinlExspa xAv Z0, ZK auppsxpoc; 
saxi xfj EXXEipspvr] pqxfj pqxsi xfj ZH, axoxopf) xpixr) saxlv 
f) K0. prjxf) Be f) KA, xo B’ 0x6 prjxrji; xal axoxoprji; xpixr)<; 
x£pi£xo(!£vov opboyAviov aXoyov saxiv, xal f] Buvapsvr] 
auxo aXoyoc; saxiv, xaXsTxai Be p£ar]<; axoxopf] Bsuxspa- 
Aaxs f) xo A0, xouxsaxi xo EE, Buvapsvr) psar]<; axoxopf] 
saxi Bsuxspa. 

Ei Be f) Z0 xfjg ZK psTiijov Buvaxai xA axo aauppsxpou 
sauxfj [prjxsi], xal ou-dsxspa xAv 0Z, ZK auppsxpoi; saxi 
xfj ZH (jirjxEi, axoxopf] sxxr] saxlv f) K0. xo B’ uxo prjxfjc 
xal axoxopfjc; exxt)<; f) Buvapsvr) saxi psxa psaou psaov xo 
oXov xoiouaa. f) xo A0 apa, xouxsaxi xo Er, Buvapsvr] 
psxa psaou psaov xo oXov xoiouaa saxiv oxsp sBsi BsT^ai. 


B E F K H 




For since BC and BD are each medial (areas), and 
BC (is) incommensurable with BD, accordingly, FH and 
FK will each be rational (straight-lines), and incommen¬ 
surable in length with FG [Prop. 10.22]. And since BC 
is incommensurable with BD —that is to say, GH with 
GK—HF (is) also incommensurable (in length) with 
FK [Props. 6.1, 10.11], Thus, FF[ and FK are ratio¬ 
nal (straight-lines which are) commensurable in square 
only. KH is thus as apotome [Prop. 10.73], [and FK 
an attachment (to it). So, the square on FH is greater 
than (the square on) FK either by the (square) on 
(some straight-line) commensurable, or by the (square) 
on (some straight-line) incommensurable, (in length) 
with ( FH ).] 

So, if the square on FH is greater than (the square 
on) FK by the (square) on (some straight-line) com¬ 
mensurable (in length) with (FH), and (since) neither of 
FH and FK is commensurable in length with the (pre¬ 
viously) laid down rational (straight-line) FG, KH is a 
third apotome [Def. 10.3]. And KL (is) rational. And 
the rectangle contained by a rational (straight-line) and 
a third apotome is irrational, and the square-root of it is 
that irrational (straight-line) called a second apotome of 
a medial (straight-line) [Prop. 10.93], Hence, the square- 
root of LH —that is to say, (of) EC —is a second apotome 
of a medial (straight-line). 

And if the square on FH is greater than (the square 
on) FK by the (square) on (some straight-line) incom¬ 
mensurable [in length] with (FH), and (since) neither of 
HF and FK is commensurable in length with FG, KH 
is a sixth apotome [Def. 10.16]. And the square-root of 
the (rectangle contained) by a rational (straight-line) and 
a sixth apotome is that (straight-line) which with a me¬ 
dial (area) makes a medial whole [Prop. 10.96]. Thus, 
the square-root of LH —that is to say, (of) EC —is that 
(straight-line) which with a medial (area) makes a me¬ 
dial whole. (Which is) the very thing it was required to 


414 







ETOIXEIfiN t'. 


ELEMENTS BOOK 10 


pia'. 

H axoxopf) oux eaxiv f] auxf] xfj ex 8uo ovopaxov. 

A ’ B 

i- 1 

A HE Z 

i-1-1-1 


r 

’'Eaxw axoxopf] fj AB- Xeyw, oxi fj AB oux eaxiv fj auxf] 
xfj ex 8uo ovopaxwv. 

E£ yap Buvaxov, saxor xal exxela-dto prjxf] f] Ar, xal xA 
axo xfjc AB laov xapa xf]v TA xapape(3Xfjaf)co op-doyAviov 
xo TE xXaxo; xoiouv xf]v AE. exel ouv axoxopf] eaxiv fj AB, 
axoxopf] xpAxr] eaxiv fj AE. eaxu auxfj xpoaappoi^ouaa f) 
EZ- al AZ, ZE apa prjxal eiai Buvapei povov auppexpoi, xal 
fj AZ xfj; ZE pel^ov Suvaxai xA axo auppexpou eauxfj, xal f] 
AZ auppexpo; eaxi xfj exxeipevr] prjxfj pfjxei xfj AT. xaXiv, 
exel ex ouo ovopaxwv eaxiv f) AB, ex 8uo apa ovopaxwv 
xpAxr) eaxiv f] AE. Birpija-dco el; xa ovopaxa xaxa xo H, 
xal eaxo peli(ov ovopa xo AH- al AH, HE apa prjxal eiai 
Buvapei povov auppexpoi, xal f] AH xfjc; HE pel<(ov Buvaxai 
xA axo auppexpou eauxfj, xal xo pel^ov f) AH auppexpo; 
eaxi xfj exxeipevrj prjxfj pfjxei xfj Ar. xal fj AZ apa xfj AH 
auppexpo; eaxi pfjxei- xal Aoixfj apa fj HZ auppexpo; eaxi 
xfj AZ pfjxei. [exel ouv auppexpo; eaxiv fj AZ xfj HZ, prjxfj 
8e eaxiv fj AZ, prjxfj apa eaxi xal fj HZ. exel ouv auppexpo; 
eaxiv fj AZ xfj HZ (jifjxei] aauppexpo; 8e fj AZ xfj EZ (jifjxeL. 
aauppexpo; apa eaxi xal fj ZH xfj EZ pfjxei. al HZ, ZE apa 
prjxal [eiai] Buvapei povov auppexpoi- axoxopfj apa eaxiv f) 
EH. aXXa xal pTfxfj' oxep eaxiv aBuvaxov. 

'H apa axoxopfj oux eaxiv fj auxf) xfj ex 8uo ovopaxov- 
oxep e8ei BeTijai. 


show. 

Proposition 111 

An apotome is not the same as a binomial. 

A B 

i-1 

D G E F 

i - 1 - 1 - 1 


C 

Let AB be an apotome. I say that AB is not the same 
as a binomial. 

For, if possible, let it be (the same). And let a rational 
(straight-line) DC be laid down. And let the rectangle 
CE, equal to the (square) on AB, have been applied to 
CD, producing DE as breadth. Therefore, since AB is an 
apotome, DE is a first apotome [Prop. 10.97]. Let EF 
be an attachment to it. Thus, DF and FE are rational 
(straight-lines which are) commensurable in square only, 
and the square on DF is greater than (the square on) FE 
by the (square) on (some straight-line) commensurable 
(in length) with (DF), and DF is commensurable in 
length with the (previously) laid down rational (straight- 
line) DC [Def. 10.10], Again, since AB is a binomial, 
DE is thus a first binomial [Prop. 10.60]. Let (DE) have 
been divided into its (component) terms at G, and let 
DC be the greater term. Thus, DC and GE are rational 
(straight-lines which are) commensurable in square only, 
and the square on DC is greater than (the square on) 
GE by the (square) on (some straight-line) commensu¬ 
rable (in length) with (DC), and the greater (term) DC 
is commensurable in length with the (previously) laid 
down rational (straight-line) DC [Def. 10.5], Thus, DF 
is also commensurable in length with DC [Prop. 10.12]. 
The remainder GF is thus commensurable in length with 
DF [Prop. 10.15]. [Therefore, since DF is commensu¬ 
rable with GF, and DF is rational, GF is thus also ra¬ 
tional. Therefore, since DF is commensurable in length 
with GF,] DF (is) incommensurable in length with EF. 
Thus, FG is also incommensurable in length with EF 
[Prop. 10.13]. GF and FE [are] thus rational (straight¬ 
lines which are) commensurable in square only. Thus, 
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[lIopiCT^a.] 

'H axoxopf] xal ai pcx’ auxf|v aXoyoi ouxe xfj pEar] ouxe 
aXXqXau; siaiv ai auxai. 

To (iEv yap axo [xsarjc; xapa prjxqv xapaf3aXXopsvov 
xXaxoc; xoieI pqxfjv xai aauppExpov xfj, nap’ rjv xapaxsixai, 
pf|XEi, xo 8s axo axoxoprjc; xapa pr]xf]v xapapaXXopsvov 
xXaxoc; xoieI axoxopfjv xp<bxr]v, xo Ss axo psarjc; axoxoprjc; 
xpwxrjc xapa prjxfjv xapapaXXopcvov xXaxoc; xotsi axoxopfjv 
8sux£pav, xo Ss axo psarjc; axoxoprjc; Bsuxspac; xapa prjxrjv 
xapaf3aXXo(iEvov xXaxoc; xoieI axoxoprjv xpixrjv, xo 8e axo 
sXaaaovoc; xapa prjxrjv xapa[3aXX6p£vov xXaxoc; xoieI axo- 
xoprjv xExapxrjv, xo 8s axo xrjc (isxa prjxou psaov xo oXov 
xoiouarjc; xapa prjxfjv xapa[3aXX6p£vov xXaxoc; xoisl axo- 
xoprjv xEjJxxrjv, xo 8s axo xrjc; pcxa psaou psaov xo oXov 
xoiouarjc; xapa prjxfjv xapapaXXopcvov xXaxoc; xoieI axo- 
xopfjv sxxrjv. exeI ouv xa siprjpsva xXaxrj Siacpspsi xou 
xe xptoxou xal aXXrjXwv, xou psv xpcbxou, oxi prjxf] saxiv, 
aXXfjXwv Ss, exeI xfj xaljsi oux siaiv ai auxai, SfjXov, cbc; xai 
auxai ai aXoyoi 8iacp£pouaLv aXXfjXwv. xai exeI 8s8sixxai 
f] axoxopf) oux ouaa f) auxf) xfj ex Suo ovopaxwv, xoiouai 
8e xXaxrj xapa prjxfjv xapaf3aXXo(i£vai ai psxa xf]v axoxopfjv 
axoxopac; axoXouOorc; sxaaxr] xfj xac;£i xfj xaiT auxfjv, ai 8e 
(isxa xrjv ex 8uo ovopaxwv xac; ex Suo ovopaxwv xai auxai 
xfj xa^Ei axoXou'dtoc;, sxspai apa siaiv ai psxa xfjv axoxoprjv 
xai sxspai ai (isxa xf]v ex 8uo ovopaxov, (be; sivai xfj xac;£i 
xaaac; aXoyouc; ly, 


EG is an apotome [Prop. 10.73]. But, (it is) also ratio¬ 
nal. The very thing is impossible. 

Thus, an apotome is not the same as a binomial. 
(Which is) the very thing it was required to show. 

[Corollary] 

The apotome and the irrational (straight-lines) after it 
are neither the same as a medial (straight-line) nor (the 
same) as one another. 

For the (square) on a medial (straight-line), applied 
to a rational (straight-line), produces as breadth a ratio¬ 
nal (straight-line which is) incommensurable in length 
with the (straight-line) to which (the area) is applied 
[Prop. 10.22], And the (square) on an apotome, ap¬ 
plied to a rational (straight-line), produces as breadth a 
first apotome [Prop. 10.97]. And the (square) on a first 
apotome of a medial (straight-line), applied to a ratio¬ 
nal (straight-line), produces as breadth a second apotome 
[Prop. 10.98]. And the (square) on a second apotome of 
a medial (straight-line), applied to a rational (straight- 
line), produces as breadth a third apotome [Prop. 10.99]. 
And (square) on a minor (straight-line), applied to a ra¬ 
tional (straight-line), produces as breadth a fourth apo¬ 
tome [Prop. 10.100]. And (square) on that (straight-line) 
which with a rational (area) produces a medial whole, 
applied to a rational (straight-line), produces as breadth 
a fifth apotome [Prop. 10.101]. And (square) on that 
(straight-line) which with a medial (area) produces a 
medial whole, applied to a rational (straight-line), pro¬ 
duces as breadth a sixth apotome [Prop. 10.102]. There¬ 
fore, since the aforementioned breadths differ from the 
first (breadth), and from one another—from the first, be¬ 
cause it is rational, and from one another since they are 
not the same in order—clearly, the irrational (straight¬ 
lines) themselves also differ from one another. And since 
it has been shown that an apotome is not the same 
as a binomial [Prop. 10.111], and (that) the (irrational 
straight-lines) after the apotome, being applied to a ra¬ 
tional (straight-line), produce as breadth, each according 
to its own (order), apotomes, and (that) the (irrational 
straight-lines) after the binomial themselves also (pro¬ 
duce as breadth), according (to their) order, binomials, 
the (irrational straight-lines) after the apotome are thus 
different, and the (irrational straight-lines) after the bi¬ 
nomial (are also) different, so that there are, in order, 13 
irrational (straight-lines) in all: 
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Mearjv, 

’Ex Suo ovopaxoov, 

’Ex Suo (ieawv xpAxrjv, 

’Ex 5uo (ieoMv 8euxepav, 

Msii(ova, 

'PrjTov xal peaov Suvapevrjv, 

Auo peaa 8uvapsvr]v, 

Axoxopfjv, 

Mearjc; axoxopfjv xpAxrjv, 

Mearjc; axoxopfjv Beuxepav, 

’EAaaaova, 

Mexa prjxou peaov to oXov xoiouaav, 

Mexa (ieaou peaov to oXov xoiouaav. 

pif3'. 

To axo prjxfjc; xapa xfjv ex Suo ovopaxwv xapa- 
PaXXopevov xAaxoc; xoiei axoxopfjv, fj<; xa ovopaxa auppexpa 
eaxi toT; xfjc; ex 8uo ovopaxwv ovopaai xal exi ev tA auxA 
Xoyo, xal cti fj yivopsvrj axoxopfj xfjv auxfjv e^ei xa^iv Tfj 
ex 8uo ovopaxov. 



K E Z © 


’'Ecttw prjxfj psv fj A, ex 6uo ovopaxwv 8e fj BT, fj<; 
peT^ov ovopa eaxw f) AT, xal tA axo xfjc; A I'aov eaxw 
to 0x6 xAv BT, EZ- Xeyo, oxi fj EZ axoxopfj eaxiv, fjc; xa 
ovopaxa auppexpa eaxi xoic; TA, AB, xal ev xA auxA Xoyw, 
xal exi f\ EZ xfjv auxfjv e^ei xaJpv xfj BT. 

TCaTM yap xaXiv xA axo xfjc; A laov xo 0x6 xAv BA, 
H. exel ouv xo 0x6 xAv BT, EZ laov eaxi xA 0x6 xAv BA, 
H, eaxiv apa Ac; fj TB xpoc; xfjv BA, ouxcoc; fj H xpoc; xfjv 
EZ. peii(cov 8e fj TB xfjc; BA- peiC^iov apa eaxi xal fj H xfjc; 
EZ. eaxco xfj H larj f) E@- eaxiv apa Ac; f) TB xpoc; xfjv 
BA, ouxcoc; f] 0E xpoc; xf)v EZ- SieAovxi apa eaxiv Ac; f) TA 
xpoc; xfjv BA, ouxcoc; fj 0Z xpoc; xfjv ZE. yeyovexco Ac; f) 
0Z xpoc xfjv ZE, outco; f) ZE xpoc; xfjv KE- xal oArj apa f] 
0K xpoc; oArjv xfjv KZ eaxiv, Ac; fj ZK xpoc; KE- Ac; yap ev 
xAv fjyoupevcov xpoc; ev xAv exopevcov, ouxcoc; axavxa xa 
fjyoupeva xpoc; axavxa xa exopeva. Ac; 8e f) ZK xpoc; KE, 
ouxcoc; eaxiv f] TA xpoc; xfjv AB- xal Ac; apa f) 0K xpoc; KZ, 
ouxcoc; f] TA xpoc; xfjv AB. auppexpov 8e xo axo xfjc; TA xA 
axo xfjc; AB- auppexpov apa eaxi xal xo axo xfjc; 0K xA 


Medial, 

Binomial, 

First bimedial, 

Second bimedial, 

Major, 

Square-root of a rational plus a medial (area), 
Square-root of (the sum of) two medial (areas), 
Apotome, 

First apotome of a medial, 

Second apotome of a medial, 

Minor, 

That which with a rational (area) produces a medial 
whole, 

That which with a medial (area) produces a medial 
whole. 

Proposition 1121 

The (square) on a rational (straight-line), applied to 
a binomial (straight-line), produces as breadth an apo¬ 
tome whose terms are commensurable (in length) with 
the terms of the binomial, and, furthermore, in the same 
ratio. Moreover, the created apotome will have the same 
order as the binomial. 



Let A be a rational (straight-line), and BC a binomial 
(straight-line), of which let DC be the greater term. And 
let the (rectangle contained) by BC and EF be equal to 
the (square) on A. I say that EF is an apotome whose 
terms are commensurable (in length) with CD and DB, 
and in the same ratio, and, moreover, that EF will have 
the same order as BC. 

For, again, let the (rectangle contained) by BD and G 
be equal to the (square) on A. Therefore, since the (rect¬ 
angle contained) by BC and EF is equal to the (rectan¬ 
gle contained) by BD and G, thus as CB is to BD, so G 
(is) to EF [Prop. 6.16]. And CB (is) greater than BD. 
Thus, G is also greater than EF [Props. 5.16, 5.14]. Let 
EH be equal to G. Thus, as CB is to BD, so HE (is) to 
EF. Thus, via separation, as CD is to BD, so HF (is) 
to FE [Prop. 5.17]. Let it have been contrived that as 
HF (is) to FE, so FK (is) to KE. And, thus, the whole 
HK is to the whole I\F, as FK (is) to KE. For as one 
of the leading (proportional magnitudes is) to one of the 
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duo xfjc KZ. xai eaxiv A<; to axo xfjc 0K xpoc; to axo xfjc 
KZ, ouxox f] 0K xpoc; xfjv KE, etc! ai xpelc; at 0K, KZ, 
KE avaXoyov eiaiv. auppexpoc; apa f) 0K xfj KE pfjxei. 
Aaxe xal f) 0E xfj EK auppexpoc; eaxi pfjxei. xal exel to 
duo xfjc A Ictov eaxi tA 0x6 xAv E0, BA, prjxov Be eaxi 
to duo xfjc; A, prjxov apa eaxt xal to 0x6 xAv E0, BA. xal 
xapa prjxfjv ttjv BA xapaxeixai- prjxfj apa eaxlv f\ E0 xal 
auppexpoc; xfj BA pfjxei- Aaxe xal f) auppexpoi; aOxfj f) EK 
pr]TTj eaxt xal auppexpoc; xfj BA pfjxei. exel ouv eaxiv Ac; f) 
TA xpoc; AB, ouxatc; fj ZK xpoc; KE, al Be FA, AB Buvapei 
povov etal auppexpoi, xal ai ZK, KE Buvapei povov etal 
auppexpoi. prjxf) Be eaxiv f] KE- prjxfj apa eaxi xal f] ZK. at 
ZK, KE apa prjxal Buvapei povov etal auppexpoi- axoxopf) 
apa eaxlv f) EZ. 

TFxot Be f) TA xfjc; AB pei^ov Buvaxai tA axo auppexpou 
eauxfj f) tA axo aauppexpou. 

Et pev ouv f) TA xfjc; AB pei^ov Buvaxat xA axo 
auppexpou [eauxfj], xal f) ZK xfjc; KE pel^ov Suvfjaexai xA 
axo auppexpou eauxfj. xal et pev auppexpoc; eaxiv f) TA xfj 
exxeipevrj prjxfj prjxei, xal f] ZK- et Be f] BA, xal f) KE- ei 
Be ouBexepa xAv FA, AB, xal ouBexepa xAv ZK, KE. 

Ei Be f) TA xfjc; AB pei£ov Buvaxat xA axo aauppexpou 
eauxfj, xal f) ZK xfjc; KE peli^ov Buvfjaexat xA axo 
aauppexpou eauxfj. xal ei pev fj TA auppexpoc; eaxt xfj 
exxeiftevr) prjxfj pfjxei, xal f] ZK- ei Be f] BA, xal f) KE- ei 
Be ouBexepa xAv TA, AB, xal ouBexepa xAv ZK, KE- Aaxe 
axoxopfj eaxtv f] ZE, fjc; xa ovopaxa xa ZK, KE auppexpoi 
eaxt xolc; xfjc; ex Buo ovopaxcov ovopaai xou; TA, AB xal ev 
tA auxA Xoycu, xal xfjv auxfjv xacpv eyei xfj Br- oxep eBei 
Belc^ai. 


following, so all of the leading (magnitudes) are to all of 
the following [Prop. 5.12]. And as FK (is) to KE, so CD 
is to DB [Prop. 5.11]. And, thus, as HK (is) to KF, so 
CD is to DB [Prop. 5.11]. And the (square) on CD (is) 
commensurable with the (square) on DB [Prop. 10.36]. 
The (square) on HK is thus also commensurable with 
the (square) on KF [Props. 6.22, 10.11]. And as the 
(square) on HK is to the (square) on KF, so HK (is) to 
KE, since the three (straight-lines) HK, KF, and KE 
are proportional [Def. 5.9]. HK is thus commensurable 
in length with KE [Prop. 10.11]. Hence, HEis also com¬ 
mensurable in length with EK [Prop. 10.15], And since 
the (square) on A is equal to the (rectangle contained) by 
EH and BD, and the (square) on A is rational, the (rect¬ 
angle contained) by EH and BD is thus also rational. 
And it is applied to the rational (straight-line) BD. Thus, 
EH is rational, and commensurable in length with BD 
[Prop. 10.20]. And, hence, the (straight-line) commensu¬ 
rable (in length) with it, EK, is also rational [Def. 10.3], 
and commensurable in length with BD [Prop. 10.12]. 
Therefore, since as CD is to DB, so FK (is) to KE, and 
CD and DB are (straight-lines which are) commensu¬ 
rable in square only, FK and KE are also commensu¬ 
rable in square only [Prop. 10.11]. And KE is rational. 
Thus, FK is also rational. FK and KE are thus rational 
(straight-lines which are) commensurable in square only. 
Thus, EF is an apotome [Prop. 10.73]. 

And the square on CD is greater than (the square on) 
DB either by the (square) on (some straight-line) com¬ 
mensurable, or by the (square) on (some straight-line) 
incommensurable, (in length) with (CD). 

Therefore, if the square on CD is greater than (the 
square on) DB by the (square) on (some straight-line) 
commensurable (in length) with [CD] then the square 
on FK will also be greater than (the square on) KE by 
the (square) on (some straight-line) commensurable (in 
length) with (FK) [Prop. 10.14]. And if CD is com¬ 
mensurable in length with a (previously) laid down ra¬ 
tional (straight-line), (so) also (is) FK [Props. 10.11, 
10.12], And if BD (is commensurable), (so) also (is) 
KE [Prop. 10.12]. And if neither of CD or DB (is com¬ 
mensurable), neither also (are) either of FK or KE. 

And if the square on CD is greater than (the square 
on) DB by the (square) on (some straight-line) incom¬ 
mensurable (in length) with (CD) then the square on 
FK will also be greater than (the square on) KE by 
the (square) on (some straight-line) incommensurable 
(in length) with (FK) [Prop. 10.14]. And if CD is com¬ 
mensurable in length with a (previously) laid down ra¬ 
tional (straight-line), (so) also (is) FK [Props. 10.11, 
10.12], And if BD (is commensurable), (so) also (is) KE 
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[Prop. 10.12], And if neither of CD or DB (is commen¬ 
surable), neither also (are) either of FK or KE. Hence, 
FE is an apotome whose terms, FK and KE, are com¬ 
mensurable (in length) with the terms, CD and DB, of 
the binomial, and in the same ratio. And (FE) has the 
same order as BC [Defs. 10.5—10.10]. (Which is) the 
very thing it was required to show. 

t Heiberg considers this proposition, and the succeeding ones, to be relatively early interpolations into the original text. 


? l Y- 

To axo prjxfjc; xapa axoxopfjv xapapaXXopEvov xXaxoc; 
xoieI xfjv ex 8uo ovopaxwv, fj<; xa ovopaxa auppcxpa saxi 
xoic; xfjc; axoxopfjc; ovopaaL xal ev xfi auxw Xoyw, exi 8e f) 
yivopsvrj ex Suo ovopaxwv xfjv auxfjv xac;iv Eysi xfj axoxopfj. 



K E Z © 


Tlaxw prjxfj psv f] A, axoxopfj 8e fj BA, xal xd a xo xfjc 
A laov saxw xo 6x6 xdv BA, K@, waxs xo axo xfjc A prjxfjc; 
xapa xf)v BA axoxopfjv xapapaXXopsvov xXaxoc; xoieT xf)v 
K0- Xsyw, oxi ex Suo ovopaxwv saxlv f] K0, fjc xa ovopaxa 
auppcxpa saxi xolc xfjc; BA ovopaai xal ev xfi auxw Xoyw, 
xal exi fj K0 xfjv auxfjv e^ei xac;iv xfj BA. 

’lEaxw yap xfj BA xpoaappoi(ouaa f) AT- al BF, TA 
apa prjxal Elat Ouvapsi povov auppcxpoi. xal xp axo xfjc 
A I'aov saxw xal xo 0x6 xwv Br, H. prjxov 8s xo a xo xfjc 
A- prjxov apa xal xo 0x6 xwv Br, H. xal xapa prjxfjv xfjv 
Br xapaPspXrjxar prjxfj apa saxlv fj H xal auppcxpoc xfj Br 
pfjXEi. exeI ouv xo 0x6 xwv Br, H Taov saxi xo 0x6 xwv 
BA, K0, avaXoyov apa saxlv wc fj TB xpoc BA, ouxwc fj 
K0 xpoc H. pd^wv 8 e f] Br xfjc BA- pd^wv apa xal fj K0 
xfjc H. XEiahw x^ H larj fj KE- auppcxpoc apa saxlv fj KE 
xfj Br pfjxsi. xal exel saxLv wc f) TB xpoc BA, ouxwc f) 
0K xpoc KE, avaaxp£t|>avxL apa saxlv wc fj Br xpoc xfjv 
TA, ouxwc fj K0 xpoc 0E. ycyovsxw wc f) K0 xpoc 0E, 
ouxwc f) 0Z xpoc ZE- xal Xotxfj apa fj KZ xpoc Z0 saxiv, 
wc fj K0 xpoc 0E, xouxsaxtv [wc] fj Br xpoc TA. al 8s 
Br, TA 8uvap£i. povov [sial] auppsxpor xal al KZ, Z0 apa 
8uvap£L povov stal auppsxpor xal sxsi saxiv wc f) K0 xpoc 
0E, fj KZ xpoc Z0, aXX’ wc f) K0 xpoc 0E, fj 0Z xpoc 
ZE, xal wc apa fj KZ xpoc Z0, fj 0Z xpoc ZE- waxs xal 
wc f) xpwxrj xpoc xfjv xplxrjv, xo axo xfjc xpwxrjc xpoc xo 
axo xfjc Osuxspac- xal wc apa fj KZ xpoc ZE, ouxojc xo axo 
xfjc KZ xpoc to axo xfjc Z0. auppsxpov 8s saxi xo axo xfjc 
KZ xw axo xfjc Z0- al yap KZ, Z0 8uvdpsi sial auppsxpor 
auppsxpoc apa saxi xal fj KZ xfj ZE pfjxsr waxs fj KZ xal 


Proposition 113 

The (square) on a rational (straight-line), applied to 
an apotome, produces as breadth a binomial whose terms 
are commensurable with the terms of the apotome, and 
in the same ratio. Moreover, the created binomial has the 
same order as the apotome. 

Ai-1 

B D C „ 

l-1-1 Lr l-1 

K E F H 

i-1-1-1 

Let Abe a rational (straight-line), and BD an apo¬ 
tome. And let the (rectangle contained) by BD and I\H 
be equal to the (square) on A, such that the square on the 
rational (straight-line) A, applied to the apotome BD, 
produces KH as breadth. I say that KII is a binomial 
whose terms are commensurable with the terms of BD, 
and in the same ratio, and, moreover, that KH has the 
same order as BD. 

For let DC be an attachment to BD. Thus, BC and 
CD are rational (straight-lines which are) commensu¬ 
rable in square only [Prop. 10.73]. And let the (rectangle 
contained) by BC and G also be equal to the (square) 
on A. And the (square) on A (is) rational. The (rect¬ 
angle contained) by BC and G (is) thus also rational. 
And it has been applied to the rational (straight-line) 

BC. Thus, G is rational, and commensurable in length 
with BC [Prop. 10.20], Therefore, since the (rectangle 
contained) by BC and G is equal to the (rectangle con¬ 
tained) by BD and KH, thus, proportionally, as CB is to 

BD, so KH (is) to G [Prop. 6.16], And BC (is) greater 
than BD. Thus, KH (is) also greater than G [Prop. 5.16, 
5.14]. Let KE be made equal to G. KE is thus com¬ 
mensurable in length with BC. And since as CB is to 
BD, so HK (is) to KE, thus, via conversion, as BC (is) 
to CD, so KH (is) to HE [Prop. 5.19 corn]. Let it have 
been contrived that as KH (is) to HE, so HF (is) to 
FE. And thus the remainder KF is to FII, as KH (is) 
to HE —that is to say, [as] BC (is) to CD [Prop. 5.19]. 
And BC and CD [are] commensurable in square only. 
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Tfj KE au(j.(i£xp6c [eaxi] (jirjXEi. prjxf) 6s eaxiv f] KE xal 
auppexpoi; Tfj Br pqxei. pqxf] apa xal f) KZ xal auppexpa; 
xfj BT pfjxei. xal exei eaxiv cb<; fj Br xpo<; TA, ouxox f) KZ 
xpoc; Z0, evaXXa^ A? f] Br xpoc; KZ, ouxax; f) Ar xpoc; Z0. 
auppexpoi; Se f] Br xfj KZ- auppexpoi; apa xal f] Z0 xfj TA 
pfjxei. al Br, TA Se prjxal eiai Suvapei povov auppexpoc 
xal al KZ, Z0 apa prjxal eiai 8uvapei povov auppexpor ex 
8uo ovopaxwv eaxiv apa f] K0. 

El pev ouv f) Br xfj<; TA pel^ov 8uvaxai xw axo 
auppexpou eauxfj, xal f) KZ xfj<; Z0 pel^ov Suvrjaexai xw 
axo auppexpou eauxfj. xal ei pev auppexpoc; eaxiv f] Br xfj 
exxeipevr] prjxfj pf|xei, xal f] KZ, el 8e f) TA auppexpoi; eaxi 
Tfj exxeipevrj prjxfj prjxei, xal fj Z0, ei 8e ou8exepa xwv Br, 
TA, ouoexepa xuv KZ, Z0. 

Ei 8e fj Br xrjc; TA pei£ov 8uvaxai xw axo aauppexpou 
eauxfj, xal f) KZ xfjc Z0 peT^ov Suvfpexai xw axo aauppexp- 
ou eauxfj. xal ei pev auppexpoi; eaxiv f) Br xfj exxeipevr) 
prjxfj {j.fjx£L, xal f] KZ, ei Se fj TA, xal f) Z0, ei Se ouSexepa 
x£iv Br, TA, ouoexepa xfiv KZ, Z0. 

’Ex Suo apa ovopaxwv eaxiv f] K0, fjc; xa ovopaxa xa 
KZ, Z0 auppexpoc [eaxi] xou; xfjc axoxopfjc; ovopaai xou; 
Br, TA xal ev xw auxw Xoycp, xal exi f) K0 xfj Br xf)v 
auxfjv ec;ei xa^iv oxep eSei SeTc;ai. 


KF and FII are thus also commensurable in square only 
[Prop. 10.11]. And since as KH is to HE, (so) KF (is) 
to FH, but as KH (is) to HE, (so) HF (is) to FE, thus, 
also as KF (is) to FH, (so) HF (is) to FE [Prop. 5.11]. 
And hence as the first (is) to the third, so the (square) on 
the first (is) to the (square) on the second [Def. 5.9]. And 
thus as KF (is) to FE, so the (square) on KF (is) to the 
(square) on FH. And the (square) on KF is commen¬ 
surable with the (square) on FH. For KF and FH are 
commensurable in square. Thus, KF is also commensu¬ 
rable in length with FE [Prop. 10.11]. Hence, KF [is] 
also commensurable in length with KE [Prop. 10.15]. 
And KE is rational, and commensurable in length with 
BC. Thus, KF (is) also rational, and commensurable in 
length with BC [Prop. 10.12]. And since as BC is to 
CD, (so) KF (is) to FH, alternately, as BC (is) to KF, 
so DC (is) to FH [Prop. 5.16]. And BC (is) commen¬ 
surable (in length) with KF. Thus, FH (is) also com¬ 
mensurable in length with CD [Prop. 10.11]. And BC 
and CD are rational (straight-lines which are) commen¬ 
surable in square only. KF and FH are thus also ratio¬ 
nal (straight-lines which are) commensurable in square 
only [Def. 10.3, Prop. 10.13]. Thus, KH is a binomial 
[Prop. 10.36], 

Therefore, if the square on BC is greater than (the 
square on) CD by the (square) on (some straight-line) 
commensurable (in length) with (BC), then the square 
on KF will also be greater than (the square on) FH by 
the (square) on (some straight-line) commensurable (in 
length) with (KF) [Prop. 10.14]. And if BC is com¬ 
mensurable in length with a (previously) laid down ra¬ 
tional (straight-line), (so) also (is) KF [Prop. 10.12]. 
And if CD is commensurable in length with a (previ¬ 
ously) laid down rational (straight-line), (so) also (is) 
FH [Prop. 10.12]. And if neither of BC or CD (are 
commensurable), neither also (are) either of KF or FH 
[Prop. 10.13], 

And if the square on BC is greater than (the square 
on) CD by the (square) on (some straight-line) incom¬ 
mensurable (in length) with (BC) then the square on 
KF will also be greater than (the square on) FH by 
the (square) on (some straight-line) incommensurable 
(in length) with (KF) [Prop. 10.14]. And if BC is com¬ 
mensurable in length with a (previously) laid down ratio¬ 
nal (straight-line), (so) also (is) KF [Prop. 10.12], And 
if CD is commensurable, (so) also (is) FH [Prop. 10.12]. 
And if neither of BC or CD (are commensurable), nei¬ 
ther also (are) either of KF or FH [Prop. 10.13]. 

KH is thus a binomial whose terms, KF and FH, 
[are] commensurable (in length) with the terms, BC and 
CD, of the apotome, and in the same ratio. Moreover, 
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pio'. 

’Eav xwpiov xepiexqxai bxo axoxopfjg xal Tfjc ex Buo 
ovopaxorv, fjc xa ovopaxa auppexpa xe eaxi xoic Tfjc axo- 
xopfjc ovopaai xod ev to aOxA Xoyo, f) to xwpiov Buvapevrj 
pr)xr) eaxiv. 

A B Z 

i-1-1 

r e a 

I-1-1 

PE-, 

©i-1 

IE AM 

i-1-1 

nepiexcabto yap x w P^ ov ™ 6x6 twv AB, TA Otto 
axoTopfjc Tfjc AB xal Tfjc ex 8uo ovopaxorv Tfjc; TA, fjc 
peTijjov ovopa eaxto to TE, xal eaxo xa ovopaxa Tfjc ex 
Buo ovopaxuv xa EE, EA auppexpa xe xoic Tfjc axoxopfjc 
ovopaai xolc AZ, ZB xal ev tA auxA Xoyw, xal eaxa> f] xo 
0x6 xwv AB, TA Buvapevq f| H- Xeyw, oxi prjxfj eaxiv f) H. 

’Exxeiaha) yap prjxf] f) 0, xal tA axo Tfjc 0 laov xapa 
xfjv FA xapaf3epX^cn!)a> xXaxoc xoiouv xfjv KA- axoxopf) apa 
eaxiv f] KA, fjc; xa ovopaxa eaxa> xa KM, MA auppexpa xolc 
Tfjc; ex 8uo ovopaxtov ovopaai xoic TE, EA xal ev tA aOxA 
Xoyw. aXXa xal ai TE, EA auppexpoi xe eiai xalc AZ, ZB 
xal ev xA aOxA Xoycr eaxiv apa Ac; f) AZ xpoc xfjv ZB, 
outuk; f] KM xpoc MA. evaXXaSj apa eaxiv Ac; f) AZ xpoc 
xfjv KM, ouxcoc f] BZ xpoc; xfjv AM- xal Xoixf) apa f\ AB 
xpoc Xoixfjv xf]v KA eaxiv Ac; f) AZ xpoc; KM. auppexpoc 
8e f) AZ xfj KM- auppexpoc apa eaxl xal f) AB xfj KA. xai 
eaxiv Ac; f) AB xpoc; KA, outuk; xo 0x6 xAv TA, AB xpoc 
to 0x6 xAv TA, KA- auppexpov apa eaxl xal xo 0x6 xAv 
TA, AB xA 0x6 xAv FA, KA. laov 8e xo 0x6 xAv TA, KA 
tA axo Tfjc 0- auppexpov apa eaxl xo 0x6 xAv FA, AB xA 
axo xfjc; 0. xA 8e 0x6 xAv TA, AB laov eaxl to axo xfjc; H- 
auppexpov apa eaxl to axo xfjc; H xA axo xfjc; 0. prjxov 8e 
xo axo xfjc; 0- prjxov apa eaxl xal to axo xfjc; H- prjxf) apa 
eaxiv f] H. xal Suvaxai xo 0x6 xAv TA, AB. 

’Eav apa ycrpiov xepiexrjxai 0x6 axoxopfjc xal xfjc; ex 
Suo ovopaxtov, fjc; xa ovopaxa auppexpa eaxi xolc; xfjc; axo- 
xopfjc ovopaai xal ev xA aOxA Xoycp, f) xo yatpiov Buvapevr] 
prjxf] eaxiv. 


KH will have the same order as BC [Defs. 10.5—10.10], 
(Which is) the very thing it was required to show. 

Proposition 114 

If an area is contained by an apotome, and a binomial 
whose terms are commensurable with, and in the same 
ratio as, the terms of the apotome then the square-root of 
the area is a rational (straight-line). 

A B F 

i-1-1 

C ED 

i-1-1 

G,-, 

Hi-1 

K L M 

i-1-1 

For let an area, the (rectangle contained) by AB and 
CD, have been contained by the apotome AB, and the 
binomial CD, of which let the greater term be CE. And 
let the terms of the binomial, CE and ED, be commen¬ 
surable with the terms of the apotome, AF and FB (re¬ 
spectively), and in the same ratio. And let the square-root 
of the (rectangle contained) by AB and CD be G. I say 
that G is a rational (straight-line). 

For let the rational (straight-line) H be laid down. 
And let (some rectangle), equal to the (square) on H, 
have been applied to CD, producing KL as breadth. 
Thus, KL is an apotome, of which let the terms, KM 
and AIL, be commensurable with the terms of the bino¬ 
mial, CE and ED (respectively), and in the same ratio 
[Prop. 10.112]. But, CE and ED are also commensu¬ 
rable with AF and FB (respectively), and in the same ra¬ 
tio. Thus, as AF is to FB, so KM (is) to ML. Thus, alter¬ 
nately, as AF is to KM, so BF (is) to LM [Prop. 5.16]. 
Thus, the remainder AB is also to the remainder KL as 
AF (is) to KM [Prop. 5.19]. And AF (is) commensu¬ 
rable with KM [Prop. 10.12]. AB is thus also commen¬ 
surable with KL [Prop. 10.11]. And as AB is to KL, 
so the (rectangle contained) by CD and AB (is) to the 
(rectangle contained) by CD and I\L [Prop. 6.1]. Thus, 
the (rectangle contained) by CD and AB is also com¬ 
mensurable with the (rectangle contained) by CD and 
I\L [Prop. 10.11]. And the (rectangle contained) by CD 
and KL (is) equal to the (square) on H. Thus, the (rect¬ 
angle contained) by CD and AB is commensurable with 
the (square) on H. And the (square) on G is equal to the 
(rectangle contained) by CD and AB. The (square) on G 
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Ilopiapa. 

Kal ycyovsv fjpiv xal 8ia toutou cpavspov, oti. 8uvax6v 
sera prjTov ywplov 0x6 aXoywv sOOetov x^picxsailai.. onep 
e8st 8si£ai. 

pis'. 

’Axo \iiarfi axcipoi aXoyot yivovxai, xod oOSspia ou8epta 
TWV xpoxspov t) CtUTTj. 

A'-' 

B-1 

r>-1 

A'- 1 

’'Ecttco pear] f) A- Xeyo, oti axo Tfjc A axstpoi aXoyoi 
yivovxai, xod ou8s(j(a ouSepta tov xpoxepov f\ auxrj. 

’ExxriaDo pyjTT] f] B, xod to 0 x 6 tov B, A laov eaxco to 
axo Tfj<; r- aXoyoc; apa sgtIv f) T- to yap 0x6 aXoyoi) xal 
pr)Tfj<; aXoyov egtiv. xal oOScpia tov xpoxspov f] aimy to 
yap ax’ ouBsptac; tov xpoTEpov xapa prjTrjv xapapaXXopsvov 
xXdxoc; xoieT psaiqv. xaXtv 8f) to 0 x 6 tov B, F laov sgtco to 
axo Tfjc; A- aXoyov apa egtI to axo Tfjc A. aXoyo<; apa scttIv 
f) A- xal ouSspta tov xpoTEpov f) aOTiy to yap ax’ o08£pia<; 
tov xpoTEpov xapa prjxrjv xapaf3aXX6psvov xXaToc; xotsl ttjv 
r. opo[o:><; Sr] Tfj<; ToiauTT]<; to^emc; sx’ axsipov xpof3aivouar]c; 
epavepov, oti axo Tfj<; psar]c; axctpoi aXoyoi yivovTai, xal 
oOScpia oOScpia tov xpoTEpov rj aOxry oxep e8ei OsTpai. 


is thus commensurable with the (square) on H. And the 
(square) on H (is) rational. Thus, the (square) on G is 
also rational. G is thus rational. And it is the square-root 
of the (rectangle contained) by CD and AB. 

Thus, if an area is contained by an apotome, and a 
binomial whose terms are commensurable with, and in 
the same ratio as, the terms of the apotome, then the 
square-root of the area is a rational (straight-line). 

Corollary 

And it has also been made clear to us, through this, 
that it is possible for a rational area to be contained by 
irrational straight-lines. (Which is) the very thing it was 
required to show. 

Proposition 115 

An infinite (series) of irrational (straight-lines) can be 
created from a medial (straight-line), and none of them 
is the same as any of the preceding (straight-lines). 

A'-' 

B-1 

O-' 

D-1 

Let A be a medial (straight-line). I say that an infi¬ 
nite (series) of irrational (straight-lines) can be created 
from A, and that none of them is the same as any of the 
preceding (straight-lines). 

Let the rational (straight-line) B be laid down. And 
let the (square) on C be equal to the (rectangle con¬ 
tained) by B and A. Thus, C is irrational [Def. 10.4]. 
For an (area contained) by an irrational and a rational 
(straight-line) is irrational [Prop. 10.20], And (C is) not 
the same as any of the preceding (straight-lines). For 
the (square) on none of the preceding (straight-lines), 
applied to a rational (straight-line), produces a medial 
(straight-line) as breadth. So, again, let the (square) on 
D be equal to the (rectangle contained) by B and C. 
Thus, the (square) on D is irrational [Prop. 10.20], D 
is thus irrational [Def. 10.4]. And (D is) not the same as 
any of the preceding (straight-lines). For the (square) on 
none of the preceding (straight-lines), applied to a ratio¬ 
nal (straight-line), produces C as breadth. So, similarly, 
this arrangement being advanced to infinity, it is clear 
that an infinite (series) of irrational (straight-lines) can 
be created from a medial (straight-line), and that none of 
them is the same as any of the preceding (straight-lines). 
(Which is) the very thing it was required to show. 
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"Open. 

a'. Exepeov eaxi to prjxo<; xod xkaxoc; xal pdcOo<; e)( ov - 
P'. Exepeou 8 e xepac; exicpaveia. 

y'. EuOeia xpoc; exixeBov opOf] eaxiv, oxav xpoc; xaaac; 
xac, axxopevac; auxfjc; eudeiac; xal ouaac; ev xw [uxoxeipevw] 
exixeSw opdac; xoifj ywviac;. 

8 '. ’ExixeSov xpoc; exixe 8 ov opdov eaxiv, oxav ax xfj 
xoivfj xopfj xfiv exixe 8 wv xpoc; 6 pi)a<; ayopevai eudelai ev 
evl xwv exixeScov xp Xoixw exixeSo xpoc; opdac; Gaiv. 

e'. EuOeiac; xpoc; exixe 8 ov xXiaic; eaxiv, oxav axo xou 
pexewpou xepaxoc; xfjc; eudelac; exl xo exlxeSov xadexoc; 
dx'dfj, xal axo xou yevopevou ar)|jieiou exl xo ev xw exixe 8 w 
xepag xfjc; eudeiac; eudela exi^euxDfj, f) xepiexopevr] ywvia 
0 x 6 xfjc; ax^elorjc; xal xfjc; ecpeaxwarjc;. 

9 '. ’ExixeSou xpoc; exlxeSov xXiaic; eaxlv f) xepiexopevr] 
o^ela ywvla 0 x 6 xwv xpoc; opbac; xfj xoivfj xopfj ayopevwv 
xpoc; xw auxw arjpelw ev exaxepw xwv exixe 8 wv. 

C- ’Exlxe 8 ov xpoc; exlxe 8 ov opolwc; xexXlaDai Xeyexai 
xal exepov xpoc; exepov, oxav ai eipqpevai xwv xXlaewv 
ywvlai laai aXXf]Xaic; Gaiv. 

T)'. IIapdXXr]Xa exlxeSa eaxi xa aaupxxwxa. 
f>'. "Opoia axepea axf]p.axd eaxi xa 0x6 opolwv exixe 8 wv 
xepiexopeva lacov xo xXrjfloc;. 

i'. ”Iaa 8e xal opoia axepea axfjpaxa eaxi xa 0x6 opolwv 
exixeSwv xepiexopeva iawv xw xXyjDei xal xw peyedei. 

ia'. Sxepea ywvla eaxlv f) 0x6 xXeiovwv fj 80o ypappwv 
axxopevwv aXXf]X«v xal (if) ev xfj aOxfj exicpaveia ouawv 
xpog xaaaic; xaic; ypappalc; xXiaic;. aXXwcy axepea ywvla 
eaxlv f] 0x6 xXeiovwv f\ 80o yorviwv exixeScov xepiexopevr] 
pf] ouaGv ev xw aOxw exixeSw xpoc; evl aqpelw auvi- 
axapevwv. 

i[3'. Ilupaplc; eaxi axfjpa axepeov exixe 8 oic; xepixopevov 
axo evo<; exixe 8 ou xpoc; evl aripelw auveaxwc;. 

iy'. nplapa eaxi axrjpa axepeov exixe 8 oic; xepiexopevov, 
Gv Suo xa axevavxlov laa xe xal opoia eaxi xal xapaXXqXa, 
xa 8 e Xoixa xapaXXqXoypappa. 

18 '. EcpaTpa eaxiv, oxav f)(iixuxX[ou (ievouar]c; xfjc; 5ia(iex- 
pou xepievexDev xo f)(iixuxXiov etc; xo aOxo xaXiv axoxaxa- 
axailfj, oDev fjp^axo cpepeaDai, xo TepiXTicpDev axfj(ua. 

ie'. ’'A^wv 8e xfjc; acpaipac; eaxlv f] (icvouaa eODela, xepl 
fjv xo f]|iixuxXiov axpecpexai. 

17'. Kevxpov 8 e xfjc; acpaipac; eaxi xo aOxo, 6 xal xou 
fjpixuxXiou. 

iC. Aiapexpoc; 8e xfjc; acpaipac; eaxlv euDela xi<; 8ia xou 
xevxpou fjypevr) xal xepaxoupievr) ecp’ exaxepa xa pepr) 0x6 
xfjc; exicpaveiac; xfjc; acpaipac;. 

ir)'. Kovoc; eaxiv, oxav opDoycuviou xpiywvou pevouarjc; 
^xiac; xXeupac; xGv xepl xfjv opDfiv ywviav xepievexHev xo 
xplywvov eic; xo aOxo xaXiv aToxaTaaTaDTj, oDev fjp^axo 


Definitions 

1. A solid is a (figure) having length and breadth and 
depth. 

2. The extremity of a solid (is) a surface. 

3. A straight-line is at right-angles to a plane when it 
makes right-angles with all of the straight-lines joined to 
it which are also in the plane. 

4. A plane is at right-angles to a(nother) plane when 
(all of) the straight-lines drawn in one of the planes, at 
right-angles to the common section of the planes, are at 
right-angles to the remaining plane. 

5. The inclination of a straight-line to a plane is the 
angle contained by the drawn and standing (straight¬ 
lines), when a perpendicular is lead to the plane from 
the end of the (standing) straight-line raised (out of the 
plane), and a straight-line is (then) joined from the point 
(so) generated to the end of the (standing) straight-line 
(lying) in the plane. 

6. The inclination of a plane to a(nother) plane is the 
acute angle contained by the (straight-lines), (one) in 
each of the planes, drawn at right-angles to the common 
segment (of the planes), at the same point. 

7. A plane is said to have been similarly inclined to a 
plane, as another to another, when the aforementioned 
angles of inclination are equal to one another. 

8. Parallel planes are those which do not meet (one 
another). 

9. Similar solid figures are those contained by equal 
numbers of similar planes (which are similarly arranged). 

10. But equal and similar solid figures are those con¬ 
tained by similar planes equal in number and in magni¬ 
tude (which are similarly arranged). 

11. A solid angle is the inclination (constituted) by 
more than two lines joining one another (at the same 
point), and not being in the same surface, to all of the 
lines. Otherwise, a solid angle is that contained by more 
than two plane angles, not being in the same plane, and 
constructed at one point. 

12. A pyramid is a solid figure, contained by planes, 
(which is) constructed from one plane to one point. 

13. A prism is a solid figure, contained by planes, of 
which the two opposite (planes) are equal, similar, and 
parallel, and the remaining (planes are) parallelograms. 

14. A sphere is the figure enclosed when, the diam¬ 
eter of a semicircle remaining (fixed), the semicircle is 
carried around, and again established at the same (posi¬ 
tion) from which it began to be moved. 

15. And the axis of the sphere is the fixed straight-line 
about which the semicircle is turned. 
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cpepEcrdai, to xepLXqcp'dsv axqpa. xav pev f) pevouaa 
eudeia far) fj xfj Xoixfj [xfj] xepl xrjv op’drjv xepvpepopivr], 
opfloyAvioc; §axai 6 xAvoc, sav 8e sXolttmv, appXuyAvioc;, 
eav Se 6$uyAvio<;. 

O'. A^orv 8 e xoO xAvou eaxlv rj pevouaa eudsla, xepl 
rjv to xpiywvov axpecpexai. 

x'. Baau; Ss 6 xuxXoc; 6 uxo xrjc; xepupepopEvqc; Eudslac; 
ypacpopEvoc;. 

xa'. KuXivopoc; eaxiv, oxav opdoywviou xapaXXrjXoypap- 
(iou pevouaqc; piac; xXeupac; twv xepl xqv opdrjv ytovlav xe- 
pieveybev to xapaXXqXoypappov ei<; to auxo xaXiv axoxa- 
TaaTocdfi, odev rjp^axo cpepeadoa, to xepiXrjcpdev a)(fjpa. 

xP'. AEjwv Se tou xuXlv8pou eaxlv fj pevouaa eudeta, 
xepl qv to xapaXXqXoypappov axpecpexai. 

xy'. Baoeic; 8e ol xuxXoi ol uxo xfiv axevavxlov xepia- 
yopevwv Suo xXeupAv ypacpopevoi. 

x8'. "Opoioi xAvoi xal xuXiv8pol elaiv, Sv oi xe a^ovec; 
xal al Biapexpoi xuv pdoetov dvdXoyov eiaiv. 

xe'. KOpoc; eaxl a)(fjpa axepeov 0x6 eE, xexpaywvwv latov 
xepieyopevov. 

x<f'. ’Oxxde8pov eaxl ayrjpa axepeov 0x6 oxxA xpiyAvwv 
laorv xal laoxXeupwv xepiexopevov. 

xC- EixoaaeSpov eaxi a)(fjpa axepeov 0x6 e’lxoai 
xpiyAvorv lacov xal iaoxXeupwv xepLexopevov. 

XT)'. AwSexaeSpov eaxi axfjpa axepeov 0x6 SASexa xev- 
xayAvorv iawv xal iaoxXeupwv xal Eaoywviwv xepiexopevov. 


a. 

Eudelac; ypappfjc; pepoc; pev xi oux eaxiv ev xA Oxo- 
xeipevw exixeScp, pepoc; 8e xi ev piexewpoTeptp. 

El yap Buvaxov, e0dela<; ypapprji; xfjc; ABr pepoc; pev 
xi to AB eaxw ev xA uxoxeipevw exixeBcp, pepoc; 8e xi to 
Br ev pexea>poxepq>. 

"Eaxai 8r) tic xfj AB auvexrjc eOdela ex’ eOdelac ev 
xA uxoxeipevcp exixe8q>. eaxto f) BA- 80o apa eOdeiwv xAv 
ABr, ABA xoivov xprjpa eaxiv f] AB- oxep eaxlv aBuvaxov, 
exeiBqxep eav xevxpcp xA B xal 8iaaxr]piaxi xA AB xuxXov 
ypai]>w(iev, al Siapiexpoi avlaouc dxoXr)<|iovxai xou xuxXou 


16. And the center of the sphere is the same as that of 
the semicircle. 

17. And the diameter of the sphere is any straight- 
line which is drawn through the center and terminated in 
both directions by the surface of the sphere. 

18. A cone is the figure enclosed when, one of the 
sides of a right-angled triangle about the right-angle re¬ 
maining (fixed), the triangle is carried around, and again 
established at the same (position) from which it began to 
be moved. And if the fixed straight-line is equal to the re¬ 
maining (straight-line) about the right-angle, (which is) 
carried around, then the cone will be right-angled, and if 
less, obtuse-angled, and if greater, acute-angled. 

19. And the axis of the cone is the fixed straight-line 
about which the triangle is turned. 

20. And the base (of the cone is) the circle described 
by the (remaining) straight-line (about the right-angle 
which is) carried around (the axis). 

21. A cylinder is the figure enclosed when, one of 
the sides of a right-angled parallelogram about the right- 
angle remaining (fixed), the parallelogram is carried 
around, and again established at the same (position) 
from which it began to be moved. 

22. And the axis of the cylinder is the stationary 
straight-line about which the parallelogram is turned. 

23. And the bases (of the cylinder are) the circles 
described by the two opposite sides (which are) carried 
around. 

24. Similar cones and cylinders are those for which 
the axes and the diameters of the bases are proportional. 

25. A cube is a solid figure contained by six equal 
squares. 

26. An octahedron is a solid figure contained by eight 
equal and equilateral triangles. 

27. An icosahedron is a solid figure contained by 
twenty equal and equilateral triangles. 

28. A dodecahedron is a solid figure contained by 
twelve equal, equilateral, and equiangular pentagons. 

Proposition 11 

Some part of a straight-line cannot be in a reference 
plane, and some part in a more elevated (plane). 

For, if possible, let some part, AB, of the straight-line 
ABC be in a reference plane, and some part, BC, in a 
more elevated (plane). 

In the reference plane, there will be some straight-line 
continuous with, and straight-on to, AB} Let it be BD. 
Thus, AB is a common segment of the two (different) 
straight-lines ABC and ABD. The very thing is impos¬ 
sible, inasmuch as if we draw a circle with center B and 
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itEpicpcpEiac;. 


r 



EOileiac apa ypappfjc; pipoc; pcv xi oux caxiv ev xw uxo- 
xeipevcp exixeBcp, xo 6s ev pexewpoxeptp- oxsp sBsi BsT^ai. 


radius AB then the diameters (ABD and ABC ) will cut 
off unequal circumferences of the circle. 


c 



Thus, some part of a straight-line cannot be in a refer¬ 
ence plane, and (some part) in a more elevated (plane). 
(Which is) the very thing it was required to show. 


' The proofs of the first three propositions in this book are not at all rigorous. Hence, these three propositions should properly be regarded as 
additional axioms. 

t This assumption essentially presupposes the validity of the proposition under discussion. 


P'- 

’Eav Ouo subslai xepvcnaiv aXXrjXac;, sv sv[ slaiv sxixsBw, 
xal xav xplywvov sv evi saxiv exixeBq. 

A A 



Auo yap Eubslai a! AB, TA xEpvsxmaav uk\r\kac, xaxa 
xo E arjpcTov. Xcyco, oxi ai AB, TA sv evi eioiv exixeBo, 
xal xav xpiycovov sv evi saxiv exixeBq. 

ElX^cphco yap sxl xAv ET, EB xuyovxa arjpcTa xa Z, H, 
xal EXE^EUxhwaav ai TB, ZH, xal Birixhcnaav ai Z0, HK- 
Xsyo xpAxov, oxi xo ETB xpiywvov sv evl saxiv exixeBw. ei 
yap saxi xou ETB xpiyAvou pspo<; fjxoi xo Z0T fj xo HBK 
sv xA uxoxEipEvcp [exixeBw], xo Be Xoixov sv aXXw, saxai xal 
piac xAv ET, EB subsiAv pspo<; pcv xi sv xA OxoxEipEvcp 


Proposition 2 

If two straight-lines cut one another then they are in 
one plane, and every triangle (formed using segments of 
both lines) is in one plane. 

A D 



For let the two straight-lines AB and CD have cut 
one another at point E. I say that AB and CD are in one 
plane, and that every triangle (formed using segments of 
both lines) is in one plane. 

For let the random points F and G have been taken 
on EC and EB (respectively). And let CB and FG 
have been joined, and let FH and GK have been drawn 
across. I say, first of all, that triangle ECB is in one (ref¬ 
erence) plane. For if part of triangle ECB, either FHC 
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sxixsSco, to Be sv aXXor. s’l 6 s toO ErB TpiyAvou to ZrBH 
pspoc; f) sv tw Gxoxsipsvco sxixsSw, to 6 s Xoixov sv aXXo, 
sarai xal dqjupoTspcov tov ET, EB sG'dsi.Av pspo<; psv ti 
sv tA Cxoxsipsvcp sxixsBw, to 6 s sv aXXw oxsp octoxov 
e 8 sCx'*l r )- ®P a ErB Tplycovov sv svi ecttlv sxixsBcp. sv £> 
8 s soti to ErB Tplywvov, sv toutw xal sxarspa twv Er, 
EB, sv A 8 s sxarspa twv Er, EB, sv toutm xal al AB, 
TA. al AB, TA apa suDsTai. sv evl siaiv sxixsBo, xal xav 
xplyorvov £v svl scttlv sxtxsBar oxsp sosi SsTi;ai. 


Y- 

’Eav 8uo sxlxsSa xspvfj aXXrjXa, f\ xoivrj auxAv Toprj 
sMsIa sotiv. 



Auo yap sxlxsSa ra AB, Br TspvsTW aXXrjXa, xoivf) 8s 
auTWv ropf) £otco V) AB ypappry Xsyco, oti f) AB ypappf) 
suDsTa sotiv. 

El yap prj, sxsCeux^^ T °^ ^ sAi to B sv psv tA AB 
sxtxsBw suilsTa f] AEB, sv 8s tA Br exixsBq sO'dsTa fj AZB. 
ECTTai 8r) 8uo sOtIsiAv tAv AEB, AZB Ta aura xspara, xal 
xspis^ouaL 8r]Xa8rj x^plov oxsp axoxov. oux apa al AEB, 
AZB suDslal slow. opol&x; 8rj Bsl^opsv, oti o08s aXXrj tic 
axo toO A era to B sxiCsuyvupsvr) suflsTa soxai. xXrjv Tfjc 
AB xoivfjc Topifjc tAv AB, Br sxtxsBov. 

’Eav apa 8uo sxlxsSa Tspvrj aXXrjXa, V] xotvf] auxAv xopf] 
suDsTa sotiv oxsp s8si 8sTc;ai.. 


or GBI\, is in the reference [plane], and the remainder 
in a different (plane) then a part of one the straight-lines 
EC and EB will also be in the reference plane, and (a 
part) in a different (plane). And if the part FCBG of tri¬ 
angle ECB is in the reference plane, and the remainder 
in a different (plane) then parts of both of the straight¬ 
lines EC and EB will also be in the reference plane, 
and (parts) in a different (plane). The very thing was 
shown to be absurb [Prop. 11.1]. Thus, triangle ECB 
is in one plane. And in whichever (plane) triangle ECB 
is (found), in that (plane) EC and EB (will) each also 
(be found). And in whichever (plane) EC and EB (are) 
each (found), in that (plane) AB and CD (will) also (be 
found) [Prop. 11.1]. Thus, the straight-lines AB and CD 
are in one plane, and every triangle (formed using seg¬ 
ments of both lines) is in one plane. (Which is) the very 
thing it was required to show. 

Proposition 3 

If two planes cut one another then their common sec¬ 
tion is a straight-line. 



For let the two planes AB and BC cut one another, 
and let their common section be the line DB. I say that 
the line DB is straight. 

For, if not, let the straight-line DEB have been joined 
from D to B in the plane AB, and the straight-line DFB 
in the plane BC. So two straight-lines, DEB and DFB, 
will have the same ends, and they will clearly enclose an 
area. The very thing (is) absurd. Thus, DEB and DFB 
are not straight-lines. So, similarly, we can show than no 
other straight-line can be joined from D to B except DB, 
the common section of the planes AB and BC. 

Thus, if two planes cut one another then their com¬ 
mon section is a straight-line. (Which is) the very thing it 
was required to show. 
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o'. 

’Eav eu-hela 8 uo eu-delaic; xepvouaaic; aXXf]Xac; xpoc; 
op-dac; exl xfjc xoivfjc; xopfjc; exiaxahfj, xal t£3 81 ’ auxCiv 
exixeSco xpoc; op-dac; eaxai. 


z 



Eu-dela yap xi<; f) EZ Suo ebdelaic; xau; AB, TA xe- 
pvouaaic; aXXf)Xac; xaxa xo E arjpelov axo xou E xpoc; opOac; 
Srpsaxdxor Xeyco, oxi f) EZ xal xw Sia xwv AB, TA exixeSto 
xpoc; ophac; eaxiv. 

AxeiXrjcpDcoaav yap a! AE, EB, TE, EA foai aXXijXaic;, 
xal Sirfylho xic; Sia xou E, 6 <; exuyev, f) HE0, xal 
exe^eux'dtoaav ai AA, TB, xal exi axo xuyovxoc; xou Z 
exe^eux-dtoaav al ZA, ZH, ZA, ZF, Z0, ZB. 

Kal exel Suo al AE, EA 8 ual xau; TE, EB foai elal xal 
ywvlac; foac; xepieyouaiv, pdaic apa f] AA paaei xfj TB for] 
eaxlv, xal xo AEA xplytovov xw FEB xpiywvw foov eaxai- 
Saxe xal ywvla f] 0x6 A AE y wvla xfj 0x6 EBr Tor) [eaxlv]. 
eaxi 8 e xal f) 0x6 AEH ywvla xfj 0x6 BE0 for). 80o 8 f) 
xplywva eaxi xa AHE, BE0 xac; Suo ywvlac; 6 ual ytovlau; 
la a<; exovxa exaxepav exaxepa xal piav xXeupav (iia xXeupa 
iar]v xfjv xpoc; xaTc; laau; ywvlau; xrjv AE xr] EB- xal xac; 
Xoixac; apa xXeupac; xal<; Xoixau; xXeupaT<; laac; e^ouaiv. far) 
apa f) piev HE xfj E0, fj 8 e AH x^ B0. xal exel tar] eaxlv f] 
AE xr] EB, xoivr] 8 e xal xpo<; opDac; r] ZE, (3aau; apa rj ZA 
pdaei xr] ZB eaxiv for]. 8 ia xa aOxa 8 rj xal f] Zr x^ ZA eaxiv 
for], xal exel for] eaxlv f] A A xfj TB, eaxi 8 e xal f] ZA xfj ZB 
for], Suo Sf] al ZA, AA 8 ual xafo ZB, Br foai eialv exaxepa 
exaxepa- xal pdau; f] ZA pdaei xfj Zr e 8 el)cdr] fory xal ywvla 
apa f] 0x6 ZAA ycovla xfj 0x6 ZBr for] eaxlv. xal exel xaXiv 
£ 8 elx-dr] f] AH xfj B0 for), aXXa [jir^v xal f] ZA xfj ZB for), Suo 
8 f] al ZA, AH Sual xalc; ZB, B0 foai eialv. xal ytovla f] 0x6 
ZAH eBelx-dr] for] xfj 0x6 ZB0- pdau; apa f] ZH pdaei xfj Z0 
eaxiv for], xal exel xaXiv for] eSelx^r] f] HE xfj E0, xoivf] 8 e 
f] EZ, Suo Sf] al HE, EZ Sual xau; 0E, EZ foai eialv xal 
pdau; f) ZH pdaei xfj Z0 Tar)- ytovla apa f) 0x6 HEZ ywvla 
xfj 0x6 0EZ for] eaxlv. op-df] apa exaxepa xwv 0x6 HEZ, 
0EZ ytoviwv. f) ZE apa xpoc; xfjv H0 xuxovxwc; Sia xou 
E dxfieiaav op-drj eaxiv. o(jolw<; Sf) Sel^opiev, oxi f] ZE xal 


Proposition 4 

If a straight-line is set up at right-angles to two 
straight-lines cutting one another, at the common point 
of section, then it will also be at right-angles to the plane 
(passing) through them (both). 


F 



For let some straight-line EF have (been) set up at 
right-angles to two straight-lines, AB and CD, cutting 
one another at point E, at E. I say that EF is also at 
right-angles to the plane (passing) through AB and CD. 

For let AE, EB, CE and ED have been cut off from 
(the two straight-lines so as to be) equal to one another. 
And let GEH have been drawn, at random, through E 
(in the plane passing through AB and CD). And let AD 
and CB have been joined. And, furthermore, let FA, 
FG, FD, FC, FF[, and FB have been joined from the 
random (point) F (on EF). 

For since the two (straight-lines) AE and ED are 
equal to the two (straight-lines) CE and EB, and they 
enclose equal angles [Prop. 1.15], the base AD is thus 
equal to the base CB, and triangle AED will be equal 
to triangle CEB [Prop. 1.4]. Hence, the angle DAE 
[is] equal to the angle EBC. And the angle AEG (is) 
also equal to the angle BEH [Prop. 1.15]. So AGE 
and BEH are two triangles having two angles equal to 
two angles, respectively, and one side equal to one side— 
(namely), those by the equal angles, AE and EB. Thus, 
they will also have the remaining sides equal to the re¬ 
maining sides [Prop. 1.26]. Thus, GE (is) equal to EH, 
and AG to BH. And since AE is equal to EB, and FE 
is common and at right-angles, the base FA is thus equal 
to the base FB [Prop. 1.4]. So, for the same (reasons), 
FC is also equal to FD. And since AD is equal to CB, 
and FA is also equal to FB, the two (straight-lines) FA 
and AD are equal to the two (straight-lines) FB and BC, 
respectively. And the base FD was shown (to be) equal 
to the base FC. Thus, the angle FAD is also equal to 
the angle FBC [Prop. 1.8]. And, again, since AG was 
shown (to be) equal to BH, but FA (is) also equal to 
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xpoc; xdaac; xac; axxopevac; auxfjc; eubeiac; xal ouoac; ev xA 
Oxoxeipevcp eraxeBco opdac; xoifjaei ytoviac;. eubela Be xpoc; 
eraxeBov opdf] eaxiv, oxav xpoc; xaaac; xac; axxopevac; auxfjc; 
eudeiac; xal ouaac; ev xA auxA exixeBtp opbac; xoifj ywviac;- 
f] ZE apa xA uxoxei(ievcp exixeBco xpoc; opbac; eaxiv. xo Be 
uxoxelpevov exixeSov eaxi xo Bid xwv AB, TA eudeiAv. f] 
ZE apa xpoc; opdai; eaxi xA Bid xAv AB, TA exixeBto. 

’Eav apa euDela Buo eubeiaic; xepvouaaic; aXXfjXac; Txpoc; 
opbac; exl xfjc; xoivfjc; xopfjc; exiaxabfj, xal xA Bi’ auxAv 
exixeBw xpoc; opbac; eaxai- oxep eBei Sel^ai. 


s'. 

’Eav eudela xpialv euifeiau; axxopevaic; a XXt|Xmv Txpoc; 
opbac; exl xfjc; xoivfjc; xopfjc; exiaxabfj, a! xpeu; eudelai ev ev[ 
eiaiv exixeS<j. 

A 



Eubela yap xic f] AB xpialv eObeiau; xalc; BT, BA, BE 
xpoc; opbac; era. xfjc; xaxa xo B acpfjc; ecpeaxaxw Xeyw, oxi a! 
Br, BA, BE ev evi eiaiv exixeBw. 

Mf) yap, aXX’ el Buvaxov, eaxwaav a! pev BA, BE 
ev xA Oxoxeipevq:> exixeBw, f) Be BT ev pexewpoxEpq), xal 
expepX^aiJoi xo Bla xAv AB, Br exixeSov xoivf]v 8f] xopf]v 


FB, the two (straight-lines) FA and AG are equal to the 
two (straight-lines) FB and BF[ (respectively). And the 
angle FAG was shown (to be) equal to the angle FBH. 
Thus, the base FG is equal to the base FH [Prop. 1.4]. 
And, again, since GE was shown (to be) equal to EH, 
and EF (is) common, the two (straight-lines) GE and 
EF are equal to the two (straight-lines) HE and EF 
(respectively). And the base FG (is) equal to the base 
FH. Thus, the angle GEF is equal to the angle HEF 
[Prop. 1.8]. Each of the angles GEF and HEF (are) 
thus right-angles [Def. 1.10]. Thus, FE is at right-angles 
to GH, which was drawn at random through E (in the 
reference plane passing though AB and AC ). So, simi¬ 
larly, we can show that FE will make right-angles with 
all straight-lines joined to it which are in the reference 
plane. And a straight-line is at right-angles to a plane 
when it makes right-angles with all straight-lines joined 
to it which are in the plane [Def. 11.3]. Thus, FE is at 
right-angles to the reference plane. And the reference 
plane is that (passing) through the straight-lines AB and 
CD. Thus, FE is at right-angles to the plane (passing) 
through AB and CD. 

Thus, if a straight-line is set up at right-angles to two 
straight-lines cutting one another, at the common point 
of section, then it will also be at right-angles to the plane 
(passing) through them (both). (Which is) the very thing 
it was required to show. 

Proposition 5 

If a straight-line is set up at right-angles to three 
straight-lines cutting one another, at the common point 
of section, then the three straight-lines are in one plane. 

A 



For let some straight-line AB have been set up at 
right-angles to three straight-lines BC, BD, and BE, at 
the (common) point of section B. I say that BC, BD, 
and BE are in one plane. 

For (if) not, and if possible, let BD and BE be in 
the reference plane, and BC in a more elevated (plane). 
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xoifjaei ev to uxoxeipevG) exixeSco euOeTav. xoielxw xf]v 
BZ. ev ev! apa etalv exixsSco xA Sir)y|ievcp 8ia twv AB, 
Br a! xpeTc eUilelai at AB, Br, BZ. xa! exe! f] AB opOr] 
eaxi xpoc exaxepav twv BA, BE, xa! to 8ia tov BA, 
BE apa exixeSco opUr) eaxiv f] AB. xo 8e Ota xov BA, BE 
ex!xe8ov xo uxoxeipevov eaxtv f] AB apa opOf] eaxt xpoc xo 
uxoxeipevov extxeSov. Aaxe xa! xpoc xaaac xac axxopevac 
auxfjc euOelac xa! ouaac ev xA uxoxeipevw exixeSco opDac 
7Totr]aei ycoviac f] AB. axxexat 8e auxfjc; f] BZ ouaa ev xA 
uxoxeipsvco exixeSco - f) apa Otto ABZ ycovia opOr) eaxtv. 
uxoxeixai 8e xa! f] Otto ABr opOf] - tarj apa f) Otto ABZ ycovia 
xfj Otto ABT. xat eiaiv ev ev! exixe8cp- oxep eaxiv aSuvaxov. 
oOx apa f] Br cODela ev pexecopoxepcp eax'tv exixe8cp - at xpelc 
apa eudelai at BT, BA, BE ev ev! etatv exixe8cp. 

'Eav apa euf)eTa xpta'tv euOelaic axxopevaic aXXfjXow ex! 
xfjc acpfjc xpoc opOac exiaxadfj, a! xpelc euOelai ev evt etatv 
exixeSco - oxep e8ei 8eT£ai. 


r'. 

'Eav 8uo euflelai xA auxA exixeSco xpoc opOac Aatv, 
xapaXXrjkoi eaovxat a! eudelai. 



Auo yap euDelai at AB, TA xco uxoxeipevcp exixeSco 
xpoc opDac eaxcoaav - Xeyco, oxt xapaXXr)Xoc eaxtv f) AB xfj 

IX. 

Eup[3aXXexcoaav yap xA uxoxeipevco exixeSco xaxa xa B, 
A ar)|jtela, xa! exe^euyDco f] BA eMeIa, xa! r^Dco xfj BA 
xpoc opDac ev xA uxoxeipevcp exixeSco f] AE, xa! xeiadco 
xfj AB tar] f] AE, xa! exe^euxTjcoaav at BE, AE, AA. 

Ka! exe! f] AB 6pr)f| eaxt xpoc xo uxoxeipevov exixeSov, 
xa! xpoc xaaac [apa] xac axxopevac auxfjc eudeiac xa! 
ouaac ev xA uxoxeipevcp exixeSco op'dac xotf]aei ycoviac. 
axxexai 8e xfjc AB exaxepa xAv BA, BE ouaa ev xA uxo- 


And let the plane through AB and BC have been pro¬ 
duced. So it will make a straight-line as a common sec¬ 
tion with the reference plane [Def. 11.3], Let it make 
BF. Thus, the three straight-lines AB, BC, and BF 
are in one plane—(namely), that drawn through AB and 
BC. And since AB is at right-angles to each of BD and 
BE, AB is thus also at right-angles to the plane (passing) 
through BD and BE [Prop. 11.4]. And the plane (pass¬ 
ing) through BD and BE is the reference plane. Thus, 
AB is at right-angles to the reference plane. Hence, AB 
will also make right-angles with all straight-lines joined 
to it which are also in the reference plane [Def. 11.3]. 
And BF, which is in the reference plane, is joined to it. 
Thus, the angle ABF is a right-angle. And ABC was also 
assumed to be a right-angle. Thus, angle ABF (is) equal 
to ABC. And they are in one plane. The very thing is 
impossible. Thus, BC is not in a more elevated plane. 
Thus, the three straight-lines BC, BD, and BE are in 
one plane. 

Thus, if a straight-line is set up at right-angles to three 
straight-lines cutting one another, at the (common) point 
of section, then the three straight-lines are in one plane. 
(Which is) the very thing it was required to show. 

Proposition 6 

If two straight-lines are at right-angles to the same 
plane then the straight-lines will be parallel.! 



For let the two straight-lines AB and CD be at right- 
angles to a reference plane. I say that AB is parallel to 

CD. 

For let them meet the reference plane at points B and 
D (respectively). And let the straight-line BD have been 
joined. And let DE have been drawn at right-angles to 
BD in the reference plane. And let DE be made equal to 
AB. And let BE, AE, and AD have been joined. 

And since AB is at right-angles to the reference plane, 
it will [thus] also make right-angles with all straight-lines 
joined to it which are in the reference plane [Def. 11.3]. 
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xeipevcp eTxuxeBtp - opOf) apa eaxiv exaxepa xwv Otxo ABA, 
ABE ywviAv. 8ia xa auxa Sf) xal exaxepa xwv otxo TAB, 
TAE opbf) eaxiv. xal sit el for) eaxiv f) AB xfj AE, xoivf) 
Be f) BA, Boo Sf] al AB, BA Soal xafo EA, AB foai eialv 
xal ywvlac; opbac; Tiepieyouaiv pdaic apa f) AA pdaei xfj 
BE eaxiv for), xal exxel for) eaxiv f) AB xfj AE, aXXa xal 
f) AA xfj BE, Buo Sf] al AB, BE Bual xafo EA, AA foai 
eialv xal pdaic; auxAv xoivf] f) AE- ycuvla apa f) Otxo ABE 
yorvia xfj Otxo EAA eaxiv for), opbf] Be f) Otxo ABE- opbf) 
apa xal f) Otxo EAA- f] EA apa Txpoc; xfjv AA opDf] eaxiv. 
eaxi Be xal Txpoc; exaxepav xov BA, Ar op-df). f) EA apa 
xpfolv eubelaic; xafo BA, AA, AT xpoc; opbac; eixl xfjc; acpfjc; 
ecpeaxqxev al xpefo apa eubeTai al BA, AA, AT ev evl efoiv 
ETXiTxeOo. ev £> oe al AB, A A, ev xouxw xal f) AB- Txav yap 
xplyo^vov ev evl eaxiv eixiixeSw- al apa AB, BA, AT eODelai 
ev evl efoiv eTxiTxeOw. xal eaxiv op-df) exaxepa xwv Otxo ABA, 
BAT ywviwv- TxapaXXr)Xo<; apa eaxiv f) AB xfj TA. 

’Eav apa 8uo eOHelai xw aOxA eixiixeSo Txpoc; op-dac; 6aiv, 
TxapaXXr)Xoi eaovxai al euilelai- orxep e8ei SeT^ai- 


And BD and BE, which are in the reference plane, are 
each joined to AB. Thus, each of the angles ABD and 
ABE are right-angles. So, for the same (reasons), each 
of the angles CDB and CDE are also right-angles. And 
since AB is equal to DE, and BD (is) common, the 
two (straight-lines) AB and BD are equal to the two 
(straight-lines) ED and DB (respectively). And they 
contain right-angles. Thus, the base AD is equal to the 
base BE [Prop. 1.4]. And since AB is equal to DE, and 
AD (is) also (equal) to BE, the two (straight-lines) AB 
and BE are thus equal to the two (straight-lines) ED 
and DA (respectively). And their base AE (is) common. 
Thus, angle ABE is equal to angle EDA [Prop. 1.8]. And 
ABE (is) a right-angle. Thus, EDA (is) also a right- 
angle. ED is thus at right-angles to DA. And it is also at 
right-angles to each of BD and DC. Thus, ED is stand¬ 
ing at right-angles to the three straight-lines BD, DA, 
and DC at the (common) point of section. Thus, the 
three straight-lines BD, DA, and DC are in one plane 
[Prop. 11.5], And in which (ever) plane DB and DA (are 
found), in that (plane) AB (will) also (be found). For 
every triangle is in one plane [Prop. 11.2]. And each of 
the angles ABD and BDC is a right-angle. Thus, AB is 
parallel to CD [Prop. 1.28]. 

Thus, if two straight-lines are at right-angles to 
the same plane then the straight-lines will be parallel. 
(Which is) the very thing it was required to show. 


t In other words, the two straight-lines lie in the same plane, and never meet when produced in either direction. 


c. 

’Eav Sai Buo eubelai TxapaXXr)Xoi, Xrjtpdfj Be ecp’ exaxepac; 
auxAv xuxdvxa arjpela, f) extl xa ar)pela eTxi^euyvupevr) 
euhela ev xA auxA eTxiTxeSm eaxl xafo TtapaXXqXou;. 


A E B 



’'Eaxcoaav Buo eohelai TtapaXXqXoi al AB, TA, xal 
eiXf)(phm ecp’ exaxepac; auxAv xuvxovxa aqpela xa E, Z- 
Xeycn, oxi f) eixl xa E, Z arjpela eTxi^euyvupevr) eubela ev xA 
auxA eTxiTxeBm eaxl xafo TxapaXXrjXoic;. 

Mf| yap, aXX’ el Buvaxov, eaxrn ev pexecopoxepto Ac; f) 
EHZ, xal BirjxDw §ia ^fjc; EHZ eTtuxeSov xopfjv 8f] Ttoiqaei 


Proposition 7 

If there are two parallel straight-lines, and random 
points are taken on each of them, then the straight-line 
joining the two points is in the same plane as the parallel 
(straight-lines). 


A E B 



Let AB and CD be two parallel straight-lines, and let 
the random points E and F have been taken on each of 
them (respectively). I say that the straight-line joining 
points E and F is in the same (reference) plane as the 
parallel (straight-lines). 

For (if) not, and if possible, let it be in a more elevated 
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ev tw UTioxeipevtp erarceSco eu-delav. noieixto Ac xrjv EZ- 8uo 
apa eubelai ai EHZ, EZ ytopiov Tiepie^ouaLv onep eaxlv 
aSuvaxov. oux apa f] and xou E era. xo Z eraCeuyvupevr) 
eudeTai ev piexewpoxepw eaxlv eraiieScp' ev xA 8ia xAv AB, 
TB apa TiapaXXr)Xa>v eaxlv eraTie8« f) duo xou E era xo Z 
erai(euyvupevr] eudeTa. 

’Eav apa Sai 8uo eu-deTai TiapaXXryXoi, Xr)cpi)ri 8e ecp’ 
exaxepac auxAv xu)(6vxa ar)(iela, f) era xa arypela erai(eu- 
yvupevr) euilela ev xA auxA eraTieSw eaxl xau; TiapaXXr|Xoic' 
oTiep eSei oel^ai. 


*]'• 

’Eav Aai Suo euDelai TiapaXXrjXoi, fj Se exepa auxAv 
eiwieSo xivl Tipoc opbac fj, xal f] Xouif] xo auxA eraTie8« 
Tipoc opbac eaxai. 



Tilaxwaav 6uo eu-deTai TiapaXXrjXoi al AB, FA, rj 8e exepa 
auxAv fj AB xA uiioxei(jiev« eraTie8(J Tipoc opbac eaxw 
Xeyw, oxi xal t) Xomf) f] TA xA auxA eraiieScp Tipoc dpDac 
eaxai. 

Eu(i[3aXXexoaav yap ai AB, TA xA UTioxeipevcr eiuneBw 
xaxa xa B, A arjpela, xal eTie^euxbw f] BA- al AB, TA, BA 
apa ev evi eiaiv eiuTieOor. xfj BA Tipoc opbac ev xA 

UTioxeipievw eraTieSw f) AE, xal xeiabco xfj AB lar) f) AE, 
xal ejieCeux'Owaav ai BE, AE, AA. 

Kal CTiel fj AB opbr] eaxi Tipoc xo unoxeipevov ctuticBov, 
xal Tipoc naaac; apa xac aTixopevac auxfjc eufleiac xal ouaac 
ev xA UTioxeipevcp eraneBw Tipoc; opbac eaxiv rj AB- opOf] apa 
[eaxlv] exaxepa xAv utio ABA, ABE yorviAv. xal euel eic 
TiapaXXijXouc xac AB, TA eu-dela epiieTixoxev f) BA, ai apa 
On6 ABA, TAB ywviai oualv opbaic ’(aai eiaiv. opbf] 8e f) 
Ono ABA- opDr) apa xal f] utio TAB- f] TA apa Tipoc; xqv BA 
op-dr] eaxiv. xal end larj eaxlv fj AB xfj AE, xoivf) 8e f] BA, 


(plane), such as EGF. And let a plane have been drawn 
through EGF. So it will make a straight cutting in the 
reference plane [Prop. 11.3], Let it make EF. Thus, two 
straight-lines (with the same end-points), EGF and EF, 
will enclose an area. The very thing is impossible. Thus, 
the straight-line joining E to F is not in a more elevated 
plane. The straight-line joining E to F is thus in the plane 
through the parallel (straight-lines) AB and CD. 

Thus, if there are two parallel straight-lines, and ran¬ 
dom points are taken on each of them, then the straight- 
line joining the two points is in the same plane as the 
parallel (straight-lines). (Which is) the very thing it was 
required to show. 

Proposition 8 

If two straight-lines are parallel, and one of them is at 
right-angles to some plane, then the remaining (one) will 
also be at right-angles to the same plane. 


A C 



Let AB and CD be two parallel straight-lines, and let 
one of them, AB, be at right-angles to a reference plane. 
I say that the remaining (one), CD, will also be at right- 
angles to the same plane. 

For let AB and CD meet the reference plane at points 
B and D (respectively). And let BD have been joined. 
AB, CD, and BD are thus in one plane [Prop. 11.7]. 
Let DE have been drawn at right-angles to BD in the 
reference plane, and let DE be made equal to AB, and 
let BE, AE, and AD have been joined. 

And since AB is at right-angles to the reference 
plane, AB is thus also at right-angles to all of the 
straight-lines joined to it which are in the reference plane 
[Def. 11.3]. Thus, the angles ABD and ABE [are] each 
right-angles. And since the straight-line BD has met the 
parallel (straight-lines) AB and CD, the (sum of the) 
angles ABD and CDB is thus equal to two right-angles 
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8uo 6f) at AB, BA 8ual xai’c EA, AB laai daiv xal yoovia 
f\ 0x6 ABA ywvia xfj 0x6 EAB Xarf op , dr) yap exaxepa- 
|3aaic; apa f] AA paaei xfj BE Tar). xal exel Tar] eaxiv f) 
pev AB xfj AE, f) 8e BE xfj AA, 8uo 8rj ai AB, BE 8uai 
xal'c EA, A A laai eialv exaxepa exaxepa. xal [3aaic; aOxAv 
xoivf) f) AE- ytovia apa f) 0 no ABE ywvia xfj 0x6 EAA 
eaxiv iot). opDr) Se f) 0x6 ABE- op-dr) apa xal f) 0x6 EAA- 
f) EA apa xpoc; xi]v AA opDf] eaxiv. eaxi Se xal xpoc; xr)v 
AB op-Or)- V) EA apa xal xA 8ia xAv BA, AA exixe8w opbf) 
eaxiv. xal xpoc; xaaac; apa xa<; axxopevac; aOxfjc; eOOeiac; xal 
ouaac; ev xu 8ia xuv BAA exixeSo op-dac; xoir)aei ywv(a<; f) 
EA. ev 8e xo 8ia xAv BAA exixeSo eaxiv f] AT, exei8r]xep 
ev xA 8ia xAv BAA exixe8w eaxiv al AB, BA, ev 6 8e 
al AB, BA, ev xouxo eaxl xal f) Ar. rj EA apa xfj Ar 
xpoc; op-dac; eaxiv Aaxe xal f) TA xfj AE xpoc; op-dac; eaxiv. 
eaxi 8e xal f] TA xfj BA xpo? op-dac;. f) TA apa 80o eOdeiaic; 
xefivouaaic; aXXifXac; xalc; AE, AB axo xfjc; xaxa xo A xo^ifjc; 
xpoi; opdon; ecpeaxrjxev Aaxe f] TA xal xA 8ia xAv AE, AB 
exixeSw xpoc; op-dac; eaxiv. xo 8e 8ia xAv AE, AB ex(xe8ov 
xo Oxoxeifievov eaxiv fj TA apa xA 0xoxei(iev« exixe8w 
xpoc; op-dac; eaxiv. 

’Eav apa Aai SOo eO-delai xapaXXrjXoi, f) 8e fiia aOxAv 
exixeSt) xivl xpoc; opdac; fj, xal f) Xoixf) xA aOxA exixe8w 
xpoc; op-dac; eaxai- oxep e8ei Sel^ai. 


t)'. 

Al xfj aOxfj eO-deia xapaXXr]Xoi xal pf) ouaai aOxfj ev xA 
auxA exixe8w xal aXXrjXaic; elal xapaXXrjXoi. 

B 0 A 



Tlaxa) yap exaxepa xwv AB, TA xfj EZ xapaXXrjXoc; 
(if) ouaai aOxfj ev xA aOxA exixe8w- Xeyw, oxi xapaXXrjXoc; 


[Prop. 1.29]. And ABD (is) a right-angle. Thus, CDB 
(is) also a right-angle. CD is thus at right-angles to BD. 
And since AB is equal to DE, and BD (is) common, 
the two (straight-lines) AB and BD are equal to the two 
(straight-lines) ED and DB (respectively). And angle 
ABD (is) equal to angle EDB. For each (is) a right- 
angle. Thus, the base AD (is) equal to the base BE 
[Prop. 1.4]. And since AB is equal to DE, and BE to 
AD, the two (sides) AB, BE are equal to the two (sides) 
ED, DA, respectively. And their base AE is common. 
Thus, angle ABE is equal to angle EDA [Prop. 1.8]. 
And ABE (is) a right-angle. EDA (is) thus also a right- 
angle. Thus, ED is at right-angles to AD. And it is also 
at right-angles to DB. Thus, ED is also at right-angles 
to the plane through BD and DA [Prop. 11.4]. And 
ED will thus make right-angles with all of the straight¬ 
lines joined to it which are also in the plane through 
BDA. And DC is in the plane through BDA, inas¬ 
much as AB and BD are in the plane through BDA 
[Prop. 11.2], and in whichever plane) AB and BD (are 
found), DC is also (found). Thus, ED is at right-angles 
to DC. Hence, CD is also at right-angles to DE. And 
CD is also at right-angles to BD. Thus, CD is standing 
at right-angles to two straight-lines, DE and DB, which 
meet one another, at the (point) of section, D. Hence, 
CD is also at right-angles to the plane through DE and 
DB [Prop. 11.4]. And the plane through DE and DB is 
the reference (plane). CD is thus at right-angles to the 
reference plane. 

Thus, if two straight-lines are parallel, and one of 
them is at right-angles to some plane, then the remain¬ 
ing (one) will also be at right-angles to the same plane. 
(Which is) the very thing it was required to show. 

Proposition 9 

(Straight-lines) parallel to the same straight-line, and 
which are not in the same plane as it, are also parallel to 
one another. 


B HA 



For let AB and CD each be parallel to EF, not being 
in the same plane as it. I say that AB is parallel to CD. 
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eaxLv f) AB xfj FA. 

EiXfjcplkL> yap era xrjc EZ xuyov arjpeiov to H, xal an’ 
auxou xfj EZ ev psv tA Sia xAv EZ, AB exixeBw xpoc; opdac; 
rjxbw fj H0, ev 8s tA 8ia xAv ZE, TA xfj EZ xaXiv xpoc; 
opdac; fjjfdco fj HK. 

Kai exeI fj EZ xpoc; sxaxspav xAv H0, HK opdf] Eaxiv, 
fj EZ apa xal tA 8ia xAv H0, HK exixe8m xpoc; opOac; 
eaxiv. xa[ eaxiv f) EZ xfj AB xapaXXrjXoc;' xal fj AB apa 
tA 6ia xAv 0HK exixeSw xpoc; opdac; eaxiv. 8ia xa auxa 
8f) xal fj TA xA 8ia xAv 0HK exixeSco xpoc; opdac; eaxiv 
exaxepa apa xAv AB, TA xA 6ia xAv 0HK exixeSw xpoc; 
opdac; eaxiv. eav 8e 8uo eu'Oelai xA auxA exixeSco xpoc; 
opdac; Aaiv, xapaXXrjXoi elaiv al Eudslar napaXXrjXoc; apa 
eaxiv f) AB xfj TA- onep eSei Sel^ai. 


/ 

i. 

’Eav Suo euiSelai anxojievai aXXfjXwv napa 60o euDeiai; 
anxojievai; aXXfjXwv Aai [if] ev xA auxA eiuneSco, t'aac 
ywv(a<; nepie^ouaiv. 



Auo yap euffelai al AB, Br anxojievai aXXfjXwv napa 
8uo euileiai; xa<; AE, EZ anxopevai; aXXfjXwv eaxo^aav (if) 
ev xA auxA erane8w' Xeyw, oxi Tar] eaxiv fj 0x6 ABr ywvia 
xfj 0x6 AEZ. 

’AxeiXfjcpDwaav yap al BA, Br, EA, EZ I'aa.i aXXf]Xai<;, 
xal exeCeO)( , dwaav al AA, TZ, BE, Ar, AZ. 

Kal exel fj BA xfj EA Tar] eaxl xal xapaXXrjXoi;, xal f] 
AA apa xfj BE larj eaxl xal xapaXXrjXoc;. 8ia xa auxa 8fj 
xal fj rZ xfj BE larj eaxl xal xapaXXrjXoc;' exaxepa apa xAv 

AA, rZ xfj BE far) eaxl xal xapaXXrjXoc;. al 8e xfj auxfj 
euffeia xapaXXrjXoi xal (if) ouaai aOxfj ev xA auxA exixe8w 
xal aXXfjXaic; elal xapaXXrjXoi- xapaXXrjXoc; apa eaxiv fj AA 
xfj rZ xal larj. xal exi^euyvOouaiv aOxac; al Ar, AZ- xal 
fj Ar apa xfj AZ Tar] eaxl xal xapaXXrjXoc;. xal exel Suo al 

AB, Br Sual Talc; AE, EZ I'aai elaiv, xal [3dai.<; fj Ar pdaei 
xfj AZ larj, ywvla apa fj 0x6 ABr ycovla xfj 0x6 AEZ eaxiv 


For let some point G have been taken at random on 
EF. And from it let GH have been drawn at right-angles 
to EF in the plane through EF and AB. And let GK 
have been drawn, again at right-angles to EF, in the 
plane through FE and CD. 

And since EF is at right-angles to each of GH and 
GK, EF is thus also at right-angles to the plane through 
GH and GK [Prop. 11.4]. And EF is parallel to AB. 
Thus, AB is also at right-angles to the plane through 
HGK [Prop. 11.8]. So, for the same (reasons), CD is 
also at right-angles to the plane through HGK. Thus, 
AB and CD are each at right-angles to the plane through 
HGK. And if two straight-lines are at right-angles 
to the same plane then the straight-lines are parallel 
[Prop. 11.6]. Thus, AB is parallel to CD. (Which is) 
the very thing it was required to show. 

Proposition 10 

If two straight-lines joined to one another are (respec¬ 
tively) parallel to two straight-lines joined to one another, 
(but are) not in the same plane, then they will contain 
equal angles. 



For let the two straight-lines joined to one another, 
AB and BC, be (respectively) parallel to the two 
straight-lines joined to one another, DE and EF, (but) 
not in the same plane. I say that angle ABC is equal to 
(angle) DEF. 

For let BA, BC, ED, and EF have been cut off (so 
as to be, respectively) equal to one another. And let AD, 
CF, BE, AC, and DF have been joined. 

And since BA is equal and parallel to ED, AD is thus 
also equal and parallel to BE [Prop. 1.33]. So, for the 
same reasons, CF is also equal and parallel to BE. Thus, 
AD and CF are each equal and parallel to BE. And 
straight-lines parallel to the same straight-line, and which 
are not in the same plane as it, are also parallel to one an¬ 
other [Prop. 11.9]. Thus, AD is parallel and equal to CF. 
And AC and DF join them. Thus, AC is also equal and 
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for). 

’Eav apa Suo cOdcIai axTopcvai aXXrjXwv xapa 8uo 
suhsiac axTopEvac; aXX/jXov Aai [IT) sv to auxA Exix£6<p, 
Xaa.<z ywvlac; xspi.s<;ouaiv oxsp eBei BsT^ai. 


ia'. 

Axo tou BoOevtoc; arjpEtou pETsApou sxl to BoHev 
exixeBov xocdsiov suOsTav ypa(jipf]v ayayslv. 

A 



"Ecttw to psv Bo'Oev arjiiElov psTEwpov to A, to Be BotIev 
exIxeBov to Oxoxsipsvov BsT 8f] axo tou A arjpslou sxl to 
uxoxslpsvov sxlxsSov xocOstov suOsTav ypappfjv ayayslv. 

AirjxfK> yap tic; sv to uxoxsipsvcp exixeBm Euilsla, Ac 
etuxev, V) Br, xal r]xi)w a^o T °^ A arjpsiou sxl tt]v Br 
xocOetoc f) A A. si psv ouv f) A A xocOetoc sgti xal 6x1 to 
uxoxEtpsvov sxixeBov, ysyovoc; av sir) to ExiTayflEv. si Be 

OU, y]X^ w aXO T °^ A CTTJpElOU T?j Br SV TO UXOXEipEVM 

exlxeBo xpoc; opDac; f) AE, xal qxflo axo tou A sxl ttjv AE 
xadsToc; fj AZ, xal Bta tou Z arjpEtau Tfj Br xapaXXr)Xo<; 
r^X^w f) H0. 

Kal exeI f) Br sxaTEpa tov AA, AE xpoc; 6pi)a<; scrciv, 
f) Br apa xal tA Bia tAv EAA exixeBw xpoc; opbac; eotiv. 
xai eotiv auTfj xapaXXr]Xoc; f) H0- sav Be Aai Buo subslai 
xapaXXr]Xoi, f) Be pla auxAv exlxeBw tlvI xpoc; opdac fj, xal f) 
Xoixf] tA auxA exixeBw xpoc; opDac; saxar xal f) H0 apa tA 
Bia tAv EA, AA exixeBw xpoc; op-dac; eotiv. xal xpoc; xaoac; 
apa Tac; axTopsvac; auTfjc; EuOsiac; xal ouoac sv tA Bia tAv 
EA, AA exixeSo opDr] eotiv f] H0. axTETai Be auTrjc f) AZ 
ouoa sv tA Bia tAv EA, AA exixeBw- f) H0 apa opDr] eoti 
xpoc; ttjv ZA- Aote xal f) ZA opOf) eoti xpoc; ttjv 0H. eoti 


parallel to DF [Prop. 1.33]. And since the two (straight¬ 
lines) AB and BC are equal to the two (straight-lines) 
DE and EF (respectvely), and the base AC (is) equal to 
the base DF, the angle ABC is thus equal to the (angle) 
DEF [Prop. 1.8]. 

Thus, if two straight-lines joined to one another are 
(respectively) parallel to two straight-lines joined to one 
another, (but are) not in the same plane, then they will 
contain equal angles. (Which is) the very thing it was 
required to show. 


Proposition 11 

To draw a perpendicular straight-line from a given 
raised point to a given plane. 

A 



Let A be the given raised point, and the given plane 
the reference (plane). So, it is required to draw a perpen¬ 
dicular straight-line from point A to the reference plane. 

Let some random straight-line BC have been drawn 
across in the reference plane, and let the (straight-line) 
AD have been drawn from point A perpendicular to BC 
[Prop. 1.12]. If, therefore, AD is also perpendicular to 
the reference plane then that which was prescribed will 
have occurred. And, if not, let DE have been drawn in 
the reference plane from point D at right-angles to BC 
[Prop. 1.11], and let the (straight-line) AF have been 
drawn from A perpendicular to DE [Prop. 1.12], and let 
GH have been drawn through point F, parallel to BC 
[Prop. 1.31]. 

And since BC is at right-angles to each of DA and 
DE, BC is thus also at right-angles to the plane through 
EDA [Prop. 11.4]. And GH is parallel to it. And if two 
straight-lines are parallel, and one of them is at right- 
angles to some plane, then the remaining (straight-line) 
will also be at right-angles to the same plane [Prop. 11.8]. 
Thus, GH is also at right-angles to the plane through 
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Be f] AZ xal xpoc; xf]v AE op-diy f) AZ apa xpoc; sxaxspav 
xov H0, AE op'Orj saxiv. sav 8s sG-dsla 8uct1v sG-bEiaic; 
xspvouaaic; aXXf|Xac; sxl xfjc; xopfjc; xpoc; op-dac; sxiaxa-dfj, 
xal to Bd aGxAv exixeBco xpoc; op-dac; saxar f] ZA apa xA 
Bia xov EA, H0 sxixsBco xpoc; opdac; saxiv. xo Bs Bia 
xAv EA, H0 exixsBov saxi xo uxoxEipsvov- f] AZ apa xA 
uxoxsipsvco exixeBw xpoc; opOac; saxiv. 

Axo xou apa Bodsvxoc; aqpslou pcxsApou xou A sxl xo 
uxoxslpsvov exixsBov xa-dsxoc; sG-dsTa Ypappf) fjxxai f] AZ- 
oxsp eBei xoifjaai. 


«P'- 

TA Bodsvxi sxixsBm axo xou xpoc; auxA Bo-dsvxoc; 
arjpslou xpoc; op-dac; sG-dslav Ypa^jjrjv avaaxfjaai. 

B 



’'Eaxco xo (iev Bo-dsv exixsBov xo UxoxEipsvov, xo Be 
xpoc; aGxA arjiisTov xo A- Be! Brj axo xou A ar)(i£iou xA Gxo- 
XEi(i£vcp exixeBm xpoc; op-dac; EGdsTav Ypa^jirjv avaaxfjaai. 

NEvo^a-dw xi ar)(iElov pExscopov xo B, xal axo xou B sxl 
xo Gxoxeijievov exixsBov xa-dsxoc; f] Br, xal Bia xou 

A arpsiou xfj Br xapaXXrjXog rjxdM f) AA. 

’Exsl ouv Buo sG-dslai xapaXXrjXol slaiv ai AA, TB, f] Be 
pia aGxAv f] BE xA GxoxsipEvto exixeBco xpoc; op-da<; saxiv, 
xal f] Xoixf) apa f] AA xA UxoxEipEvor exixeBw xpoc; op-dac; 
saxiv. 

TA apa Bodsvxi exixeBw axo xou xpoc; aGxA arjpsiou 
xou A xpoc; opdac; avsaxaxai f) AA- oxsp eBei xoifjaai. 


ED and DA. And GH is thus at right-angles to all of 
the straight-lines joined to it which are also in the plane 
through ED and AD [Def. 11.3]. And AF, which is in the 
plane through ED and DA, is joined to it. Thus, GH is at 
right-angles to FA. Hence, FA is also at right-angles to 
HG. And AF is also at right-angles to DE. Thus, AF is 
at right-angles to each of GH and DE. And if a straight- 
line is set up at right-angles to two straight-lines cutting 
one another, at the point of section, then it will also be 
at right-angles to the plane through them [Prop. 11.4]. 
Thus, FA is at right-angles to the plane through ED and 
GH. And the plane through ED and GH is the refer¬ 
ence (plane). Thus, AF is at right-angles to the reference 
plane. 

Thus, the straight-line AF has been drawn from the 
given raised point A perpendicular to the reference plane. 
(Which is) the very thing it was required to do. 

Proposition 12 

To set up a straight-line at right-angles to a given 
plane from a given point in it. 

B 



Let the given plane be the reference (plane), and A a 
point in it. So, it is required to set up a straight-line at 
right-angles to the reference plane at point A. 

Let some raised point B have been assumed, and let 
the perpendicular (straight-line) BC have been drawn 
from B to the reference plane [Prop. 11.11], And 
let AD have been drawn from point A parallel to BC 
[Prop. 1.31], 

Therefore, since AD and CB are two parallel straight¬ 
lines, and one of them, BC, is at right-angles to the refer¬ 
ence plane, the remaining (one) AD is thus also at right- 
angles to the reference plane [Prop. 11.8]. 
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iy'. 

Axo tou auxou arjpEiou xA auxA exixeSm Suo Euftelai 
xpo; opild; oux dvaaxijaovxai era xa auxa (iepr). 

B 



Ei yap Suvaxov, duo xou auxou arjpEiou xou A xA 
OxoxEipEvor exixeSco Buo EuOElai ai AB, Br xpo; opba; 
dv£axaxo:>aav exI xa auxa pspr], xal oirjxilw xo 8ia x«v 
BA, Ar sxlxsBov xopi)v 5f) xonjasi 8ia xou A sv xA uxo- 
xei(!£v« exixeBw Euilslav. xoisixw xqv AAE- ai apa AB, 
AT, AAE su-dslai sv evl eiolv exixeBw. xal sxsl f) EA xA 
OxoxEi(i£vw exixeBm xpo; opDa; saxiv, xal xpo; xaaa; apa 
xa; axxopEva; auxfj; su-dsla; xal ouaa; sv xA uxox£i(i£vcp 
exixeBq opba; xoifjaEi ywvla;. axxsxai Be auxfji; f] AAE 
ouaa sv xA uxox£i(i£vcp sxixsBar f) apa 0x6 EAE ywvla 
opDf] saxiv. Bid xa auxa 8f) xal f] 0x6 BAE opbrj saxiv Tar] 
apa f] 0x6 EAE xfj 0x6 BAE xal siaiv ev svl exixeBm- oxsp 
saxiv aSuvaxov. 

Oux apa axo xou auxou arjpsiou xA auxA ExixsSa) 8uo 
sODsTai xpo; opifa; dvaaxaDrjaovxai sxl xa auxa |i£pr)- oxsp 
s8si 8sT^ai. 


l§'. 

IIpo; a sxlxsBa fj auxf) EuflsTa opbf] saxiv, xapaXXrjXa 
saxai xa ExixsSa. 

EODsla yap xi; fj AB xpo; sxaxspov xAv EA, EZ 
exixeBmv xpo; opDa; saxor Xsyw, oxi xapdXXrjXa saxi xa 
ExixsSa. 


Thus, AD has been set up at right-angles to the given 
plane, from the point in it, A. (Which is) the very thing it 
was required to do. 

Proposition 13 

Two (different) straight-lines cannot be set up at the 
same point at right-angles to the same plane, on the same 
side. 


B 



For, if possible, let the two straight-lines AB and AC 
have been set up at the same point A at right-angles 
to the reference plane, on the same side. And let the 
plane through BA and AC have been drawn. So it will 
make a straight cutting (passing) through (point) A in 
the reference plane [Prop. 11.3]. Let it have made DAE. 
Thus, AB, AC, and DAE are straight-lines in one plane. 
And since CA is at right-angles to the reference plane, it 
will thus also make right-angles with all of the straight¬ 
lines joined to it which are also in the reference plane 
[Def. 11.3]. And DAE, which is in the reference plane, is 
joined to it. Thus, angle CAE is a right-angle. So, for the 
same (reasons), BAE is also a right-angle. Thus, CAE 
(is) equal to BAE. And they are in one plane. The very 
thing is impossible. 

Thus, two (different) straight-lines cannot be set up 
at the same point at right-angles to the same plane, on 
the same side. (Which is) the very thing it was required 
to show. 

Proposition 14 

Planes to which the same straight-line is at right- 
angles will be parallel planes. 

For let some straight-line AB be at right-angles to 
each of the planes CD and EF. I say that the planes 
are parallel. 
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Ei yap [jirj, sxpaXXopeva aupxeaouvxai. aupxixxsx- 
uoav xoojaouai or) xoivr)v xopr)v eubelav. xoielxMaav xr)v 
H0, xal eiXrjipflo sxl xf)<; H0 xuyov arjpeiov xo K, xal 
eTxsCevjX'dwaav al AK, BK. 

Kal site! f) AB opbr) eaxi xpoc; xo EZ eiuxeSov, xal xpog 
xf]v BK apa eubelav ouaav ev xo EZ expXiydevxi eraxe8« 
op-dr] eaxiv f) AB- rj apa 0x6 ABK ycovia op-dr] eaxLv. 8ia 
xa auxa 8rj xal f) 0x6 BAK op-dr] eaxiv. xpiyAvou 8rj xou 
ABK al 8uo ywvlai al utio ABK, BAK 8ualv op-dau; eiaiv 
laar oxep eaxiv a8uvaxov. oux apa xa IA., EZ eraxeSa 
exf3aXXopeva aupxeaouvxar xapaXXr]Xa apa eaxi xa TA, 
EZ exlxe8a. 

IIpoc; a emxeSa apa f) auxf) eu-dela op'Drj eaxiv, xapaXXrjXa 
eaxi xa eraxe8a- oxep eoei 8eTc;ai. 


is'. 

’Eav Suo eu-deTai axxopevai aXXrjXwv xapa Suo eu-dela<; 
axxo(jieva<; aXXrjXcov Sai pr) ev xA auxA exixe8w ouaai, 
xapaXXr)Xd eaxi xa 8i’ auxAv eiuxeSa. 

Auo yap eu-deTai axxopevai aXXrjXwv al AB, Br xapa 
8uo eu-delai; axxo(ieva<; aXXijXow xa<; AE, EZ eaxoraav pr] 
ev xA auxA exixe8w ouaar Xeycr, oxi expaXXopeva xa 8ia 
xAv AB, Br, AE, EZ eraxe8a ou aupneaelxai aXXrjXoii;. 

’Hy-do yap axo vou B arjpelou era xo 8ia xAv AE, EZ 
eraxeSov xadexoc; f] BH xal aupPaXXexw xA exixe8« xaxa 
xo H arjpelov, xal Sia xou H xfj pev EA xapaXXr]Xo<; r^y-do 
f) H0, xfj 8e EZ f) HK. 



For, if not, being produced, they will meet. Let them 
have met. So they will make a straight-line as a common 
section [Prop. 11.3]. Let them have made GH. And let 
some random point K have been taken on GH. And let 
AK and BI\ have been joined. 

And since AB is at right-angles to the plane EF, AB 
is thus also at right-angles to BK, which is a straight-line 
in the produced plane EF [Def. 11.3]. Thus, angle ABK 
is a right-angle. So, for the same (reasons), BAK is also 
a right-angle. So the (sum of the) two angles ABK and 
BAK in the triangle ABK is equal to two right-angles. 
The very thing is impossible [Prop. 1.17]. Thus, planes 
CD and EF, being produced, will not meet. Planes CD 
and EF are thus parallel [Def. 11.8]. 

Thus, planes to which the same straight-line is at 
right-angles are parallel planes. (Which is) the very thing 
it was required to show. 

Proposition 15 

If two straight-lines joined to one another are parallel 
(respectively) to two straight-lines joined to one another, 
which are not in the same plane, then the planes through 
them are parallel (to one another). 

For let the two straight-lines joined to one another, 
AB and BC, be parallel to the two straight-lines joined to 
one another, DE and EF (respectively), not being in the 
same plane. I say that the planes through AB, BC and 
DE, EF will not meet one another (when) produced. 

For let BC have been drawn from point B perpendic¬ 
ular to the plane through DE and EF [Prop. 11.11], and 
let it meet the plane at point G. And let GH have been 
drawn through G parallel to ED, and GK (parallel) to 
EF [Prop. 1.31], 
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Kal exeI f) BH op-df] egxi xpoc; to 8ia tuv AE, EZ 
ExlxsSov, xal xpoc; xaoac; apa xac; axxopsvac; auxfjc; su-Oslac; 
xal ouoac; sv to 8l6c xAv AE, EZ exixeSco op-dac; xoinjaEi 
yorvlac;. axxExai 8s auTfjc; sxaxspa twv H0, HK ouaa ev 
to 8ia tov AE, EZ Exix£8fc>- op-dr] apa soxlv sxaxspa xAv 
uxo BH0, BHK yorviAv. xal exeI xapaXXrjXoc; soxiv V) BA 
Tf) H0, al apa Otto HBA, BH0 ywvlai 8uolv op-datc; laai 
slow. op-dr] Se f] Otto BH0- op-df] apa xal f) Otto HBA- rj HB 
apa xfj BA xpoc; op-dac; soxiv. 8ia xa aOxa 8f] f) HB xal xfj 
Br egxi xpoc; op-dac;. sxsl ouv sO-dsTa f) HB 8uolv EU-dslaic; 
Tau; BA, BT x£^vouaai.c; aXXr]Xac; xpoc; op-dac; EcpEaxrjXEv, f) 
HB apa xal xA 8ia xAv BA, Br exixe8w xpoc; op-dac; egxiv. 
[8ia xa aOxa 8rj rj BH xal xA 8ia xAv H0, HK exixe8w 
xpoc; op-dac; egxlv. xo 8e 8ia xAv H0, HK ek£xe86v egxi to 
8ia xAv AE, EZ- f) BH apa xA 8i.a xAv AE, EZ exixe8w 
egxI xpoc; opdac;. ESEixdr] 8e f) HB xal xA 8ia xAv AB, Br 
exixeSo) xpoc; opdac;]. xpoc; a 8e ExlxESa f] aOxr) EOdEla opdr] 
egxiv, xapaXXr]Xa egxi xa ExlxsSa- xapaXXr]Xov apa egxI to 
8ia xAv AB, Br ExlxsSov xA 8ia xAv AE, EZ. 

’Eav apa 80o sudslai axxo^iEvai aXXrjXwv xapa 8uo 
Eudslac; axxojiEvac; aXXr]Xov Agi [ir) ev xA aOxA exlxeSo, 
xapaXXr]Xa egxl xa 80 aOxAv ExlxsSa- oxsp e8ei. 8sT^ai.. 


19 '. 

’Eav 8uo sxlxsSa xapaXXrjXa 0x6 exlxeSou xivoc; x£p.vr)xai, 
al xoival aOxAv xojial xapaXXrjXol eigiv. 

Auo yap sxlxsSa xapaXXrjXa xa AB, TA 0x6 exixe8ou 
xou EZH0 xE^tvEodo, xoival 8e aOxAv xo(ial EGx«Gav al 
EZ, H0- Xsyw, oxi xapaXXr]X6i; egxiv f) EZ xfj H0. 


B 



And since BG is at right-angles to the plane through 
DE and EF, it will thus also make right-angles with all 
of the straight-lines joined to it, which are also in the 
plane through DE and EF [Def. 11.3]. And each of 
GH and GK, which are in the plane through DE and 
EF, are joined to it. Thus, each of the angles BGH and 
BGK are right-angles. And since BA is parallel to GEL 
[Prop. 11.9], the (sum of the) angles GBA and BGEL is 
equal to two right-angles [Prop. 1.29]. And BGEL (is) 
a right-angle. GBA (is) thus also a right-angle. Thus, 
GB is at right-angles to BA. So, for the same (reasons), 
GB is also at right-angles to BC. Therefore, since the 
straight-line GB has been set up at right-angles to two 
straight-lines, BA and BC, cutting one another, GB is 
thus at right-angles to the plane through BA and BC 
[Prop. 11.4]. [So, for the same (reasons), BG is also 
at right-angles to the plane through GEl and GK. And 
the plane through GH and GK is the (plane) through 
DE and EF. And it was also shown that GB is at right- 
angles to the plane through AB and BC.] And planes 
to which the same straight-line is at right-angles are par¬ 
allel planes [Prop. 11.14]. Thus, the plane through AB 
and BC is parallel to the (plane) through DE and EF. 

Thus, if two straight-lines joined to one another are 
parallel (respectively) to two straight-lines joined to one 
another, which are not in the same plane, then the planes 
through them are parallel (to one another). (Which is) 
the very thing it was required to show. 

Proposition 16 

If two parallel planes are cut by some plane then their 
common sections are parallel. 

For let the two parallel planes AB and CD have been 
cut by the plane EFGH. And let EF and GH be their 
common sections. I say that EF is parallel to GH. 
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Et yap [ir], fex[3aXX6pevai at EZ, H@ fjxoi exl xa Z, 0 
pepr] rj exl xa E, H aupxeaouvxai. expepXfja'dtoaav 6k ext 
xa Z, 0 pepr] xat aupxixxexwaav xpoxepov xaxa xo K. xai 
exei f) EZK ev xA AB eaxiv exixe8cp, xat xavxa apa xa ext 
xrjc; EZK arjpela ev xA AB eaxiv exixe8tp. ev Se xuv ext xfji; 
EZK euheiac; arjpeia>v eaxl xo K' xo K apa ev xfi AB eaxiv 
exixeSw. Sia xa auxa Sf) xo K xat ev xA TA eaxiv exixeSar 
xa AB, TA apa exixeBa exf3aXXopeva aupxeaouvxai. ou 
aupxixxouai Se 8ia xo xapaXXrjXa OxoxeTahar oux apa 
at EZ, H0 eOhelai expaXXopevai ext xa Z, 0 peprj aup- 
xeaouvxai. opoiox; 8f] Sei^opev, oxi at EZ, H0 eudeTai 
oOSe ext xa E, H peprj expaXXopevai aupxeaouvxai. at 
8e ext prjSexepa xa peprj aupixtxxouaai xapaXXrjXoi eiaiv. 
xapaXXr]Xoi; apa eaxtv Y) EZ xfj H0. 

’Eav apa 8uo ex(xe8a xapaXXrjXa 0x6 exixeSoo xivoc; 
xepivrjxai, at xoivat auxwv xopiat xapaXXr]Xoi eiaiv oxep e8ei 
8eT^ai. 


tC'. 

’Eav 8uo eoaletai 0x6 xapaXXr]X«v exixe8«v xepivtovxai, 
et<; xouc; aOxou<; Xoyou<; x(ir)ttr)aovxai. 

Auo yap eoaletai at AB, IA 0x6 xapaXXr^Xwv exixe8cov 
xAv H0, KA, MN xeptveaiJoxyav xaxa xa A, E, B, F, Z, 
A arjpiela- Xeyo, oxi eaxtv A<; rj AE eOtteta xpoc; xrjv EB, 
ooxog f) rZ xpo<; xrjv ZA. 

’Exe^euxtkoaav yap at Ar, BA, AA, xat aupipaXXexo f) 
AA xA KA exixeSw xaxa xo S arjpieTov, xat exeCeojcdwaav 
at ES, SZ. 

Kat exet 80o ex(xe8a xapaXXrjXa xa KA, MN 0x6 
exixeSoo xoo EBAS xeptvexai, at xoivat aOxAv xopiat at 
ES, BA xapaXXrjXoi eiaiv. Sia xa aOxa 8rj exet Soo ex(xe8a 
xapaXXrjXa xa H0, KA 0x6 exixe8ou xoo ASZr xeptvexai, 
at xoivat aoxAv xojiat at Ar, SZ xapaXXrjXoi eiaiv. xat exet 
xpiyAvoo xoo ABA xapa ptiav xAv xXeupAv xrjv BA eottela 
fjxxai rj ES, avaXoyov apa eaxtv A<; rj AE xpoc; EB, ooxok 


B 



For, if not, being produced, EF and GH will meet ei¬ 
ther in the direction of F, H, or of E, G. Let them be 
produced, as in the direction of F, H, and let them, first 
of all, have met at I\. And since EFK is in the plane 
AB, all of the points on EFK are thus also in the plane 
AB [Prop. 11.1], And K is one of the points on EFK. 
Thus, K is in the plane AB. So, for the same (reasons), 
K is also in the plane CD. Thus, the planes AB and CD, 
being produced, will meet. But they do not meet, on ac¬ 
count of being (initially) assumed (to be mutually) paral¬ 
lel. Thus, the straight-lines EF and GH, being produced 
in the direction of F, H, will not meet. So, similarly, we 
can show that the straight-lines EF and GH, being pro¬ 
duced in the direction of E, G, will not meet either. And 
(straight-lines in one plane which), being produced, do 
not meet in either direction are parallel [Def. 1.23]. EF 
is thus parallel to GH. 

Thus, if two parallel planes are cut by some plane then 
their common sections are parallel. (Which is) the very 
thing it was required to show. 

Proposition 17 

If two straight-lines are cut by parallel planes then 
they will be cut in the same ratios. 

For let the two straight-lines AB and CD be cut by the 
parallel planes GH, KL, and MN at the points A, E, B, 
and C, F, D (respectively). I say that as the straight-line 
AE is to EB, so CF (is) to FD. 

For let AC, BD, and AD have been joined, and let 
AD meet the plane KL at point O, and let EO and OF 
have been joined. 

And since two parallel planes KL and MN are cut 
by the plane EBDO, their common sections EO and BD 
are parallel [Prop. 11.16], So, for the same (reasons), 
since two parallel planes GH and KL are cut by the 
plane AOFC, their common sections AC and OF are 
parallel [Prop. 11.16]. And since the straight-line EO 
has been drawn parallel to one of the sides BD of trian- 
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f] AS xpoc; 5 A. xocXiv sxsl xpiy6vou xou A AT xapa piav 
x6v xXsup6v xfjv Ar sudsi'a fjxxai f] SZ, avaXoyov saxiv 
6c; f) AS xpoc; SA, ouxatc; fj FZ xxpoc ZA. sSsixdr] 6s xal 
6c; T) AS Tipoc; SA, ouxatc; f) AE xpoc; EB- xal 6c; apa f) AE 
xpoc; EB, ouxcog fj TZ xpoc; ZA. 


0 



’Eav apa 8uo sudsTai uxo xapaXXrjXuv exixe8cov xspvuv- 
xai, sic; xouc; auxouc; Xoyouc; xprydfiaovxai- oxsp sSsi Ssic^ai. 

ir )'- 

’Eav suOsTa sxixs8u> xivl xpoc; opdac; fj, xal xavxa xa 8i’ 
auxfjc; sxixsSa x6 aux6 exixs8u> xpoc; opdac; saxai. 

Eu-dsla yap xic; f) AB x6 uxoxsipsvco sxixsSa) xpoc; op-ddc; 
saxcr Xeyw, oxi xal xavxa xa 8ia xfjc; AB sxixsSa x6 uxo- 
XEipsvw sxixsBw xpoc; opdac; saxiv. 

, ExpspXr]CT , d« yap 8ia xfj<; AB sxixsSov xo AE, xal saxu> 
xoivr) xopf] xou AE sxixs8ou xal xou uxoxsipsvou f] TE, xal 
siXfjcp-dM sxl xfjc; TE xu)(6v arjpsTov xo Z, xal axo xou Z xfj 
TE xpoc; op-dac; fjyOtT sv x6 AE sxixsSw fj ZH. 

Kal sxsl f) AB xpoc; xo uxoxslpsvov sxixsSov op-df] 
saxiv, xal xpoc; xaaac; apa xac; axxopsvac; auxfjc; sudsiac; xal 
ouaac; sv x6 uxoxsi(jievu> sxixsStp opdf) saxiv f] AB- 6axs 
xal xpoc; xfjv FE opdf) saxiv f] apa uxo ABZ ywvia opdf] 
saxiv. saxi 8s xal f) uxo HZB opdf]- xapaXXrjXoc; apa saxiv 
f) AB xfj ZH. f] Ss AB x6 uxoxsipsvcp sxixsScp xpoc; opdac; 
saxiv xal f) ZH apa x6 uxoxsipsvtp sxixsBcp xpoc; opdac; 
saxiv. xal sxixsSov xpoc; sx[xs8ov opDov saxiv, oxav al xfj 
xoivfj xopfj x6v sxixsSmv xpoc; opdac; ayopsvai sudsTai sv 
svl x6v sxixsSwv x6 Xoix6 sxixsSw xpoc; opOac; 6aiv. xal 
xfj xoivfj xopfj x6v sxixsSmv xfj TE sv svl x6v sxixsSorv 


gle ABD, thus, proportionally, as AE is to EB, so AO 
(is) to OD [Prop. 6.2]. Again, since the straight-line OF 
has been drawn parallel to one of the sides AC of trian¬ 
gle ADC, proportionally, as AO is to OD, so CF (is) to 
FD [Prop. 6.2]. And it was also shown that as AO (is) 
to OD, so AE (is) to EB. And thus as AE (is) to EB, so 
CF (is) to FD [Prop. 5.11], 


H 



Thus, if two straight-lines are cut by parallel planes 
then they will be cut in the same ratios. (Which is) the 
very thing it was required to show. 

Proposition 18 

If a straight-line is at right-angles to some plane then 
all of the planes (passing) through it will also be at right- 
angles to the same plane. 

For let some straight-line AB be at right-angles to 
a reference plane. I say that all of the planes (pass¬ 
ing) through AB are also at right-angles to the reference 
plane. 

For let the plane DE have been produced through 
AB. And let CE be the common section of the plane 
DE and the reference (plane). And let some random 
point F have been taken on CE. And let FG have been 
drawn from F, at right-angles to CE, in the plane DE 
[Prop. 1.11]. 

And since AB is at right-angles to the reference plane, 
AB is thus also at right-angles to all of the straight¬ 
lines joined to it which are also in the reference plane 
[Def. 11.3]. Hence, it is also at right-angles to CE. Thus, 
angle ABF is a right-angle. And GFB is also a right- 
angle. Thus, AB is parallel to FG [Prop. 1.28]. And AB 
is at right-angles to the reference plane. Thus, FG is also 
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to AE xpoc; opdac; axOsToa f) ZH eSeix'dr) to unoxeipievo 
stutisoo upoc; op-dac;- to apa AE etutieSov opdov sgti upoc; 
to UTtoxEipEvov. o(ioio<; 8f] 6ei-X'*l’ , l a ' eTal xal ^a^Ta Ta 8ta 
Tfjt; AB siunEOa op-da TuyxavovTa xpoc; to uxoxEipEvov 
etutisSov. 


AH A 



’Eav apa su-dsla etutieBco Tivl upoc; op-dac; fj, xal itavTa Ta 
Bf auTfjc; siuuEBa to auTO etutieSo xpoc; opdac; scrcac onep 
sSst 8 sTc;at. 

’Eav Suo siuuEBa TspvovTa aXXrjXa etutieBco tivi upoc; 
op-dac; fj, xal f) xoivr) auTOv Tojif) to auTO etutisoco upoc; 
op-dac; saTai. 



Auo yap ETUTicBa Ta AB, Br to UTioxsipiEvco etutieBco 
upoc; op-dac; ectcco, xoivf) 8 s auTOv Tojif] ectcco t) BA- Xsyco, 
oti f) BA to UTioxsipEvcp etutieBco Tipoc; op-dac; scttiv. 


at right-angles to the reference plane [Prop. 11.8]. And 
a plane is at right-angles to a(nother) plane when the 
straight-lines drawn at right-angles to the common sec¬ 
tion of the planes, (and lying) in one of the planes, are 
at right-angles to the remaining plane [Def. 11.4]. And 
FG, (which was) drawn at right-angles to the common 
section of the planes, CE, in one of the planes, DE, was 
shown to be at right-angles to the reference plane. Thus, 
plane DE is at right-angles to the reference (plane). So, 
similarly, it can be shown that all of the planes (passing) 
at random through AB (are) at right-angles to the refer¬ 
ence plane. 


D G A 



Thus, if a straight-line is at right-angles to some plane 
then all of the planes (passing) through it will also be at 
right-angles to the same plane. (Which is) the very thing 
it was required to show. 

Proposition 19 

If two planes cutting one another are at right-angles 
to some plane then their common section will also be at 
right-angles to the same plane. 



For let the two planes AB and BC be at right-angles 
to a reference plane, and let their common section be 
BD. I say that BD is at right-angles to the reference 
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Mr) yap, xal rjxDtocrav axo T0 ^ A arjpdou £v pcv to 
AB exixe8cp xfj AA eMela xpo<; opbac; f) AE, ev Se xA Br 
exixe8« xfj TA Ttpoc op'Oac f) AZ. 

Kal £7 xsl xo AB exlxe8ov opbov eaxi xpog xo uxoxelpevov, 
xal xfj xoivfj auxAv xopfj xfj AA xpog opbac; ev xA 
AB exixeScp fjxxai f] AE, f] AE apa 6pf>f] eaxi xpo<; xo 
uxoxelpevov exlxeSov. opolox; 8f) 8ell;opev, oxi xal f) AZ 
opDr] eaxi npoc; xo uxoxelpevov exlxeSov. axo xou auxou 
apa arjpelou xou A xA uxoxeipevtp fexixeSco Suo eubela 
xpog opDac; aveaxapevai eialv era xa auxa pepry oxep eaxlv 
aBuvaxov. oux apa xA uxoxeipevtp exixeOco axo xou A 
ar)p.elou avaaxabrjaexai xpoc; opHot^ xXf)v xfjc AB xoivfjc 
xopfjc xAv AB, BE exixeSutv. 

’Eav apa 8uo exlxe8a xepvovxa aXXrjXa exixeScp xivl xpoc 
opbac fj, xal f) xoivf) auxAv xopf) xA auxA exixe8co xpoc 
opbac eaxac oxep e8ei Sel^ai. 


/ 

X . 

’Eav axepea ywvla uxo xpiAv yorviAv exixe8u>v xepiexry 
xai, 8uo oxoiaiouv xfjc Xoixfjc peli^ovec eiai xavxr) pexaXap- 
f3avopevai. 


A 



b e r 


Exepea yap ytovla f) xpoc xA A 0x6 xpiAv ytoviAv 
exixeSwv xAv 0x6 BAr, EAA, AAB xepiexcabGr Xeycr, 
oxi xAv 0x6 BAr, EAA, AAB ywviAv Suo oxoiaiouv xfjc 
Xoixfjc; pel((ovec eiai xavxr) (uexaXap.pav6p.evai. 

EE pev ouv al 0x6 BAr, EAA, AAB ywviailaai aXXijXaic 
eiaiv, ipavepov, oxi Suo oxoiaiouv xfjc; Xoixfjc; pei^ovec; eiaiv. 
ei Se ou, eaxw pel^wv f) 0x6 BAr, xal auveaxaxto xpoc xfj 
AB eubela xal xA xpoc aOxfj orjpeiw xA A xfj 0x6 AAB 
ywvia ev xA Sia xAv BAr exixeSw iar) f) 0x6 BAE, xal 
xeicrdw xfj AA lar) f) AE, xal Sia xou E or)peiou Siaybelaa 
f) BEr xepvexw xac AB, Ar eubelac xaxa xa B, T arjpela, 
xal exe^eux’dwaav al AB, Ar. 

Kal exel iar] eaxlv f) A A xfj AE, xoivf) Se f) AB, Suo 
Sualv I'aai' xal ycrvla f) 0x6 AAB ytovla xfj 0x6 BAE Tary 
(3aaic apa f) AB pdaei xfj BE eaxiv iar). xal exel Suo al BA, 
Ar xfjc; Br pel^ovec; eiaiv, Sv f) AB xfj BE c8elx , dr) iar), 


plane. 

For (if) not, let DE also have been drawn from point 
D, in the plane AB, at right-angles to the straight-line 
AD, and DF, in the plane BC, at right-angles to CD. 

And since the plane AB is at right-angles to the refer¬ 
ence (plane), and DE has been drawn at right-angles to 
their common section AD, in the plane AB, DE is thus at 
right-angles to the reference plane [Def. 11.4]. So, simi¬ 
larly, we can show that DF is also at right-angles to the 
reference plane. Thus, two (different) straight-lines are 
set up, at the same point D, at right-angles to the refer¬ 
ence plane, on the same side. The very thing is impossible 
[Prop. 11.13]. Thus, no (other straight-line) except the 
common section DB of the planes AB and BC can be set 
up at point D, at right-angles to the reference plane. 

Thus, if two planes cutting one another are at right- 
angles to some plane then their common section will also 
be at right-angles to the same plane. (Which is) the very 
thing it was required to show. 

Proposition 20 

If a solid angle is contained by three plane angles then 
(the sum of) any two (angles) is greater than the remain¬ 
ing (one), (the angles) being taken up in any (possible 
way). 


D 



B EC 


For let the solid angle A have been contained by the 
three plane angles BAG, CAD, and DAB. I say that (the 
sum of) any two of the angles BAG, CAD, and DAB 
is greater than the remaining (one), (the angles) being 
taken up in any (possible way). 

For if the angles BAG, CAD, and DAB are equal to 
one another then (it is) clear that (the sum of) any two 
is greater than the remaining (one). But, if not, let BAG 
be greater (than CAD or DAB). And let (angle) BAE, 
equal to the angle DAB, have been constructed in the 
plane through BAG, on the straight-line AB, at the point 
A on it. And let AE be made equal to AD. And BEC be¬ 
ing drawn across through point E, let it cut the straight¬ 
lines AB and AC at points B and C (respectively). And 
let DB and DC have been joined. 

And since DA is equal to AE, and AB (is) common, 
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Xoixr] apa f] Ar Xoixrjc; xfjc; ET (ieKwv caxiv. xal etc! for] 
Eaxlv r] AA xfj AE, xolvt] Se V] AT, xal paau; f] Ar p&aewc; 
xrjc; Er psKwv Eaxlv, ywvla apa f] 0x6 AAr ytovau; xfjc 0x6 
EAT [jieifov Eaxlv. sSslx-dr] Se xal f] 0x6 AAB xfj 0x6 BAE 
for]- al apa 0x6 AAB, AAr xrjc 0x6 BAr pclifovsc slew. 
ofjLolcoc^ 6f] SsllfopEv, oxi xal al Xoixal auvSuo Xap.pav6p.Evat 
xrjc Xoixrjc pslifovsc eictiv. 

’Eav apa axspsa ytovla 0x6 xpiAv ytoviAv exixeSwv 
x£pi£xr]xat, 80o oxotatouv xfjc Xoixrjc pslifovsc sfot xavxr] 
psxaXap.f3av6p.Evai- oxsp eSsi 8sfoat. 


xa'. 

"Axaaa axspsa yowla 0x6 sXaaaovow [fj] xsaaapwv 
op-dAv ytoviAv exixe8cov xEpiExexai. 

r 



B 


TfoxM axspsa ywvla f] xpoc xp A xEpiE)(opsv7] 0x6 
exixeSwv ywviAv xAv 0x6 BAr, EAA, AAB- Xsyo, oxt at 
0x6 BAr, EAA, AAB xsaaapow op-dAv sXaaaovsc Etatv. 

ElX^cp-dw yap sep’ sxaaxiqc xAv AB, Ar, AA xuyovxa 
arjpETa xa B, T, A, xal EXECeOx'daxrav al Br, TA, AB. xal 
exeI axspsa ycovta f] xpoc xA B 0x6 xptAv ywvtAv exixsSqv 
xsptExsxat xAv 0x6 TBA, ABA, TBA, 80o oxotatouv xfjc 
Xoixfjc pslifovsc Etatv al apa 0x6 TBA, ABA xfjc 0x6 TBA 
pclifovsc Etatv. 8ta xa auxa Bf) xal al pev 0x6 BBA, ArA 
xfjc 0x6 BrA pelEfovsc Etatv, at 8s 0x6 TAA, AAB xfjc 0x6 
TAB pclifovsc Etatv- at §5 apa yovtat al 0x6 TBA, ABA, 
BBA, ArA, TAA, AAB xptAv xAv 0x6 TBA, BEA, TAB 
pst^ovEc Etatv. aXXa al xpsfo al 0x6 TBA, BAE, BrA Sualv 
op-dafo foat Etatv- at §5 apa at 0x6 TBA, ABA, BEA, ArA, 
TAA, AAB 86o opDAv pslifovcc Etatv. xal exeI sxaaxou xAv 
ABr, ArA, AAB xptyAvtov al xpslc ytovlai 8ualv opDalc 
foai Etatv, al apa xAv xptAv xptyAvtov svvsa ywvlai al 0x6 


the two (straight-lines AD and AB are) equal to the 
two (straight-lines EA and AB, respectively). And an¬ 
gle DAB (is) equal to angle BAE. Thus, the base DB 
is equal to the base BE [Prop. 1.4]. And since the (sum 
of the) two (straight-lines) BD and DC is greater than 
BC [Prop. 1.20], of which DB was shown (to be) equal 
to BE, the remainder DC is thus greater than the re¬ 
mainder EC. And since DA is equal to AE, but AC 
(is) common, and the base DC is greater than the base 
EC, the angle DAC is thus greater than the angle E AC 
[Prop. 1.25]. And DAB was also shown (to be) equal to 
BAE. Thus, (the sum of) DAB and DAC is greater than 
BAG. So, similarly, we can also show that the remain¬ 
ing (angles), being taken in pairs, are greater than the 
remaining (one). 

Thus, if a solid angle is contained by three plane an¬ 
gles then (the sum of) any two (angles) is greater than 
the remaining (one), (the angles) being taken up in any 
(possible way). (Which is) the very thing it was required 
to show. 

Proposition 21 

Any solid angle is contained by plane angles (whose 
sum is) less [than] four right-angles.1 

c 



B 


Let the solid angle A be contained by the plane angles 
BAG, CAD, and DAB. I say that (the sum of) BAC, 
CAD, and DAB is less than four right-angles. 

For let the random points B, C, and D have been 
taken on each of (the straight-lines) AB, AC, and AD 
(respectively). And let BC, CD, and DB have been 
joined. And since the solid angle at B is contained 
by the three plane angles CBA, ABD, and CBD, (the 
sum of) any two is greater than the remaining (one) 
[Prop. 11.20], Thus, (the sum of) CBA and ABD is 
greater than CBD. So, for the same (reasons), (the sum 
of) BCA and ACD is also greater than BCD, and (the 
sum of) CDA and ADB is greater than CDB. Thus, 
the (sum of the) six angles CBA, ABD, BCA, ACD, 
CDA, and ADB is greater than the (sum of the) three 
(angles) CBD, BCD, and CDB. But, the (sum of the) 
three (angles) CBD, BDC, and BCD is equal to two 
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rBA, ArB, BAr, ata, taa, taa, aab, ABA, BAA zl 
opba'i; iaai siaiv, Sv ai uxo ABr, BrA, ArA, BAA, AAB, 
ABA E?j ytoviai 8uo opbAv Eiai psiCovEC Xoixai apa ai 0x6 
BAr, TAA, AAB xps'i; [ycoviai] xepiEyouaai xf]v axcpEav 
yuviav xEaaaptov opbAv EXaaaovE; Eiaiv. 

"Axaaa apa axEpca ywvia 0x6 EXaaaovtov [fj] xEaaapwv 
opbAv ytoviAv exixe8cov xEpiEyExai- oxcp e8ei 8El^au 


right-angles [Prop. 1.32]. Thus, the (sum of the) six an¬ 
gles CBA, ABD, BCA, ACD, CD A, and ADB is greater 
than two right-angles. And since the (sum of the) three 
angles of each of the triangles ABC, ACD, and ADB 
is equal to two right-angles, the (sum of the) nine angles 
CBA, ACB, BAC, ACD, CD A, CAD, ADB, DBA, and 
BAD of the three triangles is equal to six right-angles, of 
which the (sum of the) six angles ABC, BCA, ACD, 
CD A, ADB, and DBA is greater than two right-angles. 
Thus, the (sum of the) remaining three [angles] BAC, 
CAD, and DAB, containing the solid angle, is less than 
four right-angles. 

Thus, any solid angle is contained by plane angles 
(whose sum is) less [than] four right-angles. (Which is) 
the very thing it was required to show. 


t This proposition is only proved for the case of a solid angle contained by three plane angles. However, the generalization to a solid angle 
contained by more than three plane angles is straightforward. 


x(3'. 

’Eav Sai xpcT; ywviai exixe8oi, Sv ai SOo xfj; Xoixfj; 
(aei^ove; siai xavxr] pcxaXapPavopEvai, xEpiEycpai 8s auxa; 
Iaai EubsTai, Suvaxov saxiv ex xAv Exii^EuyvuouaAv xa; taa; 
subsiac; xpiywvov auaxfiaaabai. 



’'Eaxcoaav xpcT; ycoviai etuxeSoi ai Otto ABT, AEZ, 
H@K, Sv ai 8uo xfjc; Xoutfjc; psi^ovsc; siai Ttavxr) psxa- 
XapPavopsvai, ai psv Oko ABT, AEZ xfjc; Otto H@K, ai 
8e 0x6 AEZ, H0K xfjc 0x6 ABT, xai sxi ai 0x6 H0K, 
ABT xfjc; 0x6 AEZ, xai saxtoaav iaai ai AB, BT, AE, 
EZ, H0, 0K sOhsIai, xai EXE^EOxhtnaav ai AT, AZ, HK- 
Xeyco, oxi 8uvaxov saxiv ex xAv iatov xaic; AT, AZ, HK 
xpiywvov auaxf)aaa , dai, xouxectxiv oxi xAv AT, AZ, HK 
Suo oxoiaiouv xfjc; Xoixfjc; psi^ovsc; siaiv. 

Ei psv ouv ai 0x6 ABT, AEZ, H0K ytoviai iaai 
aXXfjXaic; siaiv, cpavspov, oxi xai xAv AT, AZ, HK iatov 
yivopsvtov 8uvaxov saxiv ex xAv iaov xaic; AT, AZ, HK 
xpiywvov auaxfjaaa'dai. si 8e ou, saxcnaav aviaoi, xai au- 
vEaxaxw xpo; xfj 0K EOhsia xai xA xpo; auxfj ar](jisicp xA 
0 xfj 0x6 ABT yorvia iarj f) 0x6 K0A- xai xsiahw pia xAv 
AB, BT, AE, EZ, H0, 0K iar] f] 0A, xai ExsCsOxilwaav 
ai KA, HA. xai exe'i 80o ai AB, BT 8uai xai; K0, 0A iaai 
siaiv, xai ytovia f) xpo; xA B ycovia x^ 0x6 K0A iar], pdai; 
apa f] AT pdasi x^ KA iar]. xai sxsi ai 0x6 ABT, H0K xfj; 


Proposition 22 

If there are three plane angles, of which (the sum of 
any) two is greater than the remaining (one), (the an¬ 
gles) being taken up in any (possible way), and if equal 
straight-lines contain them, then it is possible to construct 
a triangle from (the straight-lines created by) joining the 
(ends of the) equal straight-lines. 



Let ABC, DEF, and GHK be three plane angles, of 
which the sum of any) two is greater than the remain¬ 
ing (one), (the angles) being taken up in any (possible 
way)—(that is), ABC and DEF (greater) than GHK, 
DEF and GHK (greater) than ABC, and, further, GHK 
and ABC (greater) than DEF. And let AB, BC, DE, 
EF, GH, and HK be equal straight-lines. And let AC, 
DF, and GK have been joined. I say that that it is possi¬ 
ble to construct a triangle out of (straight-lines) equal to 
AC, DF, and GK —that is to say, that (the sum of) any 
two of AC, DF, and GK is greater than the remaining 
(one). 

Now, if the angles ABC, DEF, and GHK are equal 
to one another then (it is) clear that, (with) AC, DF, 
and GK also becoming equal, it is possible to construct a 
triangle from (straight-lines) equal to AC, DF, and GK. 
And if not, let them be unequal, and let KHL, equal to 
angle ABC, have been constructed on the straight-line 
HK, at the point H on it. And let HL be made equal to 
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uno AEZ pdfjovsc eiaiv, iar) 8e f) Oho ABr xfj Oho K@A, 
fj apa Oho H0A xfj<; Oho AEZ pd^tov eaxiv. xal end Buo 
ai H0, 0A 8uo rale; AE, EZ iaai eiaiv, xal ywvia f] Oho 
H0A ywviac; xfjc; Oho AEZ pdi^wv, (3aai<; apa fj HA pdaecoc; 
xfjc; AZ peii^Mv eaxiv. aXXa al HK, KA xfjc; HA pei^ovec; 
eiaiv. noXXA apa ai HK, KA xfjc; AZ peii^ove c, eiaiv. iar) 8e 
fj KA xfj AT- ai AT, HK apa xfjc; Xoinfjc; xfj; AZ peiiljove; 
eiaiv. opoito; Bf) Beiijopev, oxi xal ai pev Ar, AZ xfjc; HK 
peii^ove; eiaiv, xal exi ai AZ, HK xfjc; Ar peiijove; eiaiv. 
Suvaxov apa eaxlv ex xwv lacov xal; Ar, AZ, HK xpiytovov 
auaxrjaaa’dai- onep e6ei SeTijai. 


xy'- 

’Ex xpiAv ytoviAv enineStov, Sv ai 8uo xfjc; Xoinfj; 
peii^ove; eiai navxr) pexaXapPavopevai, axepeav ywviav 
auaxijaaadai' 8eT 8f) xa; xpd; xeaaapwv opDov eXaac;- 
ovac; elvai. 



"Eaxwaav ai BoDeTaai xpeTc; ywviai chihcSoi ai Oho 
ABr, AEZ, H0K, 6v ai 8uo xfjc; Xoinfjc; ^icKovec; saxwaav 
navxr] (icxaXa^ipavopievai, exi 8e ai xpeTc; xeaaapwv opDAv 
eXaaaovec;- 8eT 8f] ex xov lawv xalc Oho ABr, AEZ, H0K 
axepeav ywviav auaxfjaaa'dai. 

’AHeiXfjipdwaav laai ai AB, Br, AE, EZ, H0, 0K, xal 
ene£e6)cd6faav ai Ar, AZ, HK' Suvaxov apa eaxlv ex xAv 
Tawv xau; Ar, AZ, HK xpiycovov auaxijaaadai. auveaxaxo 
xo AMN, Aaxe larjv elvai xf]v p.ev Ar xfj AM, xf]v 8e AZ 
xfj MN, xal exi xfjv HK xfj NA, xal nepiyeypacp'dw nepl 
xo AMN xpiywvov xuxXoc; 6 AMN, xal eiXfjcp'dw aOxou xo 
xevxpov xal eaxo xo 5, xal ene£e6)cd6faav ai AS, MS, NS- 


one of AB, BC, DE, EF, GH, and HK. And let KL 
and GL have been joined. And since the two (straight¬ 
lines) AB and BC are equal to the two (straight-lines) 
KH and HL (respectively), and the angle at B (is) equal 
to I\HL, the base AC is thus equal to the base I\L 
[Prop. 1.4]. And since (the sum of) ABC and GHK 
is greater than DEF, and ABC equal to KHL, GHL 
is thus greater than DEF. And since the two (straight¬ 
lines) GH and HL are equal to the two (straight-lines) 
DE and EF (respectively), and angle GHL (is) greater 
than DEF, the base GL is thus greater than the base DF 
[Prop. 1.24]. But, (the sum of) GK and KL is greater 
than GL [Prop. 1.20]. Thus, (the sum of) GK and KL is 
much greater than DF. And KL (is) equal to AC. Thus, 
(the sum of) AC and GK is greater than the remaining 
(straight-line) DF. So, similarly, we can show that (the 
sum of) AC and DF is greater than GK, and, further, 
that (the sum of) DF and GK is greater than AC. Thus, 
it is possible to construct a triangle from (straight-lines) 
equal to AC, DF, and GK. (Which is) the very thing it 
was required to show. 

Proposition 23 

To construct a solid angle from three (given) plane 
angles, (the sum of) two of which is greater than the re¬ 
maining (one, the angles) being taken up in any (possible 
way). So, it is necessary for the (sum of the) three (an¬ 
gles) to be less than four right-angles [Prop. 11.21]. 



Let ABC, DEF, and GHK be the three given plane 
angles, of which let (the sum of) two be greater than the 
remaining (one, the angles) being taken up in any (pos¬ 
sible way), and, further, (let) the (sum of the) three (be) 
less than four right-angles. So, it is necessary to construct 
a solid angle from (plane angles) equal to ABC, DEF, 
and GHK. 

Let AB, BC, DE, EF, GH, and HK be cut off (so 
as to be) equal (to one another). And let AC, DF, and 
GK have been joined. It is, thus, possible to construct a 
triangle from (straight-lines) equal to AC, DF, and GK 
[Prop. 11.22]. Let (such a triangle), LMN, have be con¬ 
structed, such that AC is equal to LM, DF to MN, and, 
further, GK to NL. And let the circle LAIN have been 
circumscribed about triangle LAIN [Prop. 4.5], And let 
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Asycu, oxi f) AB peli^ov eaxl xfjc AS. el yap pf), rjxoi 
Tar) eaxiv f) AB xfj AS fj eXaxxwv. eaxco xpoxepov far], xal 
exel far] eaxiv f) AB xfj AS, aXXa f] pev AB xfj Br eaxiv 
far), f] 8s SA xfj SM, 8uo 8f] al AB, Br 8uo xalc AS, SM 
faai elaiv exaxepa exaxepcr xal pdaic f) AT pdaei xfj AM 
Oxoxeixai far]' yovla apa f] 0x6 ABT ywvla xfj 0x6 ASM 
eaxiv far]. Bid xa auxa 8f] xal f] pev 0x6 AEZ xfj 0x6 MSN 
eaxiv far], xal exi f] 0x6 H@K xfj 0x6 NSA- al apa xpeTc al 
0x6 ABr, AEZ, H0K yorvlai xpial xalc 0x6 ASM, MSN, 
NSA elaiv foai. aXXa al xpeTc al 0x6 ASM, MSN, NSA 
xexxapaiv opilafa elaiv faai- xal al xpeTc apa al 0x6 ABr, 
AEZ, H0K xexxapaiv opDaTc faai efalv. Oxoxeivxai Be xal 
xeaaapwv opbAv eXaaaovec oxep axoxov. oOx apa f] AB 
xfj AS far] eaxiv. Xeyco Srj, oxi oOBe eXaxxov eaxiv f] AB xfjc 
AS. el yap Buvaxov, eaxor xal xelailo xfj pev AB far] f) SO, 
xfj Be Br far] f] SII, xal exeCeox'dw f] Oil. xal exel far] eaxiv 
f) AB xfj Br, far] eaxl xal f] SO xfj SII- Aaxe xal Xoixf] f] 
AO xfj IIM eaxiv far]. xapaXXqXoc apa eaxiv f] AM xfj Oil, 
xal laoyAviov xo AMS xA OIIS' eaxiv apa Ac f] SA xpoc 
AM, ouxoc f] SO xpoc Oil- evaXXac; Ac f] AS xpoc SO, 
ooxax; f] AM xpoi; Oil. piel^wv 8e f] AS x^<; SO' piel^wv apa 
xal f] AM xfj<; Oil. aXXa f) AM xeTxai xfj Ar far]' xal f] Ar 
apa xfj<; Oil piel^wv eaxiv. exel ouv 86o al AB, Br 8ual xafa 
OS, SII faai efalv, xal pdaig f] Ar pdaeax; xrjc; Oil piel^wv 
eaxiv, ycovla apa f] 0x6 ABr ywvlac; xrjc; 0x6 OSII pieT^wv 
eaxiv. optolcK 8f] oel^opiev, oxi xal f] (lev 0x6 AEZ xfjc; 0x6 
MSN piel^Mv eaxiv, f] 8e 0x6 HOK xfjc 0x6 NSA. al apa 
xpelc ywvlai al 0x6 ABE, AEZ, HOK xpiAv xAv 0x6 ASM, 
MSN, NSA pielifavec elaiv. aXXa al 0x6 ABr, AEZ, HOK 
xeaaapwv opDAv eXaaaovec Oxoxeivxai- xoXXA apa al 0x6 
ASM, MSN, NSA xeaaaporv opUAv eXaaaovec elaiv. aXXa 
xal faai' oxep eaxiv axoxov. oOx apa f] AB eXaaawv eaxl 
xfjc AS. eBelxDr] oe, oxi o08e far]- piel^wv apa f] AB xfjc AS. 

Aveaxaxw 8f] axo xou S arjpielou xA xou AMN xuxXou 
exixeBo xpoc opDac f] SP, xal 6 piel^ov eaxi xo axo xfjc 
AB xexpaywvov xou axo xfjc AS, exelvcp laov eaxco xo axo 


its center have been found, and let it be (at) O. And let 
LO, MO, and NO have been joined. 



I say that AB is greater than LO. For, if not, AB is 
either equal to, or less than, LO. Let it, first of all, be 
equal. And since AB is equal to LO, but AB is equal to 
BC, and OL to OM, so the two (straight-lines) AB and 
BC are equal to the two (straight-lines) LO and OM, re¬ 
spectively. And the base AC was assumed (to be) equal 
to the base LAI. Thus, angle ABC is equal to angle 
LOM [Prop. 1.8]. So, for the same (reasons), DEF is 
also equal to MON, and, further, GHK to NOL. Thus, 
the three angles ABC, DEF, and GHK are equal to the 
three angles LOM, MON, and NOL, respectively But, 
the (sum of the) three angles LOM, MON, and NOL is 
equal to four right-angles. Thus, the (sum of the) three 
angles ABC, DEF, and GHK is also equal to four right- 
angles. And it was also assumed (to be) less than four 
right-angles. The very thing (is) absurd. Thus, AB is 
not equal to LO. So, I say that AB is not less than LO 
either. For, if possible, let it be (less). And let OP be 
made equal to AB, and OQ equal to BC, and let PQ 
have been joined. And since AB is equal to BC, OP 
is also equal to OQ. Hence, the remainder LP is also 
equal to (the remainder) QM. LM is thus parallel to PQ 
[Prop. 6.2], and (triangle) LAIO (is) equiangular with 
(triangle) PQO [Prop. 1.29]. Thus, as OL is to LAI, so 
OP (is) to PQ [Prop. 6.4]. Alternately, as LO (is) to OP, 
so LAI (is) to PQ [Prop. 5.16]. And LO (is) greater than 
OP. Thus, LAI (is) also greater than PQ [Prop. 5.14]. 
But LAI was made equal to AC. Thus, AC is also greater 
than PQ. Therefore, since the two (straight-lines) AB 
and BC are equal to the two (straight-lines) PO and OQ 
(respectively), and the base AC is greater than the base 
PQ, the angle ABC is thus greater than the angle POQ 
[Prop. 1.25], So, similarly, we can show that DEF is 
also greater than AION, and GHK than NOL. Thus, 
the (sum of the) three angles ABC, DEF, and GHK is 
greater than the (sum of the) three angles LOAI, AION, 
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Tfjc HP, xal EXE^Euy-dojaav ai PA, PM, PN. 

Kal exeI f] PH opilf] saxi xpoi; to toO AMN xuxAou 
exIxeSov, xal xpo<; exaaTT)v apa twv AH, MH, NH op-Of] 
sotlv f] PH. xal sxsl for] saxlv V] AH tt) HM, xoivf) Be xal 
xpoc; op-da<; f) HP, pdai<; apa f] PA pdasi xf) PM sotlv for). 
Bid xa auxa 8f] xal f] PN sxaxspa xwv PA, PM sotlv for]- 
al xpsu; apa ai PA, PM, PN ioai aAAfjAai<; sialv. xal exeI 
£> pslifov saxi xo axo xfjc; AB xou axo xfjc; AH, sxsivw igov 
Oxoxsixai to axo xfjc; HP, xo apa axo xrj<; AB foov saxl xou; 
axo xwv AH, HP. xofo Be axo xSv AH, HP foov saxl xo axo 
xfjc; AP- opbf] yap f] uxo AHP- xo apa axo xfjg AB foov 
saxl xp axo xfjc PA- Tar) apa f) AB xfj PA. aXXa xfj psv AB 
Tar] saxlv sxaoxr] xwv Br, AE, EZ, H0, 0K, xfj Be PA Tar] 
sxaxspa xwv PM, PN- Exaoxr] apa x&v AB, Br, AE, EZ, 
H0, 0K sxaaxr] xwv PA, PM, PN Tar] saxlv. xal exeI Buo 
ai AP, PM Bual xaTi; AB, Br i'aai sialv, xal pdai<; f) AM 
pdaEL xfi Ar Oxoxsixat lar], yovla apa f] 0x6 APM ywvla 
xfj 0x6 ABr saxiv for]. Bid xa auxa Brj xal fj ]xsv 0x6 MPN 
xfj 0x6 AEZ saxiv for], fj Be 0x6 APN xfj 0x6 H0K. 

’Ex xpiov apa ywviov exixeBwv twv 0x6 APM, MPN, 
APN, ai' siaiv iaai xpial xafo Bo-dslaau; xafo 0x6 ABr, AEZ, 
H0K, axspEa yorvla auvsaxaxai f] xpo<; xw P xspisxofiEvr] 
0x6 t&v APM, MPN, APN ywviov- oxsp eBei xoifjaai. 


and NOL. But, (the sum of) ABC, DEF, and GHK was 
assumed (to be) less than four right-angles. Thus, (the 
sum of) LOM, MON, and NOL is much less than four 
right-angles. But, (it is) also equal (to four right-angles). 
The very thing is absurd. Thus, AB is not less than LO. 
And it was shown (to be) not equal either. Thus, AB (is) 
greater than LO. 

So let OR have been set up at point O at right- 
angles to the plane of circle LAIN [Prop. 11.12]. And 
let the (square) on OR be equal to that (area) by which 
the square on AB is greater than the (square) on LO 
[Prop. 11.23 lem.]. And let RL, RAI, and RN have been 
joined. 

And since RO is at right-angles to the plane of cir¬ 
cle LAIN, RO is thus also at right-angles to each of LO, 
AIO, and NO. And since LO is equal to OAI, and OR 
is common and at right-angles, the base RL is thus equal 
to the base RAI [Prop. 1.4]. So, for the same (reasons), 
RN is also equal to each of RL and RAI. Thus, the three 
(straight-lines) RL, RAI, and RN are equal to one an¬ 
other. And since the (square) on OR was assumed to 
be equal to that (area) by which the (square) on AB is 
greater than the (square) on LO, the (square) on AB 
is thus equal to the (sum of the squares) on LO and 
OR. And the (square) on LR is equal to the (sum of 
the squares) on LO and OR. For LOR (is) a right-angle 
[Prop. 1.47]. Thus, the (square) on AB is equal to the 
(square) on RL. Thus, AB (is) equal to RL. But, each 
of BC, DE, EF, GH, and HK is equal to AB, and each 
of RAI and RN equal to RL. Thus, each of AB, BC, 
DE, EF, GH, and HK is equal to each of RL, RM, 
and RN. And since the two (straight-lines) LR and RAI 
are equal to the two (straight-lines) AB and BC (respec¬ 
tively), and the base LAI was assumed (to be) equal to 
the base AC, the angle LRAI is thus equal to the angle 
ABC [Prop. 1.8]. So, for the same (reasons), AIRN is 
also equal to DEF, and LRN to GHK. 

Thus, the solid angle R, contained by the angles 
LRAI, AIRN, and LRN, has been constructed out of 
the three plane angles LRAI, AIRN, and LRN, which 
are equal to the three given (plane angles) ABC, DEF, 
and GHK (respectively). (Which is) the very thing it was 
required to do. 
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Arjppoc. 


"Ov 8s xpoxov, 6 peii^ov sail to axo Tfjc; AB xou axo 
Tfjc; AS, exeivw Ictov Xa(3eTv eaxi xo axo Tfjc; SP, 8et^op.ev 
ouxcoc;. exxeia'dwaav ai AB, AS eubsiai, xai saxw pei^cov rj 
AB, xal Ysypacp'da) ex’ auxfjc; fjpixuxkiov xo ABr, xai sic; xo 
ABr f]pixuxAiov evrjpptoG'Ow xfj AS suDcia pf] pei^ovi oOarj 
Tfjc; AB Biapexpou Tar) f) Ar, xal exeCeux'Sw f\ TB. exel ouv 
ev qpLxuxXiw xo ArB ywvia Eaxlv f) 0x6 ATB, opDf] apa 
saxiv f] 0x6 ArB. xo apa axo Tfjc; AB laov saxi toT; axo 
xov Ar, FB. waxe xo axo xfj; AB xou axo Tfjc; Ar pslc^ov 
saxi tw axo xfjc; TB. iar] Be f] Ar xfj AS. xo apa axo xfjc; 
AB xou axo xfjc; AS peti^ov saxi xw axo xfjc; TB. sav ouv 
xfj Br iaqv xf)v SP axoXapwptev, eaxai xo axo xfjc; AB xou 
axo xfjc; AS piel^ov xp axo xfjc; SP- oxep xpoexeixo xoifjaai. 


xo'. 

’Eav axepeov 0x6 xapaXXf]X«v exixsBcov xEpisxqxai, xa 
axevavxiov aOxou extxeBa laa xe xal xapaXXqXoypappa 
eaxiv. 



Exepeov yap to TA0H 0x6 xapaXX^Xwv exixeSmv xe- 
piEXeaflM twv Ar, HZ, A0, AZ, BZ, AE' Xeyco, oxi xa axe- 
vavxlov aOxou cxixsSa laa xe xal xapaAArjAoypappd eaxiv. 

’Exel yap Suo exixsSa xapaXXr]Xa xa BH, TE 0x6 
exixeBou xou Ar xepivexai, ai xoival aOxwv xopai xapaXXqXol 
siaiv. xapaAArjXo; apa eaxlv f] AB xfj Ar. xaAiv, exel 
Buo exixeBa xapaXXrjXa xa BZ, AE 0x6 exixeBou xou 
Ar xepivexai, ai xoival aOxwv xopai xapaXXrjXoi eiaiv. 



And we can demonstrate, thusly, in which manner to 
take the (square) on OR equal to that (area) by which 
the (square) on AB is greater than the (square) on LO. 
Let the straight-lines AB and LO be set out, and let AB 
be greater, and let the semicircle ABC have been drawn 
around it. And let AC, equal to the straight-line LO, 
which is not greater than the diameter AB, have been 
inserted into the semicircle ABC [Prop. 4.1]. And let 
CB have been joined. Therefore, since the angle ACB 
is in the semicircle ACB, ACB is thus a right-angle 
[Prop. 3.31], Thus, the (square) on AB is equal to the 
(sum of the) squares on AC and CB [Prop. 1.47]. Hence, 
the (square) on AB is greater than the (square) on AC 
by the (square) on CB. And AC (is) equal to LO. Thus, 
the (square) on AB is greater than the (square) on LO 
by the (square) on CB. Therefore, if we take OR equal 
to BC then the (square) on AB will be greater than the 
(square) on LO by the (square) on OR. (Which is) the 
very thing it was prescribed to do. 

Proposition 24 

If a solid (figure) is contained by (six) parallel planes 
then its opposite planes are both equal and parallelo- 
grammic. 



by the parallel planes AC, GF, and AH, DF, and BF, 
AE. I say that its opposite planes are both equal and 
parallelogrammic. 

For since the two parallel planes BG and CE are 
cut by the plane AC, their common sections are parallel 
[Prop. 11.16]. Thus, AB is parallel to DC. Again, since 
the two parallel planes BF and AE are cut by the plane 
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xapaXXrjXoc; apa saxlv f) BT xfj AA. eSsixflr] 8 s xal f] AB 
xfj Ar xapaXXqXoi;- xapaXXrjXoypappov apa saxl xo AT. 
opolcoc; or] 8 slc;op£v, oxt xal sxaaxov xuv AZ, ZH, HB, BZ, 
AE xapaXXrjXoypappov saxtv. 

’Exs^suxDwaav at A0, AZ. xal sxel xapaXXqXoc; saxtv f] 
psv AB xfj AT, f] 8 s B0 xfj TZ, 80o Sf) at AB, B© axxopsvat 
aXXqXov xapa duo suflstac; xac; Ar, TZ axxopsvac; aXXfjXwv 
sialv oux sv xA auxA sxixe8m- Taac; apa y«vta<; xsptsc;ouaiv 
tar] apa f) 0 x 6 AB0 ywvta xfj 0x6 ArZ. xal sxsl 8 uo at AB, 
B0 oual xat<; Ar, TZ taat statv, xal ywvta f] 0x6 AB0 yoovla 
xfj 0x6 ArZ saxtv tar], pdatc apa f] A0 pdoet xfj AZ saxtv 
tar], xal xo AB0 xplyovov xA ArZ xptyAvw i'aov saxtv. xat 
saxt xoo psv AB0 BtxXaatov xo BH xapaXXrjXoypappov, 
xoo 8 s ArZ 8 txXaatov xo TE xapaXXrjXoypappov- taov 
apa xo BH xapaXXqXoypappov xA TE KapaXXqXoypdppoy 
opotox; 8 f] ost^opisv, oxt xal xo psv Ar xA HZ saxtv taov, 
xo 8 s AE xA BZ. 

’Eav apa axspsov 0x6 xapaXXfXwv sxtxs 8 wv xsptsxrjxat, 
xa axsvavxtov aoxoo sxtxsSa taa xs xal xapaXXqXoypappd 
saxtv oxsp s 8 st 8 sTc;at. 


xs'. 

’Eav axspsov xapaXXr)Xsx[xs 8 ov sxixs 8 cp xprydfj xa- 
paXXrjXtp ovxt xolc; axsvavxtov sxtxs 8 ot<;, saxat Ac; f] pdatc; 
xpoc; xfjv pdatv, ouxcoc; xo axspsov xpoc; xo axspsov. 



Exspsov yap xapaXXr)Xsxtxs 8 ov xo ABrA sxtxs 8 q> xA 
ZH xsxpfp'dto xapaXXrjXtp ovxl xolc; axsvavxtov sxtxs 8 ot<; 
xolc; PA, A0- Xsyw, oxt saxlv A<; f] AEZ<i> pdatc; xpoc; xfjv 
E0rZ pdatv, ouxgk xo ABZT axspsov xpoc; xo EHrA 
axspsov. 

’ExpspXfp-dM yap f] A0 scp’ sxaxspa xa pspr], xal 
xstaDwaav xfj psv AE Taat oaai 8 r]xoxouv al AK, KA, xfj 8 s 
E0 taat oaatSrjxoxouv al 0M, MN, xal aupxsxXrjpAa-dto 
xa AO, K<J>, 0X, ME xapaXXrjXoypappa xal xa An, KP, 


AC, their common sections are parallel [Prop. 11.16]. 
Thus, BC is parallel to AD. And AB was also shown (to 
be) parallel to DC. Thus, AC is a parallelogram. So, sim¬ 
ilarly, we can also show that DF, FG, GB, BF, and AE 
are each parallelograms. 

Let AH and DF have been joined. And since AB is 
parallel to DC, and BH to CF, so the two (straight-lines) 
joining one another, AB and BH, are parallel to the two 
straight-lines joining one another, DC and CF (respec¬ 
tively), not (being) in the same plane. Thus, they will 
contain equal angles [Prop. 11.10]. Thus, angle ABH 
(is) equal to (angle) DCF. And since the two (straight¬ 
lines) AB and BH are equal to the two (straight-lines) 
DC and CF (respectively) [Prop. 1.34], and angle ABH 
is equal to angle DCF, the base AH is thus equal to the 
base DF, and triangle ABH is equal to triangle DCF 
[Prop. 1.4]. And parallelogram BG is double (triangle) 
ABH, and parallelogram CE double (triangle) DCF 
[Prop. 1.34]. Thus, parallelogram BG (is) equal to paral¬ 
lelogram CE. So, similarly, we can show that AC is also 
equal to GF, and AE to BF. 

Thus, if a solid (figure) is contained by (six) parallel 
planes then its opposite planes are both equal and paral- 
lelogrammic. (Which is) the very thing it was required to 
show. 

Proposition 25 

If a parallelipiped solid is cut by a plane which is par¬ 
allel to the opposite planes (of the parallelipiped) then as 
the base (is) to the base, so the solid will be to the solid. 



For let the parallelipiped solid ABCD have been cut 
by the plane FG which is parallel to the opposite planes 
RA and DH. I say that as the base AEFV (is) to the base 
EHCF, so the solid ABFU (is) to the solid EGCD. 

For let AH have been produced in each direction. And 
let any number whatsoever (of lengths), AK and KL, 
be made equal to AE, and any number whatsoever (of 
lengths), HM and MN, equal to EH. And let the paral¬ 
lelograms LP, KV, HW, and MS have been completed, 
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AM, MT axepea. 

Kal sits! I'aai eialv ai AK, KA, AE euAelai aXkr\ka.iz, laa 
eaxi xal xa (rev AO, K4>, AZ xapaXXrjXoypappa aXXfjXoii;, xa 
8s KS, KB, AH aXXijXou; xal exi xa AT, Kn, AP aXXfjXoii;- 
axevavxlov yap. 8ia xa auxa 8f] xal xa pev Er, OX, ME 
xapaXXr]Xoypappa iaa eialv aXXfjXoii;, xa 5e OH, 01, IN laa 
eialv aXXijXou;, xal exi xa AO, MSI, NT- xpia apa exlxeBa 
xAv An, KP, AT axepeAv xpialv extxeBou; eaxlv laa. aXXa 
xa xpia xpial xolc; axevavxlov eaxlv laa- xa apa xpia axepea 
xa An, KP, AT laa aXXijXou; eaxlv. 8ia xa auxa Bf) xal xa 
xpia axepea xa EA, AM, MT laa aXXfjXoic; eaxlv oaa- 
xXaalcov apa eaxlv f) AZ f3aai<; xfjc; AZ pdoewc;, xoaau- 
xaxXaaiov eaxi xal xo AT axepeov xou AT axepeou. 8ia 
xa auxa 8f) oaaxXaalcuv eaxlv f] NZ |3dai<; xfjc; Z0 pdaeax;, 
xoaauxaxXaaiov eaxi xal xo NT axepeov xou OT axepeou. 
xal e’l iar] eaxlv f) AZ pdoi<; xfj NZ pdaei, laov eaxi xal xo 
AT axepeov xA NT axepeA, xal e’l uxepexct f] AZ pdau; xfjc; 
NZ pdaewc;, uxepexct xal xo AT axepeov xou NT axepeou, 
xal ei eXXelxei, eXXelxet. xeaaaporv 8f] ovxcov peyebAv, 8uo 
piev pdaewv xAv AZ, ZO, 8uo 8e axepeAv xAv AT, TO, 
eiXrjxxai iaaxi<; xoXXaxXdaia xfjc; (lev AZ pdaeax; xal xou 
AT axepeou fj xe AZ pdaic xal xo AT axepeov, xfjc 8e OZ 
pdaeax; xal xou 0T axepeou -q xe NZ pdau; xal xo NT 
axepeov, xal 8e8eixxai, oxi el uxepexsi f) AZ pdau; xfjc ZN 
Paaeax;, uxepexsi xal xo AT axepeov xou NT [axepeou], xal 
el Iar), ioov, xal el eXXelxei, eXXelxei. eoxiv apa A<; rj AZ 
Paaic Kpo<; xrjv ZO pdaiv, ouxax; xo AT axepeov xpo<; xo 
TO axepeov- oxep e8ei oeT^ai- 


and the solids LQ, KR, DM, and MT. 

And since the straight-lines LK, KA, and AE are 
equal to one another, the parallelograms LP, KV, and 
AF are also equal to one another, and KO, KB, and AG 
(are equal) to one another, and, further, LX, KQ, and 
AR (are equal) to one another. For (they are) opposite 
[Prop. 11.24]. So, for the same (reasons), the parallelo¬ 
grams EC, HW, and MS are also equal to one another, 
and HG, HI, and IN are equal to one another, and, 
further, DH, MY, and NT (are equal to one another). 
Thus, three planes of (one of) the solids LQ, KR, and 
AU are equal to the (corresponding) three planes (of the 
others). But, the three planes (in one of the soilds) are 
equal to the three opposite planes [Prop. 11.24]. Thus, 
the three solids LQ, KR, and AU are equal to one an¬ 
other [Def. 11.10]. So, for the same (reasons), the three 
solids ED, DM, and MT are also equal to one another. 
Thus, as many multiples as the base LF is of the base AF, 
so many multiples is the solid LU also of the the solid AU. 
So, for the same (reasons), as many multiples as the base 
NF is of the base FH, so many multiples is the solid NU 
also of the solid HU. And if the base LF is equal to the 
base NF then the solid LU is also equal to the solid NU d 
And if the base LF exceeds the base NF then the solid 
LU also exceeds the solid NU. And if (LF) is less than 
(NF) then (LU) is (also) less than (NU). So, there are 
four magnitudes, the two bases AF and FH, and the two 
solids AU and UH, and equal multiples have been taken 
of the base AF and the solid AU — (namely), the base 
LF and the solid LU —and of the base HF and the solid 
HU —(namely), the base NF and the solid NU. And it 
has been shown that if the base LF exceeds the base FN 
then the solid LU also exceeds the [solid] NU, and if 
(LF is) equal (to FN) then (LU is) equal (to NU), and 
if (LF is) less than (FN) then (LU is) less than (NU). 
Thus, as the base AF is to the base FH, so the solid AU 
(is) to the solid UH [Def. 5.5]. (Which is) the very thing 
it was required to show. 


f Here, Euclid assumes that LF = NF implies LU = NU. This is easily demonstrated. 


XF. 

npog xfj BoAelar] euAela xal xA 7ipo<; auxfj aqpelcp xfj 
8oAelar] axepea ycovla larjv axepeav ywvlav auaxrjoaaDai. 

’'Eaxco f] pev SoAeTaa euAela f) AB, xo 8e 7tpo<; auxfj 
8oAev arjpelov xo A, f] 8e OoheTaa axepea ycovla f] xpoc; 
xA A TtepiexopevT) uito xAv 0x6 EAT, EAZ, ZAT ycoviAv 
eiuiteScov 5eT 8f) xpoc; xfj AB euAelcx xal xA xpoc; auxfj 
arjpelw xA A xfj xpoc; xA A axepea ycovla larjv axepeav 
yoovlav auaxyjaaahai. 


Proposition 26 

To construct a solid angle equal to a given solid angle 
on a given straight-line, and at a given point on it. 

Let AB be the given straight-line, and A the given 
point on it, and D the given solid angle, contained by the 
plane angles EDC, EDF, and FDC. So, it is necessary 
to construct a solid angle equal to the solid angle D on 
the straight-line AB, and at the point A on it. 
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EtXrjcp'da) yap era xrjc AZ xu^ov aqpe'lov xo Z, xal rj^Dw 
axo xou Z exl xo 8ia xov EA, AT exlxeBov xordexoc; f) ZH, 
xal aup(3aXXexw xw exixeBw xaxa xo H, xal exe^euxOw f) 
AH, xal auveaxaxw xpoc; xfj AB euDela xal xw xpoc; auxfj 
arjpelw xw A xfj (rev 0x6 EAr ywvla Iar) f| 0x6 BAA, xfj Be 
0x6 EAH Iar) f) 0x6 BAK, xal xelaflw xfj AH Iar) f) AK, xal 
aveaxaxw axo xou K aqpelou xw 8ia xwv BAA exixeSw xpoc; 
opDac f) K0, xal xelailw Iar) xfj HZ f] K0, xal exeCeuxOw 
f) 0A- Xeyw, oxi f] xpoc; xw A axepea ywvla xepiexopevr) 
0x6 xwv BAA, BA0, 0AA ywviwv Iar) eaxi xfj xpoc; xw A 
axepea ywvla xfj xepiexopevr) 6x6 xwv EAr, EAZ, ZAr 
ywviwv. 

AxeiXrjcpflwaav yap laai al AB, AE, xal exeCeuxDwaav 
al 0B, KB, ZE, HE. xal exel f) ZH opDr) eaxi xpoc; xo 
uxoxelpevov exlxeBov, xal xpoc; xaaac; apa xac; axxopevac; 
aOxfji; euDelac; xal ouaac; ev xw Oxoxeipevw exixeBw opDac; 
xoiqaei ywviac opDf) apa eaxlv exaxepa xwv 0x6 ZHA, 
ZHE ywviwv. Bia xa aOxa Sf) xal sxaxspa xwv 0x6 0KA, 
0KB ywviwv opDr] saxiv. xal exsl Ouo al KA, AB 86o 
xalc; HA, AE laai eialv exaxepa exaxepcx, xal ywviac; laac; 
xepiexouaiv, pdaic; apa f) KB pdaei xfj HE Iar) eaxlv. eaxi 
8e xal f) K0 xfj HZ Iar) - xal ywviac; opDac; xepiexouaiv Iar) 
apa xal f] 0B xfj ZE. xaXiv exel 5uo al AK, K0 5ual xalc; 
AH, HZ laai eialv, xal ywviac; opDac; xepiexouaiv, pdaic apa 
f) A0 pdaei xfj ZA Iar) eaxlv. eaxi 8e xal f] AB xfj AE Iar)- 
8uo 8f) al 0A, AB 5uo xalc; AZ, AE laai eialv. xal pdaic; f] 
0B pdaei xfj ZE Iar)- ywvla apa f] 0x6 BA0 ywvla xfj 0x6 
EAZ eaxiv Iar). 8ia xa auxa 5f) xal f) 0x6 0AA x^ 0x6 ZAr 
eaxiv Iar). eaxi 8e xal f) 0x6 BAA xfj 0x6 EAr Iar). 

npoc; apa xfj SoDelar) euiDela xfj AB xal xw xpoc; auxfj 
arjpielw xw A xfj BoDelar) axepea ywvla xfj xpoc; xw A Iar) 
auveaxaxai- oxep e8ei xoifjaai. 



For let some random point F have been taken on DF, 
and let FG have been drawn from F perpendicular to 
the plane through ED and DC [Prop. 11.11], and let it 
meet the plane at G, and let DG have been joined. And 
let BAL, equal to the angle EDC, and BAK, equal to 
EDG, have been constructed on the straight-line AB at 
the point A on it [Prop. 1.23]. And let AK be made equal 
to DG. And let KH have been set up at the point K 
at right-angles to the plane through BAL [Prop. 11.12]. 
And let KH be made equal to GF. And let HA have 
been joined. I say that the solid angle at A, contained by 
the (plane) angles BAL, BAH, and HAL, is equal to the 
solid angle at D, contained by the (plane) angles EDC, 
EDF, and FDC. 

For let AB and DE have been cut off (so as to be) 
equal, and let HB, KB, FE, and GE have been joined. 
And since FG is at right-angles to the reference plane 
{EDC), it will also make right-angles with all of the 
straight-lines joined to it which are also in the reference 
plane [Def. 11.3]. Thus, the angles FGD and FGE 
are right-angles. So, for the same (reasons), the an¬ 
gles HKA and HKB are also right-angles. And since 
the two (straight-lines) KA and AB are equal to the two 
(straight-lines) GD and DE, respectively, and they con¬ 
tain equal angles, the base KB is thus equal to the base 
GE [Prop. 1.4]. And KH is also equal to GF. And they 
contain right-angles (with the respective bases). Thus, 
HB (is) also equal to FE [Prop. 1.4]. Again, since the 
two (straight-lines) AK and KH are equal to the two 
(straight-lines) DG and GF (respectively), and they con¬ 
tain right-angles, the base AH is thus equal to the base 
FD [Prop. 1.4]. And AB (is) also equal to DE. So, 
the two (straight-lines) HA and AB are equal to the two 
(straight-lines) DF and DE (respectively). And the base 
HB (is) equal to the base FE. Thus, the angle BAH is 
equal to the angle EDF [Prop. 1.8]. So, for the same 
(reasons), HAL is also equal to FDC. And BAL is also 
equal to EDC. 

Thus, (a solid angle) has been constructed, equal to 
the given solid angle at D, on the given straight-line AB, 
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xC- 

Axo xfj; SobEiarj; Et/bcia; xA SobEvxi axcpcA xapaXXrj- 
XsiutieBco opoiov xe xai opoio:>; xsipsvov axspcov xapaXXrj- 
XetuxeSov avaypdi|>ai. 

Tilaxco fj ptEv SoOsTaa subsTa fj AB, xo 8s Sobsv axcpsov 
7tapaXXr)XE7U7tE8ov xo TA- 8sl 8fj onto xfjc; 8obslarj; subEia; 
xfjc; AB xA SoOevxi oxspsA TiapaXXrjXETUTisBtp xA TA 
opoiov xe xa! opolto; XEipsvov axspsov xapaXXrjXEiuitESov 
avaypa^ai. 

SuvEaxaxio yap xpo; xfj AB Eubsla xai xA xpo; auxfj 
arjpshp xA A xfj xpo; xA T axspEa ytovia larj f) xspisxopEvrj 
0x6 xwv BA 0 , 0 AK, KAB, Soxe larjv slvai xfjv psv 0x6 
BA 0 ywvlav xfj 0x6 ETZ, xfjv Ss 0x6 BAK xfj 0x6 ErH, 
xfjv 8 e 0x6 KA 0 xfj 0x6 HTZ- xai yeyovexw A; psv fj Er 
xpo; xfjv TH, ouxw; f) BA xpo; xfjv AK, A; 8 e fj HE xpo; 
xfjv rZ, ouxm; fj KA xpoc; xfjv A 0 . xai 5 i’ iaou apa saxiv 
Ac; fj Er xpoc; xfjv TZ, oux«; fj BA xpo; xfjv A 0 . xai oup- 
xsxXrjpAabo:) xo 0 B xapaXXrjXoypappov xai xo AA axspsov. 


A 



A 



Kai exel saxiv A; fj Er xpo; xfjv TH, ouxo; fj BA xpo; 
xfjv AK, xai xspi iaa; ywvia; xa; 0 x 6 Em, BAK ai xXsupai 
avaXoyov siaiv, opoiov apa saxi xo HE xapaXXrjXoypappov 
xA KB xapaXXrjXoypapptp. Sia xa auxa 8fj xai xo psv K 0 
xapaXXrjXoypappov xA HZ xapaXXyjXoypappM opoiov saxi 
xai exi xo ZE xA 0 B- xpia apa xapaXXrjXoypappa xou TA 
axEpsou xpiai xapaXXrjXoypappoi; xou AA axEpsou opoia 
saxiv. aXXa xa psv xpia xpiai xoT; axsvavxiov Iaa xe saxi 
xai opoia, xa 8s xpia xpiai xol; axsvavxiov iaa xe saxi xai 
opoia- oXov apa xo TA axspsov oXa> xA AA axspsA opoiov 
saxiv. 

Axo xfj; SoDsiarj; apa subsia; xfj; AB xA Sobsvxi 
axspsA xapaXXrjX£xix£8« xA TA opoiov xe xai ojioiw; 
xsipiEvov avayEypaxxai xo AA- oxsp e8si xoifjaai. 


XT)'. 

’Eav axspsov xapaXXrjXExixsSov exixe8co xprjbfj xaxa 


at the given point A on it. (Which is) the very thing it 
was required to do. 

Proposition 27 

To describe a parallelepiped solid similar, and simi¬ 
larly laid out, to a given parallelepiped solid on a given 
straight-line. 

Let the given straight-line be AB, and the given par¬ 
allelepiped solid CD. So, it is necessary to describe a 
parallelepiped solid similar, and similarly laid out, to the 
given parallelepiped solid CD on the given straight-line 

AB. 

For, let a (solid angle) contained by the (plane angles) 
BAH, HAK, and KAB have been constructed, equal to 
solid angle at C, on the straight-line AB at the point A on 
it [Prop. 11.26], such that angle BAH is equal to ECF, 
and BAK to ECG, and KAH to GCF. And let it have 
been contrived that as EC (is) to CG, so BA (is) to AK, 
and as GC (is) to CF, so KA (is) to AH [Prop. 6.12]. 
And thus, via equality, as EC is to CF, so BA (is) to AH 
[Prop. 5.22]. And let the parallelogram HB have been 
completed, and the solid AL. 


D 



L 



And since as EC is to CG, so BA (is) to AK, and 
the sides about the equal angles ECG and BAK are 
(thus) proportional, the parallelogram GE is thus simi¬ 
lar to the parallelogram KB. So, for the same (reasons), 
the parallelogram KH is also similar to the parallelogram 
GF, and, further, FE (is similar) to HB. Thus, three 
of the parallelograms of solid CD are similar to three of 
the parallelograms of solid AL. But, the (former) three 
are equal and similar to the three opposite, and the (lat¬ 
ter) three are equal and similar to the three opposite. 
Thus, the whole solid CD is similar to the whole solid 
AL [Def. 11.9]. 

Thus, AL, similar, and similarly laid out, to the given 
parallelepiped solid CD, has been described on the given 
straight-lines AB. (Which is) the very thing it was re¬ 
quired to do. 

Proposition 28 

If a parallelepiped solid is cut by a plane (passing) 
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Tag Btaycovioug tuv aiiEvavTiov etutceBcov, Btya TpriOrjaETai 
to cnspeov utto tou etutieBou. 


B Z 



A A 


SxEpeov yap TtapaXXr|X£iuit£Bov to AB eiutceBco to> 
TAEZ TST^^ailw xara Tag Biaycovloug tov aTtevavTiov 
etutceBcov Tag TZ, AE- Xsycn, otl Biya Tpr]f)f|a£Tai to AB 
cTTEpsov utco tou TAEZ eiutceBou. 

’EtceI yap Taov eotI to psv THZ Tplycovov tA TZB 
TpiyAvco, to Be AAE to AE©, eoti. Be xal to psv EA Tta- 
paXXrjXoypappov tA EB taov datsvavTiov yap - to Be HE 
tA T0, xal to Ttpiapa apa to Ti£pi.£x6p£vov utco Buo psv 
TptyAvwv tAv THZ, AAE, TptAv Be TtapaXXrjXoypappcov 
tAv HE, Ar, EE taov ecttI tA TtpiapaTi tA TCEpiExopsvco 
Guo Buo psv TptyAvcov tAv TZB, AE0, TptAv Be TtapaX- 
XrjXoypdpptov tAv T@, BE, TE- utco yap Tacnv etutceBcov 
neptExovTat tA te TCXfjdei xal tA (isyrOsi. Actte oXov to 
AB aTspsov Stxoc TETpqTai utco tou TAEZ etutceBou- onsp 
sBsi BsT^ai. 


through the diagonals of (a pair of) opposite planes then 
the solid will be cut in half by the plane. 


B F 



For let the parallelepiped solid AB have been cut by 
the plane CDEF (passing) through the diagonals of the 
opposite planes CF and l)EJ I say that the solid AB will 
be cut in half by the plane CDEF. 

For since triangle CGF is equal to triangle CFB, and 
ADE (is equal) to DEH [Prop. 1.34], and parallelo¬ 
gram CA is also equal to EB —for (they are) opposite 
[Prop. 11.24]—and GE (equal) to CH, thus the prism 
contained by the two triangles CGF and ADE, and the 
three parallelograms GE, AC, and CE, is also equal to 
the prism contained by the two triangles CFB and DEF[, 
and the three parallelograms CH, BE, and CE. For they 
are contained by planes (which are) equal in number and 
in magnitude [Def. 11.10].* Thus, the whole of solid AB 
is cut in half by the plane CDEF. (Which is) the very 
thing it was required to show. 


t Here, it is assumed that the two diagonals lie in the same plane. The proof is easily supplied, 
i However, strictly speaking, the prisms are not similarly arranged, being mirror images of one another. 


xd'. 


Proposition 29 


Ta stu Tfjg auTfjg p&ascog ovTa GTspsa TtapaXXrjXETUTtsSa 
xal utco to auTO ucjjog, cov al ecpEcrcAaai etc! tAv atAAv eictiv 
euOeiAv, taa aXXf|Xoig scruv. 

A E 0 E 



TIcttw ETti Tfjg auTfjg pdascog Tfjg AB GTspsa TiapaXXr]- 


Parallelepiped solids which are on the same base, and 
(have) the same height, and in which the (ends of the 
straight-lines) standing up are on the same straight-lines, 
are equal to one another. 


D E H K 



For let the parallelepiped solids CM and CN be on 
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XeraTie8a ia FM, TN bno to auxo Sv ai scpsaxoaai 

ai AH, AZ, AM, AN, TA, TE, B0, BK era x£>v auxwv 
euUeiSiv eaxoraav x£3v ZN, AK- Xeyw, oxi laov eaxl xo TM 
axepeov x£> TN axepefii. 

’Enel yap itapaXXrjXoypappov eaxiv exaxepov xwv F0, 
FK, lar] eaxiv f) TB exaxepa xwv A0, EK- Saxe xal rj 
A0 xfj EK eaxiv lar). xoivf) diprjpr^aDw f] E0- Xoixf) apa 
fj AE XoiTifj xfj 0K eaxiv lar). waxe xal xo pev ArE 
xpiywvov xw 0BK xpiytovto laov eaxiv, xo 6e AH TtapaX- 
XqXoypappov xo 0N TtapaXXrjXoypappq). 8ia xa auxa Sr) xal 
to AZH xpiywvov xw MAN xpiytovw laov eaxiv. eaxi 8e xal 
to pev rZ TtapaXXrjXoypappov x£> BM 7iapaXXy]Xoypappq> 
laov, xo Se TH xw BN- aitevavxiov yap- xal to itplapa apa 
to nepieyopevov uno Suo pev xpiytovcrv xwv AZH, ArE, 
xpiwv 8e TiapaXXrjXoypappMv x£3v AA, AH, TH laov eaxl 
xw Ttpiapaxi tw nepieyopevcp Giro Suo pev xpiytovtov xGv 
MAN, 0BK, xpiwv 8e 7iapaXXr)Xoypappa>v xGv BM, 0N, 
BN. xoivov itpoaxeiabor xo axepeov, ou f3aai<; pev xo AB 
TtapaXXrjXoypappov, aTtevavxiov 8e xo HE0M- oXov apa xo 
FM axepeov TtapaXXrjXeraTteSov oXto x£3 FN axepew TtapaX- 
Xr)Xera7te8<p laov eaxiv. 

Ta apa era xfjc; auxr)<; pdaetoc; ovxa axepea napaXXr)- 
XeraiteSa xal Guo to auxo uiJjoc;, Sv ai ecpeaxSaai era xGv 
auxSv eiaiv eubeiSv, laa aXXf]Xoic; eaxiv onep e8ei Sel^ai. 


X'. 

Ta era xfj<; auxfjc pdaewc; ovxa axepea TtapaXXqXeraTteSa 
xal Gko xo auxo uijioc;, Sv ai ecpeaxSaai oGx eiaiv era xGv 
auxSv eu-deiSv, laa aXXrjXou; eaxiv. 


NO K P 



Tlaxw era xfj<; aGxfjc; pdaetx; xfj<; AB axepea xapaXXr]- 
Xerajte8a xa TM, TN Giro to auxo uijioc;, Sv ai ecpeaxSaai al 
AZ, AH, AM, AN, FA, FE, B0, BK pi] eaxwaav era xGv 


the same base AB, and (have) the same height, and let 
the (ends of the straight-lines) standing up in them, AG, 
AF, LAI, LN, CD, CE, BH, and BK, be on the same 
straight-lines, FN and DI\. I say that solid CM is equal 
to solid CN. 

For since CH and CK are each parallelograms, CB 
is equal to each of DH and EK [Prop. 1.34]. Hence, 
DH is also equal to EK. Let EH have been subtracted 
from both. Thus, the remainder DE is equal to the re¬ 
mainder HK. Hence, triangle DCE is also equal to tri¬ 
angle HBK [Props. 1.4, 1.8], and parallelogram DC to 
parallelogram HN [Prop. 1.36], So, for the same (rea¬ 
sons), traingle AFC is also equal to triangle AILN. And 
parallelogram CF is also equal to parallelogram BAI, 
and CG to BN [Prop. 11.24]. For they are opposite. 
Thus, the prism contained by the two triangles AFC and 
DCE, and the three parallelograms AD, DG, and CG, is 
equal to the prism contained by the two triangles AILN 
and HBK, and the three parallelograms BAI, HN, and 
BN. Let the solid whose base (is) parallelogram AB, and 
(whose) opposite (face is) GEHAI, have been added to 
both (prisms). Thus, the whole parallelepiped solid CAI 
is equal to the whole parallelepiped solid CN. 

Thus, parallelepiped solids which are on the same 
base, and (have) the same height, and in which the 
(ends of the straight-lines) standing up (are) on the same 
straight-lines, are equal to one another. (Which is) the 
very thing it was required to show. 

Proposition 30 

Parallelepiped solids which are on the same base, and 
(have) the same height, and in which the (ends of the 
straight-lines) standing up are not on the same straight¬ 
lines, are equal to one another. 


N P K R 



Let the parallelepiped solids CAI and CN be on the 
same base, AB, and (have) the same height, and let the 
(ends of the straight-lines) standing up in them, AF, AG, 
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auxAv eudeiAv Aeyco, oxi iaov ecru to TM axepeov ifi TN 
axepeA. 

’Ex|3epAr|a'dcoaav yap at NK, A0 xal aupxixxexcoaav 
aXX/]Xai<; xaxa to P, xal exi expepArjahwaav at ZM, HE 
ext xa O, n, xal exeCeuxhwaav at AS, AO, rn, BP. iaov 
8f| eaxL to TM axepeov, ou paaic pev xo ATBA xapaX- 
ArjAoypappov, axevavxlov 8e to ZAOM, tA TO axepeA, ou 
Paau; (rev to ArBA xapaAArjAoypappov, axevavxlov 8e to 
SnPO- era xe yap xfj<; auxrji; pdaeAc; etat xfj<; ATBA xal 
uxo to auxo Oc[io<;, 6v at ecpeaxAaai at AZ, AS, AM, AO, 
TA, rn, BO, BP ext xAv auxAv eiaiv eudeiAv xAv ZO, AP. 
aAAa to TO axepeov, ob pdaic; pev eaxi to ArBA xapaX- 
ArjAoypappov, axevavxlov 5e to SnPO, laov eaxl xA TN 
axepeA, ou pdaic; pev to ATBA xapaAArjAoypappov, axe- 
vavxlov 8e to HEKN' ext xe yap xaAiv xfjc; auxrjc; pdaeAc; 
eiai xf)<; ATBA xal uxo to auxo U'jioc, Sv at ecpeaxAaai at 
AH, AS, TE, m, AN, AO, BK, BP exl xAv auxAv etaiv 
euileiAv xAv Hn, NP. Aaxe xal to TM axepeov laov eaxl 
xA TN axepeA. 

Ta apa exl xfj<; auxfjc; pdaewc axepea xapaXXr]Xextxe8a 
xal 0x6 to auxo ucj^oc;, Sv at ecpeaxAaai oux etaiv exl xAv 
aOxAv eOiSeiAv, laa aXXrjXoii; eaxtv oxep e8ei oeT^a.i. 


Xa'. 

Ta ext iatov pdaewv ovxa axepea xapaXXr]Xextxe8a xal 
0x6 xo aOxo uc|>oc; laa aXXrjXou; eaxtv. 

TtaTO) exl latov pdaewv xAv AB, TA axepea xapaXXr]- 
XextxeOa xa AE, TZ 0x6 xo auxo ucJjoc;. Xeyw, oxi I'aov eaxl 
to AE axepeov xA TZ axepeA. 

’lEaTwaav 5f) xpoxepov at ecpeaxrjxulai at OK, BE, AH, 
AM, On, AZ, rS, PE xpoc; opilac; xai<; AB, TA pdaeaiv, 
xal expepX^aDw ex’ eOdetac; x^ TP eO'de'ia f) PT, xal au- 
veaxaxo xpoc; xfj PT euileta xal xA xpoc; auxfj arjpietw xA 
P xfj 0x6 AAB ywvta lar) f) 0x6 TPT, xal xetaDw xfj piev 
AA iar] fj PT, xfj 8e AB lar) f] PT, xal aupixexXrjpAa'dw f] 
xe PX pdaic; xal xo TT axepeov. 


LM, LN, CD, CE, BH, and BK, not be on the same 
straight-lines. I say that the solid CM is equal to the 
solid CN. 

For let NK and DH have been produced, and let 
them have joined one another at R. And, further, let FM 
and GE have been produced to P and Q (respectively). 
And let AO, LP, CQ, and BR have been joined. So, solid 

CM, whose base (is) parallelogram ACBL, and oppo¬ 
site (face) FDHM, is equal to solid CP, whose base (is) 
parallelogram ACBL, and opposite (face) OQRP. For 
they are on the same base, ACBL, and (have) the same 
height, and the (ends of the straight-lines) standing up in 
them, AF, AO, LM, LP, CD, CQ, BH, and BR, are on 
the same straight-lines, FP and DR [Prop. 11.29]. But, 
solid CP, whose base is parallelogram ACBL, and oppo¬ 
site (face) OQRP, is equal to solid CN, whose base (is) 
parallelogram ACBL, and opposite (face) GEKN. For, 
again, they are on the same base, ACBL, and (have) 
the same height, and the (ends of the straight-lines) 
standing up in them, AG, AO, CE, CQ, LN, LP, BK, 
and BR, are on the same straight-lines, CQ and NR 
[Prop. 11.29]. Hence, solid CM is also equal to solid 

CN. 

Thus, parallelepiped solids (which are) on the same 
base, and (have) the same height, and in which the (ends 
of the straight-lines) standing up are not on the same 
straight-lines, are equal to one another. (Which is) the 
very thing it was required to show. 

Proposition 31 

Parallelepiped solids which are on equal bases, and 
(have) the same height, are equal to one another. 

Let the parallelepiped solids AE and CF be on the 
equal bases AB and CD (respectively), and (have) the 
same height. I say that solid AE is equal to solid CF. 

So, let the (straight-lines) standing up, HI<, BE, AG, 
LAI, PQ, DF, CO, and RS, first of all, be at right-angles 
to the bases AB and CD. And let RT have been produced 
in a straight-line with CR. And let (angle) TRU, equal 
to angle ALB, have been constructed on the straight-line 
RT, at the point R on it [Prop. 1.23]. And let RT be 
made equal to AL, and RU to LB. And let the base RW, 
and the solid XU, have been completed. 
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Kal £tcsI 8uo al TP, PT Bual xat'c A A, AB laai eiaiv, 
xal ytoviac; laa<; nepieyouaiv, laov apa xal opoiov to PX 
TiapaXXrjXoypappov to @A TTapaXXriXoypdppo.). xal eirel 
xaXiv lar) pev f] AA xfj PT, r) 8e AM xfj PX, xal ytoviac; 
opbac; TrcpLeyouaLv, foov &P a xal opoiov eaxi xo P\P irapaX- 
XrjXoypappov xo AM TTapaXXrjXoypappM. 8ia xa auxa 8r] 
xal to AE xA XT laov xe eaxi xal opoiov- xpia apa ira- 
paXXrjXoypappa xou AE axepeou xpiol xapaXXrjXoYpappoic; 
xou TT axepeou laa xe eaxL xal opoLa. aXXa xa pev xpia 
xpial xou; anevavxiov Taa xe eaxi xal opoia, xa 8e xpia 
xpial xolc; auevavxiov oXov apa xo AE axepeov TiapaXXr]- 
XeraxeBov oXw xo TT axepeA 7iapaXXr)Xe7U7Te8w laov eaxiv. 
BifiyilMaav al AE; NT xal aupraitTSTMaav aXXr|Xai<; xaxa 
xo fl, xal 8ia xou T xfj A fl 7iapaXXr]Xoc; rjyilc) h aTA, xal 
expepX^aiJoi f) OA xaxa xo a, xal aupKexXrjpAa'dM xa flT, 
PI axepea. laov Bf| eaxi to Til axepeov, ou pdaic; pev 
eaxi xo PT TtapaXXrjXoypappov, anevavxiov 8e xo ilh, xA 
TT axepeA, o5 pdai<; pev to PT 7tapaXXr)XoYpappov, dire- 
vavxiov 8e xo TT- era xe yap the auxrjc; pdaeAc; etai xfjc 
PT xal utto xo auxo ui[>oc;, Sv al ecpeaxAaai a'l Pil, PT, 
TA, TX, Ev, So, T'i, TT era xAv auxAv eiaiv eubeiAv xAv 
flX, vT. aXXa xo TT axepeov xA AE eaxiv laov xal to Tfl 
apa axepeov xA AE axepeA eaxiv laov. xal end laov eaxl 
xo PTXT TtapaXXrjXoypappov xA flT TCapaXXr)Xoypdppoy 
era xe yap trj<; auxrjc; pdaeAc; etai xfj<; PT xal ev xalc; auxau; 
7iapaXXr]Xoi<; xaic PT, flX- aXXa xo PTXT xA PA eaxiv 
laov, creel xal xA AB, xal xo flT apa xapaXXrjXoYpappov 



K E 



And since the two (straight-lines) TR and RU are 
equal to the two (straight-lines) AL and LB (respec¬ 
tively), and they contain equal angles, parallelogram 
RW is thus equal and similar to parallelogram HL 
[Prop. 6.14]. And, again, since AL is equal to RT, 
and LAI to RS, and they contain right-angles, paral¬ 
lelogram RX is thus equal and similar to parallelogram 
AM [Prop. 6.14]. So, for the same (reasons), LE is also 
equal and similar to SU. Thus, three parallelograms of 
solid AE are equal and similar to three parallelograms 
of solid XU. But, the three (faces of the former solid) 
are equal and similar to the three opposite (faces), and 
the three (faces of the latter solid) to the three opposite 
(faces) [Prop. 11.24]. Thus, the whole parallelepiped 
solid AE is equal to the whole parallelepiped solid XU 
[Def. 11.10]. Let DR and WU have been drawn across, 
and let them have met one another at Y. And let aTb 
have been drawn through T parallel to DY. And let PD 
have been produced to a. And let the solids YX and 
RI have been completed. So, solid XY, whose base is 
parallelogram RX, and opposite (face) Yc, is equal to 
solid XU, whose base (is) parallelogram RX, and oppo¬ 
site (face) UV. For they are on the same base RX, and 
(have) the same height, and the (ends of the straight¬ 
lines) standing up in them, RY, RU, Tb, TW, Se, Sd, 
Xc and XV, are on the same straight-lines, YW and 
eV [Prop. 11.29]. But, solid XU is equal to AE. Thus, 
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tA TA ecttiv iaov. aXXo 8s to AT' eaTiv apa Ac f) TA 
Paaic npoc xf)v AT, outmc fj f2T xpoc ttjv AT. xal end 
CTxepeov 7capaXXr]Xe7U7ce5ov to TI exuieSco tA PZ TSTprpai 
napaXXr^Xw ovti toI'c aicevavTiov eiuneSou;, eaTiv Ac f) TA 
Paaic icpoc tt]v AT pdaiv, outcoc to TZ crcepeov icpoc to PI 
aTepeov. 5ia Ta aika 8f|, eicel crcepeov napaXXr)Xenine8ov 
to 121 eiuneSw tA P\F TCTprjTai 7iapaXXr]Xw ovti toIc axe- 
vavTiov exuieSoic, eaTiv Ac f) 12T pdaic npoc ttjv TA (3aaiv, 
outoc to f2\P aTcpeov xpoc to PI. aXX’ Ac f) TA panic 
xpoc tt]v AT, outwc f] f2T xpoc ttjv AT- xal Ac apa to 
TZ crcepeov xpoc to PI axepeov, outoc to H'L axepeov 
xpoc to PI. exaxepov apa tAv TZ, fi'L axepeAv xpoc to 
PI tov auTov exei Xoyov- laov apa ead to TZ crcepeov tA 
H'L CTTepeA. aXXa to H'L tA AE eBeixUr] iaov xal to AE 
apa tA TZ eaTiv I'aov. 



solid XY is also equal to solid AE. And since parallel¬ 
ogram RUWT is equal to parallelogram YT. For they 
are on the same base RT, and between the same par¬ 
allels RT and YW [Prop. 1.35]. But, RUWT is equal 
to CD, since (it is) also (equal) to AB. Parallelogram 
YT is thus also equal to CD. And DT is another (par¬ 
allelogram). Thus, as base CD is to DT, so YT (is) to 
DT [Prop. 5.7]. And since the parallelepiped solid Cl 
has been cut by the plane RF, which is parallel to the 
opposite planes (of Cl), as base CD is to base DT, so 
solid CF (is) to solid RI [Prop. 11.25]. So, for the same 
(reasons), since the parallelepiped solid YI has been cut 
by the plane RX, which is parallel to the opposite planes 
(of YI), as base YT is to base TD, so solid YX (is) to 
solid RI [Prop. 11.25]. But, as base CD (is) to DT, so 
YT (is) to DT. And, thus, as solid CF (is) to solid RI, 
so solid YX (is) to solid RI. Thus, solids CF and YX 
each have the same ratio to RI [Prop. 5.11]. Thus, solid 
CF is equal to solid YX [Prop. 5.9]. But, YX was show 
(to be) equal to AE. Thus, AE is also equal to CF. 


Q F 



Mf] ecrccoaav 5f] al scpscrcr]XiiiaL al AH, 0K, BE, AM, 
TS, On, AZ, PE npoc opOac Talc AB, TA pdacaiv Xeyw 
naXiv, otuctov to AE crcepeov tA TZ crcepeA. fjxfh^cw Y“P 
ano tAv K, E, H, M, n, Z, S, E ar)peiwv era. to Onoxelpevov 
CTuneBov xadeToi al KN, ET, HT, Md>, HX, Ztp, 512, El, 
xal aupf3aXXeT«aav tA eiuneScp xaTa Ta N, T, T, $, X, tf, 
f2, I arjpela, xal eTce^euxbwaav al NT, NT, Td>, T<f>, X^F, 
X12, f2I, I'll, iaov 8f] ecra to K$ crcepeov tA ni CTTepeA- 
enl tc yap lawv pdaeAv elai tAv KM, nE xal Ono to auTo 
ui(>oc, Av al ecpecrcAaai npoc opbac slai Talc pdaeaiv. aXXa 
to pev K<F aTcpeov tA AE aTepeA eaTiv iaov, to 8e ni tA 
TZ- enl Te yap Tfjc auTfjc PaaeAc elai xal uno to auTo ui]>oc, 
Av al eipeaTAaai oux eiaiv enl tAv aunAv eudeiAv. xal to 
AE apa aTcpeov tA TZ aTepeA eaTiv iaov. 

Ta apa enl laa>v pdaewv ovna anepea napaXXrjXenlneOa 
xal uno to auTo uijioc laa aXXf]Xoic eaTiv onep e8ei 8el^ai. 


And so let the (straight-lines) standing up, AG, HK, 
BE, LAI, CO, PQ, DF, and RS, not be at right-angles 
to the bases AB and CD. Again, I say that solid AE 
(is) equal to solid CF. For let KN, ET, GU, AIV, QW, 
FX, OY, and SI have been drawn from points K, E, 
G, M, Q, F, O, and S (respectively) perpendicular to 
the reference plane (i.e., the plane of the bases AB and 
CD), and let them have met the plane at points N, T, 
U, V, W, X, Y, and I (respectively). And let NT, NU, 
UV, TV, WX, WY, YI, and IX have been joined. So 
solid KV is equal to solid QI. For they are on the equal 
bases KM and OS, and (have) the same height, and the 
(straight-lines) standing up in them are at right-angles 
to their bases (see first part of proposition). But, solid 
KV is equal to solid AE, and QI to CF. For they are 
on the same base, and (have) the same height, and the 
(straight-lines) standing up in them are not on the same 
straight-lines [Prop. 11.30]. Thus, solid AE is also equal 
to solid CF. 

Thus, parallelepiped solids which are on equal bases. 
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xpi 

Ta uxo to aino ucJjoc; ovxa aTEpsa xapaXXrjXsxlxESa 
xpoc; aXXrjXa ecttiv <i>c cd Paosic;. 



’'Ecrao uxo to auTO ui])oc; cruspEa xapaXXrjXExlxsBa toc 
AB, TA' Xsyu>, oti Ta AB, TA GTepsd xapaXXrjXExlxsSa 
xpoc; aXXrjXa ecttiv Ac; al pdoeic, toutecttiv oti ecttiv Ac; f) 
AE paatc xpoc; xf]v TZ pdoiv, outux; to AB crcspEov xpoc; 
to TA CTTSpEOV. 

IIapaPepXr]a , da) yap xapa ttqv ZH tA AE ictov to Z0, 
xal axo pdoeoK psv xrjc; Z0, ucjiouc; Bs tou auTou tA TA 
aTEpsov xapaXXrjXsxlxESov aupxExXrjpAaOw to HK. ictov 
8rj ectti to AB aTEpsov tA HK aTEpsA' sxl te yap latov 
pdasAv slai tAv AE, Z0 xal 0x6 to auTO uiJjoc;. xal sxsl 
aTEpsov xapaXXrjXsxlxsBov to TK exixeBco tA AH TETprjTai 
xapaXXfjXcp ovti toTc; axsvavTiov exixeBok;, ecttiv apa Ac; f) 
EZ pdaig xpoc; ttjv Z0 f3aaiv, outok; to TA cruspEov xpoc; to 
A0 CTTEpEov. lor) Be f] psv Z0 |3aaic; Tfj AE f3aa£i, to Be HK 
aTEpsov tA AB GTEpsA' ecttiv apa xal Ac; f) AE pdaic; xpoc; 
ttjv TZ pdaiv, ouTtoc; to AB aTEpsov xpoc; to TA cruspsov. 

Ta apa 0x6 to aux6 ucJjoc; ovxa aTEpsa xapaXXrjXsxixEBa 
xpog aXXrjXa ecttiv Ac; al pdasic;- oxsp eBei Bsl^ai. 

Xy'. 

Ta opoia aTEpsa xapaXXrjXsxlxEBa xpoc; aXXrjXa ev xpi- 
xXaalovi Xoyw slal tAv opoXoycov xXsupAv. 

THaTM opoia aTEpsa xapaXXrjXsxlxEBa Ta AB, TA, 
opoXoyoc; Be ecttm f] AE Tfj TZ' Xsyto, oti to AB aTEpsov 
xpoc; to TA aTEpsov TpixXaCTiova Xoyov sysi, f] AE 

xpoc; ttjv TZ. 

’ExpspXrjCT'dwCTav yap ex’ suOslac; TaF; AE, HE, 0E al 
EK, EA, EM, xal xslaDoi Tfj psv TZ Tar] f) EK, Tfj Be ZN 
ictt) fj EA, xal eti Tfj ZP Tar) f) EM, xal aupxsxXrjpAcxdM to 
KA xapaXXqXoypappov xal to KO aTEpsov. 


and (have) the same height, are equal to one another. 
(Which is) the very thing it was required to show. 

Proposition 32 

Parallelepiped solids which (have) the same height 
are to one another as their bases. 

B D K 



Let AB and CD be parallelepiped solids (having) the 
same height. I say that the parallelepiped solids AB and 
CD are to one another as their bases. That is to say, as 
base AE is to base CF, so solid AB (is) to solid CD. 

For let FH, equal to AE, have been applied to FG (in 
the angle FGH equal to angle LCG ) [Prop. 1.45]. And 
let the parallelepiped solid GK, (having) the same height 
as CD, have been completed on the base FH. So solid 
AB is equal to solid GK. For they are on the equal bases 
AE and FH, and (have) the same height [Prop. 11.31]. 
And since the parallelepiped solid GK has been cut by 
the plane DG, which is parallel to the opposite planes (of 
CK ), thus as the base CF is to the base FH, so the solid 
CD (is) to the solid DH [Prop. 11.25]. And base FH (is) 
equal to base AE, and solid GK to solid AB. And thus 
as base AE is to base CF, so solid AB (is) to solid CD. 

Thus, parallelepiped solids which (have) the same 
height are to one another as their bases. (Which is) the 
very thing it was required to show. 

Proposition 33 

Similar parallelepiped solids are to one another as the 
cubed ratio of their corresponding sides. 

Let AB and CD be similar parallelepiped solids, and 
let AE correspond to CF. I say that solid AB has to solid 
CD the cubed ratio that AE (has) to CF. 

For let EK, EL, and EM have been produced in a 
straight-line with AE, GE, and HE (respectively). And 
let EK be made equal to CF, and EL equal to FN, and, 
further, EM equal to FR. And let the parallelogram KL 
have been completed, and the solid I\P. 
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Kal exel 8uo od KE, EA 8ual xalc; TZ, ZN laai eiaiv, 
aXXa xal ytovla fj uxo KEA ywvia xrj 0x6 TZN eaxiv lot], 
exei8fjxep xal fj 0x6 AEH xfj 0x6 TZN eaxiv i'arj Sia xfjv 
opoioxrjxa tuv AB, TA axepeAv, Taov apa eaxl [xal opoiov] 
xo KA xapaXXrjXoypapjiov xA TN xapaXXrjXoypapjjuj. 8ia 
xa aOxa 8f) xal xo pev KM xapaXXrjXoypappov laov eaxl xal 
opoiov xA TP [xapaXXrjXoypdppcp] xal exi xo EO xA AZ- 
xpla apa xapaXXrjXoypappa xoO KO axepeou xpial xapaX- 
XrjXoypdppoic; xou TA axepeou laa eaxl xal opoia. aXXa xa 
pev xpla xpial xou; axevavxiov laa eaxl xal opoia, xa 8e xpia 
xpial xolc; axevavxiov laa eaxl xal opoia- oXov apa xo KO 
axepeov oktd xA TA axepeA laov eaxl xal opoiov. aupxe- 
xXrjpAa’dw xo HK xapaXXrjXoypappov, xal axo p&aeuv pev 
xAv HK, KA xapaXXrjXoypappwv, ui];ou<; 8e xou aOxou xA 
AB axepea aupxexXrjpAahw xa EH, An. xal ex el Sia xfjv 
opoioxrjxa xAv AB, TA axepeAv eaxiv Ac; fj AE xpog xr]v 
EZ, ouxcoc; f] EH xpoc; xrjv ZN, xal f) EO xpog xrjv ZP, Tar) 
8e f) piev TZ xfj EK, f] 6e ZN xfj EA, f] 8e ZP xfj EM, eaxiv 
apa Ac; f] AE xpoc; xr]v EK, ouxtog fj HE xpog xrjv EA xal fj 
OE xpog xrjv EM. aXX’ Ac; piev rj AE xpog xrjv EK, ouxtoc; xo 
AH [xapaXXr]X6ypapi(iov] xpog xo HK xapaXXrjXoypajipiov, 
Ac; 8e f) HE xpog xrjv EA, ouxwc; xo HK xpoc; xo KA, Ac; 
8e fj OE xpoc; EM, ouxtoc; xo nE xpog xo KM' xal Ac; apa 
xo AH xapaXXyjXoypajipiov xpoc; xo HK, ouxcoc; xo HK xpoc; 
xo KA xal xo nE xpoc; xo KM. aXX’ Ac; (iev xo AH xpoc; 
xo HK, ouxtoc; xo AB axepeov xpog xo EH axepeov, Ac; 8e 
xo HK xpoc; xo KA, ouxcoc; xo HE axepeov xpoc; xo nA 
axepeov, Ac; 8e xo nE upoc; xo KM, ouxox; xo nA axepeov 
xpog xo KO axepeov xal Ac; apa xo AB axepeov xp6<; xo 
EH, ouxtoc; xo EH xpoc; xo nA xal xo nA xpoc; xo KO. 
eav 8e xeaaapa (ieyeilrj xaxa xo auve)(£<; avaXoyov fj, xo 
xpAxov xpoc; xo xexapxov xpixXaaiova Xoyov £)(£i fjxep xpoc; 
xo Seuxepov xo AB apa axepeov xpoc; xo KO xpixXaaiova 
Xoyov e)(ei fjxep xo AB xpoc; xo EH. aXX’ Ac; xo AB xpoc; 
xo EH, ouxcoc; xo AH xapaXXyjXoypapipiov xpoc; xo HK xal fj 
AE eMeia xpoc; xfjv EK- Aaxe xal xo AB axepeov xpoc; xo 
KO xpixXaaiova Xoyov e^ei fjxep f] AE xpoc; xfjv EK. laov 
8e xo [(iev] KO axepeov xA TA axepeA, fj 8e EK eu-dela 
xrj TZ- xal xo AB apa axepeov xpoc; xo TA axepeov xpi- 



And since the two (straight-lines) KE and EL are 
equal to the two (straight-lines) CF and FN, but angle 
KEL is also equal to angle CFN, inasmuch as AEG is 
also equal to CFN, on account of the similarity of the 
solids AB and CD, parallelogram KL is thus equal [and 
similar] to parallelogram CN. So, for the same (reasons), 
parallelogram KM is also equal and similar to [parallel¬ 
ogram] CR, and, further, EP to DF. Thus, three par¬ 
allelograms of solid KP are equal and similar to three 
parallelograms of solid CD. But the three (former par¬ 
allelograms) are equal and similar to the three opposite 
(parallelograms), and the three (latter parallelograms) 
are equal and similar to the three opposite (parallelo¬ 
grams) [Prop. 11.24]. Thus, the whole of solid KP is 
equal and similar to the whole of solid CD [Def. 11.10]. 
Let parallelogram GK have been completed. And let the 
the solids EO and LQ, with bases the parallelograms GK 
and I\L (respectively), and with the same height as AB, 
have been completed. And since, on account of the sim¬ 
ilarity of solids AB and CD, as AE is to CF, so EG (is) 
to FN, and EH to FR [Defs. 6.1, 11.9], and CF (is) 
equal to EK, and FN to EL, and FR to EM, thus as 
AE is to EK, so GE (is) to EL, and HE to EM. But, 
as AE (is) to EI\, so [parallelogram] AG (is) to paral¬ 
lelogram GK, and as GE (is) to EL, so GK (is) to I\L, 
and as HE (is) to EM, so QE (is) to KM [Prop. 6.1]. 
And thus as parallelogram AG (is) to GK, so GK (is) 
to KL, and QE (is) to KM. But, as AG (is) to GK, so 
solid AB (is) to solid EO, and as GK (is) to KL, so solid 
OE (is) to solid QL, and as QE (is) to KM, so solid QL 
(is) to solid KP [Prop. 11.32]. And, thus, as solid AB 
is to EO, so EO (is) to QL, and QL to KP. And if four 
magnitudes are continuously proportional then the first 
has to the fourth the cubed ratio that (it has) to the sec¬ 
ond [Def. 5.10]. Thus, solid AB has to KP the cubed 
ratio which AB (has) to EO. But, as AB (is) to EO, so 
parallelogram AG (is) to GK, and the straight-line AE 
to EK [Prop. 6.1]. Hence, solid AB also has to KP the 
cubed ratio that AE (has) to EK. And solid KP (is) 
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xXaalova Xoyov cyci rjxcp f| opoXoyoi; auxou xXe upa f] AE 
xpog xfjv opoXoyov xXcupav xfjv TZ. 
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Ta apa opoia axe pea xapaXXrjXcxlxEBa ev xpixXaalovi 
Xoycp saxl xuv opoXoytov xXsupAv oxsp eSei 8el^ai. 

noplace*. 

’Ex Srj xouxou cpavcpov, oxi cav xeaoapsc Eubslai 
avaXoyov Sai.v, saxai Ac; fj xpAxrj xpo<; xf]v xcxdpxrjv, ouxw 
xo duo xfjc; xpAxrjc; axspEov xapaXXrjXExlxsBov xpoc; xo axo 
xfjc Ssuxspac; xo opoiov xal opolox; avaypacpopsvov, sxdxEp 
xal f] xpcoxrj xpoc; xf]v xExapxrjv xpixXaatova Xoyov cyci fjxcp 
xpoc; xfjv 8euxepav. 

X8'. 

TAv lacov axspsAv xapaXXrjXExixsBtov avxixExovbaaiv 
od pdasic; xou; U'jieaiv xal Sv axspedv xapaXXrjXsxixE8wv 
avxixExovdaaiv at pdasic; xou; utjisaiv, laa ectxIv sxsTva. 

’lEaxa) laa axspsd xapaXXrjXExlxsSa xa AB, TA - Xsyto, 
oxi xAv AB, TA axspsAv xapaXXrjXsxixESwv avxixsxovdaaiv 
ai pdasic; xou; 0(]>ectiv, xal saxiv Ac; fj E0 (3aau; xpoc; xf]v 
Nil pdatv, oux6K xo xou TA axspEoO ucj^oc; xpo; xo xou AB 
axcpsoO ucjioc;. 

’'Eaxwaav yap xpoxspov al scpsaxrjxuiai at AH, EZ, AB, 
0K, TM, NS, OA, HP xpo; opDat; xau; pdosatv auxAv- 
Xsyw, oxi saxiv Ac; f] E0 pdau; xpo; xfjv Nn pdatv, ouxax; 
fj TM xpoc; xfjv AH. 

Et psv ouv tar] saxtv f] E0 pdatv xfj Nn pdast, saxi 8s 
xal xo AB axspsov xA TA axspsA taov, saxai xal fj TM xfj 
AH tarj. xa yap 0x6 xo auxo ucJjoc; axspsa xapaXXrjXsxixEBa 
xpoc; aXXrjXa saxtv Ac; at pdasic;. xal saxat Ac; f] E0 pdau; 
xpoc; xfjv Nn, ouxoc; f] TM xpoc; xfjv AH, xal cpavspov, oxt 


equal to solid CD, and straight-line EK to CF. Thus, 
solid AB also has to solid CD the cubed ratio which its 
corresponding side AE (has) to the corresponding side 
CF. 


B O 



Thus, similar parallelepiped solids are to one another 
as the cubed ratio of their corresponding sides. (Which 
is) the very thing it was required to show. 

Corollary 

So, (it is) clear, from this, that if four straight-lines are 
(continuously) proportional then as the first is to the 
fourth, so the parallelepiped solid on the first will be to 
the similar, and similarly described, parallelepiped solid 
on the second, since the first also has to the fourth the 
cubed ratio that (it has) to the second. 

Proposition 34 f 

The bases of equal parallelepiped solids are recip¬ 
rocally proportional to their heights. And those paral¬ 
lelepiped solids whose bases are reciprocally proportional 
to their heights are equal. 

Let AB and CD be equal parallelepiped solids. I say 
that the bases of the parallelepiped solids AB and CD 
are reciprocally proportional to their heights, and (so) as 
base EH is to base NQ, so the height of solid CD (is) to 
the height of solid AB. 

For, first of all, let the (straight-lines) standing up, 
AG, EF, LB, HK, CM, NO, PD, and QR, be at right- 
angles to their bases. I say that as base EH is to base 
NQ, so CM (is) to AG. 

Therefore, if base EH is equal to base NQ, and solid 
AB is also equal to solid CD, CM will also be equal to 
AG. For parallelepiped solids of the same height are to 
one another as their bases [Prop. 11.32], And as base 
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twv AB, TA aTEpecov xapaXXrjXcxixEScov avxixExovhaoiv at 
f3ao£ic; xolc; ucJjeoiv. 



Mr) eoxo 8f) tar) f] E0 |3aoi<; xfj Nil paoEi, aXX’ eoxm 
(iEt^wv f) E0. ECTxt 8e xal to AB oxEpEov tA TA oxEpcA 
foov piEt^wv apa eoxI xal f) TM xrj<; AH. xeIoHw ouv xfj 
AH tarj f] FT, xal oupxExXrjpAoilM axo pdaswi; ptsv xfj<; 
Nn, utjiouc; 8e toO TT, axEpsov xapaXXr]XExlx£Sov xo <l>r. 
xal exeI igov soxl to AB oxspEov tA TA oxspsA, s^mOev 8e 
to r$, toc 8e loa xpoc; xo auxo xov auxov s)(Ei Xoyov, egxiv 
apa Ac; xo AB oxspEov xpoc; xo TI 1 oxspEov, ouxtoc; to TA 
oxspsov xpoc; to r$ GxspEov. aXX’ Ac; psv xo AB oxspEov 
xpoc; to r$ GxspEov, ouxcoc; f) E0 pdoic; xpoc; xrjv Nn (3aoiv 
looucjifj yap xa AB, r<3> oxEpEor Ac; 8s xo TA oxspEov xpoc; 
xo E$ axEpsov, ouxtoc; f) Mn pdoic; xpoc; xr)v Tn Pocgiv 
xal r) TM xpog xf)v TT- xal Ac; apa r) E0 pdoic; xpoc; xr)v 
Nn pdotv, ouxwc; r) Mr xpoc; xf)v TT. tor) 8e r) FT xfj AH- 
xal Ac; apa r) E0 pdoic; xpoc; xr)v Nn pdoiv, ouxw<; f) Mr 
xpoc; xrjv AH. xAv AB, TA apa oxspsAv xapaXXrjXsxixESwv 
avxixExovdaoiv al pdosic; xofo ucjisoiv. 

ndXiv of) xAv AB, TA oxEpsAv xapaXXrjXExixESorv avxi- 
xsxovdExooav al pdosic; xolc; ucjisoiv, xal soxto Ac; f) E0 
pdoic; xpoc; xf)v Nn pdoiv, ouxoc; xo xou TA oxspEoO utjcoc; 
xpoc; xo xou AB oTEpsoO uc|;oc;- Xsyw, oxi foov soxl xo AB 
oxEpsov xA TA oxEpsA. 

’'Eaxcooav [yap] xaXiv al scpEoxrjxuTai xpoc; op-dac; xaic; 
pdosoiv. xal si pisv lor) soxlv f) E0 pdoic; xfj Nn pdosi, xal 
egxiv Ac; f) E0 pdoic; xpoc; xrjv Nn pdoiv, ouxwc; xo xou 
TA oxEpsou uc[>oc; xpoc; xo xou AB oTEpsoO u<[ioc;, foov apa 
soxl xal to xou TA oxEpsou utjioc; xA xou AB oxspEou ucjisi. 
xa 8 e ETtl fowv pdoscov oxspsa xapaXXrjXEKiKESa xal uxo xo 
auxo utjjoc; foa aXXf]Xoi<; soxlv foov apa soxl xo AB oxspsov 
tA TA oxEpsA. 

Mf) eotgt Sr) f) E0 pdoic; xfj Nn [pdosi] for), aXX’ soxo 
pcsl^wv f) E0- pcsTi^ov apa soxl xal xo xou TA oxEpsou uc|>oc; 
xou xou AB oxspEou ucjiouc;, xouxeoxiv f) TM xfjc; AH. 
xeIoDw xfj AH lor) xaXiv f) TT, xal oupixsxXrjpAo'dw opiolwc; 
xo r$ axspsov. exeI egxiv Ac; f) E0 pdoic; xpog xrjv Nn 
pdoiv, OUT6K f) Mr xpoc; xf)v AH, lor) 8 e f] AH xfj TT, 


EH (is) to NQ, so CM will be to AG. And (so it is) clear 
that the bases of the parallelepiped solids AB and CD 
are reciprocally proportional to their heights. 

R D 




So let base EH not be equal to base NQ, but let EH 
be greater. And solid AB is also equal to solid CD. Thus, 
CM is also greater than AG. Therefore, let CT be made 
equal to AG. And let the parallelepiped solid VC have 
been completed on the base NQ, with height CT. And 
since solid AB is equal to solid CD, and CV (is) extrinsic 
(to them), and equal (magnitudes) have the same ratio to 
the same (magnitude) [Prop. 5.7], thus as solid AB is to 
solid CV, so solid CD (is) to solid CV. But, as solid AB 
(is) to solid CV, so base EH (is) to base NQ. For the 
solids AB and CV (are) of equal height [Prop. 11.32]. 
And as solid CD (is) to solid CV, so base AlQ (is) to base 
TQ [Prop. 11.25], and CM to CT [Prop. 6.1]. And, thus, 
as base EH is to base NQ, so AIC (is) to AG. And CT 
(is) equal to AG. And thus as base EH (is) to base NQ, 
so AlC (is) to AG. Thus, the bases of the parallelepiped 
solids AB and CD are reciprocally proportional to their 
heights. 

So, again, let the bases of the parallelepipid solids AB 
and CD be reciprocally proportional to their heights, and 
let base EH be to base NQ, as the height of solid CD (is) 
to the height of solid AB. I say that solid AB is equal to 
solid CD. [For] let the (straight-lines) standing up again 
be at right-angles to the bases. And if base EH is equal 
to base NQ, and as base EH is to base NQ, so the height 
of solid CD (is) to the height of solid AB, the height of 
solid CD is thus also equal to the height of solid AB. 
And parallelepiped solids on equal bases, and also with 
the same height, are equal to one another [Prop. 11.31]. 
Thus, solid AB is equal to solid CD. 

So, let base EH not be equal to [base] NQ, but let 
EH be greater. Thus, the height of solid CD is also 
greater than the height of solid AB, that is to say CM 
(greater) than AG. Let CT again be made equal to AG, 
and let the solid CV have been similarly completed. 
Since as base EH is to base NQ, so AIC (is) to AG, 
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eaxiv apa (be f] E0 (3aai<; xpoe xf)v Nil paaiv, ouxoe f] TM 
xpoe xf)v TT. aAX’ (be (rev f] E0 [paaie] xpoe xfjv Nil pdaiv, 
ouxoe xo AB axepeov xpoe xo T<1> axepeov iaouijifj yap 
eaxi xa AB, T<I> axepea- (be 8s f) TM xpoe xf)v TT, ouxoe 
fj xs Mil pdaie xpoe xfjv IIT pdaiv xa! xo TA axepeov 
xpoe xo r<l> axepeov. xa! (be apa xo AB axepeov xpoe xo 
r<f> axepeov, ouxoe xo TA axepeov xpoe xo axepeov 
exaxepov apa xov AB, TA xpoe xo T<I> xov auxov eyei 
Aoyov. iaov apa eaxi xo AB axepeov xo TA axepeo. 


K B 




Mr) eaxoaav 8f) ai ecpeaxrjxuiai a! ZE, BA, HA, K0, 
SN, AO, MT, Pn xpoe opDae xaTe pdaeaLv auxwv, xa! 
rix'dwcxav axo xov Z, H, B, K, 5, M, P, A arjpieiov ex! 
xa 8i.a xov E0, Nn ex!xe8a xaDexoi xa! aujipaXXexoaav 
xole exixeBou; xaxa xa S, T, T, $, X, 'I', H, e, xa! aupi- 
xexXrjpoailo xa Z<f>, SH axepea- Xeyo, oxl xa! ouxoe !aov 
ovxov xov AB, TA axepeov dvxLxexovdaatv a! pdaeie xole 
utjjeatv, xa! eaxiv (be f] E0 pdaiv xpoe xr)v Nn pdaiv, ouxoe 
xo xou TA axepeou utjioe xpoe xo xou AB axepeou utJ;oe- 
’Exe! laov eax! xo AB axepeov xo TA axepeo, aXXa xo 
piev AB xo BT eaxiv iaov ex! xe yap xfje auxfje pdaeoe 
eiai xfje ZK xa! 0x6 xo auxo ui[>oe' xo 8e TA axepeov xo 
A'P eaxiv iaov ex! xe yap xaXiv xfje auxfje pdaeoe eiai xfje 
PS xa! uxo xo auxo ui[ioe‘ xa! xo BT apa axepeov xo A*P 
axepeo Iaov eaxiv. eaxiv apa oe r) ZK pdaie xpoe xfjv SP 
pdaiv, ouxoe xo xou A'P axepeou ucjioe xpoe xo xou BT 
axepeou uijioe. iar) 8e f) piev ZK pdaie xfj E0 pdaei, f] 8e 
SP pdaie xfj Nn pdaer eaxiv apa (be r) E0 pdaie xpoe xfjv 
Nn pdaiv, ouxoe xo xou A'I» axepeou ut)>oe xpoe xo xou BT 
axepeou 0([ioe. xa 8’ auxa oc|>r) eax! xov A'P, BT axepeov 
xa! xov AT, BA- eaxiv apa (be f) E0 pdaie xpoe xfjv Nn 


and AG (is) equal to CT, thus as base EH (is) to base 
NQ, so CM (is) to CT. But, as [base] EH (is) to base 
NQ, so solid AB (is) to solid CV. For solids AB and CV 
are of equal heights [Prop. 11.32]. And as CM (is) to 
CT, so (is) base MQ to base QT [Prop. 6.1], and solid 
CD to solid CV [Prop. 11.25]. And thus as solid AB (is) 
to solid CV, so solid CD (is) to solid CV. Thus, AB and 
CD each have the same ratio to CV. Thus, solid AB is 
equal to solid CD [Prop. 5.9]. 


K B 



So, let the (straight-lines) standing up, FE, BL, GA, 
KH, ON, DP, MC, and RQ, not be at right-angles to 
their bases. And let perpendiculars have been drawn to 
the planes through EH and NQ from points F, G, B, K, 
O, M, R, and D, and let them have joined the planes at 
(points) S, T, U, V, W, X, Y, and a (respectively). And 
let the solids FV and OY have been completed. In this 
case, also, I say that the solids AB and CD being equal, 
their bases are reciprocally proportional to their heights, 
and (so) as base EH is to base NQ, so the height of solid 
CD (is) to the height of solid AB. 

Since solid AB is equal to solid CD, but AB is equal 
to BT. For they are on the same base FK, and (have) the 
same height [Props. 11.29, 11.30]. And solid CD is equal 
is equal to DX. For, again, they are on the same base RO, 
and (have) the same height [Props. 11.29, 11.30]. Solid 
BT is thus also equal to solid DX. Thus, as base FK (is) 
to base OR, so the height of solid DX (is) to the height 
of solid BT (see first part of proposition). And base FK 
(is) equal to base EH, and base OR to NQ. Thus, as 
base EH is to base NQ, so the height of solid DX (is) to 
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pdaiv, outuk to tou Ar axEpEou ij'jioc; xpoq to tou AB ctts- 
psou ucjioc- twv AB, TA apa axcpcAv xapaXXr)XExixE8<uv 
avxixExovdaaiv a! [3aa£i<; toic; ucjjEaiv. 

IMXiv of) twv AB, TA axEpcAv xapaXXrjXExixESoov avxi- 
xExovdExoaav ai pdo£i<; tou; uijicaiv, xai eotcu A<; f) E0 
pdai<; xpoq xf)v Nn pdaiv, oux&x; to tou TA aTEpcou ujjoc; 
xpoc; to tou AB axspEoO ui[>oc;- Xcyw, oti foov egt! to AB 
axcpEov tA TA aTspeo. 

TAv yap auxAv xaTaoxEuacDEVTCov, exei egtiv Ac; f\ E0 
pdau; xpoc; t f)v Nn pdaiv, ouxocx; to tou TA axspEoO ujjoc; 
xpoq to tou AB aTEpsou uc|>oc;, for) Os f) psv E0 pdai<; Tfj 
ZK pdasi, f) 8s Nil Tfj SP, egtiv apa Ac; f) ZK pdau; xpoc; 
tt)v SP pdaiv, ouxax; to tou TA aTEpsou ucjjoc; xpoc; to 
tou AB aTEpsou ucJjoc;. xa 8’ auxa ucpr) sax! twv AB, TA 
axcpsAv xai tAv BT, A'fo egtiv apa Ac; f] ZK pdaic; xpoc; 
tt)v SP pdaiv, outcoc to tou A'P aTEpsou ucJjoc; xpoc; to tou 
BT aTEpsou uc|>o<^. xAv BT, A'P apa aTEpsAv xapaXXrjXc- 
xixeSwv avxixsxovdaaiv ai pdaEic; toic; ui[>egiv foov apa sax! 
to BT GTspsov tA A*F aTEpsA. aXXa to psv BT tA BA 
foov saxiv exl te yap Tfjc; auxfjc; pdaEWc; [siai] xrjc; ZK xai 
0x6 to auTo u<[)o<;. to 8e A’J' aTEpsov tA AT axspsA foov 
egtiv. xai to AB apa aTEpsov tA TA axEpsA egtiv foov 
oxsp eSei Osipai. 


the height of solid BT. And solids DX, BT are the same 
height as (solids) DC, BA (respectively). Thus, as base 
EH is to base NQ, so the height of solid DC (is) to the 
height of solid AB. Thus, the bases of the parallelepiped 
solids AB and CD are reciprocally proportional to their 
heights. 

So, again, let the bases of the parallelepiped solids 
AB and CD be reciprocally proportional to their heights, 
and (so) let base EH be to base NQ, as the height of 
solid CD (is) to the height of solid AB. I say that solid 
AB is equal to solid CD. 

For, with the same construction (as before), since as 
base EH is to base NQ, so the height of solid CD (is) to 
the height of solid AB, and base EH (is) equal to base 
FK, and NQ to OR, thus as base FK is to base OR, 
so the height of solid CD (is) to the height of solid AB. 
And solids AB, CD are the same height as (solids) BT, 
DX (respectively). Thus, as base FK is to base OR, so 
the height of solid DX (is) to the height of solid BT. 
Thus, the bases of the parallelepiped solids BT and DX 
are reciprocally proportional to their heights. Thus, solid 
BT is equal to solid DX (see first part of proposition). 
But, BT is equal to BA. For [they are] on the same base 
FK, and (have) the same height [Props. 11.29, 11.30]. 
And solid DX is equal to solid DC [Props. 11.29, 11.30]. 
Thus, solid AB is also equal to solid CD. (Which is) the 
very thing it was required to show. 


t This proposition assumes that (a) if two parallelepipeds are equal, and have equal bases, then their heights are equal, and (b) if the bases of 
two equal parallelepipeds are unequal, then that solid which has the lesser base has the greater height. 


Xe\ 

’Eav Aai Suo ywviai exixeSoi foai, ex! Se tAv xo- 
pucpAv auxAv pExstopoi suDsTai ExioxaOAaiv foac; ytoviaq 
xspiEyouaai psxa tAv e^ apyfjq suOsiAv cxaxspav sxaxspa, 
ex! 8e tAv psTsApwv X^cpDf) xuxovxa ar)psTa, xa! ax’ auxAv 
ex! xa Exixs8a, ev ofo siaiv a! £<; ap^rjc; ywviai, xoOstoi 
axOAoiv, axo Ss tAv ysvopsvcuv ar)p£ia>v ev toic; exixeSok; 
ex! Tac; sc; apxfjc; ywviaq Exi^suyilAaiv Eudslai, foac; ycoviaq 
xspiE^ouai (i£Ta tAv psTsApcov. 

TfoxMaav Suo ycoviai EuOuypappoi foai ai uxo BAT, 
EAZ, axo 8s tAv A, A arjpEiwv pExsoopoi EuHElai scpsoxaT- 
waav ai AH, AM foaq ywvlac; xspisxouaiv p.sxd tAv ec; 
apxfjc; euOeiAv sxaxspav sxaxspa, xf)v psv uxo MAE Tfj 
0x6 HAB, xf)v 8e 0x6 MAZ Tfj 0x6 HAT, xa! siXf)cpiL)a> 
ex! tAv AH, AM Tuxovxa arjpcTa xa H, M, xa! fjxHwaav 
axo tAv H, M ar)p£ia>v ex! xa 8ia tAv BAT, EAZ sxixsSa 
xocdsToi ai HA, MN, xa! aup[3aXX£Twaav xofo exixe8oii; 
xaxa xa A, N, xa! Exs^EUxfKraav ai AA, NA- Xsyo, oti for) 
sax'iv f) 0x6 HAA ytovia xfj 0x6 MAN yovia. 


Proposition 35 

If there are two equal plane angles, and raised 
straight-lines are stood on the apexes of them, containing 
equal angles respectively with the original straight-lines 
(forming the angles), and random points are taken on 
the raised (straight-lines), and perpendiculars are drawn 
from them to the planes in which the original angles are, 
and straight-lines are joined from the points created in 
the planes to the (vertices of the) original angles, then 
they will enclose equal angles with the raised (straight¬ 
lines). 

Let BAG and EDF be two equal rectilinear angles. 
And let the raised straight-lines AG and DM have been 
stood on points A and D, containing equal angles respec¬ 
tively with the original straight-lines. (That is) MDE 
(equal) to GAB, and AIDF (to) GAC. And let the ran¬ 
dom points G and M have been taken on AG and DM 
(respectively). And let the GL and MN have been drawn 
from points G and AI perpendicular to the planes through 
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Kcfo-Ow xfj AM for) fj A0, xod fiy-dor Bia too 0 orjpEiou 
xfj HA xapaXXr)Xo<; f] 0K. f) 8s HA xadExoi; egtiv sxl to 
B ia xwv BAT exixeBov xal f) 0K apa xadExoc; egtiv Sul to 
B ia twv BAT exixeBov. fjxborGav axo xAv K, N or)(i£i«v 
sxl xa<; Ar, AZ, AB, AE su-dsiai; xadsxoi at KP, NZ, KB, 
NE, xal EXE^suxOcroav at 0T, TB, MZ, ZE. exeI to axo 
xfjc; 0A foov ecttl xofo axo twv 0K, KA, xA Be axo Tfjc KA 
foa soxl Ta axo xAv KT, LA, xal to axo xfj<; 0A apa foov 
ecttI xofo a tio tAv 0K, KF, FA. xofo Be axo tAv 0K, Kr 
foov soxl to axo xfjc; 0T- to apa axo xfjc; 0A foov soxl xofo 
axo tAv 0r, FA. opdf] apa egxIv f) 0x6 0FA ywvta. Bia xa 
auxa 8f) xal f) 0x6 AZM yorvta opdfj egtlv. for] apa egxIv 
f) 0x6 Ar© yovta xfj 0x6 AZM. egti Be xal f) 0x6 0Ar 
xfj 0x6 MAZ for). 50o 5f) xptyova egti xa MAZ, 0Ar 80o 
ycrv(a<; 8 ugI ycrviaic; foa<; E)(ovTa sxaxspav sxaxspa xal p.[av 
xXsupav [iia xXsupa for)v xrjv OxoxEtvouGav 0x6 (itav xAv 
foov yoviAv xrjv 0A xfj MA- xal xa<; Xoixai; apa xXsupac; 
xafo Xoixafo xXsupalc; foa<; e^ei. sxaxspav sxapspa. for] apa 
egtIv rj Ar xfj AZ. opoto<; 5f) Bel^o^ev, oxi xal f) AB xfj 
AE egtiv for), sxsl ouv for) egxIv f) psv Ar xfj AZ, f] 8s 
AB xfj AE, 80o Sr) al FA, AB 8ugI xafo ZA, AE foai eiglv. 
aXXa xal yovta f) 0x6 FAB yovta xfj 0x6 ZAE egtlv for) - 
Paou; apa f) Br pdosi xfj EZ for) soxl xal to xptyovov xA 
xpLyovo xal al Xoixai yovtai xafo Xoixafo yovtauy for) apa f] 
0x6 ArB yovta xfj 0x6 AZE. egxl Be xal opDf) f) 0x6 ArK 
opDfj xfj 0x6 AZN for)- xal Xoixf] apa f] 0x6 BrK Xoixfj xfj 
0x6 EZN egtiv for). Bid xa auxa Bf) xal f) 0x6 TBK x^ 0x6 
ZEN egtiv for). BOo Bf) xptyova egti xa BrK, EZN [xa<;] 
Buo yovtac; Buol yovtai<; foa<; £)(ovxa sxaxspav sxaxspa xal 
ptav xXsupav pia xXsupa forjv xrjv xpoc; xafo foai<; yovtai<; 
xf)v Br xfj EZ- xal xa<; Xoixac; apa xXsupac; xafo Xoixafo 
xXsupafo foa<; e^ougiv. for) apa egxIv f) FK xfj ZN. egti Be 


BAC and EDF (respectively). And let them have joined 
the planes at points L and N (respectively). And let LA 
and ND have been joined. I say that angle GAL is equal 
to angle AlDN. 



Let AH be made equal to DM. And let HK have been 
drawn through point H parallel to GL. And GL is per¬ 
pendicular to the plane through BAC. Thus, HK is also 
perpendicular to the plane through BAC [Prop. 11.8]. 
And let KC, NF, KB, and NE have been drawn from 
points K and N perpendicular to the straight-lines AC, 
DF, AB, and DE. And let HC, CB, MF, and FE have 
been joined. Since the (square) on HA is equal to the 
(sum of the squares) on HK and KA [Prop. 1.47], and 
the (sum of the squares) on KC and CA is equal to the 
(square) on KA [Prop. 1.47], thus the (square) on HA 
is equal to the (sum of the squares) on HK, KC, and 
CA. And the (square) on HC is equal to the (sum of 
the squares) on HK and KC [Prop. 1.47]. Thus, the 
(square) on HA is equal to the (sum of the squares) 
on HC and CA. Thus, angle HCA is a right-angle 
[Prop. 1.48]. So, for the same (reasons), angle DFM 
is also a right-angle. Thus, angle ACH is equal to (an¬ 
gle) DFM. And HAC is also equal to MDF. So, MDF 
and HAC are two triangles having two angles equal to 
two angles, respectively, and one side equal to one side— 
(namely), that subtending one of the equal angles —(that 
is), HA (equal) to AID. Thus, they will also have the re¬ 
maining sides equal to the remaining sides, respectively 
[Prop. 1.26]. Thus, AC is equal to DF. So, similarly, we 
can show that AB is also equal to DE. Therefore, since 
AC is equal to DF, and AB to DE, so the two (straight¬ 
lines) CA and AB are equal to the two (straight-lines) 
FD and DE (respectively). But, angle CAB is also equal 
to angle FDE. Thus, base BC is equal to base EF, and 
triangle ( ACB ) to triangle ( DFE ), and the remaining 
angles to the remaining angles (respectively) [Prop. 1.4]. 
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xai f] AT Tfj AZ for)- Suo 8 f] at AF, TK 6 ual xaic AZ, ZN 
foai statv xai opiDac yorvlac Tepieyouaiv. P«oic apa V) AK 
Paa£L Tfj AN for] eaxlv. xod exel for] eaxlv f] A0 Tfj AM, 
foov sail xod to duo xfjc; A0 xA duo xfjc AM. aXXa xA p.ev 
axo xfjc A0 foa eaxl xa axo tAv AK, K0- opilf] yap rj 0x6 
AK0- xA 8e axo xfjc AM foa x<a axo xAv AN, NM- opdi) 
yap f] 0x6 ANM- to. apa axo xAv AK, K0 foa eaxl xofo 
axo xAv AN, NM, 6 v xo axo xfjc AK foov eaxl xA axo xfjc 
AN- Xoixov apa to axo xfjc K0 foov eaxl xA ano xfjc; NM- 
for] apa f] 0K XT] MN. xai exel 860 ai 0A, AK 8 ual xafo 
MA, AN foal eialv exaxepa exaxepa, xai pdaic f] 0K pdaei 
xfj MN eBeixilr] for], ycovia apa f] 0x6 0AK yoovia xfj 0x6 
MAN eaxiv for]. 

’Eav apa Aai 8 uo ycoviai exixeBoi foai xai xa e^fjc xfjc 
xpoxaaewc [onep e 8 ei 8 eT^ai]. 


llopiajjia. 

’Ex of] xouxou cpavepov, oxi, £av Aai 8 uo ycoviai exixeBoi 
foai, eKiaxa-dAai 5e ex’ auxAv (iexetopoi euDelai foai foac 
yoviac xepiexouaai (lexa xAv e^ dpxfjc eu-deiAv exaxepav 
exaxepa, al ax’ auxAv xa-dexoi ayo(jevai exl xa exixe 8 a, ev 
ole eiaiv al e? dpxfjc yovlai, foai aXXf]Xaic eialv. oxep e 8 ei 
8 eT^ai. 


w. 

’Eav xpefo eu-Oelai avaXoyov Aaiv, to ex xAv xpiAv 
axepeov xapaXXr]Xexlxe 8 ov foov eaxl xA axo xfjc (iearjc 
axepeA xapaXXr]Xexixe 8 a) iaoxXeupcp ]xev, iaoycovla) oe xA 
XpO£ipr]]Jl£V 60 . 


Thus, angle ACB (is) equal to DFE. And the right-angle 
ACK is also equal to the right-angle DFN. Thus, the 
remainder BCK is equal to the remainder EFN. So, 
for the same (reasons), CBK is also equal to FEN. 
So, BCK and EFN are two triangles having two an¬ 
gles equal to two angles, respectively, and one side equal 
to one side—(namely), that by the equal angles—(that 
is), BC (equal) to EF. Thus, they will also have the re¬ 
maining sides equal to the remaining sides (respectively) 
[Prop. 1.26]. Thus, CK is equal to FN. And AC (is) also 
equal to DF. So, the two (straight-lines) AC and CK are 
equal to the two (straight-lines) DF and FN (respec¬ 
tively). And they enclose right-angles. Thus, base AK is 
equal to base DN [Prop. 1.4]. And since AH is equal to 
DAI, the (square) on AH is also equal to the (square) on 
DAI. But, the the (sum of the squares) on AK and KH 
is equal to the (square) on AH. For angle AKH (is) a 
right-angle [Prop. 1.47]. And the (sum of the squares) 
on DN and NAI (is) equal to the square on DAI. For an¬ 
gle DNAI (is) a right-angle [Prop. 1.47]. Thus, the (sum 
of the squares) on AK and KH is equal to the (sum of 
the squares) on DN and NM, of which the (square) on 
AK is equal to the (square) on DN. Thus, the remaining 
(square) on KH is equal to the (square) on NM. Thus, 
HI\ (is) equal to AIN. And since the two (straight-lines) 
HA and AK are equal to the two (straight-lines) MD 
and DN, respectively, and base HK was shown (to be) 
equal to base MN, angle HAK is thus equal to angle 
MDN [Prop. 1.8]. 

Thus, if there are two equal plane angles, and so on 
of the proposition. [(Which is) the very thing it was re¬ 
quired to show]. 

Corollary 

So, it is clear, from this, that if there are two equal 
plane angles, and equal raised straight-lines are stood 
on them (at their apexes), containing equal angles re¬ 
spectively with the original straight-lines (forming the 
angles), then the perpendiculars drawn from (the raised 
ends of) them to the planes in which the original angles 
lie are equal to one another. (Which is) the very thing it 
was required to show. 

Proposition 36 

If three straight-lines are (continuously) proportional 
then the parallelepiped solid (formed) from the three 
(straight-lines) is equal to the equilateral parallelepiped 
solid on the middle (straight-line which is) equiangular 
to the aforementioned (parallelepiped solid). 
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M A Z E 


A- 

B- 

r- 

’'Eaxwaav xpeic; eudelai avaXoyov al A, B, r, Ac; f] A 
xpoc; xfjv B, ouxwc; f) B xpoc; xf]v H Xcyo, oxi to ex xwv 

A, B, r oxepeov laov sot! xA axo xrjc; B axcpsA laoxXeupcp 
psv, laoytovlcp Se to xpoeiprjpsvon 

’Exxelaf>a> axepsa yoovla f) xpoc; xo E xspiExopevr) uxo 
xfiv uxo AEH, HEZ, ZEA, xal xelaf>a> xfj pev B lar) exaaxr] 
xov AE, HE, EZ, xal aupxsxXqpAaikir xo EK axepeov xa- 
paXXr)Xexlxe8ov, xfj 8e A lor) f] AM, xal auveaxaxM xpoc; 
xfj AM eODela xal xA xpoc; auxfj arjpelo xo A xfj xpoc; xA 
E axepea ytovla lar] axepsa ya>vla f) xepeixopevr] 0x6 xAv 
NAS, SAM, MAN, xal xelahw xfj pev B lar] f] AS, xfj 8e 
r far) f] AN. xal exel eaxiv Ac; f) A xpoc; xfjv B, ouxax; f) B 
xpo? xfjv T, larj 8e f) pev A xfj AM, f] 8e B exaxepa xov AS, 
EA, f) 8e T xfj AN, eaxiv apa Ac; f] AM xpo? xf)v EZ, ouxax; 
f] AE xpoc; xfjv AN. xal xepl laac; ytovlac; xac; 0x6 NAM, 
AEZ al xXeupal avxixexovdaaiv laov apa eaxl xo MN xa- 
paAAqXoypappov xA AZ xapaXXqXoypapappor. xal exel 80o 
yorvlai exlxeSoi euhuypappoi laai etalv al 0x6 AEZ, NAM, 
xal ex’ auxAv pexetopoi eOhelai ecpeaxaaiv al AS, EH laai 
xe aXXfjXaic; xal laac; ywvlac; xepiexouaai pexa xAv ec; o'pyrjc 
eudeiAv exaxepav exaxepa, al apa axo xAv H, S arjpeltov 
xdcdexoi ayopevai exl xa 8ia xAv NAM, AEZ exlxeSa laai 
aXXqXaic; eialv Aaxs xa A0, EK axepea 0x6 xo auxo ucJjoc; 
eaxiv. xa 8e exl lawv pdaewv axepea xapaXXqXexlxeSa xal 
0x6 xo auxo U'jioc laa aXXqXoic; eaxiv laov apa eaxl xo 0A 
axepeov xA EK axepsA. xal eaxi xo pev A0 xo ex xAv A, 

B, r axepeov, xo Se EK xo axo xfjc; B axepeov xo apa ex 
xAv A, B, r axepeov xapaXXr]Xexlxe8ov laov eaxl xA axo 
xfjc B axepeA laoxXeupw pev, Eaoytovla) 8e xA xpoeipqpevor 
oxep e8ei 8el£ai. 


XC. 

’Eav xeaaapec; eODelai avaXoyov Aaiv, xal xa ax’ aOxAv 


H K 



M L F E 


A- 

B- 

C- 

Let A, B, and C be three (continuously) proportional 
straight-lines, (such that) as A (is) to B, so B (is) to C. 
I say that the (parallelepiped) solid (formed) from A, B, 
and C is equal to the equilateral solid on B (which is) 
equiangular with the aforementioned (solid). 

Let the solid angle at E, contained by DEG, GEF, 
and FED, be set out. And let DE, GE, and EF each 
be made equal to B. And let the parallelepiped solid 
EK have been completed. And (let) LM (be made) 
equal to A. And let the solid angle contained by NLO, 
OLM, and MLN have been constructed on the straight- 
line LM, and at the point L on it, (so as to be) equal 
to the solid angle E [Prop. 11.23]. And let LO be made 
equal to B, and LN equal to C. And since as A (is) 
to B, so B (is) to C, and A (is) equal to LAI, and B 
to each of LO and ED, and C to LN, thus as LAI (is) 
to EF, so DE (is) to LN. And (so) the sides around 
the equal angles NLAI and DEF are reciprocally pro¬ 
portional. Thus, parallelogram AIN is equal to parallel¬ 
ogram DF [Prop. 6.14]. And since the two plane recti¬ 
linear angles DEF and NLAI are equal, and the raised 
straight-lines stood on them (at their apexes), LO and 
EG, are equal to one another, and contain equal angles 
respectively with the original straight-lines (forming the 
angles), the perpendiculars drawn from points G and O 
to the planes through NLAI and DEF (respectively) are 
thus equal to one another [Prop. 11.35 corn]. Thus, the 
solids LH and EK (have) the same height. And paral¬ 
lelepiped solids on equal bases, and with the same height, 
are equal to one another [Prop. 11.31]. Thus, solid HL 
is equal to solid EK. And LH is the solid (formed) from 
A, B, and C, and EK the solid on B. Thus, the par¬ 
allelepiped solid (formed) from A, B, and C is equal to 
the equilateral solid on B (which is) equiangular with the 
aforementioned (solid). (Which is) the very thing it was 
required to show. 

Proposition 37 f 

If four straight-lines are proportional then the similar, 
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axepea xapaXXr)Xexlxe8a opoia xe xal opolcnc; avaypacpopeva 
avaXoyov coxae xod eav xa ax’ auxAv axe pea xapaXXry 
Xexlxe8a opoia xe xal opoltoc; avaypacpopeva avaXoyov fj, 
xal auxal al euhetai avaXoyov eaovxai. 



A B r A 



’'Eaxcoaav xeaaapec; eOheTai avaXoyov al AB, TA, EZ, 
H0, A<; f) AB xpoc xrjv TA, ouxox; f| EZ xpoc; xr)v H0, xal 
avayeypacphtoaav axo xAv AB, FA, EZ, H0 opoia xe xal 
opolcoc; xelpeva axepea xapaXXr)Xexlxe8a xa KA, Ar, ME, 
NH- Xeyto, oxi eaxlv Ac; xo KA xpoc; xo Ar, ouxcog xo ME 
xpoc xo NH. 

’Enel yap opoiov eaxi xo KA axepeov xapaXXr)Xexlxe8ov 
xA Ar, xo KA apa xpoc xo Ar xpixXaalova Xoyov eyei rjxep 
f] AB xpoc xr]v TA. 8 ia xa auxa 6f) xal xo ME xpoc xo NH 
xpixXaalova Xoyov e^ei rjxep f] EZ xpoc; xf)v H0. xal eaxiv 
Ac; f) AB xpoc; xr)v TA, oux«c f] EZ xpoc xrjv H0. xal Ac; 
apa xo AK xpoc; xo Ar, ouxcnc xo ME xpoc; xo NH. 

AXXa 8f) eaxto Ac; xo AK axepeov xpoc; xo Ar axepeov, 
ouxwc xo ME axepeov xpoc; xo NH- Xeyto, oxi eaxlv Ac; f) 
AB eOheta xpoc; xrjv TA, ouxwc f] EZ xpoc; xrjv H0. 

’Exel yap xaXiv xo KA xpoc; xo Ar xpixXaalova Xoyov 
eyci fjxep f) AB xpoc; xrjv TA, e^ei Se xal xo ME xpoc; xo 
NH xpixXaalova Xoyov rjxep f] EZ xpoc; xrjv H0, xal eaxiv 
Ac; xo KA xpoc; xo Ar, ouxwc xo ME xpoc; xo NH, xal Ac; 
apa f) AB xpoc; xrjv TA, ouxtoc f] EZ xpoc; xfjv H0. 

’Eav apa xeaaapec euDelai avaXoyov Sai xal xa e^fjc; 
xfjc xpoxaaewc' oxep eSei 8el^ai. 


and similarly described, parallelepiped solids on them 
will also be proportional. And if the similar, and similarly 
described, parallelepiped solids on them are proportional 
then the straight-lines themselves will be proportional. 



A B CD 



Let AB, CD, EF, and GH, be four proportional 
straight-lines, (such that) as AB (is) to CD, so EF (is) 
to GH. And let the similar, and similarly laid out, par¬ 
allelepiped solids I\A, LC, ME and NG have been de¬ 
scribed on AB, CD, EF, and GH (respectively). I say 
that as KA is to LC, so ME (is) to NG. 

For since the parallelepiped solid KA is similar to LC, 
KA thus has to LC the cubed ratio that AB (has) to CD 
[Prop. 11.33]. So, for the same (reasons), ME also has to 
NG the cubed ratio that EF (has) to GH [Prop. 11.33]. 
And since as AB is to CD, so EF (is) to GH, thus, also, 
as AI\ (is) to LC, so ME (is) to NG. 

And so let solid AK be to solid LC, as solid ME (is) 
to NG. I say that as straight-line AB is to CD, so EF (is) 
to GH. 

For, again, since KA has to LC the cubed ratio that 
AB (has) to CD [Prop. 11.33], and ME also has to AG 
the cubed ratio that EF (has) to GH [Prop. 11.33], and 
as KA is to LC, so ME (is) to NG, thus, also, as AB (is) 
to CD, so EF (is) to GH. 

Thus, if four straight-lines are proportional, and so 
on of the proposition. (Which is) the very thing it was 
required to show. 


t This proposition assumes that if two ratios are equal then the cube of the former is also equal to the cube of the latter, and vice versa. 


M'- 

’Eav xu|3ou xAv axevavxlov exixeSorv ai xXeupal 8lxa 
xprjhAaiv, 8ia 8e xAv xopAv exlxeSa expXrj'df), f] xoivf] xoprj 
xAv exixe8wv xal f] xou xu[3ou 8iapexpoc 8lya xepvouaiv 
aXXrjXac. 


Proposition 38 

If the sides of the opposite planes of a cube are cut 
in half, and planes are produced through the pieces, then 
the common section of the (latter) planes and the diam¬ 
eter of the cube cut one another in half. 
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Kupou yap xou AZ tov axEvavxtov exixe8«v tov TZ, 
A0 at xXsupal 8ixa TExpija-dwaav xaxa xa K, A, M, N, H, 
II, O, P arjjjtETa, Sta Se tov xopfov sxtxcSa sx(3s(3Xr]ch)co xa 
KN, SP, xoivr) 8s xoptf) xov exixsScov ectto f) TE, xou 8s 
AZ xupou Siaycovioc t] AH. Xsyo, oxt for) saxlv t) psv TT 
xfj TE, f] Se AT xfj TH. 

’Exe^euxiloaav yap at AT, TE, BE, EH. xal sxd 
xapaXXqXoc; eaxtv f) AS xfj OE, at svaXXcfo yorvtai at uxo 
AST, TOE foai aXXfjXaii; Etatv. xal exeI for] saxlv f) (isv 
AS xfj OE, f] 8e ST xfj TO, xal yoviag taa<; xsptExouatv, 
pdatc apa f) AT xfj TE Eaxtv lar], xal to AST xptyorvov xo 
OTE xptyovo Eaxlv taov xal at Xotxal yovtat xafo Xoixafo 
yoviatc foar for] apa rj 0x6 STA yovta xfj 0x6 OTE yovta. 
8 ta 8f] xouxo sODsTd saxtv V] ATE. 8ta xa aOxa 8f] xal BEH 
sODsTa saxtv, xal tar] i] BE xfj EH. xal exeI f] PA xfj AB 
tar] saxl xal xapaXXr]Xo<;, aXXa f] PA xal xfj EH for] xs 
saxt xal xapaXXrjXot;, xal f] AB apa xfj EH tar] xs saxt 
xal xapaXXrjXot;. xal Ext^euyvOouatv aOxac; sODslat at AE, 
BH- xapaXXrjXot; apa saxlv f] AE xfj BH. tar] apa f] ptsv 0x6 
EAT yovta xfj 0x6 BHT- svaXXa^ yap - f] 8s 0x6 ATT xfj 
0x6 HTE. 8uo 8f) xptyova saxt xa ATT, HTE xac; 8uo 
yorvtat; xafo 8ual yovtaig taac; E)(ovTa xal (itav xXsupav pita 
xXsupa tarjv xf]v Oxoxstvouaav 0x6 pttav xwv taov yoviov 
xf]v AT xfj HE- fjptfoEtai yap siat xov AE, BH- xal xa<; 
Xotxac; xXsupac; xafo Xotxafo xXsupafo foa<; e^ei. tar] apa f] 
ptsv AT xfj TH, f] 8s TT xfj TE. 

’Eav apa xupou xov axsvavxtov sxtxsSorv at xXsupal 8txa 
xptrydoaiv, 8ta 8s xov xoptov sxtxsOa sxpXiydfj, f) xotvf) xoptf] 
tov exixe8ov xal f] xou xOpou 8tapt£xpo<; 8txa xEptvouotv 
aXXyjXai;- oxsp e8ei 8 sfooa. 



For let the opposite planes CF and AH of the cube 
AF have been cut in half at the points I\, L, M, N, O, 
Q, P, and R. And let the planes KN and OR have been 
produced through the pieces. And let US’ be the common 
section of the planes, and DG the diameter of cube AF. 
I say that UT is equal to TS, and DT to TG. 

For let DU, UE, BS, and SG have been joined. And 
since DO is parallel to PE, the alternate angles DOU and 
UPE are equal to one another [Prop. 1.29]. And since 
DO is equal to PE, and OU to UP, and they contain 
equal angles, base DU is thus equal to base UE, and tri¬ 
angle DOU is equal to triangle PUE, and the remaining 
angles (are) equal to the remaining angles [Prop. 1.4]. 
Thus, angle OUD (is) equal to angle PUE. So, for this 
(reason), DUE is a straight-line [Prop. 1.14]. So, for 
the same (reason), BSG is also a straight-line, and BS 
equal to SG. And since CA is equal and parallel to DB, 
but CA is also equal and parallel to EG, DB is thus also 
equal and parallel to EG [Prop. 11.9]. And the straight¬ 
lines DE and BG join them. DE is thus parallel to BG 
[Prop. 1.33]. Thus, angle EDT (is) equal to BGT. For 
(they are) alternate [Prop. 1.29]. And (angle) DTU (is 
equal) to GTS [Prop. 1.15], So, DTU and GTS are two 
triangles having two angles equal to two angles, and one 
side equal to one side—(namely), that subtended by one 
of the equal angles—(that is), DU (equal) to GS. For 
they are halves of DE and BG (respectively). (Thus), 
they will also have the remaining sides equal to the re¬ 
maining sides [Prop. 1.26]. Thus, DT (is) equal to TG, 
and UT to TS. 

Thus, if the sides of the opposite planes of a cube are 
cut in half, and planes are produced through the pieces, 
then the common section of the (latter) planes and the 
diameter of the cube cut one another in half. (Which is) 
the very thing it was required to show. 
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Proposition 39 


’Eav fj Suo xplapaxa iaouijifj, xal to psv sxfj pdaiv xa- 
paXXrjXoYpappov, to 8 s Tpiywvov, 8ixXaaiov 8s fj to xapaX- 
XrjXoYpappov tou xpiY^vou, laa saxai toc xplapaxa. 



E Z H K 


’'Eaxa> 8uo xplapaxa iaou'jifj Ta ABrAEZ, H0KAMN, 
xai to psv sxstw pdaiv to AZ xapaXXr]XoYpappov, to 
8 s to H0K TpiY^vov, SixXaaiov 8s saxo to AZ xapaX- 
Xr]XoYpappov tou H0K TpiYtovou' Xey«, oti iaov sot! to 
ABrAEZ xplapa to H0KAMN xplapaxi. 

EupxsxXripcoaOco yap Ta AS, HO axspsa. sxsl SixXaaiov 
saxi to AZ xapaXXr]XoYpappov tou H0K xpiyAvou, saxi 
8 s xal to 0K xapaXXrjXoYpappov OixXaaiov tou H0K 
xpiyAvou, iaov apa saxi to AZ xapaXXrjXoYpappov to 0K 
xapaXXr]XoYpappw. Ta 6s sxl iaov pdaswv ovxa axspsa 
xapaXXr]XsxlxsSa xal 0x6 to auxo uijioc; laa aXXf|Xoic; saxlv 
iaov apa saxi to AS axspsov xc5 HO aTspso. xal saxi 
tou psv AS axspsou fjpiau to ABIAEZ xplapa, tou 8s 
HO axspsou fjpiau to H0KAMN xplapa - iaov apa saxi to 
ABrAEZ xplapa xa> H0KAMN xplapaxi. 

’Eav apa fj Suo xplapaxa iaoui]/rj, xai to psv sxfj pdaiv 
xapaXXrjXoYpapjiov, to 8 e xpiYtovov, SixXaaiov 8s fj to xa- 
paXXrjXoYpappov tou xpiY«vou, iaa saxi xa xplapaxa - oxsp 
s8si 8si^ai. 


If there are two equal height prisms, and one has a 
parallelogram, and the other a triangle, (as a) base, and 
the parallelogram is double the triangle, then the prisms 
will be equal. 



E F G K 


Let ABCDEF and GHKLMN be two equal height 
prisms, and let the former have the parallelogram AF, 
and the latter the triangle GHK, as a base. And let par¬ 
allelogram AF be twice triangle GHK. I say that prism 
ABCDEF is equal to prism GHKLMN. 

For let the solids AO and GP have been com¬ 
pleted. Since parallelogram AF is double triangle GHK, 
and parallelogram HK is also double triangle GHK 
[Prop. 1.34], parallelogram AF is thus equal to paral¬ 
lelogram HK. And parallelepiped solids which are on 
equal bases, and (have) the same height, are equal to 
one another [Prop. 11.31]. Thus, solid AO is equal to 
solid GP. And prism ABCDEF is half of solid AO, and 
prism GHKLMN half of solid GP [Prop. 11.28]. Prism 
ABCDEF is thus equal to prism GHKLAIN. 

Thus, if there are two equal height prisms, and one 
has a parallelogram, and the other a triangle, (as a) base, 
and the parallelogram is double the triangle, then the 
prisms are equal. (Which is) the very thing it was re¬ 
quired to show. 


470 




ELEMENTS BOOK 12 


Proportional 



tThe novel feature of this book is the use of the so-called method of exhaustion (see Prop. 10.1), a precursor to integration which is generally 
attributed to Eudoxus of Cnidus. 
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a. 

Ta ev toI<; xuxXoic; opoia xoXuytova xpoc; aXXrjXa eaxiv 
A<; xa a no xAv 8iapexptov xexpaya>va. 




’'Eaxwaav xuxXoi oi ABT, ZH0, xal ev auxou; opoia 
xoXuywva eaxo xa ABrAE, ZH0KA, 8 tapexpoi 8e xAv 
xuxXorv eaxwaav BM, HN- Xeyo, oxl eaxlv Ac; xo axo xfjc 
BM xexpaywvov xpoc xo axo xfjc HN xexpayorvov, ouxcoc 
xo ABrAE xoXOyovov Tipoc xo ZH0KA xoXuyorvov. 

’Exe^euy-doTaav yap at BE, AM, HA, ZN. xal exel 
opotov xo ABrAE xoXuywvov xA ZH0KA xoXuyAvo, tar] 
eaxl xal fj uxo BAE ytovia xfj 0x6 HZA, xal eaxiv Ac fj BA 
xpoc xfjv AE, ouxox f) HZ xpoc xrjv ZA. Suo 8rj xpiywva 
eaxi xa BAE, HZA piav yerviav pita ywvta Tarjv eyovxa xrjv 
0x6 BAE xfj 0x6 HZA, xepl Se xac iaac yerviac xac xXeupac 
avaXoyov EaoyAviov apa eaxl xo ABE xpiyervov xA ZHA 
xpiyAvcr. larj apa eaxlv fj 0x6 AEB yervia xfj 0x6 ZAH. aXX’ 
fj pev 0x6 AEB xfj 0x6 AMB eaxtv tar) - exl yap xfjc auxfjc 
xepupepeiac (3e|3f]xaaiv fj 8e 0x6 ZAH xfj 0x6 ZNH- xal fj 
0x6 AMB apa xfj 0x6 ZNH eaxtv larj. eaxt Se xal op-df] 
fj 0x6 BAM opdfj xfj 0x6 HZN iarj- xal fj Xoixrj apa xfj 
Xoixfj eaxtv tar). EaoyAviov apa eaxl xo ABM xpiyuvov xA 
ZHN xpiyervex avaXoyov apa eaxlv Ac fj BM xpoc xrjv 
HN, ouxcoc f] BA xpoc xrjv HZ. aXXa xoO pev xfjc BM 
xpoc xrjv HN Xoyov 8txXaatwv eaxlv 6 xoO axo xfjc BM 
xexpayAvou xpoc xo axo xfjc HN xexpaytovov, xoO Se xfjc 
BA xpoc xfjv HZ 8 ixXaa[<Jv eaxlv 6 xou ABrAE xoXuyAvou 
xpoc xo ZH0KA xoXOytovov xal Ac apa xo axo xfjc BM 
xexpaytovov xpoc xo axo xfjc HN xexpaywvov, ouxuc xo 
ABrAE xoXuyuvov xpoc xo ZH0KA xoXuycrvov. 

Ta apa ev xoic xuxXoic optota xoXuywva xpoc aXXrjXa 
eaxtv Ac xa axo xAv otaptexpwv xexpaytova- oxep eSei Sel^at. 


P- 

Oi xuxXoi xpoc aXXrjXouc eialv Ac xa axo xAv 8iapexptov 
xexpaywva. 

"Eaxwaav xuxXoi oi ABrA, EZH0, 8iapexpoi 8e aOxAv 


Proposition 1 


Similar polygons (inscribed) in circles are to one an¬ 
other as the squares on the diameters (of the circles). 




Let ABC and FGH be circles, and let ABODE and 
FGHKL be similar polygons (inscribed) in them (re¬ 
spectively), and let BM and GN be the diameters of the 
circles (respectively). I say that as the square on BM is to 
the square on GN, so polygon ABODE (is) to polygon 
FGHKL. 

For let BE, AM, GL, and FN have been joined. And 
since polygon ABODE (is) similar to polygon FGHKL, 
angle BAE is also equal to (angle) GFL, and as BA 
is to AE, so GF (is) to FL [Def. 6.1]. So, BAE and 
GFL are two triangles having one angle equal to one 
angle, (namely), BAE (equal) to GFL, and the sides 
around the equal angles proportional. Triangle ABE is 
thus equiangular with triangle FGL [Prop. 6.6]. Thus, 
angle AEB is equal to (angle) FLG. But, AEB is equal 
to AMB, and FLG to FNG, for they stand on the same 
circumference [Prop. 3.27]. Thus, AMB is also equal 
to FNG. And the right-angle BAM is also equal to the 
right-angle GFN [Prop. 3.31]. Thus, the remaining (an¬ 
gle) is also equal to the remaining (angle) [Prop. 1.32]. 
Thus, triangle ABM is equiangular with triangle FGN. 
Thus, proportionally, as BM is to GN, so BA (is) to GF 
[Prop. 6.4]. But, the (ratio) of the square on BM to the 
square on GN is the square of the ratio of BM to GN, 
and the (ratio) of polygon ABODE to polygon FGHKL 
is the square of the (ratio) of BA to GF [Prop. 6.20]. 
And, thus, as the square on BM (is) to the square on 
GN, so polygon ABODE (is) to polygon FGHKL. 

Thus, similar polygons (inscribed) in circles are to one 
another as the squares on the diameters (of the circles). 
(Which is) the very thing it was required to show. 


Proposition 2 

Circles are to one another as the squares on (their) 
diameters. 

Let ABCD and EFGH be circles, and [let] BD and 
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[saxojaav] at BA, Z0- Xcyw, oti ectt'iv w<; 6 ABIA xuxXoc; 
xpoc; tov EZH0 xuxXov, outw<; to axo Tfjc; BA TETpaywvov 
xpoc; to axo Tfjc; Z@ TETpayorvov. 



E 


T 




Et yap pfj scttiv cite; 6 ABrA xuxXoc; xpoc; tov EZH0, 
out&k; to axo Tfjc; BA TETpayorvov xpoc; to axo xfj; Z0, 
ECTTat (be; to axo xfj; BA xpoc; to axo Tfj; Z0, outw; 6 
ABrA xuxXo; fjTot xpoc; sXaaoov tl tou EZH0 xuxXou 
yorpiov fj xpoc; (isT^ov. screw xpoTEpov xpoc; sXaaoov to 
E. xat EyyEypacpTlo sic; tov EZH0 xuxXov TETpaycovov to 
EZH0. to Sr] syysypappEvov TETpaywvov p£Ti(6v ecttlv fj to 
fjfiiCTU tou EZH0 xuxXou, Exst8fjxsp sav 8ia tov E, Z, H, 0 
ar]]i£(wv scpaxTopsva; [st/dsia;] tou xuxXou ayaywpsv, tou 
xEpiypacpopsvou xspl tov xuxXov TETpaywvou fjptCTU ectti 
to EZH0 TETpaywvov, tou 8e xsptypacpEVTo; TETpaywvou 
sXaTTWv ectt'iv 6 xuxXoc;' wctte to EZH0 EyyEypap.[i£vov 
TETpaycovov (isl^ov ectti tou ljptCTEw; tou EZH0 xuxXou. 
TETp.rjCT'OcoCTav 8[ya at EZ, ZH, H0, 0E xsptfpspEtai xaTa 
Ta K, A, M, N CTT]|jtEla, xat sxE^EuybwCTav at EK, KZ, 
ZA, AH, HM, M0, 0N, NE' xat Exacrcov apa tov EKZ, 
ZAH, HM0, 0NE Tptycbvcov (isl^ov ecttiv fj to fjpiCTU tou 
xab’ sauTo Tpf|paTo; tou xuxXou, £XEi8f|XEp sav 8ta tov 
K, A, M, N CTT)p.£tcov sepaxTopiva; tou xuxXou ayaywpEv 
xat avaxXr]pcbCTCO(iEv Ta Ext tov EZ, ZH, H0, 0E suflsiwv 
xapaXXrjXoypappa, sxaoTov tov EKZ, ZAH, HM0, 0NE 
Tptycbvcov fjpiCTU ECTTat tou xafl’ sauTo xapaXXrjXoypappou, 
aXXa to xa^’ Eauxo xpfjpa sXaxTov ectti tou xapaXXrp 
Xoypappou- coctte sxacjTov tov EKZ, ZAH, HM0, 0NE 
Tptycbvcov (ieT^ov ectti tou fipiCTSor; tou xad’ sauTo TpijpaTo; 
tou xuxXou. tejivovts; 8f] Ta; uxoXEtxopEva; xEpicpspEia; 
8txa xai sxii(EuyvuvT£; suOsta; xat touto asl xoiouvts; xa- 
TaXEtcj)o(i£v Ttva axoTpfjpaTa tou xuxXou, a eaxoa sXaoCTova 
Tfjc; Ox£po)(fj;, fj uxEpsxei 6 EZH0 xuxXoc; tou E x^piou. 


FH [be] their diameters. I say that as circle ABCD is to 
circle EFGH, so the square on BD (is) to the square on 
FH. 



For if the circle ABCD is not to the (circle) EFGH, 
as the square on BD (is) to the (square) on FH, then as 
the (square) on BD (is) to the (square) on FH, so circle 
ABCD will be to some area either less than, or greater 
than, circle EFGH. Let it, first of all, be (in that ratio) to 
(some) lesser (area), S. And let the square EFGH have 
been inscribed in circle EFGH [Prop. 4.6]. So the in¬ 
scribed square is greater than half of circle EFGH, inas¬ 
much as if we draw tangents to the circle through the 
points E, F, G, and H, then square EFGH is half of the 
square circumscribed about the circle [Prop. 1.47], and 
the circle is less than the circumscribed square. Hence, 
the inscribed square EFGH is greater than half of cir¬ 
cle EFGH. Let the circumferences EF, FG, GH, and 
HE have been cut in half at points K, L, M, and N 
(respectively), and let EK, KF, FL, LG, GM, MH, 
HN, and NE have been joined. And, thus, each of 
the triangles EKF, FLG, GMH, and HNE is greater 
than half of the segment of the circle about it, inasmuch 
as if we draw tangents to the circle through points K, 
L, M, and N, and complete the parallelograms on the 
straight-lines EF, FG, GH, and HE, then each of the 
triangles EKF, FLG, GMH, and HNE will be half 
of the parallelogram about it, but the segment about it 
is less than the parallelogram. Hence, each of the tri¬ 
angles EKF, FLG, GMH, and HNE is greater than 
half of the segment of the circle about it. So, by cutting 
the circumferences remaining behind in half, and joining 
straight-lines, and doing this continually, we will (even- 
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eSsixbr) yap ev ifi xpAxw hetopfipaxi xou Bexaxou (3i|3Xiou, 
oxi Suo pEysilAv aviaov Exxsipsvcov, eav axo xou psi^ovoc; 
acpaipEbfj psl^ov fj xo fjpiau xal xou xaxaXsixopEvou psi£ov 
fj xo ripii.ou, xal xouxo del y[yvr]xai, Xeicpilriaexal xl psychoc;, 
o saxai eXaaaov xou Exxsipsvou sXaaaovoc; psysflouc;. 
XeXelcpDw ouv, xal eaxto xa exi xAv EK, KZ, ZA, AH, 
HM, M@, 0N, NE xprjpaxa xou EZH0 xuxXou eXaxxova 
xfjc; OxEpoyfjc;, fj uxspExei 6 EZH0 xuxXoc; xou E x w P^ ou - 
Xoixov apa xo EKZAHM0N xoXuycovov pslijov saxi xou E 
X^piou. eyyeypacpDw xal si<; xov ABrA xuxXov xA EKZ- 
AHM0N xoXuyAvo opoiov xoXuyorvov xo ASBOITIAP' 
saxiv apa Ac; xo axo xfjc; BA xexpayovov xpoc; xo axo xfjc; 
Z0 xexpaywvov, ouxtoc; xo ASBOITIAP xoXuytovov xpoc; 
xo EKZAHM0N xoXuyorvov. aXXa xal Ac; xo axo xfjc BA 
xexpaycuvov xpoc; xo axo xfjc Z0, ouxox 6 ABrA xuxXoc; 
xpoc; xo E x^>plov xal Ac apa 6 ABrA xuxXoc; xpoc; xo E 
X^oplov, ouxwc xo ASBOrnAP xoXuyovov xpoc xo EKZ- 
AHM0N xoXuyovov evaXXal; apa Ac 6 ABrA xuxXoc; 
xpoc; xo ev auxA xoXuywvov, oux«c xo E ycopiov xpoc; 
xo EKZAHM0N xoXuywvov. piel^wv 8 e 6 ABrA xuxXoc; 
xou ev auxA xoXuyAvou - piel^ov apa xal xo E ywpiov xou 
EKZAHM0N xoXuyAvou. aXXa xal eXaxxov oxep eaxiv 
aSuvaxov. oux apa eaxiv Ac xo axo xfjc BA xexpaywvov 
xpoc xo axo xfjc Z0, oux«c 6 ABrA xuxXoc xpoc eXaaaov 
xi xou EZH0 xuxXou ywpiov. opioiwc Sf] 8 ed;opev, oxl ou 8 e 
Ac xo axo Z0 xpoc xo axo BA, ouxoc 6 EZH0 xuxXoc 
xpoc eXaaaov xl xou ABrA xuxXou yorpiov. 

Aeyto 8 f), oxi ouSe Ac xo axo xfjc BA xpoc to axo 
xfjc Z0, ouxcoc 6 ABrA xuxXoc xpoc pei£ 6 v xi xou EZH0 
xuxXou yorpiov. 

El yap Suvaxov, eaxco xpoc pei£ov xo E. avaxaXiv apa 
[eaxiv] Ac xo axo xfjc Z0 xexpaytovov xpoc xo dxo xfjc AB, 
ouxwc xo E ycupiov xpoc xov ABrA xuxXov. aXX’ Ac xo 
E ywpiov xpoc xov ABrA xuxXov, ouxwc 6 EZH0 xuxXoc 
xpoc eXaxxov xi xou ABrA xuxXou yopiov xal Ac apa xo 
axo xfjc Z0 xpoc to axo xfjc BA, ouxoc 6 EZH0 xuxXoc 
xpoc eXaaaov xi xou ABrA xuxXou ycopiov oxep aSuvaxov 
e 8 eix , dr). oux apa eaxiv Ac xo axo xfjc BA xexpaywvov xpoc 
xo axo xfjc Z0, oux«c 6 ABrA xuxXoc xpoc (iel^ov xi xou 
EZH0 xuxXou ywpiov. eSeixbr) 8 e, oxi ouSe xpoc eXaaaov 
eaxiv apa Ac xo axo xfjc BA xexpaywvov xpoc xo axo xfjc 
Z0, ouxwc 6 ABrA xuxXoc xpoc xov EZH0 xuxXov. 

01 apa xuxXoi xpoc aXXrjXouc elalv Ac xa axo xAv 
8 ia|iexp«v xexpaywva' oxep eSei 8 el^ai. 


tually) leave behind some segments of the circle whose 
(sum) will be less than the excess by which circle EFGH 
exceeds the area S. For we showed in the first theo¬ 
rem of the tenth book that if two unequal magnitudes 
are laid out, and if (a part) greater than a half is sub¬ 
tracted from the greater, and (if from) the remainder (a 
part) greater than a half (is subtracted), and this hap¬ 
pens continually, then some magnitude will (eventually) 
be left which will be less than the lesser laid out mag¬ 
nitude [Prop. 10.1]. Therefore, let the (segments) have 
been left, and let the (sum of the) segments of the circle 
EFGH on EK, KF, FL, LG, GM, MH, HN, and NE 
be less than the excess by which circle EFGH exceeds 
area S. Thus, the remaining polygon EKFLGMHN is 
greater than area S. And let the polygon AOBPCQDR, 
similar to the polygon EKFLGMHN, have been in¬ 
scribed in circle ABCD. Thus, as the square on BD is 
to the square on FH, so polygon AOBPCQDR (is) to 
polygon EKFLGMHN [Prop. 12.1]. But, also, as the 
square on BD (is) to the square on FH, so circle ABCD 
(is) to area S. And, thus, as circle ABCD (is) to area S, 
so polygon AOBPCQDR (is) to polygon EKFLGMHN 
[Prop. 5.11], Thus, alternately, as circle ABCD (is) to 
the polygon (inscribed) within it, so area S (is) to poly¬ 
gon EKFLGMHN [Prop. 5.16], And circle ABCD (is) 
greater than the polygon (inscribed) within it. Thus, area 
S is also greater than polygon EKFLGMHN. But, (it is) 
also less. The very thing is impossible. Thus, the square 
on BD is not to the (square) on FH, as circle ABCD (is) 
to some area less than circle EFGH. So, similarly, we can 
show that the (square) on FH (is) not to the (square) on 
BD as circle EFGH (is) to some area less than circle 
ABCD either. 

So, I say that neither (is) the (square) on BD to 
the (square) on FH, as circle ABCD (is) to some area 
greater than circle EFGH. 

For, if possible, let it be (in that ratio) to (some) 
greater (area), S. Thus, inversely, as the square on FH 
[is] to the (square) on DB, so area S (is) to circle ABCD 
[Prop. 5.7 corn]. But, as area S (is) to circle ABCD, so 
circle EFGH (is) to some area less than circle ABCD 
(see lemma). And, thus, as the (square) on FH (is) to 
the (square) on BD, so circle EFGH (is) to some area 
less than circle ABCD [Prop. 5.11]. The very thing was 
shown (to be) impossible. Thus, as the square on BD is 
to the (square) on FH, so circle ABCD (is) not to some 
area greater than circle EFGH. And it was shown that 
neither (is it in that ratio) to (some) lesser (area). Thus, 
as the square on BD is to the (square) on FH, so circle 
ABCD (is) to circle EFGH. 

Thus, circles are to one another as the squares on 


474 




STOIXEIflN ip'. 


ELEMENTS BOOK 12 


Afjfifia. 

Aeycu 8fj, oxi xou E ycoplou pel^ovoc; ovxo; xou EZH0 
xuxXou eaxiv ok xo E yorplov xpb<; xov ABTA xuxXov, 
ouxok 6 EZH0 xuxXo<; xpoc; eXaxxov xl xou ABTA xuxXou 
X&>piov. 

reyovexw yap ok xo E yoplov xpo; xov ABTA xuxXov, 
ouxok 6 EZH0 xuxXo<; xpoc; xo T yorplov. Xeyo, oxi 
eXaxxov eaxL xo T ycoplov xou ABTA xuxXou. etc! yap 
eaxiv A<; xo E ycoplov xpo<; xov ABrA xuxXov, ouxok 6 
EZH0 xuxXo; xpo<; xo T ycoplov, evaXXac; eaxiv At; xo S 
ywplov xpo; xov EZH0 xuxXov, ouxok 6 ABTA xuxXo; 
xpo; xo T ywplov. peT([ov 8e xo E yoiplov xou EZH0 
xuxXou- pel<[a>v apa xal 6 ABTA xuxXot; xou T yorplou. 
d>axe eaxlv A; xo E yo>p[ov xpo; xov ABrA xuxXov, 
ouxok 6 EZH0 xuxXot; xpo; eXaxxov xl xou ABTA xuxXou 
yorpiov- oxep e8ei 8eTc;ai. 

Y'- 

Ilaaa Ttupaql; xpiywvov eyouaa pdaiv Biaipelxai ek; 8uo 
TiupaplSac; iaa<; xe xal opolac; aXXf|Xai<; xal [opolac;] xjj oXfj 
xpiycovou; eyouaac; paaeic; xal etc Buo xpiapaxa iaa- xal xa 
8 uo xpiapaxa (iei^ova eaxiv fj xo fjpiau xfj; oXrjt; xupapiSoc;. 


A 



A E B 


TSaxw Tiupapi;, fj; pdai; pev eaxL xo ABr xplyorvov, xo- 
pucpf) Be xo A aqpeTov Xeyo>, oxi f) ABrA xupapl; Biaipelxai 
elt; Buo xupaplBac; iaa; aXX^Xaic; xpiyAvou; paaeic; eyouaac; 
xal opoia; xfj oXfj xal etc Buo xplapaxa iaa- xal xa Buo 
xpiapaxa peli[ovd eaxiv fj xo fjpiau xfjc oXrjt; xupaplBo;. 

Texpfia-dooaav yap al AB, Br, BA, AA, AB, Ar Blya 
xaxa xa E, Z, H, 0, K, A arj^ela, xal exe^euy-doiaav al 
0E, EH, H0, 0K, KA, A0, KZ, ZH. exel Tar) eaxiv f) pev 
AE xfj EB, f) Be A0 xfj A0, xapaXXrjXoc; apa eaxiv f] E0 
xfj AB. Bid xa auxa Sf] xal f) 0K xfj AB xapaXXqXoi; eaxiv. 


(their) diameters. (Which is) the very thing it was re¬ 
quired to show. 

Lemma 

So, I say that, area S being greater than circle EFGH, 
as area S is to circle ABCD, so circle EFGH (is) to some 
area less than circle ABCD. 

For let it have been contrived that as area S (is) to 
circle ABCD, so circle EFGH (is) to area T. I say that 
area T is less than circle ABCD. For since as area S is 
to circle ABCD, so circle EFGH (is) to area T, alter¬ 
nately, as area S is to circle EFGH, so circle ABCD (is) 
to area T [Prop. 5.16]. And area S (is) greater than circle 
EFGH. Thus, circle ABCD (is) also greater than area 
T [Prop. 5.14]. Hence, as area S is to circle ABCD, so 
circle EFGH (is) to some area less than circle ABCD. 
(Which is) the very thing it was required to show. 


Proposition 3 

Any pyramid having a triangular base is divided into 
two pyramids having triangular bases (which are) equal, 
similar to one another, and [similar] to the whole, and 
into two equal prisms. And the (sum of the) two prisms 
is greater than half of the whole pyramid. 


D 



A E B 


Let there be a pyramid whose base is triangle ABC, 
and (whose) apex (is) point D. I say that pyramid 
ABCD is divided into two pyramids having triangular 
bases (which are) equal to one another, and similar to 
the whole, and into two equal prisms. And the (sum of 
the) two prisms is greater than half of the whole pyramid. 

For let AB, BC, CA, AD, DB, and DC have been 
cut in half at points E, F, G, H, K, and L (respectively). 
And let HE, EG, GH, HK, KL, LH, KF, and FG have 
been joined. Since AE is equal to EB, and AH to DH, 


475 



STOIXEIflN ip'. 


ELEMENTS BOOK 12 


xapaXXrjXoypappov apa saxl to 0EBK- for] apa eaxlv f] 0K 
xfj EB. aXXa f| EB xfj EA eaxiv Iar)' xai f] AE apa xfj 0K 
coxlv for], eaxi Se xal f] A0 xfj 0A for]- 8uo 5f] ai EA, A0 
8uctI xai; K0, 0A foai eialv exaxepa exaxepa- xal yorvia f] 
0x6 EA0 ytovia xfj 0x6 K0A for)- Paai; apa f] E0 (3aaei xfj 
KA eaxiv for], foov apa xal opoiov eaxi xo AE0 xpiyovov 
to 0KA xpiyovo. 8ia xa aOxa 8f] xal xo A0H xpiyovov 
xo 0AA xpiyovo foov xe eaxi xal opoiov. xal exd Suo 
eudelai axxopevai aAAfjXov ai E0, 0H xapa 80o eudeia; 
ooixopeva; aAAfjXov xa? KA, AA eiaiv oOx ev xo auxo 
eiuiteSo ouoai, foa; yorvia; nepiecfouaiv. for] apa eaxlv f] 0x6 
E0H yovia xfj 0x6 KAA yovia. xal exel Suo eudelai ai E0, 
0H Sual xai; KA, A A foai siaiv exaxepa exaxepa, xai yorvia 
f) 0x6 E0H yovia xfj 0x6 KAA eaxiv for], [3dai; apa f] EH 
Paaei xfj KA [eaxiv] for]- foov apa xai opoiov eaxi xo E0H 
xpiyovov to KAA xpiyovo. Sia xa aOxa of] xai xo AEH 
xpiyovov xo 0KA xpiyovo foov xe xai opoiov eaxiv. f] apa 
Ttupapi;, fj; paai; pev eaxi xo AEH xpiyovov, xopucpf] Se xo 
0 arj(iefov, for] xai opoia eaxi nupapiSi, fj; pdau; pev eaxi xo 
0KA xpiyovov, xopucpf] Se xo A arjpefov. xai exei xpiyovou 
xou AAB xapa piav xov xXeupov xfjv AB fjxxai f] 0K, 
iaoyoviov eaxi xo AAB xpiyorvov xo A0K xpiyovo, xai 
xai; xXeupa; avaXoyov eyouaiv- opoiov apa eaxi xo AAB 
xpiyorvov xo A0K xpiyovo. Sia xa auxa 8f] xai xo pev 
ABT xpiyorvov xo AKA xpiyovo opoiov eaxiv, xo Se AAr 
xo AA0. xai exei 8uo eu-deiai axxopievai aXXfjXov ai BA, 
AT xapa Suo eu-deia; axxopieva; aXXrjXov xa; K0, 0A eiaiv 
oux ev xo auxo exixeSo, iaa; yovia; xepie^ouaiv. iarj apa 
eaxiv f] uxo BAr yovia xfj 0x6 K0A. xai eaxiv o; f] BA 
xpo; xfjv Ar, ouxo; f] K0 xpo; xfjv 0A- opioiov apa eaxi 
xo ABr xpiyovov xo 0KA xpiyovo. xai xupajui; apa, fj; 
Paai; piev eaxi xo ABT xpiyovov, xopucpf] 8e xo A ar]fiefov, 
opioia eaxi xupapiiSi, fj; pdai; piev eaxi xo 0KA xpiyovov, 
xopucpf] 8e xo A arjpieTov. aXXa xupapii;, fj; pdai; piev [eaxi] 
to 0KA xpiyovov, xopucpf] 8e xo A arjpieTov, opioia e8ei)(x>r] 
xupapiiSi, fj; pdai; piev eaxi xo AEH xpiyovov, xopucpf] 8e 
xo 0 arjpieTov. exaxepa apa xov AEH0, 0KAA xupapiiocrv 
opioia eaxi xfj oXr] x^ ABTA nupapii8i. 

Kai eTiei iarj eaxiv f] BZ xfj ZT, 8i7iAaaiov eaxi xo 
EBZH 7iapaXXr]Xoypa(ipiov xou HZT xpiyovou. xai exei, 
eav fj 8uo xpiapiaxa iaoucjifj, xai xo piev exT] pdaiv xapaX- 
Xr]X6ypa(ip.ov, xo 8e xpiyovov, 8ixAdaiov 8e fj xo xapaX- 
Ar]A6ypa(jipiov xou xpiyovou, iaa eaxi xa xpiapiaxa, foov 
apa eaxi xo xpiapia xo xepiexopievov uxo Suo piev xpiyovov 
xov BKZ, E0H, xpiov Se xapaXXrjXoypapuJcrv xov EBZH, 
EBK0, 0KZH xo xpiaptaxi xo xepiexojievo 0x6 Suo (lev 
xpiyovov xov HZT, 0KA, xpiov Se xapaXXrjXoypapipiov 
xov KZrA, AI’HO, 0KZH. xai cpavepov, oxi exaxpov xov 
xpiapiaxov, ou xe pdai; xo EBZH xapaXXr]X6ypa(ip.ov, axe- 
vavxiov Se f] 0K eu-deia, xai ou pdai; xo HZT xpiyovov, 
axevavxiov Se xo 0KA xpiyovov, (iclifov eaxiv exaxepa; 


EH is thus parallel to DB [Prop. 6.2]. So, for the same 
(reasons), HK is also parallel to AB. Thus, HEBK is 
a parallelogram. Thus, HK is equal to EB [Prop. 1.34]. 
But, EB is equal to EA. Thus, AE is also equal to HK. 
And AH is also equal to HD. So the two (straight-lines) 
EA and AH are equal to the two (straight-lines) KH 
and HD, respectively. And angle EAH (is) equal to an¬ 
gle KHD [Prop. 1.29]. Thus, base EH is equal to base 
KD [Prop. 1.4]. Thus, triangle AEH is equal and simi¬ 
lar to triangle HKD [Prop. 1.4]. So, for the same (rea¬ 
sons), triangle AHG is also equal and similar to trian¬ 
gle HLD. And since EH and HG are two straight-lines 
joining one another (which are respectively) parallel to 
two straight-lines joining one another, KD and DL, not 
being in the same plane, they will contain equal angles 
[Prop. 11.10]. Thus, angle EHG is equal to angle KDL. 
And since the two straight-lines EH and HG are equal 
to the two straight-lines KD and DL, respectively, and 
angle EHG is equal to angle KDL, base EG [is] thus 
equal to base KL [Prop. 1.4]. Thus, triangle EHG is 
equal and similar to triangle KDL. So, for the same (rea¬ 
sons), triangle AEG is also equal and similar to triangle 
HKL. Thus, the pyramid whose base is triangle AEG, 
and apex the point H, is equal and similar to the pyra¬ 
mid whose base is triangle HKL, and apex the point D 
[Def. 11.10]. And since HK has been drawn parallel to 
one of the sides, AB, of triangle ADB, triangle ADB 
is equiangular to triangle DHK [Prop. 1.29], and they 
have proportional sides. Thus, triangle ADB is similar to 
triangle DHK [Def. 6.1]. So, for the same (reasons), tri¬ 
angle DBG is also similar to triangle DKL, and ADC to 
DLH. And since two straight-lines joining one another, 
BA and AC, are parallel to two straight-lines joining one 
another, KH and HL, not in the same plane, they will 
contain equal angles [Prop. 11.10], Thus, angle BAC is 
equal to (angle) KHL. And as BA is to AC, so KH (is) 
to HL. Thus, triangle ABC is similar to triangle HKL 
[Prop. 6.6]. And, thus, the pyramid whose base is trian¬ 
gle ABC, and apex the point D, is similar to the pyra¬ 
mid whose base is triangle HKL, and apex the point D 
[Def. 11.9]. But, the pyramid whose base [is] triangle 
HKL, and apex the point D, was shown (to be) similar 
to the pyramid whose base is triangle AEG, and apex the 
point H. Thus, each of the pyramids AEGH and HKLD 
is similar to the whole pyramid ABCD. 

And since BF is equal to FC, parallelogram EBFG 
is double triangle GFC [Prop. 1.41]. And since, if two 
prisms (have) equal heights, and the former has a par¬ 
allelogram as a base, and the latter a triangle, and the 
parallelogram (is) double the triangle, then the prisms 
are equal [Prop. 11.39], the prism contained by the two 
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twv xupapiSoov, Sv |3da£ic pcv xa AEH, @KA xpiywva, xo- 
pucpal, 8e xa 0, A arjpEla, EX£t8f)X£p [xai] Eav £xiC£t>c;copsv 
xac EZ, EK EuOsiac, xo jjev xpfapa, ou pdaic xo EBZH xa- 
paXXr)X6ypapt(iov, axEvavxlov oe f] 0K sudsla, psl^ov egxi 
xfjc xupapc8oc, fjc pdaic xo EBZ xpiywvov, xopucpf] Se xo 
K arjpsfav. aXX’ f] xupaplc, fjc; pdaic xo EBZ xpiywvov, 
xopucpf) 8e xo K arjpsfav, far] saxl xupapiSi, fjc pdaic xo 
AEH xpiywvov, xopucpf) 8e xo 0 arjpeiov 0x6 yap fawv 
xal opoiwv exixeScov xspisxovxai. Sctxe xal xo xpfapa, ou 
pdaic pi£v xo EBZH xapaXXr)Xoypapi[iov, axEvavxlov 8s f) 
0K EuDsla, pElijjov eoxi xupaplooc, fjc pdaic psv xo AEH 
xpiywvov, xopucpf) 8e xo 0 arjpEfav. faov oe xo psv xpfapa, 
ou pdaic xo EBZH xapaXXrjXoYpappov, axsvavxiov os f) 0K 
suOsTa, xA xpfapaxi, ou pdaic psv xo HZr xpiywvov, axs- 
vavxiov 8e xo 0KA xpiycovov f) Os xupapic, fjc pdaic xo 
AEH xpiyorvov, xopucpf) os xo 0 arjpsfav, far) eoxi xupaploi, 
fjc; pdaic xo 0KA xpiycovov, xopucpf) Ss xo A arjpEfav. xa 
apa siprjpsva Suo xpfapaxa psiCova eoxi xwv siprjpEvorv 8uo 
xupapi8cov, £>v pdacic psv xa AEH, 0KA xpiycova, xopucpal 
8e xa 0, A aripsla. 

'H apa oXr) xupapic, fjc pdaic xo ABr xpiycovov, xo¬ 
pucpf) 8s xo A arjpEfav, Sifjpijxai sfa xs 8uo xupaploac faac 
aXXijXaic [xal opoiac xfj oXrj] xal sic 8uo xpfapaxa foa, xal xa 
8uo xpfapaxa psiijjova saxiv fj xo fjpiau xfjc oXr)c xupapiSoc 
oxsp eSei OEl^ai. 


S'. 

’Eav Sai 8uo xupapi8sc uxo xo aOxo uc[;oc xpiyAvouc 
syouaai pdocic, oiaipEflfj Ss sxaxspa auxAv sfa xe 8uo 
xupapi8ac faac aXXijXaic xal opoiac xfj oXr) xal sic 8uo 
xpfapaxa foa, saxai (be f) xfjc piac xupap[8oc pdaic xpoc xfjv 
xfjc sxspac xupapi8oc pdoiv, ouxcoc xa ev xfj pia xupap(8i 
xpfapaxa xavxa xpoc xa ev xfj sxapa xupap(8i xpfapaxa 
xavxa EooxXrydfj. 

’'Eaxcoaav 8uo xupapi8cc 0x6 xo auxo ucjioc xpiycovouc 
syouaai pdosic; xac ABE, AEZ, xopuepac Ss xa H, 0 aqpEla, 
xal Birpijadco sxaxspa auxAv sic xe Suo xupa(j(8ac faac 
aXXijXaic xal ojioiac xfj oXr) xal sic Suo xpfajiaxa faa- Xsycu, 


triangles BKF and EHG, and the three parallelograms 
EBFG, EBKH, and HKFG, is thus equal to the prism 
contained by the two triangles GFC and HKL, and 
the three parallelograms KFCL, LCGH, and HKFG. 
And (it is) clear that each of the prisms whose base (is) 
parallelogram EBFG, and opposite (side) straight-line 
HK, and whose base (is) triangle GFC, and opposite 
(plane) triangle HKL, is greater than each of the pyra¬ 
mids whose bases are triangles AEG and HKL, and 
apexes the points H and D (respectively), inasmuch as, 
if we [also] join the straight-lines EF and EK then the 
prism whose base (is) parallelogram EBFG, and oppo¬ 
site (side) straight-line HK, is greater than the pyramid 
whose base (is) triangle EBF, and apex the point K. But 
the pyramid whose base (is) triangle EBF, and apex the 
point K, is equal to the pyramid whose base is triangle 
AEG, and apex point H. For they are contained by equal 
and similar planes. And, hence, the prism whose base 
(is) parallelogram EBFG, and opposite (side) straight- 
line HK, is greater than the pyramid whose base (is) 
triangle AEG, and apex the point H. And the prism 
whose base is parallelogram EBFG, and opposite (side) 
straight-line HK, (is) equal to the prism whose base (is) 
triangle GFC, and opposite (plane) triangle HKL. And 
the pyramid whose base (is) triangle AEG, and apex the 
point H, is equal to the pyramid whose base (is) trian¬ 
gle HKL, and apex the point D. Thus, the (sum of the) 
aforementioned two prisms is greater than the (sum of 
the) aforementioned two pyramids, whose bases (are) tri¬ 
angles AEG and HKL, and apexes the points H and D 
(respectively). 

Thus, the whole pyramid, whose base (is) triangle 
ABC, and apex the point D, has been divided into two 
pyramids (which are) equal to one another [and similar 
to the whole], and into two equal prisms. And the (sum 
of the) two prisms is greater than half of the whole pyra¬ 
mid. (Which is) the very thing it was required to show. 

Proposition 4 

If there are two pyramids with the same height, hav¬ 
ing trianglular bases, and each of them is divided into two 
pyramids equal to one another, and similar to the whole, 
and into two equal prisms then as the base of one pyra¬ 
mid (is) to the base of the other pyramid, so (the sum of) 
all the prisms in one pyramid will be to (the sum of all) 
the equal number of prisms in the other pyramid. 

Let there be two pyramids with the same height, hav¬ 
ing the triangular bases ABC and DEF, (with) apexes 
the points G and H (respectively). And let each of them 
have been divided into two pyramids equal to one an- 
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oxi saxlv Ac f) ABT (3aaic xpoc xf]v AEZ pdoiv, ouxoc xa 
sv xf) ABTH xupap[8t xpiapaxa xavxa xpoc xa sv xfj AEZ0 
xupaplSi xplapaxa iaoxXrjDfj. 


H 0 



B 1=1 E 


’Exsl yap Tar) saxlv f] psv BH xfj Hr, f) 8s AA xfj AT, 
xapaXXr]Xoc apa saxlv f] AH xf] AB xal opoiov xo ABr 
xplyowov xA AHr xpiyAvw. Sta xa auxa 8f] xal xo AEZ 
xplywvov xA P<I>Z xpiyAvcp opoiov saxLv. xal sxsl 8i- 
xXaaicov saxlv f] psv BT xfjc TH, f] 8s EZ xfjc Z4>, saxiv 
apa Ac f] Br xpoc xf]v EH, ouxox V) EZ xpoc xfjv Z<f>. xal 
avaysypaxxat a xo psv xAv BT, TH opoia xs xal ojioimc 
xsipsva suOuypappa xa ABT, AHT, axo 8s xAv EZ, Z<P 
opota xs xal opo[a>c xsipsva [suOuypappa] xa AEZ, P<PZ- 
saxtv apa Ac xo ABT xplywvov xpoc xo AHT xptyovov, 
ouxwc xo AEZ xpiycovov xpoc xo P<PZ xplywvov svaXXac; 
apa saxlv Ac xo ABT xptyorvov xpoc xo AEZ [xpiywvov], 
ouxoc xo AHT [xplywvov] xpoc xo P<I>Z xplywvov. aXX’ 
Ac xo AHT xpiywvov xpoc xo P<I>Z xptywvov, ouxa>c xo 
xpiapa, ou pdaig psv [saxi] xo AHr xptywvov, axsvavxtov 8s 
xo OMN, xpoc xo xpiapa, ou pdai<; psv xo P<J>Z xptywvov, 
axsvavxtov 8s xo ETT' xal Ac apa xo ABr xpiywvov xpoc 
xo AEZ xpiywvov, ouxa>c xo xplapa, ou pdau; psv xo AHr 
xptywvov, axsvavxlov 8s xo OMN, xpoc xo xpiapa, oh paaic 
psv xo P<I>Z xptyowov, axsvavxlov 8s xo ETT. Ac 8s xa 
siprjpsva xplapaxa xpoc aXXr]Xa, ouxa>c xo xplapa, oh paaic 
psv xo KBHA xapaXXrjXoypappov, axsvavxlov 8s f] OM 
suOsTa, xpoc xo xplapa, ou paaic psv xo IIE<I>P xapaX- 
Xr]Xoypappov, axsvavxlov 8s f] ET suOsTa. xal xa 8uo apa 
xplapaxa, ou xs paaic psv xo KBHA xapaXXr)Xoypappov, 
axsvavxlov 8s f] OM, xal ou paaic psv xo AHE, axsvavxlov 
8s xo OMN, xpo<; xa xplapaxa, ou xs pdaic psv xo IIE$P, 
axsvavxlov 8s f] ET sODsTa, xal o5 pdaic psv xo P<I>Z 
xplywvov, axsvavxlov 8s xo ETT. xal Ac apa f] ABr pdaic 
xpoc xf]v AEZ pdaiv, ouxwc xa sipiqpEva Suo xplapaxa xpoc 
xa siprjpsva 8uo xplapaxa. 

Kal opolorc, sav SiaipsOAaiv al OMNH, ETTO xu- 
paplosc sic xs 8uo xplapaxa xal Suo xupapl8ac, saxai Ac f] 


other, and similar to the whole, and into two equal prisms 
[Prop. 12.3]. I say that as base ABC is to base DEF, 
so (the sum of) all the prisms in pyramid ABCG (is) to 
(the sum of) all the equal number of prisms in pyramid 
DEFH. 


G H 



For since BO is equal to OC, and AL to LC, LO is 
thus parallel to AB, and triangle ABC similar to triangle 
LOC [Prop. 12.3], So, for the same (reasons), triangle 
DEF is also similar to triangle RVF. And since BC is 
double CO, and EF (double) FV, thus as BC (is) to 
CO, so EF (is) to FV. And the similar, and similarly 
laid out, rectilinear (figures) ABC and LOC have been 
described on BC and CO (respectively), and the sim¬ 
ilar, and similarly laid out, [rectilinear] (figures) DEF 
and RVF on EF and FV (respectively). Thus, as tri¬ 
angle ABC is to triangle LOC, so triangle DEF (is) to 
triangle RVF [Prop. 6.22]. Thus, alternately, as trian¬ 
gle ABC is to [triangle] DEF, so [triangle] LOC (is) 
to triangle RVF [Prop. 5.16], But, as triangle LOC 
(is) to triangle RVF, so the prism whose base [is] trian¬ 
gle LOC, and opposite (plane) PAIN, (is) to the prism 
whose base (is) triangle RVF, and opposite (plane) STU 
(see lemma). And, thus, as triangle ABC (is) to trian¬ 
gle DEF, so the prism whose base (is) triangle LOC, 
and opposite (plane) PMN, (is) to the prism whose base 
(is) triangle RVF, and opposite (plane) STU. And as 
the aforementioned prisms (are) to one another, so the 
prism whose base (is) parallelogram KBOL, and oppo¬ 
site (side) straight-line PM, (is) to the prism whose base 
(is) parallelogram QEVR, and opposite (side) straight- 
line ST [Props. 11.39, 12.3]. Thus, also, (is) the (sum 
of the) two prisms—that whose base (is) parallelogram 
KBOL, and opposite (side) PM, and that whose base 
(is) LOC, and opposite (plane) PMN —to (the sum of) 
the (two) prisms—that whose base (is) QEVR, and op¬ 
posite (side) straight-line ST, and that whose base (is) 
triangle RVF, and opposite (plane) STU [Prop. 5.12]. 
And, thus, as base ABC (is) to base DEF, so the (sum 
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OMN {3aai<; xpoc tt)v STT pdaiv, ouxcoc xa sv xfj OMNH 
xupapiBi 8uo xpiapaxa xpoc xa ev xfj ETT0 xupapiBi 8uo 
xpiapaxa. aXX’ Ac f) OMN pdaic xpoc xf]v STT pdaiv, 
ouxoc f) ABT pdaic; xpoc xfjv AEZ pdaiv laov yap exaxepov 
xov OMN, STT xpiyAvorv exaxepw xuv AST, P<FZ. xod (be; 
apa f) ABT pdaic xpoc xf]v AEZ pdaiv, ouxwc xa xeaaapa 
xplapaxa xpoc xa xeaaapa xpiapaxa. opolorc 8e xav xac 
OxoXeixopevac xupapiBac BieXorpev eic xe 8uo xupapiBac 
xal etc; 8uo xpiapaxa, eaxai Ac; f] ABT pdaic; xpoc xf)v AEZ 
pdaiv, ouxwc xa ev xfj ABTH xupaploi xpiapaxa xavxa xpoc 
xa ev xfj AEZ0 xupapiBi xpiapaxa xavxa laoKXrydf) - oxep 
e8ei BeT^ai. 


Afjppa. 

"Oxi Be eaxiv Ac xo AST xpiywvov xpoc xo P<I>Z 
xplyorvov, ouxoc xo xpiapa, o5 pdaic; xo AST xpiycovov, 
axevavxiov Be xo OMN, xpoc xo xpiapa, ou pdaic pev xo 
P<I>Z [xpiycovov], axevavxiov Be xo STT, ouxco Beixxeov. 

’Era yap xrjc auxrjc xaxaypacpfjc veYoifailwaav axo xAv 
H, 0 xahexoi exl xa ABT, AEZ exlxeBa, laai 8r]Xa8f) 
xuyyavouaai Bid xo iaoucjielc; uxoxeuxdai xac; xupapiBac. 
xal exel Buo eODelai fj xe Hr xal f) axo xou H xahexoc 
0x6 xapaXXifjXcdv exixeBwv xAv ABT, OMN xepvovxai, eic 
xouc auxouc Xoyouc x^rjDyjaovxai. xal xexprjxai fj HT Bixa 
0x6 xou OMN exixeBou xaxa xo N- xal f) axo xou H apa 
xahexoc exl xo ABr exlxeBov Oiya xp.rj'dyjaexai 0x6 xou 
OMN exixeBou. Bid xa aOxa 8f) xal f] axo xou 0 xahexoc exl 
xo AEZ exixeBov Bixa xjirydfjaexai 0x6 xou STT exixeBou. 
xai eiaiv laai ai axo xAv H, 0 xahexoi exl xa ABT, AEZ 
exixeBa' Taai apa xal al axo xAv OMN, STT xpiyAvorv 
exl xa ABT, AEZ xahexoi. laoutfifj apa [eaxl] xa xpiapaxa, 
6v pdaeic pev eiai xa AST, P$Z xpiywva, axevavxiov Be 
xa OMN, STT. Aaxe xal xa axepea xapaXXr]Xexixe8a xa 
axo xAv eiprjpevorv xpiapaxwv avaypaepopeva iaoui[irj xal 
xpoc aXXrjXa [eiaiv] Ac ai pdaeic xal xa ljpLar] apa eaxiv 
Ac f] AET pdaic xpoc xfjv P<FZ pdaiv, ouxoc xa eiprjpeva 
xpiapaxa xpoc aXXr]Xa' oxep eBei 8eT^ai. 


of the first) aforementioned two prisms (is) to the (sum 
of the second) aforementioned two prisms. 

And, similarly, if pyramids PMNG and STUH are di¬ 
vided into two prisms, and two pyramids, as base PMN 
(is) to base STU, so (the sum of) the two prisms in pyra¬ 
mid PMNG will be to (the sum of) the two prisms in 
pyramid STUH. But, as base PMN (is) to base STU, so 
base ABC (is) to base DEF. For the triangles PMN 
and STU (are) equal to LOG and RVF, respectively. 
And, thus, as base ABC (is) to base DEF, so (the sum 
of) the four prisms (is) to (the sum of) the four prisms 
[Prop. 5.12]. So, similarly, even if we divide the pyra¬ 
mids left behind into two pyramids and into two prisms, 
as base ABC (is) to base DEF, so (the sum of) all the 
prisms in pyramid ABCG will be to (the sum of) all the 
equal number of prisms in pyramid DEFH. (Which is) 
the very thing it was required to show. 

Lemma 

And one may show, as follows, that as triangle LOG 
is to triangle RVF, so the prism whose base (is) trian¬ 
gle LOC, and opposite (plane) PAIN, (is) to the prism 
whose base (is) [triangle] RVF, and opposite (plane) 

STU. 

For, in the same figure, let perpendiculars have been 
conceived (drawn) from (points) G and H to the planes 
ABC and DEF (respectively). These clearly turn out to 
be equal, on account of the pyramids being assumed (to 
be) of equal height. And since two straight-lines, GC 
and the perpendicular from G, are cut by the parallel 
planes ABC and PMN they will be cut in the same ra¬ 
tios [Prop. 11.17]. And GC was cut in half by the plane 
PMN at N. Thus, the perpendicular from G to the plane 
ABC will also be cut in half by the plane PMN. So, 
for the same (reasons), the perpendicular from H to the 
plane DEF will also be cut in half by the plane STU. And 
the perpendiculars from G and H to the planes ABC and 
DEF (respectively) are equal. Thus, the perpendiculars 
from the triangles PMN and STU to ABC and DEF 
(respectively, are) also equal. Thus, the prisms whose 
bases are triangles LOC and RVF, and opposite (sides) 
PMN and STU (respectively), [are] of equal height. 
And, hence, the parallelepiped solids described on the 
aforementioned prisms [are] of equal height and (are) to 
one another as their bases [Prop. 11.32]. Likewise, the 
halves (of the solids) [Prop. 11.28]. Thus, as base LOC 
is to base RVF, so the aforementioned prisms (are) to 
one another. (Which is) the very thing it was required to 
show. 
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s'. 

Ai uxo to auxo ucJjo; ouaai xupapiBs; xai xpiyAvou; 
syouaai paasi; xpo; aXXfjXa; siaiv ok ai paasi;. 

’ h e 



/ 


7 


X 


z 


7 


’'Eaxwaav uxo to auxo ui|>o; xupapios;, Sv paasi; psv 
xa ABT, AEZ xpiycova, xopucpal 8s xa H, 0 arjpsTa- Xsyco, 
oxi saxiv A; f] ABT pdaig xpo; xf]v AEZ pdaiv, outck f) 
ABrH xupapi; xpo; xrjv AEZ0 xupapiBa. 

E£ yap (j.rj saxiv A; f] ABT pdai; xpo; xrjv AEZ pdaiv, 
outck f] ABrH xupapl; xpo; xqv AEZ0 xupapiBa, saxai Ac; 
fj ABr pdai; xpo; xf]v AEZ pdaiv, outgk f| ABrH xupapi; 
fjxoi xpo; sXaaaov xi xfj; AEZ0 xupapiBo; axspsov fj xpo; 
(isl^ov. sax to xpoxspov xpo; sXaaaov xo X, xai Birjpr^aHco 
f) AEZ0 xupapi; sic; xs 6uo xupapiBa; laa; aXXf|Xai; xai 
opoia; xfj oXr) xai sic; 6uo xplapaxa loot xd 8f) 6uo xpiaapxa 
psii(ovd saxiv fj xo fjpiau xfjc; okr\z xupapiBo;. xai xaXiv ai sx 
xfjc; BiaipsasiK yivojisvai xupapiBs; opoiiK 8iiqpf|a , duaav, 
xai xouxo asl yivsa'dco, s<k ou XsicpflAai xivs; xupapiBs; axo 
xfjc; AEZ0 xupapiBo;, ai siaiv sXdxxovE; xfjc; uxspoyfj;, fj 
uxspsxei f] AEZ0 xupapi; xou X axspsoO. XsXsiipDwaav xai 
saxwaav Xoyou svsxsv ai AnPX, ETT0' Xoixa apa xd sv 
xfj AEZ0 xupapiBi xplapaxa psliljovd saxi xou X axspsoO. 
Bir]pf)aDa> xai f] ABrH xupapi; opoltK xai iaoxXrjDA; xfj 
AEZ0 xupaplBr saxiv apa Ac; f) ABr pdaic; xpo; xrjv AEZ 
pdaiv, outok xd sv xfj ABrH xupapiBi xplapaxa xpo; xd sv 
xfj AEZ0 xupapiBi xplapaxa, aXXa xai Ac; f] ABr pdaic; xpo; 
xf)v AEZ pdaiv, outok f) ABrH xupapi; xpoc; xo X axspsov 
xai Ac; apa f] ABrH xupapi; xpoc; xo X axspsov, outok; 
xd sv xfj ABrH xupapiBi xplapaxa xpoc; xd sv xfj AEZ0 
xupapiBi xplapaxa' svaXXa^ apa Ac; f] ABrH xupapi; xpoc; 
xd sv auxfj xplapaxa, outck xo X axspsov xpoc; xd sv xfj 
AEZ0 xupapiBi xplapaxa. psli(cov Be f) ABrH xupapi; xAv 
sv aUxfj xpiapaxcuv psTi(ov apa xai to X axspsov xAv sv xfj 
AEZ0 xupapiBi xpiapaxcov. aXXa xai sXaxxov oxsp saxiv 
aBuvaxov. oux apa saxiv Ac; f] ABr pdaic; xpoc; xf]v AEZ 
pdaiv, outok if] ABrH xupapi; xpoc; sXaaaov xi xfjc; AEZ0 
xupapiBo; axspsov. opolcK 8f] 8sixi}f)asxai, oxi ouBs Ac; f] 
AEZ pdaic; xpoc; xrjv ABr pdaiv, outok f] AEZ0 xupapi; 
xpoc; sXaxxov xi xfjc; ABrH xupapiBo; axspsov. 

Asyw 8f], oxi oux saxiv ouBs Ac; f] ABr pdai; xpo; xf]v 
AEZ pdaiv, outok f] ABrH xupapi; xpo; psTiljov xi xfj; 
AEZ0 xupapiBo; axspsov. 


Proposition 5 

Pyramids which are of the same height, and have tri¬ 
angular bases, are to one another as their bases. 

G H 




/ 

/ 


w 

J 

7 


7 


Let there be pyramids of the same height whose bases 
(are) the triangles ABC and DEF, and apexes the points 
G and H (respectively). I say that as base ABC is to base 
DEF, so pyramid ABCG (is) to pyramid DEFH. 

For if base ABC is not to base DEF, as pyramid 
ABCG (is) to pyramid DEFH, then base ABC will be 
to base DEF, as pyramid ABCG (is) to some solid ei¬ 
ther less than, or greater than, pyramid DEFH. Let it, 
first of all, be (in this ratio) to (some) lesser (solid), W. 
And let pyramid DEFH have been divided into two pyra¬ 
mids equal to one another, and similar to the whole, and 
into two equal prisms. So, the (sum of the) two prisms 
is greater than half of the whole pyramid [Prop. 12.3]. 
And, again, let the pyramids generated by the division 
have been similarly divided, and let this be done contin¬ 
ually until some pyramids are left from pyramid DEFH 
which (when added together) are less than the excess by 
which pyramid DEFH exceeds the solid W [Prop. 10.1]. 
Let them have been left, and, for the sake of argument, 
let them be DQRS and STUH. Thus, the (sum of the) 
remaining prisms within pyramid DEFH is greater than 
solid W. Let pyramid ABCG also have been divided sim¬ 
ilarly, and a similar number of times, as pyramid DEFH. 
Thus, as base ABC is to base DEF, so the (sum of the) 
prisms within pyramid ABCG (is) to the (sum of the) 
prisms within pyramid DEFH [Prop. 12.4]. But, also, 
as base ABC (is) to base DEF, so pyramid ABCG (is) 
to solid W. And, thus, as pyramid ABCG (is) to solid 
W, so the (sum of the) prisms within pyramid ABCG 
(is) to the (sum of the) prisms within pyramid DEFH 
[Prop. 5.11], Thus, alternately, as pyramid ABCG (is) to 
the (sum of the) prisms within it, so solid W (is) to the 
(sum of the) prisms within pyramid DEFH [Prop. 5.16]. 
And pyramid ABCG (is) greater than the (sum of the) 
prisms within it. Thus, solid W (is) also greater than the 
(sum of the) prisms within pyramid DEFH [Prop. 5.14]. 
But, (it is) also less. This very thing is impossible. Thus, 
as base ABC is to base DEF, so pyramid ABCG (is) 
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El yap 8uvax6v, carco xpoc peT^ov to X- avaxaXiv apa 
ecrciv Ac f] AEZ pdaic xpoc ttjv ABr pdaiv, outcoc to X 
axepeov xpoc ttjv ABEH xupap[8a. (be; 8s to X axepeov 
xpoc Trjv ABEH xupap[8a, outoc f) AEZ0 xupaplc xpoc 
eXaaaov ti Tf|C ABrH xupapiooc, Ac epxpoaDev e8eixfhy 
xal Ac apa f) AEZ pdaic xpoc ttjv ABT pdaiv, outcoc rj 
AEZ0 xupaplc xpoc eXaaaov ti Tfjc; ABTH xupapiOoc 
oxep axoxov e8eixf>r|. oux apa eaxlv Ac fj ABr pdaic xpoc 
tt]v AEZ pdoiv, outwc f] ABrH xupaplc xpoc peT^ov ti 
Tfjc AEZ0 xupap[8oc axepeov. eBsix'dr) oe, oti ou8e xpoc 
eXaaaov. eaxiv apa Ac f) ABr pdaic xpoc Tqv AEZ pdaiv, 
outcoc Y ] ABrH xupaplc Tipoc ttjv AEZ0 xupapiSa' oxep 
e8ei oel^ai. 


Ai 0x6 to auTO uiJtoc ouaai xupapiSec xal xoXuyAvouc 
eyouaai pdaeic xpoc aXXfjXac elalv Ac ai pdaeic. 

M N 




’'EaTwaav 0x6 to aOxo ui|>oc xupap(8ec, Av [ai] pdaeic 
pev Ta ABrAE, ZH0KA xoXuycova, xopucpal 8s Ta M, 
N arjpeTa- Xeyo, oti eaTiv Ac Y] ABrAE pdaic xpoc ttjv 
ZH0KA pdaiv, outwc Y] ABrAEM xupaplc xpoc ttjv ZH0- 
KAN xupapioa. 

’Exe^euxDwaav yap ai Ar, AA, Z0, ZK. exel ouv 
Suo xupapiSec sialv ai ABrM, ArAM xpiyAvouc eyou- 
aai pdaeic xai ucjioc laov, xpoc aXXf|Xac eialv Ac ai pdaeic 
eaxiv apa Ac f) ABE pdaic xpoc ttjv ArA pdaiv, outcoc f] 
ABrM xupaplc xpoc ttjv ArAM xupapi8a. xai auvdevxi 
Ac T) ABrA pdaic xpoc ttjv ArA pdaiv, outoc f] ABrAM 


not to some solid less than pyramid DEFH. So, simi¬ 
larly, we can show that base DEF is not to base ABC, 
as pyramid DEFH (is) to some solid less than pyramid 
ABCG either. 

So, I say that neither is base ABC to base DEF, as 
pyramid ABCG (is) to some solid greater than pyramid 
DEFH. 

For, if possible, let it be (in this ratio) to some 
greater (solid), W. Thus, inversely, as base DEF 
(is) to base ABC, so solid W (is) to pyramid ABCG 
[Prop. 5.7. corr.]. And as solid W (is) to pyramid ABCG, 
so pyramid DEFH (is) to some (solid) less than pyramid 
ABCG, as shown before [Prop. 12.2 lem.]. And, thus, 
as base DEF (is) to base ABC, so pyramid DEFH (is) 
to some (solid) less than pyramid ABCG [Prop. 5.11]. 
The very thing was shown (to be) absurd. Thus, base 
ABC is not to base DEF, as pyramid ABCG (is) to 
some solid greater than pyramid DEFH. And, it was 
shown that neither (is it in this ratio) to a lesser (solid). 
Thus, as base ABC is to base DEF, so pyramid ABCG 
(is) to pyramid DEFH. (Which is) the very thing it was 
required to show. 

Proposition 6 

Pyramids which are of the same height, and have 
polygonal bases, are to one another as their bases. 

M N 




Let there be pyramids of the same height whose bases 
(are) the polygons ABCDE and FGHKL, and apexes 
the points AI and N (respectively). I say that as base 
ABCDE is to base FGHKL, so pyramid ABCDEAI (is) 
to pyramid FGHKLN. 

For let AC, AD, FH, and FK have been joined. 
Therefore, since ABCAI and ACDAI are two pyramids 
having triangular bases and equal height, they are to 
one another as their bases [Prop. 12.5], Thus, as base 
ABC is to base ACD, so pyramid ABCAI (is) to pyra¬ 
mid ACDAI. And, via composition, as base ABCD 
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xupaplc upoc xrjv ArAM :iupap[8a. aXXa xal Ac f) ArA 
( 3 aaic npoc xfjv AAE pdoiv, outmc rj ATAM xupaplc upoc 
tt)v AAEM 7tupap[8a. 81’ Taou apa Ac f] ABrA | 3 aaic upoc 
tt]v AAE | 3 aaiv, ouxoc f] ABrAM Ttupaplc upoc xr|v AAEM 
TtupaplSa. xal auvDcvxi toxXiv, Ac f) ABrAE pdaic upoc xqv 
AAE pdaiv, ouxcoc t) ABrAEM nupajilc upoc xr)v AAEM 
7tupap[8a. opolwc Sr] OEixfh^aeTai, oxi xal Ac f] ZH 0 KA 
pdaic upoc xrjv ZH 0 pdaiv, ouxwc xal f) ZH 0 KAN Ttupaplc 
upoc xf]v ZH 0 N jtupap[8a. xal ercel 8 uo TiupapiScc sialv al 
AAEM, ZH 0 N xpiyAvouc Eyonaai pdasic xal uc|;oc laov, 
caxiv apa (be f) AAE pdaic xpoc xf]v ZH 0 pdaiv, ouxcoc 
yj AAEM Tiupajilc upoc xf]v ZH 0 N 7iupap[8a. aXX’ Ac f) 
AAE pdaic upoc xf)v ABTAE pdaiv, ouxoc rjv f] AAEM 
Tiupaplc upoc xrjv ABrAEM 7iupap[8a. xal Si’ laou apa Ac 
yj ABrAE pdaic upoc xqv ZH 0 pdaiv, outqc t] ABrAEM 
Tiupaplc upoc xrjv ZH 0 N 7tupap[8a. aXXa pqv xal Ac f) ZH 0 
pdaic xpoe xrjv ZH 0 KA pdaiv, ouxcoc rjv xal r] ZH 0 N nu- 
pajilc upoc xqv ZH 0 KAN 7tupap[8a, xal 81’ laou apa Ac f] 
ABrAE pdaic xpbc xrjv ZH 0 KA pdaiv, ouxorc f] ABrAEM 
Ttupaplc upoc xqv ZH 0 KAN xupapiSa' onEp e8ei OEl^ai. 


c. 

Ilav nplajia xplyorvov cyov pdaiv 8iaipsTTai sic xpsTc xu- 
pap(8ac iaac aXXrjXaic xpiyAvouc pdasic syoCaac. 

z 



B A 


’'Eaxco nplapa, ou pdaic pev to ABr xpiycovov, axs- 
vavxlov 8e to AEZ' Xsyw, oxi to ABrAEZ xplapa 8iaipeTxai 
sic xpstc xupap[8ac iaac aXXqXaic xpiyAvouc Eyobaac 
pdasic. 

’EKE^EUxDwaav yap al BA, EE, TA. etceI napaX- 
XqXoypappov saxi to ABEA, Biapcxpoc 8e auxou eaxiv 
f) BA, laov apa saxi to ABA xplywvov xA EBA xpiyorvor 


(is) to base ACD, so pyramid ABCDM (is) to pyra¬ 
mid AC DAI [Prop. 5.18]. But, as base ACD (is) to 
base ADE, so pyramid ACDM (is) also to pyramid 
AD EM [Prop. 12.5]. Thus, via equality, as base ABCD 
(is) to base ADE, so pyramid ABCDM (is) to pyramid 
ADEM [Prop. 5.22], And, again, via composition, as 
base ABCDE (is) to base ADE, so pyramid ABC DEM 
(is) to pyramid ADEM [Prop. 5.18], So, similarly, it can 
also be shown that as base FGHKL (is) to base FGH, 
so pyramid FGHKLN (is) also to pyramid FGHN. And 
since ADEM and FGHN are two pyramids having tri¬ 
angular bases and equal height, thus as base ADE (is) to 
base FGH, so pyramid ADEM (is) to pyramid FGHN 
[Prop. 12.5], But, as base ADE (is) to base ABCDE, so 
pyramid ADEAI (was) to pyramid ABCDEA1. Thus, via 
equality, as base ABCDE (is) to base FGH, so pyramid 
ABCDEA1 (is) also to pyramid FGHN [Prop. 5.22]. 
But, furthermore, as base FGH (is) to base FGHKL, 
so pyramid FGHN was also to pyramid FGHKLN. 
Thus, via equality, as base ABCDE (is) to base FGHKL, 
so pyramid ABCDEAI (is) also to pyramid FGHKLN 
[Prop. 5.22]. (Which is) the very thing it was required to 
show. 

Proposition 7 

Any prism having a triangular base is divided into 
three pyramids having triangular bases (which are) equal 
to one another. 


F 



B A 


Let there be a prism whose base (is) triangle ABC, 
and opposite (plane) DEF. I say that prism ABCDEF 
is divided into three pyramids having triangular bases 
(which are) equal to one another. 

For let BD, EC, and CD have been joined. Since 
ABED is a parallelogram, and BD is its diagonal, tri¬ 
angle ABD is thus equal to triangle EBD [Prop. 1.34]. 
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xal fj xupaplc apa, fjc panic psv to ABA Tplywvov, xo- 
pucpfj Ss to T arjpsTov, I'arj sera xupapiSi, fjc panic psv 
snxi to AEB Tpiywvov, xopucprj 8s to T nrjpsTov. aAAa 
fj xupapic, fjc panic psv sotcl to AEB xpiyorvov, xopucprj 
8s to r nrjpsTov, f) auxfj soti xupapiSi, fjc panic psv soti 
to EBr xpiyovov, xopucprj 8s to A nrjpsTov uxo yap twv 
auTfiSv sxixsSov TspisysTai. xal xupapic apa, fjc panic psv 
soti to ABA Tpiywvov, xopucprj 8s to T nrjpsTov, Torj soti 
xupapiSi, fjc; panic psv sotl to EBT xplyorvov, xopucprj 
8s to A nrjpsTov. xaAiv, sxsl xapaAArjAoypappov soti to 
ZrBE, SiapsTpoc 8s sotiv auTou fj TE, inov soti to TEZ 
Tplywvov tw TBE Tpiywvcp. xal xupapic apa, fjc; panic; 
psv soti to BrE Tpiywvov, xopucprj 8s to A nrjpsTov, Tarj 
soti xupap(8i, fjc; panic; pisv soti to ErZ Tpiywvov, xopucprj 
8s to A arjpsTov. fj 8s xupapic, fjc; panic; psv soti to BrE 
xpiyorvov, xopucprj 8s to A nrjpsTov, inrj sBsixiJr) xupapiSi, fjc; 
Panic psv soti to ABA xpiycovov, xopucprj Ss to T nrjpsTov 
xal xupapic apa, fjc panic pcv soti to TEZ xplyorvov, xo- 
pucprj 8s to A nrjpsTov, Torj soti xupapiSi, fjc Panic pev 
[soti] to ABA Tpiywvov, xopucprj Ss to T nrjpsTov 8irjprjTai 
apa to ABrAEZ xpiopa sic xpsTc xupap(8ac inac aXXfjXaic 
xpiyovouc syouoac pdosic. 

Kal sxsl xupapic, fjc Panic psv soti to ABA xplyorvov, 
xopucprj 8s to r nrjpsTov, fj auTfj soti xupapiSi, fjc Panic 
to LAB Tpiywvov, xopucprj 8s to A nrjpisTov 0x6 yap t£>v 
auTOv sxixsSorv xspisxovcar fj 8s xupapic, fjc Panic to 
ABA Tpiywvov, xopucprj 8s to T nrjpisTov, Tptcov sSsixflr) 
tou xpinpiaToc, oQ panic to ABr Tpiywvov, axsvavTiov 8s 
to AEZ, xal fj xupapic apa, fjc panic to ABr xplyovov, 
xopucprj 8s to A nrjpisTov, xpixov eot'i tou xpiopaToc tou 
sxovtoc panic Trjv auxfjv to ABr Tpiywvov, axsvavTiov 8s 
to AEZ. 

riopiapa. 

’Ex 5fj toutou cpavspov, oti xaoa xupapilc Tpixov pispoc 
soti tou xpinpiaxoc tou xfjv auxfjv pdmv sxovtoc auTfj xal 
uc|joc Tnov oxsp sSsi 8sT^ai. 

r \- 

Al opoiai xupapi[8sc xal TpiyAvouc sxouoai pdosic sv 
TpixXamovi Xoyw s’lnl twv opoAoywv xXsupwv. 

’'EoTMoav opioiai xal opoiwc xsipsvai xupapu8sc, Sv 
pdosic psv sim Ta ABr, AEZ Tpiywva, xopucpal 8s Ta H, 
0 orjpsTa- Xsyo, oti fj ABrH xupapilc xpoc xfjv AEZ0 
xupapi[8a TpixXaoiova Aoyov sxsi fjxsp fj Br xpoc xfjv EZ. 


And, thus, the pyramid whose base (is) triangle ABD, 
and apex the point C, is equal to the pyramid whose base 
is triangle DEB, and apex the point C [Prop. 12.5], But, 
the pyramid whose base is triangle DEB, and apex the 
point C, is the same as the pyramid whose base is trian¬ 
gle EBC, and apex the point D. For they are contained 
by the same planes. And, thus, the pyramid whose base 
is ABD, and apex the point C, is equal to the pyramid 
whose base is EBC and apex the point D. Again, since 
FCBE is a parallelogram, and CE is its diagonal, trian¬ 
gle CEF is equal to triangle CBE [Prop. 1.34]. And, 
thus, the pyramid whose base is triangle BCE, and apex 
the point D, is equal to the pyramid whose base is trian¬ 
gle ECF, and apex the point D [Prop. 12.5]. And the 
pyramid whose base is triangle BCE, and apex the point 
D, was shown (to be) equal to the pyramid whose base is 
triangle ABD, and apex the point C. Thus, the pyramid 
whose base is triangle CEF, and apex the point D, is 
also equal to the pyramid whose base [is] triangle ABD, 
and apex the point C. Thus, the prism ABCDEF has 
been divided into three pyramids having triangular bases 
(which are) equal to one another. 

And since the pyramid whose base is triangle ABD, 
and apex the point C, is the same as the pyramid whose 
base is triangle CAB, and apex the point D. For they are 
contained by the same planes. And the pyramid whose 
base (is) triangle ABD, and apex the point C, was shown 
(to be) a third of the prism whose base is triangle ABC, 
and opposite (plane) DEF, thus the pyramid whose base 
is triangle ABC, and apex the point D, is also a third of 
the pyramid having the same base, triangle ABC, and 
opposite (plane) DEF. 

Corollary 

And, from this, (it is) clear that any pyramid is the 
third part of the prism having the same base as it, and an 
equal height. (Which is) the very thing it was required to 
show. 

Proposition 8 

Similar pyramids which also have triangular bases are 
in the cubed ratio of their corresponding sides. 

Let there be similar, and similarly laid out, pyramids 
whose bases are triangles ABC and DEF, and apexes 
the points G and II (respectively). I say that pyramid 
ABCG has to pyramid DEFH the cubed ratio of that 
BC (has) to EF. 
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EupxExXr)pAo-da> yap xa BHMA, E0IIO axEpca xapaX- 
XrjXExlxcSa. xal sxeI opoia eoxlv fj ABrH xupaplc xfj AEZ0 
TcupajjLLSi, Tar) apa egxIv f) pcv uxo ABr yuvia xfj uxo AEZ 
ywvia, fj 8s 0x6 HBT xfj 0 x 6 0EZ, f) 6s 0 x 6 ABH xfj 0 x 6 
AE0, xal egxiv Ac f) AB xpoc xf]v AE, ouxa>c f] BT xpoc 
xf]v EZ, xal f) BH xpoc xfjv E0. xal exei egxiv Ac fj AB 
xpoc xf)v AE, oux«c f] Br xpoc xf)v EZ, xal xspi !oac ywvlac 
ai xXsupal avaXoyov eigiv, opoiov apa soxi xo BM xapaX- 
Xr]Xoypappov xo Eli xapaXXr]Xoypappcp. 8ia xa aOxa 8f) xal 
xo psv BN xo EP opoiov egxi, xo Se BK xA EH- xa xpia 
apa xa MB, BK, BN xpiol xoTc Eli, EH, EP opoia egxiv. 
aXXa xa psv xpia xa MB, BK, BN xpiol xoTc axsvavxlov laa 
xe xal opoia egxiv, xa 8s xpia xa Eli, EH, EP xpiol xoTc 
axsvavxlov loa xe xal opoia egxiv. xa BHMA, E0nO apa 
Gxspsa 0 x 6 opoiwv sxixe8wv iocov xo xXrjdoc xspiExsxai. 
opoiov apa egxI xo BHMA oxspsov xA E0nO oxspsA. xa 
8s opoia oxEpsa xapaXXrjXsxixsSa sv xpixXaoiovi Xoyo soxl 
xAv opoXoywv xXsupAv. xo BHMA apa oxspsov xpoc xo 
E0nO oxspsov xpixXaoiova Xoyov eyei fjxsp fj opoXoyoc 
xXsupa f) Br xpoc xf]v opoXoyov xXsupav xfjv EZ. Ac 8s xo 
BHMA Gxspsov xpoc xo E0nO oxspsov, ouxoc f] ABrH 
xupaplc xpoc xfjv AEZ0 xupapiOa, sx£i8f)X£p f) xupaplc 
exxov pspoc egxI xou GXEpsou 8ia xo xal xo xpiopa fjpiou 
ov xou GXEpsou xapaXXrjXsxixsSou xpixXaoiov sivai xfjc xu- 
papiooc. xal f] ABrH apa xupaplc xpoc xfjv AEZ0 xu- 
paploa xpixXaoiova Xoyov £)(£i fjxsp f) Br xpoc xfjv EZ- 
oxsp eSei osT^ai. 


For let the parallelepiped solids BGML and EHQP 
have been completed. And since pyramid ABCG is simi¬ 
lar to pyramid DEFH, angle ABC is thus equal to angle 
DEE, and GBC to HEF, and ABG to DEH. And as AB 
is to DE, so BC (is) to EF, and BG to EH [Def. 11.9]. 
And since as AB is to DE, so BC (is) to EF, and (so) 
the sides around equal angles are proportional, parallel¬ 
ogram BM is thus similar to paralleleogram EQ. So, 
for the same (reasons), BN is also similar to ER, and 
BK to EC). Thus, the three (parallelograms) MB, BK, 
and BN are similar to the three (parallelograms) EQ, 
EO, ER (respectively). But, the three (parallelograms) 
MB, BK, and BN are (both) equal and similar to the 
three opposite (parallelograms), and the three (parallel¬ 
ograms) EQ, EO, and ER are (both) equal and simi¬ 
lar to the three opposite (parallelograms) [Prop. 11.24]. 
Thus, the solids BGML and EHQP are contained by 
equal numbers of similar (and similarly laid out) planes. 
Thus, solid BGML is similar to solid EHQP [Def. 11.9]. 
And similar parallelepiped solids are in the cubed ratio of 
corresponding sides [Prop. 11.33]. Thus, solid BGML 
has to solid EHQP the cubed ratio that the correspond¬ 
ing side BC (has) to the corresponding side EF. And as 
solid BGML (is) to solid EHQP, so pyramid ABCG (is) 
to pyramid DEFH, inasmuch as the pyramid is the sixth 
part of the solid, on account of the prism, being half of the 
parallelepiped solid [Prop. 11.28], also being three times 
the pyramid [Prop. 12.7]. Thus, pyramid ABCG also has 
to pyramid DEFH the cubed ratio that BC (has) to EF. 
(Which is) the very thing it was required to show. 


n6piG[ia. 

’Ex 8f] xouxou cpavspov, oxi xal al xoXuyAvouc exou- 
oai pdoEic opoiai xupap[8sc xpoc aXXfjXac ev xpixXaoiovi 
Xoyw siol xAv opoXoyov xXsupAv. 8iaips-dEioAv yap auxAv 
EiC xac ev auxaTc xupapioac xpiyAvouc pdosic sxouoac xA 
xal xa opoia xoXuyova xAv pdosov sic opoia xpiyova 
BiaipEurdai xal loa xA xXrydsi xal opoXoya xolc oXoic soxai 


Corollary 

So, from this, (it is) also clear that similar pyra¬ 
mids having polygonal bases (are) to one another as the 
cubed ratio of their corresponding sides. For, dividing 
them into the pyramids (contained) within them which 
have triangular bases, with the similar polygons of the 
bases also being divided into similar triangles (which are) 
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(be; [f]] ev xfj Exspa pia xupaplc; xpiywvov s)(ouaa Paaiv 
xpoc; xf]v ev xf) EXEpa piav xupapiSa xpiywvov £)(ouaav 
[ 3 aaiv, ouxax; xai axaaai ai ev xfj Exspa xupapi8i xupapi8£<; 
xpiyovouc; syouaai f 3 aa£ic; xpoc; xac; ev xfj Exspa xupapi8i 
xupapiSac; xpiyAvouc; pdasic; Eyouaac;, xouxsaxiv auxf) f) 
xoXuycovov pdaiv syouaa xupapic; xpoc; xfjv xoXuycovov 
pdaiv sxouaav xupapi8a. f] 8s xpiycovov pdaiv syouaa xu- 
papic; xpoc; xf)v xpiycovov pdaiv syouaav ev xpixXaaiovi Xoycp 
sax! xuv opoXoyov xXsupAv xai f] xoXuywvov apa pdaiv 
syouaa xpoc; xqv opolav pdaiv syouaav xpixXaaiova Xoyov 
EX£i fjxsp f) xXsupa xpoc; xf)v xXsupav. 


■S'. 

TAv iacov xupapibcov xod xpiyAvouc; pdasic; E)(ouaAv 
avxixsxovhaaiv ai pdasic; xoi<; ui]>£aiv xai Sv xupapiSorv 
xpiycbvouc; pdasic; syouaAv avxixsxovdaaiv ai pdasic; xolc; 
bcjisaiv, laai siaiv sxsivai. 



z n 


’'Eaxcoaav yap laai xupapi8s<; xpiycbvouc; pdasic; syouaai 
xac; ABr, AEZ, xopuepac; 8s xa H, 0 aqpETa- Xsyco, oxi xAv 
ABrH, AEZ0 xupapi8cov avxixsxovdaaiv ai pdasic; xoi<; 
ui|>saiv, xai saxiv Ac; fj ABr pdaic; xpoc; xf]v AEZ pdaiv, 
ouxok xo xfjc; AEZ0 xupapi8oc; uijjoc; xpoc; xo xfjc; ABrH 
xupapiSo; uij>oc;. 

EupxsxXr)pAafla> yap xa BHMA, E0nO axspsa xapaX- 
XrjXsxixsSa. xai sxsi larj saxiv f] ABrH xupapi; xfj AEZ0 
xupapi8i, xai saxi xfjc; psv ABrH xupapi8o<; E^axXaaiov 
xo BHMA axspsov, xfjc; Ss AEZ0 xupapiSo; s^axXaaiov 
xo E0nO axspsov, iaov apa saxi xo BHMA axspsov xA 
E0nO axspsA. xAv 8s latov axspsAv xapaXXr]XsxixA8a>v 


both equal in number, and corresponding, to the wholes 
[Prop. 6.20], As one pyramid having a triangular base in 
the former (pyramid having a polygonal base is) to one 
pyramid having a triangular base in the latter (pyramid 
having a polygonal base), so (the sum of) all the pyra¬ 
mids having triangular bases in the former pyramid will 
also be to (the sum of) all the pyramids having triangu¬ 
lar bases in the latter pyramid [Prop. 5.12]—that is to 
say, the (former) pyramid itself having a polygonal base 
to the (latter) pyramid having a polygonal base. And a 
pyramid having a triangular base is to a (pyramid) hav¬ 
ing a triangular base in the cubed ratio of corresponding 
sides [Prop. 12.8]. Thus, a (pyramid) having a polygonal 
base also has to to a (pyramid) having a similar base the 
cubed ratio of a (corresponding) side to a (correspond¬ 
ing) side. 


Proposition 9 


The bases of equal pyramids which also have trian¬ 
gular bases are reciprocally proportional to their heights. 
And those pyramids which have triangular bases whose 
bases are reciprocally proportional to their heights are 
equal. 



F Q 



M 


For let there be (two) equal pyramids having the tri¬ 
angular bases ABC and DEF, and apexes the points G 
and H (respectively). I say that the bases of the pyramids 
ABCG and DEFH are reciprocally proportional to their 
heights, and (so) that as base ABC is to base DEF, so 
the height of pyramid DEFH (is) to the height of pyra¬ 
mid ABCG. 

For let the parallelepiped solids BGAIL and EHQP 
have been completed. And since pyramid ABCG is 
equal to pyramid DEFH, and solid BGAIL is six times 
pyramid ABCG (see previous proposition), and solid 
EHQP (is) six times pyramid DEFH, solid BGAIL is 
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avTixExovdaoiv at (3ao£i.e toIc 0(|>saiv eotiv apa (be; f] BM 
f3aaie xpoe ttjv Eli paaiv, outmc to tou E0IIO aTEpEou 
CkJjoc xpoe to tou BHMA oTEpsou uc|>oe. aXX’ (be; f) BM 
f3aaie xpoe ttjv Eli, outcoc to ABr xplyorvov xpoe to AEZ 
xplycovov. xal (be; apa to ABr xplywvov xpoe to AEZ 
Tptywvov, outqc to tou E0IIO OTEpsou uej^oe xpoe to tou 
BHMA aTEpsou ucjjoe. aXXa to (iev tou E0nO cnxpEou 
uc|>oe to auTO eoti to Tfje AEZ0 xupap[8oe ucpEi, to 8e 
tou BHMA aTspsou utjioe to auTO eoti tA Tfje; ABEH xu- 
paplooe ucjjsr eotiv apa Ac V) ABr pdoic xpoe ttjv AEZ 
Paatv, outcoc to Tfje AEZ0 xupapiSoe uc];oe xpoe to Tfje 
ABrH xupapiooe utj>oe. tAv ABrH, AEZ0 apa xupapiSorv 
avTtnEKOvdaatv at pdoste tou; utjiEaiv. 

AXXa 8f] tAv ABrH, AEZ0 xupapiSorv avTixsxovdET- 
oroav at pdoste toTc ut|>£otv, xal eoto Ac f) ABr pdate xpoe 
ttjv AEZ pdotv, ouTcoe to Tfje AEZ0 xupap[8oe utjioe xpoe 
to Tfje ABrH xupapiSoe utjioe' Xsyw, §Tt tor] egtiv f] ABrH 
xupaple Tfj AEZ0 xupapiSi. 

TAv yap auxAv xaTaoxsoaoilEVTOiv, sxsl egtiv Ae f] 
ABr pdote xpoe ttjv AEZ pdotv, outwc to Tfje AEZ0 xu- 
pa(i(8oe utjioe xpoe to Tfje ABrH xupap[8oe utjioe, aXX’ Ae 
f] ABr pdate xpoe ttjv AEZ pdotv, outcoc to BM xapaX- 
XrjXoypappov xpoe to En xapaXXrjXoypappov, xal Ae apa 
to BM xapaXXrjXoypappov xpoe to En xapaXXrjXoypappov, 
outcoc to Tfje AEZ0 xupap[8oe uejioe xpoe to Tfje ABrH 
xupap[8oe ut(>oe- aXXa to [(jlev] Tfje AEZ0 xupap[8oe ucjjoe 
to auTO EGTt tA tou E0nO xapaXXrjXsxtxESou utjist, to 8e 
T fje ABrH xupa(i(8oe utjioe TO auTO eoti tA tou BHMA 
xapaXXrjXsxtxESou u^ec egtiv apa Ae f) BM pdote xpoe 
ttjv En pdotv, outcoc to tou E0nO xapaXXrjXsxtxESou 
uc|>oe xpoe to tou BHMA xapaXXr)Xsxixs8ou uc|;oe. Av 
8 e GTEpsAv xapaXXrjXsxtxsSwv avTixsxovdaoiv at pdoste 
toTc utjiEotv, laa eot'iv Exslva- ioov apa eot'i to BHMA 
GTEpsov xapaXXr)X£x(xs8ov tA E0nO axspsA xapaXXrjXs- 
xtxsSo. xal eoti tou psv BHMA extov pspoe f) ABrH 
xupaple, tou 8e E0nO xapaXXr)X£xixs8ou extov pspoe f) 
AEZ0 xupapiy tor] apa f) ABrH xupaple Tfj AEZ0 xu- 
papiSi. 

TAv apa io«v xupap[8(ov xal xptyAvoue pdoste sxouoAv 
avTtxsxovdaotv at pdoste toTc utj^Eoiv xal Av xupapiSwv 
xpiyAvoue pdoste exouoAv avTtxsxovdaotv at pdoste tou; 
ut(>£otv, loat stolv Exslvaf oxsp s8st OsT^ai¬ 


l'. 

nae xAvoe xuXtv8pou xpixov pspoe eot'i tou ttjv ainrjv 
pdotv exovtoc auTA xal ut];oe toov. 

’Exet(o yap xAvoe xuXtv8pA pdotv te ttjv auTfjv tov 


thus equal to solid EHQP. And the bases of equal par¬ 
allelepiped solids are reciprocally proportional to their 
heights [Prop. 11.34]. Thus, as base BM is to base EQ, 
so the height of solid EHQP (is) to the height of solid 
BGML. But, as base BM (is) to base EQ, so triangle 
ABC (is) to triangle DEF [Prop. 1.34]. And, thus, as 
triangle ABC (is) to triangle DEF, so the height of solid 
EHQP (is) to the height of solid BGML [Prop. 5.11]. 
But, the height of solid EHQP is the same as the height 
of pyramid DEFH, and the height of solid BGML is 
the same as the height of pyramid ABCG. Thus, as base 
ABC is to base DEF, so the height of pyramid DEFH 
(is) to the height of pyramid ABCG. Thus, the bases 
of pyramids ABCG and DEFH are reciprocally propor¬ 
tional to their heights. 

And so, let the bases of pyramids ABCG and DEFH 
be reciprocally proportional to their heights, and (thus) 
let base ABC be to base DEF, as the height of pyramid 
DEFH (is) to the height of pyramid ABCG. I say that 
pyramid ABCG is equal to pyramid DEFH. 

For, with the same construction, since as base ABC 
is to base DEF, so the height of pyramid DEFH (is) to 
the height of pyramid ABCG, but as base ABC (is) to 
base DEF, so parallelogram BM (is) to parallelogram 
EQ [Prop. 1.34], thus as parallelogram BM (is) to paral¬ 
lelogram EQ, so the height of pyramid DEFH (is) also 
to the height of pyramid ABCG [Prop. 5.11]. But, the 
height of pyramid DEFH is the same as the height of 
parallelepiped EHQP, and the height of pyramid ABCG 
is the same as the height of parallelepiped BGML. Thus, 
as base BM is to base EQ, so the height of parallelepiped 
EHQP (is) to the height of parallelepiped BGML. And 
those parallelepiped solids whose bases are reciprocally 
proportional to their heights are equal [Prop. 11.34]. 
Thus, the parallelepiped solid BGML is equal to the par¬ 
allelepiped solid EHQP. And pyramid ABCG is a sixth 
part of BGML, and pyramid DEFH a sixth part of par¬ 
allelepiped EHQP. Thus, pyramid ABCG is equal to 
pyramid DEFH. 

Thus, the bases of equal pyramids which also have 
triangular bases are reciprocally proportional to their 
heights. And those pyramids having triangular bases 
whose bases are reciprocally proportional to their heights 
are equal. (Which is) the very thing it was required to 
show. 

Proposition 10 

Every cone is the third part of the cylinder which has 
the same base as it, and an equal height. 

For let there be a cone (with) the same base as a cylin- 
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ABrA xuxXov xal 0 (];o<; iaov Xsya>, oxi 6 xAvog tou 
xuXlv8pou xplxov saxi pspo<;, xouxsaxiv oti 6 xuXiv8po<; tou 
xAvou xpixXaalwv saxiv. 

A 



Ei yap (i/| saxiv 6 xuXivSpoc; xou xAvou xpixXaaiMv, 
saxai 6 xuXiv8po<; xou xAvou fjxoi psli^Mv fj xpixXaalorv 
fj sXaaatov fj TpixXaalwv. saxco xpoxspov (isli(tov fj xpi- 
xXaaltov, xal eyyeypacpTlw sic xov ABIA xuxXov xexpaywv- 
ov xo ABrA' to 8 rj ABrA xsxpaywvov psli(6v saxiv fj xo 
fjpiau xou ABrA xuxXou. xal avsaxaxo axo xou ABrA xs- 
xpayAvou xplapa iaoutJ>sc xA xuXlv8po. xo Sr] aviaxapsvov 
xplapa psT((6v saxiv fj xo fjpiau xou xuXivoou, sxsi8f|xsp 
xav xspl xov ABrA xuxXov xsxpaycovov xspiypaijiMpsv, 
xo syysypajipisvov sic xov ABrA xuxXov xsxpaywvov 
fjpiau saxi xou xspiysypappsvou' xal saxi xa ax’ auxAv 
aviaxapsva axspsa xapaXXrjXsxlxsSa xplapaxa iaouijifj' xa 
8s uxo xo auxo utjioc ovxa axspsa xapaXXr)Xsxlxs8a xpoc 
aXXf]Xa saxiv Ac al paasic xal to sxl xou ABrA apa xs- 
xpayAvou avaaxa'dsv xplapa fjpiau saxi xou avaaTailEVTOC 
xplapiaxoc axo xou xspl xov ABrA xuxXov xspiypacpsvxoc 
xsxpayAvou - xal saxiv 6 xuXiv8poc sXaxxcov xou xplapiaxoc 
xou avaxpabsvxoc; axo xou xspl xov ABrA xuxXov xspi- 
ypacpsvxoc xsxpayAvou- to apa xplapa xo avaaxabsv axo 
xou ABrA xsxpayAvou laou'jisc xA xuXlvSptp (isl^ov saxi 
xou f]puaswc tou xuXlv8pou. xsTpriaOwaav al AB, Br, 
TA, AA xspicpspeiai 8l)(a xaxa xa E, Z, H, 0 arjfjisTa, xal 
sxsCeujcdwaav al AE, EB, BZ, Zr, TO, HA, A0, 0A' 
xal sxaaxov apa xAv AEB, BZr, TO A, A0A xpiyAvwv 
pisi^ov saxiv rj xo fjpiau xou xab’ sauxo xr)f]piaxoc xou 
ABrA xuxXou, Ac spxpoabsv sSslxvupsv. avsaxdxo scp’ 
sxaaxou xAv AEB, BZr, THA, A0A xpiyAvorv xplapaxa 
laoOcpfj xA xuXlv8p«- xal sxaaxov apa xAv avaaxaOsvTCOv 
xpiapaxwv pisT^ov saxiv fj xo fjpiau pispoc xou xab’ sauxo 
xptr|(iaxoc xou xuXlv8pou, sxsioijxsp sav 8ia xAv E, Z, H, 
0 arjpslcov xapaXXijXouc xaTc AB, Br, TA, AA ayaycopsv, 
xal aupxXrpAacopsv xa sxl xAv AB, Br, TA, AA xapaX- 


der, (namely) the circle ABCD, and an equal height. I 
say that the cone is the third part of the cylinder—that is 
to say, that the cylinder is three times the cone. 

A 



C 


For if the cylinder is not three times the cone then the 
cylinder will be either more than three times, or less than 
three times, (the cone). Let it, first of all, be more than 
three times (the cone). And let the square ABCD have 
been inscribed in circle ABCD [Prop. 4.6]. So, square 
ABCD is more than half of circle ABCD [Prop. 12.2]. 
And let a prism of equal height to the cylinder have been 
set up on square ABCD. So, the prism set up is more 
than half of the cylinder, inasmuch as if we also circum¬ 
scribe a square around circle ABCD [Prop. 4.7] then the 
square inscribed in circle ABCD is half of the circum¬ 
scribed (square). And the solids set up on them are par¬ 
allelepiped prisms of equal height. And parallelepiped 
solids having the same height are to one another as their 
bases [Prop. 11.32], And, thus, the prism set up on 
square ABCD is half of the prism set up on the square 
circumscribed about circle ABCD. And the cylinder is 
less than the prism set up on the square circumscribed 
about circle ABCD. Thus, the prism set up on square 
ABCD of the same height as the cylinder is more than 
half of the cylinder. Let the circumferences AB, BC, 
CD, and DA have been cut in half at points E, F, G, 
and H. And let AE, EB, BE, EC, CG, GD, DH, and 
HA have been joined. And thus each of the triangles 
AEB, BFC, CGD, and DHA is more than half of the 
segment of circle ABCD about it, as was shown pre¬ 
viously [Prop. 12.2]. Let prisms of equal height to the 
cylinder have been set up on each of the triangles AEB, 
BFC, CGD, and DHA. And each of the prisms set up is 
greater than the half part of the segment of the cylinder 
about it—inasmuch as if we draw (straight-lines) parallel 
to AB, BC, CD, and DA through points E, F, G, and H 
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Xr|X6ypa(i(ia, xal dot’ auit 5 v avaaxfjaMpsv axspsa KapaXXrp 
XsxlxsBa laouijifj xA xuXlvBpw, sxaaou ifiv avaaxa'dsvxorv 
r][jUGT) saxl xa Kplapaxa xa era xov AEB, BZT, THA, A0A 
xpiyAvcrv - xal saxi xa xoO xuXlvBpou xpfjpaxa sXaxxova 
xov avaaxailsvxov axspsAv KapaXXrjXsKiKsBwv - Aaxs xal 
xa ski xAv AEB, BZT, EH A, A0A xpiyAvcov Kplapaxa 
psliljovd saxiv fj xo fjpu.au xAv xaiF sauxa xou xuXlvBpou 
xptr)(idxu)v. xsptvovxsc 8f) xac; UxoXsixopsvac; xspicpspslac; 
Blya xal sm^suyvuvxsc; suhslat; xal aviaxavxs<; scp’ sxaaou 
xAv xpiyAvow xplapaxa iaoui^rj xA xuXlvBpw xal xouxo ad 
koiouvxs<; xaxaXsli^opsv xiva aKoxprjpaxa xou xuXlvBpou, 
a saxai sXaxxova xfj<; uxspo)(fj<;, fj UKspsysi 6 xuXivopoc; 
xou xpixXaalou xou xAvou. XsXslcpiko, xal saxco xa AE, 
EB, BZ, Zr, TH, HA, A0, 0A - Xoikov apa xo xplapa, ou 
Pa ate; psv xo AEBZrHA© KoXuyovov, ucJjoc; os xo auxo 
xA xuXlvBpA, psTiljov saxlv rj xpixXaaiov xou xAvou. aXXa 
xo xplapa, o 5 [ 3 dai<; psv saxl xo AEBZrHA© KoXuyovov, 
ui|>oc; 8s xo auxo xA xuXlvBpcp, xpiKXaaiov saxi xfji; ku- 
paplBoc;, fjc; pdaic; psv sgxl xo AEBZEHA0 KoXuyovov, 
xopucpf] Be f] auxf] xA xAvco - xal f] Kupaplc; apa, fjc; pdaic; 
ptEv [egxl] xo AEBZEHA0 KoXuyovov, xopucpf) Be f] auxf) 
xA xAvq>, psli^ov saxl xou xAvou xou pdaiv syovxsc; xov 
ABrA xuxXov. aXXa xal sXaxxov - spiKspisyExai yap uk’ 
auxou - OKEp saxlv aBuvaxov. oux apa saxlv 6 xuXivopoc; 
xou xAvou psTi^wv fj xpixXaaio<;. 

Asyco 8f), oxl ouBs sXaxxwv saxlv fj xpiKXaaioc; 6 
xuXivopoc; xou xAvou. 

El yap Suvaxov, saxo sXaxxwv fj xpixXaaioc; 6 xuXivopoc; 
xou xAvou - avaxaXiv apa 6 xAvoc; xou xuXlvBpou ptsl^wv 
saxlv fj xplxov pspoc;. Eyysypdcp'dw 8f) sic; xov ABTA xuxXov 
xsxpaywvov xo ABrA - xo ABTA apa xsxpaywvov psTi^ov 
saxiv fj xo rjpiau xou ABTA xuxXou. xal avsaxaxw arao xou 
ABrA xsxpayAvou xupaplc; xf)v auxfjv xopucpf)v syouaa xA 
xAvar fj apa avaoxahsTaa xupaplc; psli^cov saxlv fj xo fjpiau 
pspoc; xou xAvou, SKEiBijxsp, Ac; spxpoa'dsv sBslxvupsv, 
oxi sav KEpl xov xuxXov xsxpaywvov xspiypd<|jMp£v, saxai. 
xo ABrA xsxpaywvov fjpiau xou KEpl xov xuxXov xspi- 
ysypappsvou xsxpayAvou - xal sav a ko xAv xsxpayAvwv 
axspsa KapaXXr)XsK[KsBa avaaxijacopsv iaoucjifj xA xAvco, a 
xal xaXsTxai xplapaxa, saxai xo avaoxailsv axo xou ABrA 
xsxpayAvou fjpiau xou avaaxaDsvxoc; arao xou xspl xov 
xuxXov xspiypacpsvxoc; xsxpayAvou - xpoc; aXXr)Xa yap slaiv 
Ac; al pdasic;. Aaxs xal xa xplxa - xal Kupapuc; apa, fjg 
pdau; xo ABrA xsxpaywvov, fjpuau saxi xfjc; KupapilBoc; xfjc; 
avaoxaDslarjc; aKO xou xspl xov xuxXov Kspiypacpsvxoi; xs- 
xpayAvou. xal saxi pisl^wv f) xupapilc; f) avaoxaDsTaa a ko 
xou Kspl xov xuxXov xsxpayAvou xou xAvou - spixspisxsi 
yap auxov. f] apa Kupajilc;, fjc; pdaic; xo ABrA xsxpaywvov, 
xopucpf) 8s f] auxf) xA xAvcp, pisl^wv saxlv fj xo fjpuau xou 
xAvou. xsxpujaDwaav al AB, Br, TA, AA Kspicpspsiai 
Blxa xaxa xa E, Z, H, 0 ar)pisla, xal EKS^euxifwaav al 


(respectively), and complete the parallelograms on AB, 
BC, CD, and DA, and set up parallelepiped solids of 
equal height to the cylinder on them, then the prisms on 
triangles AEB, BFC, CGD, and DHA are each half of 
the set up (parallelepipeds). And the segments of the 
cylinder are less than the set up parallelepiped solids. 
Hence, the prisms on triangles AEB, BFC, CGD, and 
DHA are also greater than half of the segments of the 
cylinder about them. So (if) the remaining circumfer¬ 
ences are cut in half, and straight-lines are joined, and 
prisms of equal height to the cylinder are set up on each 
of the triangles, and this is done continually, then we will 
(eventually) leave some segments of the cylinder whose 
(sum) is less than the excess by which the cylinder ex¬ 
ceeds three times the cone [Prop. 10.1]. Let them have 
been left, and let them be AE, EB, BF, FC, CG, CD, 
DH, and HA. Thus, the remaining prism whose base 
(is) polygon AEBFCGDH, and height the same as the 
cylinder, is greater than three times the cone. But, the 
prism whose base is polygon AEBFCGDH, and height 
the same as the cylinder, is three times the pyramid whose 
base is polygon AEBFCGDH, and apex the same as the 
cone [Prop. 12.7 corn]. And thus the pyramid whose 
base [is] polygon AEBFCGDH, and apex the same as 
the cone, is greater than the cone having (as) base circle 
ABCD. But (it is) also less. For it is encompassed by it. 
The very thing (is) impossible. Thus, the cylinder is not 
more than three times the cone. 

So, I say that neither (is) the cylinder less than three 
times the cone. 

For, if possible, let the cylinder be less than three times 
the cone. Thus, inversely, the cone is greater than the 
third part of the cylinder. So, let the square ABCD have 
been inscribed in circle ABCD [Prop. 4.6]. Thus, square 
ABCD is greater than half of circle ABCD. And let a 
pyramid having the same apex as the cone have been set 
up on square ABCD. Thus, the pyramid set up is greater 
than the half part of the cone, inasmuch as we showed 
previously that if we circumscribe a square about the cir¬ 
cle [Prop. 4.7] then the square ABCD will be half of the 
square circumscribed about the circle [Prop. 12.2], And 
if we set up on the squares parallelepiped solids—which 
are also called prisms—of the same height as the cone, 
then the (prism) set up on square ABCD will be half 
of the (prism) set up on the square circumscribed about 
the circle. For they are to one another as their bases 
[Prop. 11.32]. Hence, (the same) also (goes for) the 
thirds. Thus, the pyramid whose base is square ABCD 
is half of the pyramid set up on the square circumscribed 
about the circle [Prop. 12.7 corn]. And the pyramid set 
up on the square circumscribed about the circle is greater 
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AE, EB, BZ, Zr, TH, HA, A0, ©A- xal sxaaxov apa 
twv AEB, BZr, THA, A0A xpiyAvcov (isi£ 6 v saxiv fj to 
rjpiau pspog xou xaiF sauxo xprjpaxog xou ABTA xuxXou. 
xal avsaxdxoraav scp’ sxaaxou xwv AEB, BZr, I’H A, A0A 
xpiyAvcov xupapiOEg xf]v auxrjv xopucprjv sxouaai xo xAvcp- 
xal sxaaxr] apa xAv dvaaxaOsiaAv xupapiOorv xaxa xov 
auxov xpoxov (jisiCmv saxlv fj to rjpLau pspog xou xatF 
sauxrjv xpfjpaxog xou xAvou. xspvovxsg 8 rj Tag uuoXsi- 
Tiopsvag Tispicpspslag 8 [ya xal sraCEuyvuvxsg su-dslag xal 
aviaxavxsg scp’ sxaaxou xAv xpiyAvorv xupapiSa xrjv auxrjv 
xopuipfjv syouaav xA xAvor xal xouxo asl noiouxsg xa- 
xaXslcjiofjisv xiva dKoxpfjpaxa xou xAvou, a saxai sXaxxova 
xfjg UTCspoyfjg, fj UTtspsxsi 6 xAvog xou xplxou pspoug xou 
xuXivBpou. XsXsicpflM, xal saxo xa siu xAv AE, EB, BZ, ZT, 
TH, HA, A0, ©A- Xoixfj apa fj xupaplg, fjg pdaig psv saxi 
to AEBZrHA© xoXuyovov, xopucprj 8 s fj auxrj xA xAvcp, 
pslilAv saxlv fj xplxov pspog xou xuX[v 8 pou. aXX’ fj rcupapig, 
fjg pdaig psv saxi xo AEBZrHA© noXuywvov, xopucprj 8 s 
fj auxf) xA xAvo, xplxov saxl pspog xou uplapaxog, ou pdaig 
psv saxi to AEBZrHA© noXuycuvov, uijiog Ss to auxo xA 
xuXlvopcr xo apa npiapa, ob pdaig psv saxi xo AEBZrHA© 
noXuycuvov, utjiog 8 s xo auxo xA xuX[v 8 por, p£T<( 6 v saxi xou 
xuXivopou, ou pdaig saxlv 6 ABTA xuxXog. aXXa xal sXax- 
xov spnspisysTai yap ux’ auxoCr OTtsp saxlv aSuvaxov. oux 
apa 6 xuXivopog xou xAvou sXaTxcuv saxlv fj xpuiXaaiog. 
sBsixilr] 8 s, oxi ou 8 s psii^cov rj xpuiXaaiog- xpuiXdaiog apa 6 
xuXiv 8 pog xou xAvou- Aaxs 6 xAvog xpixov saxl pspog xou 
xuXivopou. 

nag apa xAvog xuXiv&pou xpixov pspog saxl xou xrjv 
auxrjv pdaiv sxovxog auxA xal ui|>og Taov ortsp s8si 8sTc;ai. 


la'. 

01 utio to auxo u<jiog ovxsg xAvoi xal xuXivopoi npog 
aXXfjXoug slalv Ag ai pdasig. 

TUaxwaav utco to auxo ucjiog xAvoi xal xuXivopoi, Av 
pdasig ^sv [siaiv] oi ABrA, EZH© xuxXoi, a^ovsg 8s ol 
KA, MN, 8iap.sxpoi 8s xAv pdaswv al Ar, EH- Xsyco, oxi 
saxlv Ag 6 ABrA xuxXog xpog xov EZH© xuxXov, ouxwg 
6 A A xAvog xpog xov EN xAvov. 


than the cone. For it encompasses it. Thus, the pyramid 
whose base is square ABCD, and apex the same as the 
cone, is greater than half of the cone. Let the circum¬ 
ferences AB, BC, CD, and DA have been cut in half 
at points E, F, G, and H (respectively). And let AE, 
EB, BF, FC, CG, GD, DH, and FLA have been joined. 
And, thus, each of the triangles AEB, BFC, CGD, and 
DHA is greater than the half part of the segment of cir¬ 
cle ABCD about it [Prop. 12.2]. And let pyramids having 
the same apex as the cone have been set up on each of the 
triangles AEB, BFC, CGD, and DHA. And, thus, in the 
same way, each of the pyramids set up is more than the 
half part of the segment of the cone about it. So, (if) the 
remaining circumferences are cut in half, and straight¬ 
lines are joined, and pyramids having the same apex as 
the cone are set up on each of the triangles, and this is 
done continually, then we will (eventually) leave some 
segments of the cone whose (sum) is less than the excess 
by which the cone exceeds the third part of the cylinder 
[Prop. 10.1]. Let them have been left, and let them be 
the (segments) on AE, EB, BF, FC, CG, GD, DH, and 
HA. Thus, the remaining pyramid whose base is poly¬ 
gon AEBFCGDH, and apex the same as the cone, is 
greater than the third part of the cylinder. But, the pyra¬ 
mid whose base is polygon AEBFCGDH, and apex the 
same as the cone, is the third part of the prism whose 
base is polygon AEBFCGDH, and height the same as 
the cylinder [Prop. 12.7 corn]. Thus, the prism whose 
base is polygon AEBFCGDH, and height the same as 
the cylinder, is greater than the cylinder whose base is 
circle ABCD. But, (it is) also less. For it is encompassed 
by it. The very thing is impossible. Thus, the cylinder is 
not less than three times the cone. And it was shown that 
neither (is it) greater than three times (the cone). Thus, 
the cylinder (is) three times the cone. Hence, the cone is 
the third part of the cylinder. 

Thus, every cone is the third part of the cylinder which 
has the same base as it, and an equal height. (Which is) 
the very thing it was required to show. 

Proposition 11 

Cones and cylinders having the same height are to one 
another as their bases. 

Let there be cones and cylinders of the same height 
whose bases [are] the circles ABCD and EFGH, axes 
I\L and MN, and diameters of the bases AC and EG (re¬ 
spectively) . I say that as circle ABCD is to circle EFGH, 
so cone AL (is) to cone EN. 
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Ei yap ptj, £ CTTal A; o ABrA xuxXo; xpo; xov EZH0 
xuxXov, ouxto; 6 AA xAvo; rjxoi xpo; eXaaaov xi xou EN 
xAvou axepeov fj xpo; peic^ov. eaxto xpoxepov xpo; eXaa¬ 
aov xo S, xai 6 eXaaaov eaxi xo S axepeov xou EN xAvou, 
exeivw (aov eaxw xo 'F axepeov 6 EN xAvo; apa’iao; eaxi 
xoi; H, axepeou;. eyyeYpacpdco ei; xov EZH0 xuxXov 
xexpaytovov xo EZH0' xo apa xexpaywvov peii^ov eaxiv 
rj xo fjpiau xou xuxXou. aveaxaxto axo xou EZH0 xe- 
xpayAvou xupapi; iaoutjifj; xo xAvur fj apa avaaxa'delaa 
xupapl; (iei^tov eaxiv fj xo fjpiau xou xAvou, exeiBrjxep eav 
xepiypaijicopev xepi xov xuxXov xexpaywvov, xal ax’ auxou 
avaaxfjawpev xupapiBa laouijifj xo xAvcp, f) eyypacpelaa xu- 
papi; fjpiau eaxi xfjc; xepiypacpeiarjc;- xpo; aXXfjXa; yap eiaiv 
A; ai ( 3 aaeic eXaxxwv Be 6 xAvo; xfjc xepiypacpeiar); xu- 
papiBo;. xexpfjaOcoaav ai EZ, ZH, H0, 0E xepicpepeiai 
Biya xaxa xa O, II, P, E arjpela, xal exe^euxDwaav ai 
00, OE, Eli, IIZ, ZP, PH, HE, E0. exaaxov apa xAv 
0OE, EnZ, ZPH, HZ0 xpiyAvwv peTi(6v eaxiv fj xo fjpiau 
xou xad’ eauxo xprjpaxoc; xou xuxXou. aveaxaxo ecp’ 
exaaxou xov 0OE, EnZ, ZPH, HE0 xpiyAvwv Ttupapi; 
iaoui[if]<; xA xAvar xai exaaxr) apa xAv avaaxaOeiaAv xu- 
papiBatv pei((a>v eaxiv fj xo fjpiau xou xaf)’ eauxfjv xpijpaxo; 
xou xAvou. xepvovxe; Bf] xa; OxoXeixopeva; xepicpepeia; 
Oiya xai eiu^euyvuvxe; eubeia; xai aviaxavxe; exi exaaxou 
xAv xpiyAvwv xupapiBa; iaouijieu; xA xAvto xai aei xouxo 
xoiouvxe; xaxaXeicjiopev xiva axoxprjpaxa xou xAvou, a 
eaxai eXaaaova xou axepeou. XeXeicpTilco, xai eaxw xa 
exi xAv 0OE, EnZ, ZPH, HE0- Xoixfj apa fj xupapi;, fj; 
f 3 aai; xo ©OEnZPHE xoXuywvov, Oijio; Be xo auxo xA 
xAvcp, peii^tov eaxi xou S axepeou. eyyeYpacpbco xai eic xov 
ABrA xuxXov xA ©OEnZPHE xoXuyAvw opoiov xe xai 
opoico; xeijievov xoXuywvov xo ATATB$rX, xai aveaxaxto 
ex’ auxou xupapi; iaouijjf]; xA AA xAvw. exei ouv eaxiv Ac; 
xo axo xfjc; Ar xpo; xo axo xfjc; EH, ouxco; xo ATATB^rX 
xoXuytovov xpo; xo ©OEnZPHE xoXuywvov, Ac; Be xo 
axo xfjc; Ar xpo; xo axo xfjc; EH, ouxa>; 6 ABrA xuxXo; 
xpog xov EZH0 xuxXov, xai Ac; apa 6 ABrA xuxXoc; xpog 
xov EZH0 xuxXov, ouxtoc; xo ATATB^rX xoXuywvov 
xpog xo ©OEnZPHE xoXuywvov. Ac; Be 6 ABrA xuxXoc; 
xpoc; xov EZH0 xuxXov, ouxw<; 6 AA xAvoc; xpoc; xo S 
axepeov, Ac; Be xo ATATB<i>rX xoXuywvov xpoc; xo 00- 
EnZPHE xoXuywvov, ouxcu; fj xupajxi;, fj; paai; (jiev xo 
ATATB^rX xoXuywvov, xopucpf] Be xo A arjjxeTov, xpo; 



For if not, then as circle ABCD (is) to circle EFGH, 
so cone AL will be to some solid either less than, or 
greater than, cone EN. Let it, first of all, be (in this ra¬ 
tio) to (some) lesser (solid), O. And let solid X be equal 
to that (magnitude) by which solid O is less than cone 
EN. Thus, cone EN is equal to (the sum of) solids O 
and X. Let the square EFGH have been inscribed in cir¬ 
cle EFGH [Prop. 4.6]. Thus, the square is greater than 
half of the circle [Prop. 12.2]. Let a pyramid of the same 
height as the cone have been set up on square EFGH. 
Thus, the pyramid set up is greater than half of the cone, 
inasmuch as, if we circumscribe a square about the cir¬ 
cle [Prop. 4.7], and set up on it a pyramid of the same 
height as the cone, then the inscribed pyramid is half 
of the circumscribed pyramid. For they are to one an¬ 
other as their bases [Prop. 12.6]. And the cone (is) less 
than the circumscribed pyramid. Let the circumferences 
EF, FG, GH, and HE have been cut in half at points 
P, Q, R, and S. And let HP, PE, EQ, QF, FR, RG, 
GS, and SH have been joined. Thus, each of the trian¬ 
gles HPE, EQF, FRG, and GSH is greater than half 
of the segment of the circle about it [Prop. 12.2]. Let 
pyramids of the same height as the cone have been set up 
on each of the triangles HPE, EQF, FRG, and GSH. 
And, thus, each of the pyramids set up is greater than 
half of the segment of the cone about it [Prop. 12.10]. 
So, (if) the remaining circumferences are cut in half, and 
straight-lines are joined, and pyramids of equal height 
to the cone are set up on each of the triangles, and 
this is done continually, then we will (eventually) leave 
some segments of the cone (the sum of) which is less 
than solid X [Prop. 10.1]. Let them have been left, and 
let them be the (segments) on HPE, EQF, FRG, and 
GSH. Thus, the remaining pyramid whose base is poly¬ 
gon HPEQFRGS, and height the same as the cone, is 
greater than solid O [Prop. 6.18]. And let the polygon 
DTAUBVCW, similar, and similarly laid out, to polygon 
HPEQFRGS, have been inscribed in circle ABCD. And 
on it let a pyramid of the same height as cone AL have 
been set up. Therefore, since as the (square) on AC is 
to the (square) on EG, so polygon DTAUBVCW (is) to 
polygon HPEQFRGS [Prop. 12.1], and as the (square) 
on AC (is) to the (square) on EG, so circle ABCD (is) 
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ttjv xupaplSa, rjc; pdaipev to 0 OEIIZPHE xoXuya>vov, 
xopuipfj 8e to N arjpeTov. xal A<; apa 6 AA xAvoc; xpoc; to 
5 axepeov, outcoc f) xupapk, rjc pdatc pev to ATATB4>rX 
xoXuycovov, xopucprj Se to A arjpeTov, xpoc ttjv xupap[8a, 
rjc pdatc pev to 0 OEIIZPHE xoXuycovov, xopucprj 8e to N 
arjpeTov evaXXac; apa eoxlv (be; 6 A A xAvoc xpoc ttjv ev 
auxA xupap[8a, outcoc to E aTepeov xpoc ttjv ev to EN 
xAvcp xupapl8a. peli^cov 8e 6 AA xAvoc xfjc ev auxA xu- 
paplSoc peT^ov apa xal to 5 oxepeov xfjc ev tA EN xAvco 
xupap[8oc- aXXa xal eXaoaov oxep crioxov. oux apa eoxlv 
Ac 6 ABTA xuxXoe xpoc tov EZH 0 xuxXov, outcoc 6 AA 
xAvoc xpoc eXaoaov ti tou EN xAvou aTepeov. opolcoc 
8e 8 el 2 ;op£v, oti ou8e eaxiv Ac 6 EZH 0 xuxXoe xpoc tov 
ABrA xuxXov, outcoc 6 EN xAvoc Tipoc eXaoaov ti tou 
AA xibvou oTepeov. 

Aeyco 8fj, oti ouSe eaxiv Ac 6 ABrA xuxXoe xpoc tov 
EZH 0 xuxXov, outcoc 6 AA xAvoc xpoc peTC^ov ti tou EN 
xcbvou axepeov. 

El yap SuvaTov, eaxco xpoc peT^ov to 5' avaxaXiv apa 
eaxiv Ac 6 EZH 0 xuxXoe xpoc tov ABrA xuxXov, outcoc 
to 5 oTepeov xpoc tov AA xAvov. aXX’ Ac to S axepeov 
Tipoc; tov AA xAvov, outcoc 6 EN xAvoc Tipoc; eXaoaov ti 
tou AA xAvou oTepeov xal Ac; apa 6 EZH 0 xuxXoe Tipoc; 
tov ABrA xuxXov, outcoc 6 EN xAvoc Tipoc; eXaoaov ti 
tou AA xAvou oTepeov oxep aSuvaxov eSelybrj. oux apa 
eaxiv Ac; 6 ABrA xuxXoe; Tipoc; tov EZH 0 xuxXov, outcoc; 6 
AA xAvoc Tipoc; peli^ov ti tou EN xAvou axepeov. eSelybrj 
8e, oti ou8e Tipoc; eXaoaov cotiv apa Ac; 6 ABrA xuxXoe 
Tipoc; tov EZH 0 xuxXov, outcoc; 6 AA xAvoc Tipoc; tov EN 
xAvov. 

’AXX’ Ac; 6 xAvoc xpoc; tov xAvov, 6 xuXiv8poc xpoc; 
tov xuXiv8pov TpixXaolcov yap exaxepoc exaxepou. xal Ac; 
apa 6 ABrA xuxXoe xpoc; tov EZH0 xuxXov, outcoc; ol ex’ 
auxAv looucjreu;. 

Ol apa uxo to auxo utjioc ovxec xAvoi xal xuXiv8poi 
xpoc; aXXrjXouc elolv Ac; al pdaetc" oxep eSei 8eTl;ai. 


Ol opoioi xAvol xal xuXi.v8poi xpoc; aXXrjXouc ev xpi- 
xXaolovi Xoycp elol tAv ev Talc; pdaeai SLapexpoov. 

’'Eaxcoaav opoioi xAvol xal xuXiv8poi, Av paaeic pev 
ol ABrA, EZH 0 xuxXoi, Siapexpoi 8e tAv pdoecov al BA, 
Z 0 , a^ovec; 8e tAv xAvcov xal xuXlvBpcov ol KA, MN- Xeyco, 


to circle EFGH [Prop. 12.2], thus as circle ABCD (is) 
to circle EFGH, so polygon DTAUBVCW also (is) to 
polygon HPEQFRGS. And as circle ABCD (is) to cir¬ 
cle EFGH, so cone AL (is) to solid O. And as poly¬ 
gon DTAUBVCW (is) to polygon HPEQFRGS, so the 
pyramid whose base is polygon DTAUBVCW, and apex 
the point L, (is) to the pyramid whose base is polygon 
HPEQFRGS, and apex the point N [Prop. 12.6]. And, 
thus, as cone AL (is) to solid O, so the pyramid whose 
base is DTAUBVCW, and apex the point L, (is) to the 
pyramid whose base is polygon HPEQFRGS, and apex 
the point N [Prop. 5.11]. Thus, alternately, as cone AL 
is to the pyramid within it, so solid O (is) to the pyramid 
within cone EN [Prop. 5.16]. But, cone AL (is) greater 
than the pyramid within it. Thus, solid O (is) also greater 
than the pyramid within cone EN [Prop. 5.14]. But, (it 
is) also less. The very thing (is) absurd. Thus, circle 
ABCD is not to circle EFGH, as cone AL (is) to some 
solid less than cone EN. So, similarly, we can show that 
neither is circle EFGH to circle ABCD, as cone EN (is) 
to some solid less than cone AL. 

So, I say that neither is circle ABCD to circle EFGH, 
as cone AL (is) to some solid greater than cone EN. 

For, if possible, let it be (in this ratio) to (some) 
greater (solid), O. Thus, inversely, as circle EFGH is to 
circle ABCD, so solid O (is) to cone AL [Prop. 5.7 corn]. 
But, as solid O (is) to cone AL, so cone EN (is) to some 
solid less than cone AL [Prop. 12.2 lem.]. And, thus, as 
circle EFGH (is) to circle ABCD, so cone EN (is) to 
some solid less than cone AL. The very thing was shown 
(to be) impossible. Thus, circle ABCD is not to circle 
EFGH, as cone AL (is) to some solid greater than cone 
EN. And, it was shown that neither (is it in this ratio) to 
(some) lesser (solid). Thus, as circle ABCD is to circle 
EFGH, so cone AL (is) to cone EN. 

But, as the cone (is) to the cone, (so) the cylin¬ 
der (is) to the cylinder. For each (is) three times each 
[Prop. 12.10]. Thus, circle ABCD (is) also to circle 
EFGH, as (the ratio of the cylinders) on them (having) 
the same height. 

Thus, cones and cylinders having the same height are 
to one another as their bases. (Which is) the very thing it 
was required to show. 

Proposition 12 

Similar cones and cylinders are to one another in the 
cubed ratio of the diameters of their bases. 

Let there be similar cones and cylinders of which the 
bases (are) the circles ABCD and EFGH, the diameters 
of the bases (are) BD and FH, and the axes of the cones 
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oti 6 xAvoc, o5 |3aai<; pcv [ecttlv] 6 ABTA xuxAoc, xopucprj 
8s to A arjiielov, xpo<; tov xAvov, ou paaig pcv [egtiv] 
6 EZH0 xuxXoi;, xopucprj 8s to N arj^slov, TpixXaatova 
Xoyov sysi fjxEp fj BA xpoc; Trjv Z0. 





El yap pfj sysi 6 ABrAA xAvoc; 7ipo<; tov EZH0N 
xAvov xpuiAaaiova Xoyov fjxEp fj BA xpoc; Trjv Z0, eE,z l 
6 ABrAA xAvo<; fj xpoc; eXaaaov tl tou EZH0N xAvou 
cnxpeov TpixAaalova Xoyov fj xpoc; psTi^ov. £)(£tu> xpoTspov 
xpoc; eXaaaov to S, xal eyyeypacp'dw sic; tov EZH0 xuxXov 
TSTpaywvov to EZH0 - to apa EZH0 TSTpaywvov peT^ov 
sot iv rj to rjpi.au tou EZH0 xuxXou. xai dvsaTaTW £tu 
tou EZH0 TETpayAvou xupaplc; ttjv auTrjv xopucprjv syouoa 
tA xAvor f) apa avaaTaDelaa xupaplc; (isii^wv sotIv fj to 
rjptau pepo<; tou xAvou. TETpfjailMaav 6f) ai EZ, ZH, 
H0, 0E xspicpspsiai. 8ixa xara tcc O, II, P, E arista, xal 
ETisCeux'dwcrav ai EO, OZ, ZII, IIH, HP, P0, 0E, EE. xal 
exaoTov apa tAv EOZ, ZnH, HP0, 0EE TpiyAvwv p£Ti(6v 
eotlv rj to rjpiau pepo<; tou xaD’ sauTO TpfjpaTOc; tou EZH0 
xuxXou. xal avcaTonrco scp’ exocotou tAv EOZ, ZnH, HP0, 
0EE TpiyAvwv xupaplc; Trjv auTrjv xopucprjv zypuau tA 
xAvqy xal sxaoTrj apa tAv avaoTaOsiaAv xupap[8u>v pei((cov 
scttIv rj to rjpiau pspoc; tou xafT sauTrjv TpfjpaTOc; tou 
xAvou. TsptvovTSc; 6f] Tac; uuoXsmop.svac xspicpspsiac; 8lya 
xal siu^suyvuvTSc; suDsiac; xal aviaTavTSc; scp’ sxaaTou tAv 
TpiyAvwv xupap[8a<; ttjv auTrjv xopucprjv syouaac; tA xAvcp 
xal touto ael koiouvtec xaTaXEicjiopcv Tiva axoTpfjpaTa tou 
xAvou, a EOTai sXaaaova Tfjc; Uxspoxrjc;, fj ujispeyEi 6 
EZH0N xAvoc; tou 5 aTspsou. AeAeicpOm, xal egtu> Ta 
era tAv EO, OZ, Zn, nH, HP, P0, 0E, EE' Aouifj apa fj 
xupapu;, fjc; pdai<; pev eotl to EOZHHP0E xoXuyorvov, 
xopucprj 8e to N orjpElov, psl^wv eotI tou 5 aTspsou. 
Eyysypd/p'Oco xal sic; tov API A xuxXov tA EOZHHP0E 
xoAuyAvcp opoiov te xal opoloy; XEipevov xoXuywvov to 
ATBTIAAX, xal avEOTaTO etu tou ATIjTI’AAX tzo - 
XuyAvou xupaplc; Trjv auTrjv xopucprjv syouaa tA xAvor, 
xal tAv psv keplexovtwv Trjv xupapiOa, fjc; pdai<; psv eoti 
to ATBTT<I>AX xoAuywvov, xopucprj 8e to A arjpsTov, 
ev Tpiyorvov eotw to ABT, tAv 8e KEpscxovTCdv Trjv xu- 
pajiioa, fjc; pdai.<; ptsv eoti to EOZHHP0E xoXuywvov, 


and cylinders (are) KL and MN (respectively). I say 
that the cone whose base [is] circle ABCD, and apex the 
point L, has to the cone whose base [is] circle EFGH, 
and apex the point N, the cubed ratio that BD (has) to 
FH. 



For if cone ABCDL does not have to cone EFGHN 
the cubed ratio that BD (has) to FH then cone ABCDL 
will have the cubed ratio to some solid either less than, or 
greater than, cone EFGHN. Let it, first of all, have (such 
a ratio) to (some) lesser (solid), O. And let the square 
EFGH have been inscribed in circle EFGH [Prop. 4.6]. 
Thus, square EFGH is greater than half of circle EFGH 
[Prop. 12.2]. And let a pyramid having the same apex 
as the cone have been set up on square EFGH. Thus, 
the pyramid set up is greater than the half part of the 
cone [Prop. 12.10]. So, let the circumferences EF, FG, 
GH, and HE have been cut in half at points P, Q, R, 
and S (respectively). And let EP, PF, FQ, QG, GR, 
RH, HS, and SE have been joined. And, thus, each 
of the triangles EPF, FQG, GRH, and USE is greater 
than the half part of the segment of circle EFGH about it 
[Prop. 12.2], And let a pyramid having the same apex as 
the cone have been set up on each of the triangles EPF, 
FQG, GRH, and HSE. And thus each of the pyramids 
set up is greater than the half part of the segment of the 
cone about it [Prop. 12.10]. So, (if) the the remaining cir¬ 
cumferences are cut in half, and straight-lines are joined, 
and pyramids having the same apex as the cone are set 
up on each of the triangles, and this is done continu¬ 
ally, then we will (eventually) leave some segments of the 
cone whose (sum) is less than the excess by which cone 
EFGHN exceeds solid O [Prop. 10.1], Let them have 
been left, and let them be the (segments) on EP, PF, 
FQ, QG, GR, RH, HS, and SE. Thus, the remaining 
pyramid whose base is polygon EPFQGRHS, and apex 
the point N, is greater than solid O. And let the polygon 
ATBUCVDW, similar, and similarly laid out, to poly¬ 
gon EPFQGRHS, have been inscribed in circle ABCD 
[Prop. 6.18]. And let a pyramid having the same apex 
as the cone have been set up on polygon ATBUCVDW. 
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xopucpf] 8s to N orjpETov, sv Tplywvov egtw to NZO, xai 
eTisCeux-dwaav at KT, MO. xal etieI opoioc; egtiv 6 ABrAA 
xAvo; to EZHON xwvo, egtiv apa A<; t] BA Tipoc t f]v 
Z0, outm; 6 KA a^ov Tipoc; tov MN ac;ova. Ac; 6s f] BA 
Tipoc; tt)v ZO, outoc; f) BK Tipoc; Tt]v ZM- xal Ac; apa f] BK 
Tipo; tt)v ZM, outo; f) KA Tipoc tiqv MN. xal svaXXac; A; 
f) BK Tipoc; tt)v KA, outoc; f] ZM Tipoc; ttjv MN. xal ns pi 
i'oa; yovta; Tac Otio BKA, ZMN at TiXsupal avaXoyov etatv 
optotov apa egtI to BKA Tptyovov tA ZMN TptyAvo. TiaXtv, 
ETist egtiv Ac; f] BK Tipoc; Trjv KT, outmc yj ZM Tipoc ttjv 
MO, xal Tiepl ioac ywvlac Tac; Otio BKT, ZMO, ETi£i8y|Ti£p, 
6 ptepoc; egtIv rj Otio BKT ycovla tAv Tipoc tA K xevTpo 
TEaoapov opOAv, to auTo pspoc egtI xal f) Otio ZMO yoovla 
tAv Tipoc tA M xevTpo TEooapwv op-dAv- etieI ouv nspl loac 
yorvlac at TiXsupal avaXoyov stotv, opoiov apa eoti to BKT 
Tptyovov tA ZMO TptyAvo. TiaXtv, etieI £8£i)(fly] Ac; f] BK 
Tipoc tt]v KA, outwc f] ZM Tipoc ttjv MN, tor] Be f] psv 
BK Tfj KT, f] 8 e ZM Tfj OM, egtlv apa Ac; f] TK Tipoc 
tt]v KA, outmc f] OM Tipoc; tt]v MN. xal Tispl loac yovta; 
Tac Otio TKA, OMN- opDal yap- al TiXsupal avaXoyov stotv 
optotov apa egtI to AKT Tptyovov tA NMO TptyAvo. xal 
etieI 6ia tt]v 6poioTyp:a tAv AKB, NMZ TptyAvov egtIv 
A c; f] AB Tipoc ttjv BK, outmc f] NZ Tipoc; tt]v ZM, Ota 8s 
tt]v 6ptotoTT]Ta tAv BKT, ZMO TptyAvcrv egtiv Ac; f] KB 
Tipoc ttjv BT, outwc rj MZ Tipoc ttjv ZO, 8t’ Toou apa A; 
f] AB Tipoc; ttjv BT, outooc f] NZ Tipoc; Tyjv ZO. TiaXtv, etieI 
8ta tt]v opoioTypa tAv ATK, NOM TptyAvwv egtIv A; f] 
AT Tipoc; ttjv TK, outmc f] NO Tipoc ttjv OM, Sia 8s ttjv 
optotoTTjTa tAv TKB, OMZ TptyAvwv egtIv A; rj KT Tipoc 
tt]v TB, outwc f] MO Tipoc; ttjv OZ, 8t’ toou apa A; f] AT 
Tipoc tt]v TB, outmc f] NO Tipoc; ttjv OZ. EBslxfly] 6s xal 
Ac; rj TB Tipoc ttjv BA, outwc y] OZ Tipoc; ttjv ZN. Si’ toou 
apa Ac; f) TA Tipoc; ttjv AB, outwc f] ON Tipoc Ty]v NZ. 
tAv ATB, NOZ apa TptyAvwv avaXoyov stotv al TiXsupal- 
tooyAvta apa egtI Ta ATB, NOZ Tplywva- Agte xal optota. 
xal Tiupaptlc; apa, yjc; pdot; ptsv to BKT Tptywvov, xoputpy] 
Se to A oyjptEXov, optota egtI Tiupaptloi, yjc; pdot; ptsv to 
ZMO Tptywvov, xopuipyj 8 e to N oiqptEXov Otio yap optotwv 
ETitTisSov TisptExovTat tocov to TiXfydoc;. al 8s optotat tiu- 
paptlSsc; xal TptyAvouc; s^ouGat pdost; sv TpiTiXaGtovt Xoyw 
Etol tAv optoXoywv TiXsupAv. f] apa BKTA Tiupaptlc; Tipoc; Trjv 
ZMON TiupapttOa TpmXaolova Xoyov s^et fjyiEp yj BK iipo; 
Trjv ZM. optoiw; By] ETuCeuyvOvTs; aTio tAv A, X, A, <J>, T, T 
etiI to K EU-dslac; xal and tAv E, S, 0, P, H, II etiI to M xal 
avtGTavTEc; scp’ sxaoTou tAv TptyAvwv TiupapttBac; ttjv auTrjv 
xopuipyjv Exouoac; toi; xAvotc; OEt^optsv, otl xal sxaoTy] tAv 
optoTayAv nupapttBuv Tipoc; ExaoTyjv optoTayyj xupaptloa Tpt- 
TiXaolova Xoyov e^ei T]Ti£p f] BK optoXoyoc; TiXsupa Tipo; t yjv 
ZM optoXoyov TiXsupav, toutegtiv y]ii£p yj BA Tipo; Trjv ZO. 
xal A; sv tAv yjyouptEvwv Tipo; sv tAv ETioptsvwv, outoc; 
aTiavTa Ta y]youpt£va Tipoc; anavTa Ta ETioptsva- egtiv apa 


And let LBT be one of the triangles containing the pyra¬ 
mid whose base is polygon ATBUCVDW, and apex the 
point L. And let NFP be one of the triangles containing 
the pyramid whose base is triangle EPFQGRHS, and 
apex the point N. And let KT and MP have been joined. 
And since cone ABCDL is similar to cone EFGHN, thus 
as BD is to FH, so axis KL (is) to axis MN [Def. 11.24]. 
And as BD (is) to FH, so BK (is) to FM. And, thus, as 
BK (is) to FM, so KL (is) to MN. And, alternately, as 
BK (is) to KL, so FM (is) to AIN [Prop. 5.16], And 
the sides around the equal angles BKL and FAIN are 
proportional. Thus, triangle BKL is similar to triangle 
FAIN [Prop. 6.6]. Again, since as BI\ (is) to KT, so 
FAI (is) to AIP, and (they are) about the equal angles 
BKT and FMP, inasmuch as whatever part angle BKT 
is of the four right-angles at the center K, angle FAIP is 
also the same part of the four right-angles at the cen¬ 
ter M. Therefore, since the sides about equal angles 
are proportional, triangle BKT is thus similar to train- 
gle FAIP [Prop. 6.6]. Again, since it was shown that 
as BK (is) to KL, so FAI (is) to MN, and BK (is) 
equal to KT, and FM to PAI, thus as TK (is) to KL, 
so PAI (is) to AIN. And the sides about the equal angles 
TKL and PAIN —for (they are both) right-angles—are 
proportional. Thus, triangle LKT (is) similar to triangle 
NAIP [Prop. 6.6]. And since, on account of the similarity 
of triangles LI\B and NMF, as LB (is) to BK, so NF 
(is) to FAI, and, on account of the similarity of triangles 
BKT and FMP, as KB (is) to BT, so MF (is) to FP 
[Def. 6.1], thus, via equality, as LB (is) to BT, so NF 
(is) to FP [Prop. 5.22]. Again, since, on account of the 
similarity of triangles LTK and NPAI, as LT (is) to TK, 
so NP (is) to PM, and, on account of the similarity of 
triangles TKB and PMF, as KT (is) to TB, so AIP (is) 
to PF, thus, via equality, as LT (is) to TB, so NP (is) 
to PF [Prop. 5.22], And it was shown that as TB (is) 
to BL, so PF (is) to FN. Thus, via equality, as TL (is) 
to LB, so PN (is) to NF [Prop. 5.22]. Thus, the sides 
of triangles LTB and NPF are proportional. Thus, tri¬ 
angles LTB and NPF are equiangular [Prop. 6.5], And, 
hence, (they are) similar [Def. 6.1], And, thus, the pyra¬ 
mid whose base is triangle BKT, and apex the point L, 
is similar to the pyramid whose base is triangle FAIP, 
and apex the point N. For they are contained by equal 
numbers of similar planes [Def. 11.9]. And similar pyra¬ 
mids which also have triangular bases are in the cubed 
ratio of corresponding sides [Prop. 12.8]. Thus, pyramid 
BKTL has to pyramid FAIPN the cubed ratio that BI\ 
(has) to FAI. So, similarly, joining straight-lines from 
(points) A, W, D, V, C, and U to (center) K, and from 
(points) E, S, H, R, G, and Q to (center) M, and set- 
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xal Ac; f] BKTA nupaplc Tipo; ttjv ZMON Tiupapi8a, outok; 
f) oXrj Tiupqiic, % paaic to ATBTT$AX TioXuytovov, xo¬ 
pucpf] Ss to A arjpsTov, Tipoc; ttjv oXr]v TiupapiSa, fj<; panic; 
psv to EOZIIHP0E TioXuywvov, xopucpf] 8s to N arjpeTov 
Acts xal Tiupapk, fj<; pdai; psv to ATBTT<I>AX, xopucpf] 8s 
to A, Tipo; tt)v Tiupapu8a, fj<; pdai; [psv] to EOZIIHP0E 
TioXuywvov, xopucpf] 8s to N ar^sTov, TpiTiXaniova Xoyov 
sxei fjusp f) BA Tipo; ttjv Z0. unoxsiTai 8s xal 6 xAvo;, ou 
pdai; [psv] 6 ABTA xuxXoc;, xopucpf] 8s to A arj^sTov, Tipo; 
to S aTspsov TpuiXachova Xoyov sycov fjusp f) BA Tipo; Tfjv 
Z0- sotiv dpa Ac; 6 xAvoc;, ou panic; psv sotiv 6 ABrA 
xuxXo;, xopucpf] 8s to A, Tipoc; to S oTspsov, outoc; f] tiu- 
papu;, fj; pdoi<; psv to ATBTr<FAX [TioXuywvov], xopucpf] 
8s to A, Tipoc; Tfjv Tiupapu8a, fj; pdoic; psv soti to EOZ- 
IIHP0E TioXuycovov, xopucpf] 8s to N- svaXXa \ apa, Ac; 6 
xAvo;, ou pdoi<; psv 6 ABrA xuxXo;, xopucpf] 8s to A, 
Tipo; Tfjv sv auTW Tiupapu8a, fj; pdoic; psv to ATBTr<FAX 
TioXuywvov, xopucpf] 8s to A, outm; to 5 [oTspsov] Tipo; Tfjv 
TiupapuSa, fjc; pdoi; psv soti to EOZIIHP0E TioXuyovov, 
xopucpf] 8s to N. pisl^wv 8s 6 siprjpsvoc; xAvoc; Tfjc sv auTW 
TiupapuSoc;- s(!7ispisx£i yap auTfjv. (isl£ov dpa xal to S 
aTspsov Tfjc; nupapiooc;, fjc; panic; psv soti to EOZIIHP0E 
TioXuycovov, xopucpf] 8s to N. aXXa xal sXaTTOv oTisp sotIv 
aSuvaTov. oux dpa 6 xAvo;, ou panic; 6 ABrA xuxXo;, xo¬ 
pucpf] 8s to A [nrjpis'iov], Tipoc; eXottov ti tou xAvou OTspsov, 
ou Pam; psv 6 EZH0 xuxXo;, xopucpf] 8s to N ot]|jisTov, Tpi- 
TiXaolova Xoyov sysi fjnsp f] BA Tipoc; Tf]v Z0. opolwc; 8f] 
8si^opisv, oti ouSs 6 EZH0N xAvoc; Tipoc; sXaTTOv ti tou 
ABrAA xAvou OTspsov TpuiXaaiova Xoyov sysi fjusp f] Z0 
Tipoc; Tfjv BA. 

Asycu 8fj, oti ou8s 6 ABrAA xAvo; Tipoc; psl£6v ti tou 
EZH0N xAvou nTspsov TpiTiXaniova Xoyov sysi fjusp f] BA 
Tipo; Tfjv Z0. 

Ei yap 8uvaTov, sxeioj Tipo; pisT^ov to 5. avanaXiv dpa 
to S nTspsov Tipoc; tov ABrAA xAvov TpiTiXaniova Xoyov 
sxei fjusp f] Z0 Tipoc; t f]v BA. A; 8s to S OTspsov Tipo; 
tov ABrAA xAvov, outoc; 6 EZH0N xAvoc; Tipo; sXaTTov 
ti tou ABrAA xAvou OTspsov. xal 6 EZH0N dpa xAvo; 
Tipo; sXaTTov ti tou ABrAA xAvou nTspsov TpiTiXaniova 
Xoyov sxei fjusp f] Z0 Tipo; Tfjv BA- oTisp aSuvaTov EBsixflr]. 
oux dpa 6 ABrAA xAvo; Tipoc; (isT^ov ti tou EZH0N 
xAvou nTspsov TpiTiXaniova Xoyov sxei fj-nsp f] BA upo; 
t f]v Z0. sBsixlfir] 5s, oti ou8s Tipo; sXaTTov. 6 ABrAA dpa 
xAvo; Tipo; tov EZH0N xAvov TpiTiXaniova Xoyov sxsi 
fjTisp f] BA Tipo; Tfjv Z0. 

'flc; 8s 6 xAvo; Tipo; tov xAvov, 6 xuXivSpoc; Tipo; tov 
xuXiv8pov TpiTiXamoc; yap 6 xuXiv8poc; tou xAvou 6 snl Tfjc; 
auTfjc; pdnsoK tA xAvcp xal inouclrf]; auTA. xal 6 xuXiv8po<; 
dpa Tipo; tov xuXiv8pov TpiTiXaniova Xoyov sxei rjusp f] BA 
Tipo; Tfjv Z0. 

01 dpa opioioi xAvoi xal xuXiv8poi Tipo; aXXfjXouc; sv 


ting up pyramids having the same apexes as the cones 
on each of the triangles (so formed), we can also show 
that each of the pyramids (on base ABCD taken) in or¬ 
der will have to each of the pyramids (on base EFGH 
taken) in order the cubed ratio that the corresponding 
side BK (has) to the corresponding side FM —that is to 
say, that BD (has) to FH. And (for two sets of propor¬ 
tional magnitudes) as one of the leading (magnitudes is) 
to one of the following, so (the sum of) all of the leading 
(magnitudes is) to (the sum of) all of the following (mag¬ 
nitudes) [Prop. 5.12], And, thus, as pyramid BKTL (is) 
to pyramid FMPN, so the whole pyramid whose base 
is polygon ATBUCVDW, and apex the point L, (is) to 
the whole pyramid whose base is polygon EPFQGRHS, 
and apex the point N. And, hence, the pyramid whose 
base is polygon ATBUCVDW, and apex the point L, 
has to the pyramid whose base is polygon EPFQGRHS, 
and apex the point N, the cubed ratio that BD (has) 
to FH. And it was also assumed that the cone whose 
base is circle ABCD, and apex the point L, has to solid 
O the cubed ratio that BD (has) to FH. Thus, as the 
cone whose base is circle ABCD, and apex the point L, 
is to solid O, so the pyramid whose base (is) [polygon] 
ATBUCVDW, and apex the point L, (is) to the pyramid 
whose base is polygon EPFQGRHS, and apex the point 
N. Thus, alternately, as the cone whose base (is) circle 
ABCD, and apex the point L, (is) to the pyramid within 
it whose base (is) the polygon ATBUCVDW, and apex 
the point L, so the [solid] O (is) to the pyramid whose 
base is polygon EPFQGRHS, and apex the point N 
[Prop. 5.16], And the aforementioned cone (is) greater 
than the pyramid within it. For it encompasses it. Thus, 
solid O (is) also greater than the pyramid whose base is 
polygon EPFQGRHS, and apex the point N. But, (it 
is) also less. The very thing is impossible. Thus, the cone 
whose base (is) circle ABCD, and apex the [point] L, 
does not have to some solid less than the cone whose 
base (is) circle EFGH, and apex the point N, the cubed 
ratio that BD (has) to EH. So, similarly, we can show 
that neither does cone EFGHN have to some solid less 
than cone ABCDL the cubed ratio that FH (has) to BD. 

So, I say that neither does cone ABCDL have to some 
solid greater than cone EFGHN the cubed ratio that BD 
(has) to FH. 

For, if possible, let it have (such a ratio) to a greater 
(solid), O. Thus, inversely, solid O has to cone ABCDL 
the cubed ratio that FH (has) to BD [Prop. 5.7 corn]. 
And as solid O (is) to cone ABCDL, so cone EFGHN 
(is) to some solid less than cone ABCDL [12.2 lem.]. 
Thus, cone EFGHN also has to some solid less than cone 
ABCDL the cubed ratio that FH (has) to BD. The very 
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xpixXaaiovi Xoyw ciai tuv ev xai<; pdasai Biapsxpcov oxsp 
e8ei BsT^ai. 


iy'. 

’Eav xuXivBpoi; etutieSm xpryOfi 7tapaXXf)Xw ovxi xolt; ans- 
vavxiov etuxsooic;, saxai A<; 6 xuXiv8po<; xpoc; xov xuXivSpov, 
ouxo<; 6 a<;ov jtpo<; xov a<;ova. 


O P A H T T <1 



n E B 0 A T X 


KuXiv8po<; yap 6 AA sraxsBw xp H0 xsxpricrdw kol- 
paXX tqXw ovxi xou; axEvavxiov sraxsooic; xou; AB, TA, xal 
aupPaXXsxco xp ac;ovi xo H0 sraxsBov xaxa xo K arjpElov 
Xsyw, oxi saxiv A<; 6 BH xuXivBpoi; xpoc; xov HA xuXivBpov, 
ouxox 6 EK a^wv upoc xov KZ a<;ova. 

’ExpspXrjO'dw yap 6 EZ a^wv scp’ sxaxspa xa pspr] sra 
xa A, M aripsTa, xal sxxsiaAcoaav xA EK dpovi iaoi oaoi- 
Brjxoxouv oi EN, NA, xA 8s ZK loot oaoi8r]7ioxouv oi ZS, 
SM, xal vosiaAw 6 Era xou AM a^ovoi; xuXivBpoi; 6 OX, 
ou pdasu; oi On, $X xuxXoi. xal ExpEpXf|a , dto 8ia xAv 
N, S arjpEitov EraxsBa xapaXXrjXa xou; AB, TA xal xau; 
pdasai xou OX xuXivSpou xal xoiEixwaav xouc; PE, TT 
xuxXoui; tie pi xa N, S xsvxpa. xal sxeI oi AN, NE, EK 
a^ovEt; laoi siaiv aXXfjXou;, oi apa nP, PB, BH xuXivBpoi 
xpog aXXf)Xou<; siaiv Ac; ai pdasu;. laai 8s siaiv ai pdasu;- 
iaoi apa xal oi nP, PB, BH xuXivBpoi aXX/]Xoi<;. ekeI ouv 
oi AN, NE, EK a^ovsc; laoi siaiv aXXfjXou;, siai Be xal oi 
nP, PB, BH xuXivBpoi laoi dXXrjXoic;, xai saxiv laov xo 
xXfjAoc; xA xX^Dei, oaaxXaaiwv apa 6 KA a^wv xou EK 
a^ovoc;, xoaauxaxXaaiwv saxai xai 6 KH xuXivBpoi; xou HB 
xuXivSpou. Bid xa auxa 8rj xai oaaxXaaitov saxiv 6 MK ac;cov 
xou KZ a<;ovo<;, xoaauxaxXaaiwv saxi xai 6 XH xuXivBpoi; 
xou HA xuXivSpou. xai si psv iao<; saxiv 6 KA a^ov xA 
KM ac;ovi, iaoc; saxai xai 6 nH xuXivBpoc; xA HX xuXivBpw, 


thing was shown (to be) impossible. Thus, cone ABCDL 
does not have to some solid greater than cone EFGHN 
the cubed ratio than BD (has) to FH. And it was shown 
that neither (does it have such a ratio) to a lesser (solid). 
Thus, cone ABCDL has to cone EFGHN the cubed ra¬ 
tio that BD (has) to FG. 

And as the cone (is) to the cone, so the cylinder (is) 
to the cylinder. For a cylinder is three times a cone on 
the same base as the cone, and of the same height as it 
[Prop. 12.10]. Thus, the cylinder also has to the cylinder 
the cubed ratio that BD (has) to FH. 

Thus, similar cones and cylinders are in the cubed ra¬ 
tio of the diameters of their bases. (Which is) the very 
thing it was required to show. 

Proposition 13 

If a cylinder is cut by a plane which is parallel to the 
opposite planes (of the cylinder) then as the cylinder (is) 
to the cylinder, so the axis will be to the axis. 


P R A G C T V 



Q S B H D U W 


For let the cylinder AD have been cut by the plane 
GH which is parallel to the opposite planes (of the cylin¬ 
der), AB and CD. And let the plane GH have met the 
axis at point K. I say that as cylinder BG is to cylinder 
GD, so axis EK (is) to axis KF. 

For let axis EF have been produced in each direction 
to points L and M. And let any number whatsoever (of 
lengths), EN and NL, equal to axis EK, be set out (on 
the axis EL), and any number whatsoever (of lengths), 
FO and OM, equal to (axis) FK, (on the axis KM). 
And let the cylinder PW, whose bases (are) the circles 
PQ and VW, have been conceived on axis LM. And 
let planes parallel to AB, CD, and the bases of cylinder 
PW, have been produced through points N and O, and 
let them have made the circles RS and TU around the 
centers N and O (respectively). And since axes LN, NE, 
and EK are equal to one another, the cylinders QR, RB, 
and BG are to one another as their bases [Prop. 12.11]. 
But the bases are equal. Thus, the cylinders QR, RB, 
and BG (are) also equal to one another. Therefore, since 
the axes LN, NE, and EK are equal to one another, 
and the cylinders QR, RB, and BG are also equal to one 
another, and the number (of the former) is equal to the 
number (of the latter), thus as many multiples as axis I\ L 
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si Se peli^tov 6 a tou a^ovoc;, nei^wv xal 6 xuXivSpoi; 
tou xuX(v8pou, xal si eXaaawv, eXaaatov. xeaaaptov 8r) pe- 
yeDAv ovtcov, a^ovwv pev twv EK, KZ, xuXlv8p«v 6e tuv 
BH, HA, d'Xr)TiTai laaxu; TtoXXaxXaaia, xou (iev EK a^ovoc; 
xal xou BH xuXlv8pou 8 xe AK a^wv xal 6 nH xuXiv8po<;, 
xou 8e KZ a^ovec; xal xou HA xuXlvSpou o xe KM a^tov 
xal 6 HX xuXivSpoi, xal 8e8eixxai, oxi el uxepexei 6 KA 
a^tov xou KM a^ovoc, uxepexei xal 6 nH xuXiv8po<; xou 
HX xuXlv8pou, xal el iao<;, laoc;, xal el eXaaatov, eXaaacuv. 
eaxiv apa Ac 6 EK a^tov xpoc; xov KZ a^ova, ouxioc 6 BH 
xuXivBpoc xpoc; xov HA xuXiv8pov oxep eSei 8el^au 


l8'. 

01 era. latov p&aewv ovxec xAvoi xal xuXivSpoi xpoc; 
aXXrjXouc elalv Ac xa u^irj. 



’'Eaxcoaav yap exl latov pdaewv xAv AB, TA xuxXcuv 
xuXiv8poi ol EB, ZA- Xeyw, oxi eaxiv Ac 6 EB xuXiv8poc 
xpoc; xov ZA xuXiv8pov, ouxcoc 6 HO a^orv xpoc; xov KA 
ac;ova. 

’Ex(3epXr]a4co yap 6 KA ai;cov exl xo N ar)peTov, xal 
xelaDw tA HO ac;ovi laoc 6 AN, xal xepl ac;ova xov AN 
xuXiv8poc vevor]aOco 6 EM. exel ouv ol EB, TM xuXivSpoi 
0x6 xo auxo utjioc elalv, xpoc; aXXrjXouc; elalv Ac al pdaeic- 
’laai 8e elalv al pdaeic aXXrjXaic (aoi apa eial xal ol EB, TM 
xuXivSpoi. xal exel xuXivSpoc; 6 ZM exixe8w xexprpai xA 
TA xapaXXr)Xw ovxi xolc axevavxlov exixe8oic, eaxiv apa Ac 
6 TM xuXiv8poc xpoc xov ZA xuXiv8pov, ouxcoc 6 AN a^tov 
xpoc xov KA a^ova. laoc 8e eaxiv 6 (iev TM xuXiv8poc xA 
EB xuXlv8pw, 6 8e AN a^wv xA HO a^ovr eaxiv apa Ac 6 
EB xuXiv8poc xpoc xov ZA xuXivBpov, ouxcoc 6 HO a^tov 
xpoc xov KA ac;ova. Ac Be 6 EB xuXivBpoc; xpoc xov ZA 


is of axis EK, so many multiples is cylinder QG also of 
cylinder GB. And so, for the same (reasons), as many 
multiples as axis MK is of axis KF, so many multiples 
is cylinder WG also of cylinder GD. And if axis KL is 
equal to axis KM then cylinder QG will also be equal 
to cylinder GW, and if the axis (is) greater than the axis 
then the cylinder (will also be) greater than the cylinder, 
and if (the axis is) less then (the cylinder will also be) 
less. So, there are four magnitudes—the axes EK and 
KF, and the cylinders BG and GD — and equal multiples 
have been taken of axis EK and cylinder BG —(namely), 
axis LK and cylinder QG —and of axis KF and cylinder 
GD — (namely), axis I\M and cylinder GW. And it has 
been shown that if axis KL exceeds axis KM then cylin¬ 
der QG also exceeds cylinder GW, and if (the axes are) 
equal then (the cylinders are) equal, and if (KL is) less 
then (QG is) less. Thus, as axis EK is to axis KF, so 
cylinder BG (is) to cylinder GD [Def. 5.5]. (Which is) 
the very thing it was required to show. 

Proposition 14 

Cones and cylinders which are on equal bases are to 
one another as their heights. 



For let EB and FD be cylinders on equal bases, 
(namely) the circles AB and CD (respectively). I say 
that as cylinder EB is to cylinder FD, so axis GH (is) to 
axis KL. 

For let the axis KL have been produced to point N. 
And let LN be made equal to axis GH. And let the cylin¬ 
der CM have been conceived about axis LN. Therefore, 
since cylinders EB and CM have the same height they 
are to one another as their bases [Prop. 12.11]. And the 
bases are equal to one another. Thus, cylinders EB and 
CM are also equal to one another. And since cylinder 
FM has been cut by the plane CD, which is parallel to 
its opposite planes, thus as cylinder CM is to cylinder 
FD, so axis LN (is) to axis KL [Prop. 12.13]. And cylin¬ 
der CM is equal to cylinder EB, and axis LN to axis GH. 
Thus, as cylinder EB is to cylinder FD, so axis GH (is) 
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xuXivBpov, outcoc 6 ABH xAvo c, xpoc tov TAK xAvov. xai 
Ac apa 6 H0 ac;cov xpoc tov KA ac;ova, outcoc 6 ABH 
xAvoc xpoc tov TAK xAvov xai. 6 EB xuXiv8poc xpoc tov 
ZA xuXivBpov onep eSei obi'cai. 


to axis KL. And as cylinder EB (is) to cylinder FD, so 
cone ABG (is) to cone CDK [Prop. 12.10]. Thus, also, 
as axis GH (is) to axis I\L, so cone ABG (is) to cone 
CDK, and cylinder EB to cylinder FD. (Which is) the 
very thing it was required to show. 


Proposition 15 


TAv lauv xAvorv xai xuXiv8p«v avTixsxovdaaiv at 
f3aasic toTc uijjsaiv xai Av xAvwv xai xuXiv8p«v &vti- 
xsxovDaaiv ai pdacic toTc u^ectiv, Tool siaiv sxslvoi. 



B P T E 


’'EaTwaav iaoi xAvoi xai xuXivBpoi, Av pdaEic psv oi 
ABTA, EZH0 xuxXoi, SiapsTpoi 8s auxAv ai AT, EH, 
a^ove<; 8e oi KA, MN, ohivsc xai OcJ-nq siai tAv xAvmv f\ 
xuXlvSpwv, xai aupxsxXrjpAa'dcoaav oi AS, EO xuXivBpoi. 
Xeyw, otl tAv AS, EO xuXivBpwv avTixsxovdaaiv ai pdaEic 
toIc uiJjeolv, xai sgtiv Ac f) ABTA pdau; xpoc ttjv EZH0 
pdaiv, outmc to MN uijioc xpoc to KA uijioc. 

To yap AK ucpoc; tA MN ucpEi y)toi ioov sgt'iv r] ou. 
E(tt(o xpoTEpov iaov. eoti 8s xai 6 AS xuXivbpoc tA EO 
xuXiv8pcp iaoc- oi 8s uxo to auTO ui|joc ovtec xAvoi xai 
xuXivBpoi upoc aXXrjXouc siaiv Ac; ai pdaEic' Tar] apa xai 
f] ABTA pdaic Tfj EZH0 pdaEi. Agte xai avTixExovdsv, 
Ac; rj ABTA pdaic; upoc; ttjv EZH0 pdaiv, outoc to MN 
ucpoc; xpoc to KA uepoc;. aXXa 8f] prj egtw to AK ucpoc; 
tA MN ioov, aXX’ sgtco psi^ov to MN, xai acprjp^aDco axo 
tou MN uijiouc tA KA iaov to nN, xai 8ia tou n arjpsiou 
TETprjailw 6 EO xuXivSpoc sxixeBm tA TTE xapaXXrjXcp 
toTc tAv EZH0, PO xuxXorv sxixe8oic, xai axo pdascoc psv 
tou EZH0 xuxXou, ui|>ouc 8s tou Nn xuXiv8poc uEvorialko 
6 EE. xai exeugoc sgt'iv 6 AS xuXivSpoc tA EO xuXiv8pcp, 
eotiv apa Ac; 6 AS xuXiv8poc xpoc tov EE xuXiv8pov, outcoc 
6 EO xuXivSpoc xpoc tov EE xuXiv8pov. aXX’ Ac; psv 6 AS 
xuXivSpoc xpoc tov EE xuXiv8pov, outmc rj ABTA pdaic; 
xpoc ttjv EZHO - uxo yap to auTO uepoc siaiv oi AS, EE 
xuXiv8poc Ac; 8e 6 EO xuXiv8poc xpoc tov EE, outcoc to 
MN uijioc xpoc to nN uijioc 6 yap EO xuXivSpoc sxixeBw 
TETprjTai xapaXXrjXcp ovti toTc axEvavTiov exixeBoic. eotiv 
apa xai Ac; f] ABTA pdaic; xpoc; ttjv EZHO pdaiv, outoc to 
MN uijioc xpoc; to HN uc|>o<^. iaov 8s to HN uijioc tA KA 
ui|>£r eotiv apa Ac; f) ABTA pdaic; xpoc; ttjv EZHO pdaiv, 
outoc to MN uepoc xpoc; to KA uijioc. tAv apa AS, EO 
xuXiv8pwv dvTixsxovdaaiv ai pdacic; toTc; utjisaiv. 


The bases of equal cones and cylinders are recipro¬ 
cally proportional to their heights. And, those cones and 
cylinders whose bases (are) reciprocally proportional to 
their heights are equal. 



B R U E 


Let there be equal cones and cylinders whose bases 
are the circles ABCD and EFGH, and the diameters 
of (the bases) AC and EG, and (whose) axes (are) I\L 
and MN, which are also the heights of the cones and 
cylinders (respectively). And let the cylinders AO and 
EP have been completed. I say that the bases of cylinders 
AO and EP are reciprocally proportional to their heights, 
and (so) as base ABCD is to base EFGH, so height AIN 
(is) to height KL. 

For height LK is either equal to height AIN, or not. 
Let it, first of all, be equal. And cylinder AO is also equal 
to cylinder EP. And cones and cylinders having the same 
height are to one another as their bases [Prop. 12.11]. 
Thus, base ABCD (is) also equal to base EFGH. And, 
hence, reciprocally, as base ABCD (is) to base EFGH, 
so height AIN (is) to height KL. And so, let height LK 
not be equal to MN, but let AIN be greater. And let QN, 
equal to KL, have been cut off from height AIN. And 
let the cylinder EP have been cut, through point Q, by 
the plane TUS (which is) parallel to the planes of the 
circles EFGH and RP. And let cylinder ES have been 
conceived, with base the circle EFGH, and height NQ. 
And since cylinder AO is equal to cylinder EP, thus, as 
cylinder AO (is) to cylinder ES, so cylinder EP (is) to 
cylinder ES [Prop. 5.7]. But, as cylinder AO (is) to cylin¬ 
der ES, so base ABCD (is) to base EFGH. For cylinders 
AO and ES (have) the same height [Prop. 12.11]. And 
as cylinder EP (is) to (cylinder) ES, so height MN (is) 
to height QN. For cylinder EP has been cut by a plane 
which is parallel to its opposite planes [Prop. 12.13]. 
And, thus, as base ABCD is to base EFGH, so height 
MN (is) to height QN [Prop. 5.11]. And height QN 
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AXXa 8 f] xwv AS, EO xuX(v 8 pov avxixexovDexcoaav at 
f 3 aaei; xoT; utjieaiv, xal eaxto A; f) ABrA p&ai; xpo; xr)v 
EZH 0 pdaiv, ouxu; xo MN u'|»o; xpo; xo KA uc[>o;- Xcyo, 
oxi !ao; eaxlv 6 AS xuXivopo; xp EO xuXivopcp. 

TAv yap auxAv xaxaaxeuaabevxtov exei eaxiv Ac; f) 
ABrA pdaig xpo; xfjv EZHO pdaiv, ouxto; xo MN uc|>oc; 
xpo; xo KA uijio;, Taov Se xo KA uijio; xA IIN ui];ei, eaxai 
apa Ac; f) ABrA ( 3 aai; xpo; xfjv EZHO pdaiv, ouxco; xo 
MN uijio; xpo; xo nN ucpoc;. aXX’ Ac; psv rj ABrA p&ai; 
xpo; xrjv EZHO pdaiv, ouxw; 6 AS xuXivopo; xpo; xov 
EE xuXivSpov 0 x 6 yap xo auxo uij;o; eiaiv Ac; 8 e xo MN 
uijio; xpo; xo nN [ui|io;], ouxto; 6 EO xuXiv 8 po; xpo; xov 
EE xoXivopov eaxiv apa Ac; 6 AS xuXivSpo; xpoc; xov EE 
xuXivBpov, ouxa>; 6 EO xuXivopo; xpo; xov EE. !ao; apa 
6 AS xuAiv 8 po; xA EO xuAivSpco. Aaauxor; Se xal ex! xAv 
xAvcov oxep eSei SeT^ai. 


if'. 

Auo xuxAtov xep! xo auxo xevxpov ovxtov ei; xov 
(iei^ova xuxXov xoXuytovov iaoxXeupov xe xa! apxioxXeupov 
eyypaijiai (if] c|>auov xou eAaaaovo; xuxXou. 



Tlaxwaav o! Sobevxe; Suo xuxXoi o! ABrA, EZHO 
xepl xo auxo xevxpov xo K- 8 el 8 f) ei; xov peii^ova xuxXov 
xov ABrA xoAuytovov iaoxXeupov xe xal apxioxXeupov 
eyypaijjai pr) cjiauov xou EZHO xuxXou. 

"HyDro yap Sia xou K xevxpou codeia f] BKA, xal 
axo xou H arjpeiou xfj BA cOdeia xpo; opda; rjydw f] 
HA xa! 8 if|xdM ex! xo I - f] Ar apa ecpaxxexai xou EZHO 
xuxXou. xepvovxe; Sf] xfjv BAA xepicpepeiav Siya xa! xfjv 
fjpiaeiav auxrj; 8iya xa! xouxo ael xoiouvxe; xaxaXeii];opev 
xepicpepeiav eXaaaova xfj; AA. XeXeicpdo), xa! eaxw fj A A, 
xa! axo xou A ex! xfjv BA xadexo; fjxdw h AM xa! Sifjxdo 


(is) equal to height KL. Thus, as base ABCD is to base 
EFGH, so height MN (is) to height KL. Thus, the bases 
of cylinders AO and EP are reciprocally proportional to 
their heights. 

And, so, let the bases of cylinders AO and EP be 
reciprocally proportional to their heights, and (thus) let 
base ABCD be to base EFGH, as height MN (is) to 
height KL. I say that cylinder AO is equal to cylinder 

EP. 

For, with the same construction, since as base ABCD 
is to base EFGH, so height MN (is) to height KL, and 
height KL (is) equal to height QN, thus, as base ABCD 
(is) to base EFGH, so height A IN will be to height 
QN. But, as base ABCD (is) to base EFGH, so cylin¬ 
der AO (is) to cylinder ES. For they are the same height 
[Prop. 12.11], And as height MN (is) to [height] QN, 
so cylinder EP (is) to cylinder ES [Prop. 12.13]. Thus, 
as cylinder AO is to cylinder ES, so cylinder EP (is) to 
(cylinder) ES [Prop. 5.11]. Thus, cylinder AO (is) equal 
to cylinder EP [Prop. 5.9]. In the same manner, (the 
proposition can) also (be demonstrated) for the cones. 
(Which is) the very thing it was required to show. 

Proposition 16 

There being two circles about the same center, to 
inscribe an equilateral and even-sided polygon in the 
greater circle, not touching the lesser circle. 



Let ABCD and EFGH be the given two circles, about 
the same center, K. So, it is necessary to inscribe an 
equilateral and even-sided polygon in the greater circle 
ABCD, not touching circle EFGH. 

Let the straight-line BKD have been drawn through 
the center K. And let GA have been drawn, at right- 
angles to the straight-line BD, through point G, and let it 
have been drawn through to C. Thus, AC touches circle 
EFGH [Prop. 3.16 corn]. So, (by) cutting circumference 
BAD in half, and the half of it in half, and doing this con¬ 
tinually, we will (eventually) leave a circumference less 
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era to N, xal ene^eux'dwaav at A A, AN- for] apa eaxlv f) 
AA xfj AN. xal sxd xapaXXrjXoi; caxiv f] AN xfj Ar, f] 8e Ar 
ccpaxxsxai xou EZH0 xuxXou, f) AN apa oOx scpaxxexai xou 
EZH0 xuxXou- xoXXw apa a'l AA, AN oux Ecpdxxovxai xou 
EZH0 xuxXou. eav Sr) xfj AA euflda laac xaxa to auveyec; 
cvappoaorpcv sic, xov ABrA xuxXov, Eyypacpf|aETai elc, xov 
ABrA xuxXov xoXuycuvov iaoxXEupov xe xal dpxioxXeupov 
pf) tjiauov xou eXaaoovo<; xuxXou xou EZH0- oTiep e8si 
noifjaai. 


than AD [Prop. 10.1], Let it have been left, and let it be 
LD. And let LM have been drawn, from L, perpendicu¬ 
lar to BD, and let it have been drawn through to N. And 
let LD and DN have been joined. Thus, LD is equal to 
DN [Props. 3.3, 1.4]. And since LN is parallel to AC 
[Prop. 1.28], and AC touches circle EFGH, LN thus 
does not touch circle EFGH. Thus, even more so, LD 
and DN do not touch circle EFGH. And if we continu¬ 
ously insert (straight-lines) equal to straight-line LD into 
circle ABCD [Prop. 4.1] then an equilateral and even¬ 
sided polygon, not touching the lesser circle EFGH, will 
have been inscribed in circle ABCD A (Which is) the very 
thing it was required to do. 


' Note that the chord of the polygon, LN, does not touch the inner circle either. 


iC. 

Auo acpaipSv itepl to auxo xsvxpov ouaSv sic, xqv 
(idi^ova acpalpav axspsov noXusSpov eyypatjiai pf] cj/auov xfjc; 
sXaaaovo<; acpaipac; xaxa xfjv sracpavsiav. 



Nevoqahwaav 8uo acpaipai ttspl to auxo xevxpov to A- 
Se! 8f] el<; xfjv psii^ova acpalpav axepeov xoXue8pov eyypacjiai. 
pf] tjiauov xfjc eXaaaovoi; acpaipac; xaxa xf)v sracpavEiav. 

Texp^ahwaav a'l acpaipai eraxeSo xivl 8ia xou xevxpou- 
eaovxai 8f) a'l xopal xuxXoi, exei8f]xep pevouarjc; xfjc 
8iapexpou xal xspicpepopevou xou fjpixuxXlou eyiyvexo f] 
acpalpa- Aaxe xal xah’ oiac; av heaewc exivofjaorpev xo 
fjpixuxXiov, xo Sb auxou sx[3aXX6p£vov eraxeSov xoif]aei 
Era xfjc exicpaveiac xfjc acpaipac xuxXov. xal cpavepov, 
oxi xal peyiaxov, exei8f]xep f] 8iapexpoc xfjc acpaipac, fjxic 


Proposition 17 


There being two spheres about the same center, to in¬ 
scribe a polyhedral solid in the greater sphere, not touch¬ 
ing the lesser sphere on its surface. 



Let two spheres have been conceived about the same 
center, A. So, it is necessary to inscribe a polyhedral solid 
in the greater sphere, not touching the lesser sphere on 
its surface. 

Let the spheres have been cut by some plane through 
the center. So, the sections will be circles, inasmuch 
as a sphere is generated by the diameter remaining be¬ 
hind, and a semi-circle being carried around [Def. 11.14]. 
And, hence, whatever position we conceive (of for) the 
semi-circle, the plane produced through it will make a 
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sail xai xou fjpixuxXlou Btapexpo? BrjXaBrj xai tou xuxXou, 
pel([wv eaxl naawv xAv el? tov xuxXov fj xfjv acpaTpav Bia- 
yopevorv [eubeiAv]. eaxa) ouv ev pev xfj pell[ovi. acpalpa 
xuxXo? 6 BrAE, ev Be xfj eXaaaovi a(palpa xuxXo? 6 ZH0, 
xai fjx'SwCTav auxAv Buo Btapexpoi xpo? opda? dXXrjXai? at 
BA, TE, xai Buo xuxXtov xepi to auxo xevxpov ovxov xwv 
BrAE, ZH0 etc; tov pel([ova xuxXov tov BIAE xoXuyovov 
laoxXeupov xai apxioxXeupov eyyeypacp'dw pfj t|)auov xou 
eXaaaovo? xuxXou xou ZH0, ou xXeupai eaxwaav ev xo BE 
xexapxrjpopla) al BK, KA, AM, ME, xai ext^euxAeloa rj KA 
BtrjxOc) £txI to N, xai dveaxdxa) axo xou A arjpelou xo xou 
BrAE xuxXou £xtxeBa> xpo? opOa? rj AS xai aupPaXXexa) 
tt] exicpavela xfj? acpalpa? xaxa xo S, xai 8ta xrj? AS xai 
exaxepa? xAv BA, KN extxeBa expe^X/jador xotrjaouat Brj 
Bta xa e’tprjpeva exl xfjc; exvpavela? xfj? atpatpa? peylaxou? 
xuxXou?. xotetxaraav, Sv VjptxuxXta eaxa> exl xAv BA, KN 
Btapexparv xa BSA, KSN. xai exel rj SA opbr) eaxt xpo? xo 
xou BrAE xuxXou extxeBov, xai xavxa apa xa Bta xrj? SA 
extxeBa eaxtv opAa xpo? xo xou BrAE xuxXou extxeBov 
Aaxe xai xa BSA, KSN rjpLxuxXta op-da eaxt xpo? xo xou 
BrAE xuxXou extxeBov. xai exel taa eaxl xa BEA, BSA, 
KSN rjptxuxXta- exl yap tawv etal Btapexpwv xAv BA, KN- 
taa eaxl xai xa BE, BS, KS xexapxrjpopia aXXrjXot?. oaat 
apa etalv ev xA BE Texapxrjpoplw xXeupal xou xoXuyAvou, 
xoaauxat eiat xai ev xoT? BS, KS xexapxrjpoptoi? taat xaT? 
BK, KA, AM, ME euAetat?. eyyeypacpAcoaav xai eaxwaav 
al BO, Oil, nP, PS, KE, ET, TT, TS, xai exe^euxAtoaav 
al EO, Tn, TP, xai axo xAv O, E exl to xou BrAE 
xuxXou extxeBov xaAexot rjyAwaav- xeaouvxat Brj exl xa? 
xotva? xopa? xAv extxeBwv xa? BA, KN, exetBfjxep xai 
xa xAv BSA, KSN extxeBa opAa eaxt xpo? xo xou BrAE 
xuxXou extxeBov. xtxxexwaav, xai eaxoaav al 0<J>, EX, 
xai exe^euxAw rj X<E xai exel ev ’loot? rjptxuxXtot? xoT? 
BSA, KSN ’taat axetXrjppevat etalv al BO, KE, xai xaAexot 
fjypevat etalv al 0<f>, EX, tarj [apa] eaxlv rj pev 0<f> xfj EX, 
rj Be B$ xfj KX. eaxL Be xai oXrj f] BA oXrj xfj KA ’tary xai 
Xotxf] apa f) <1>A Xotxfj xfj XA eaxtv tar]- eaxtv apa A? f] B$ 
xpo? xf]v 4>A, outo? f] KX xpo? xfjv XA- xapaXXrjXo? apa 
eaxlv f] X<f> xfj KB. xai exel exaxepa xAv 04>, EX opArj 
eaxt xpo? to xou BrAE xuxXou extxeBov, xapaXXrjXo? apa 
eaxlv f] 0<f> xfj EX. eBelxArj Be auxfj xai tarj- xai at X4>, EO 
apa ’taat etal xai xapaXXrjXot. xai exel xapaXXrjXo? eaxtv 
f] X$ xfj EO, aXXa f] X$ xfj KB eaxt xapaXXrjXo?, xai 
f] EO apa xfj KB eaxt xapaXXrjXo?. xai exi^euyvuouaiv 
auxa? al BO, KE- to KBOE apa xexpaxXeupov ev evl 
eaxtv extxeBa), exetofjxep, eav Aat Buo euAelat xapaXXrjXot, 
xai ecp’ exaxepa? auxAv XrjtpAfj xu)(6vxa arjjxela, fj exl xa 
arjjieTa exiCeuyvujievrj euAela ev xA auxA extxeBw eaxl xaT? 
xapaXXrjXot?. Bta xa auxa Bfj xai exaxepov xAv EOnT, 
TnPT xexpaxXeupov ev evl eaxtv extxeBo. eaxt Be xai 
xo TPS xptya>vov ev evl extxeBo. eav Bfj vofjaojiev axo 


circle on the surface of the sphere. And (it is) clear 
that (it is) also a great (circle), inasmuch as the diam¬ 
eter of the sphere, which is also manifestly the diame¬ 
ter of the semi-circle and the circle, is greater than all 
of the (other) [straight-lines] drawn across in the cir¬ 
cle or the sphere [Prop. 3.15]. Therefore, let BCDE be 
the circle in the greater sphere, and FGH the circle in 
the lesser sphere. And let two diameters of them have 
been drawn at right-angles to one another, (namely), 
BD and CE. And there being two circles about the 
same center—(namely), BCDE and FGH —let an equi¬ 
lateral and even-sided polygon have been inscribed in 
the greater circle, BCDE, not touching the lesser circle, 
FGH [Prop. 12.16], of which let the sides in the quad¬ 
rant BE be BK, KL, LM, and ME. And, KA being 
joined, let it have been drawn across to N. And let AO 
have been set up at point A, at right-angles to the plane of 
circle BCDE. And let it meet the surface of the (greater) 
sphere at O. And let planes have been produced through 
AO and each of BD and KN. So, according to the afore¬ 
mentioned (discussion), they will make great circles on 
the surface of the (greater) sphere. Let them make (great 
circles), of which let BOD and KON be semi-circles on 
the diameters BD and KN (respectively). And since ()A 
is at right-angles to the plane of circle BCDE, all of the 
planes through OA are thus also at right-angles to the 
plane of circle BCDE [Prop. 11.18]. And, hence, the 
semi-circles BOD and KON are also at right-angles to 
the plane of circle BCDE. And since semi-circles BED, 
BOD, and KON are equal—for (they are) on the equal 
diameters BD and KN [Def. 3.1]—the quadrants BE, 
BO, and KO are also equal to one another. Thus, as 
many sides of the polygon as are in quadrant BE, so 
many are also in quadrants BO and KO equal to the 
straight-lines BK, KL, LAI, and ME. Let them have 
been inscribed, and let them be BP, PQ, QR, RO, KS, 
ST, TU, and UO. And let SP, TQ, and UR have been 
joined. And let perpendiculars have been drawn from P 
and S to the plane of circle BCDE [Prop. 11.11]. So, 
they will fall on the common sections of the planes BD 
and KN (with BCDE), inasmuch as the planes of BOD 
and KON are also at right-angles to the plane of circle 
BCDE [Def. 11.4]. Let them have fallen, and let them be 
PV and SW. And let WV have been joined. And since 
BP and KS are equal (circumferences) having been cut 
off in the equal semi-circles BOD and KON [Def. 3.28], 
and PV and S IT are perpendiculars having been drawn 
(from them), PV is [thus] equal to SW, and BV to KW 
[Props. 3.27, 1.26]. And the whole of BA is also equal 
to the whole of KA. And, thus, as BV is to VA, so KW 
(is) to WA. WV is thus parallel to KB [Prop. 6.2]. And 
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t«v O, S, II, T, P, T or]^eiwv sxl to A sxi((£uyvup£va<; 
subslac;, auaTa'drjoETai tl ayfjpa aTspsov xoXus8pov paraph 
tov BS, KS xspicpEpsiGv ex xupapl8tov auyxslpsvov, Gv 
f3aa£i<; psv toc KBOE, EOIIT, TIIPT TETpaxXsupa xal to 
TPS Tplywvov, xopucpr) 5s to A arjpElov. sav 5s xai Sul 
sxaaxrjc; tGv KA, AM, ME xXsupGv xabaxEp sxl Tfjc; BK toc 
aura xaTaaxsuaawpEv xal etl twv XoixGv TpiGv TEToepTTj- 
poplwv, auaTa'drjoETai ti ayfjpa xoXus8pov eyycypappEvov 
sic; TTjv acpalpav jiupapiiai xspLExopEvov, Gv pdaisc [psv] tcc 
siprjpcva TETpaxXsupa xal to TPS Tplyovov xal toc opoxayfj 
auTolc, xopucpf] 8s to A arjpiETov. 

Asyw oti to siprjpEvov xoXus8pov oux scpacjiETai Tfjc; 
sXaaaovoc; acpalpac; xaxa TTjv sxi.cpdvEi.av, scp’ fjc; eotiv 6 
ZH0 xuxXo<;. 

’'Hybco ax6 tou A arjpcslou sxl to tou KBOE te- 
TpaxXsupou sxlxsSov xa-dsToc; f] AT xal oupPaXXsTM tG 
exixeBoo xaxa to T orjpsTov, xal EXE^suxbwoav al TB, TK. 
xal exeI f) AT opdrj eoti xpoc; to tou KBOE TETpaxXsupou 
exixeBov, xal xpoc; xaoac; apa tocc; ocxTojJEvac; auTfjc; sudslai; 
xal ouaac; ev tG tou TETpaxXsupou exixeBo opdr] eotiv. f) 
AT apa opdrj eoti xpoc; sxaxspav tGv BT, TK. xal exeI 
Tar] eotiv rj AB t^ AK, t'aov eot'i xal to axo Tfjc; AB tG 
axo Tfjc; AK. xal eoti tG jiev axo Tfjc; AB laa toc axo tGv 
AT, TB- opdf) yap f) xpo? tG T- tG 5e axo Tfjc; AK I'aa toc 
axo tGv AT, TK. toc apa axo tGv AT, TB laa eot'i tou; 
axo tGv AT, TK. xoivov dc.qorjprjO'Oco to axo Tfjc; AT' Xoixov 
apa to axo Tfjc; BT XoixG tG axo Tfjc TK laov eotiv Tar] 
apa f] BT Tfj TK. opiolax; 8f) Ssl^opiEv, oti xal al axo tou T 
sxl toc O, E Exi^suyvupiEvai sudslai laai etalv sxaTEpa tGv 
BT, TK. 6 apa xsvTpoo tG T xal 8iaaTf)(iaTi svl tGv TB, 
TK ypacpopiEvoc; xuxXoc fj^si xal 8ia tGv O, E, xal soTai 
ev xuxXcp to KBOE TETpaxXsupov. 

Kal exeI pcslCoov eotiv f) KB Tfjc XT, larj 8e f] XT Tfj 
EO, pislCoov apa f] KB Tfjc EO. larj 8e f) KB sxaTEpa tGv 
KE, BO' xal sxaTEpa apa tGv KE, BO Tfjc EO pisl^cov 
eotiv. xal exeI ev xuxXcp TETpaxXsupov eoti to KBOE, xal 
laai al KB, BO, KE, xal eXocttoov f) OS, xal ex tou xsvTpou 
tou xuxXou eotiv f) BT, to apa axo Tfjc KB tou axo Tfjc 
BT pisTi^ov eotiv fj SixXaoiov. fj^dco axo tou K sxl xfjv BT 
xadsToc f) KO. xal exeI f] BA Tfjc AO eXocttcov eotiv fj 
8ixXfj, xal eotiv Gc f) BA xpoc Tfjv AO, outoc to 0x6 tGv 
AB, BO xpoc to 0x6 [tGv] AO, OB, avaypacpopiEvou axo 
Tfjc BO TETpayGvou xal oupcxXrjpoupiEvou tou sxl Tfjc OA 
xapaXXrjXoypdpiptou xal to 0x6 AB, BO apa tou 0x6 AO, 
OB sXaTTov eotiv fj 8ixXdocov. xal eotl Tfjc KA exc^eu- 
yvujiEvrjc to pcsv 0x6 AB, BO ioov tG axo Tfjc BK, to 8e 
0x6 tGv AO, OB loov tG axo Tfjc KO' to apa axo Tfjc KB 
tou axo Tfjc KO sXaooov eotiv fj 8ixXaocov. aXXa to axo 
Tfjc KB tou axo Tfjc BT pisT^ov eotiv fj 8cxXaoiov (isl^ov 
apa to axo Tfjc KO tou axo Tfjc BT. xal exeI lor] eotIv f] 
BA Tfj KA, loov eotI to axo Tfjc BA tG axo Tfjc AK. xal 


since PV and S IP are each at right-angles to the plane 
of circle BCDE, PV is thus parallel to SW [Prop. 11.6]. 
And it was also shown (to be) equal to it. And, thus, 
WV and SP are equal and parallel [Prop. 1.33]. And 
since WV is parallel to SP, but WV is parallel to KB, 
SP is thus also parallel to KB [Prop. 11.1]. And BP 
and KS join them. Thus, the quadrilateral KBPS is in 
one plane, inasmuch as if there are two parallel straight¬ 
lines, and a random point is taken on each of them, then 
the straight-line joining the points is in the same plane 
as the parallel (straight-lines) [Prop. 11.7]. So, for the 
same (reasons), each of the quadrilaterals SPQT and 
TQRU is also in one plane. And triangle URO is also 
in one plane [Prop. 11.2]. So, if we conceive straight¬ 
lines joining points P, S, Q, T, R, and U to A then 
some solid polyhedral figure will have been constructed 
between the circumferences BO and KO, being com¬ 
posed of pyramids whose bases (are) the quadrilaterals 
KBPS, SPQT, TQRU, and the triangle URO, and apex 
the point A. And if we also make the same construction 
on each of the sides KL, LM, and ME, just as on BK, 
and, further, (repeat the construction) in the remaining 
three quadrants, then some polyhedral figure which has 
been inscribed in the sphere will have been constructed, 
being contained by pyramids whose bases (are) the afore¬ 
mentioned quadrilaterals, and triangle URO, and the 
(quadrilaterals and triangles) similarly arranged to them, 
and apex the point A. 

So, I say that the aforementioned polyhedron will not 
touch the lesser sphere on the surface on which the circle 
FGH is (situated). 

Let the perpendicular (straight-line) AX have been 
drawn from point A to the plane KBPS, and let it meet 
the plane at point X [Prop. 11.11]. And let XB and 
XK have been joined. And since AX is at right-angles to 
the plane of quadrilateral KBPS, it is thus also at right- 
angles to all of the straight-lines joined to it which are 
also in the plane of the quadrilateral [Def. 11.3]. Thus, 
AX is at right-angles to each of BX and XK. And since 
AB is equal to AK, the (square) on AB is also equal to 
the (square) on AK. And the (sum of the squares) on AX 
and AS is equal to the (square) on AB. For the angle 
at X (is) a right-angle [Prop. 1.47]. And the (sum of 
the squares) on AX and XK is equal to the (square) on 
AK [Prop. 1.47]. Thus, the (sum of the squares) on AX 
and AS is equal to the (sum of the squares) on A A and 
XK. Let the (square) on .4 A have been subtracted from 
both. Thus, the remaining (square) on BX is equal to the 
remaining (square) on XK. Thus, BX (is) equal to XK. 
So, similarly, we can show that the straight-lines joined 
from A to P and S are equal to each of BX and XK. 
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eaxi ifi pev axo xr)c; BA Xool xa axo xcnv B'P, 'PA, xcn Be axo 
xrjq KA Xool xa axo iwv KH, fiA' xa apa axo tuv B'P, U/A 
Xool eaxl xolc; axo xwv Kfl, flA, Sv xo axo xrjc Kfl pei£ov 
xou axo xrjc B'P' Xoixov apa xo axo xrjc HA eXaaaov eaxi 
xou axo xrjc "LA. peii^tov apa f) Avp xrjc Ail' xoXXo apa f) 
A 1 ? pei^oiv eaxl xrjc AH. xai eaxiv fj pev Avp exi piav xou 
xoXueSpou pdaiv, f) Be AH ex! xrjv xrjc eXaaaovoc; acpaipac; 
exi.cpdvei.av' waxe xo xoXueBpov ou tjiauaei xrjc; eXaaaovoc; 
acpaipac; xaxa xf]v exicpaveiav. 

Auo apa acpaipov xepl xo auxo xevxpov ouafiiv eic xrjv 
piel^ova acpalpav axepeov xoXueBpov eyyeypaxxai [ir] c(>auov 
xrjc eXaaaovoc; acpaipac; xaxa xrjv exicpaveiav oxep eBei 
xoifjaai. 


Thus, a circle drawn (in the plane of the quadrilateral) 
with center X, and radius one of XU or XK, will also 
pass through P and S, and the quadrilateral KBPS will 
be inside the circle. 

And since KB is greater than WV, and WV (is) equal 
to SP, KB (is) thus greater than SP. And KB (is) 
equal to each of KS and BP. Thus, KS and BP are 
each greater than SP. And since quadrilateral KBPS 
is in a circle, and KB, BP, and KS are equal (to one 
another), and PS (is) less (than them), and BX is the 
radius of the circle, the (square) on KB is thus greater 
than double the (square) on BX) Let the perpendicular 
KY have been drawn from K to BV} And since BD is 
less than double DY, and as BD is to DY, so the (rect¬ 
angle contained) by DB and BY (is) to the (rectangle 
contained) by DY and YB —a square being described 
on BY, and a (rectangular) parallelogram (with short 
side equal to BY) completed on YD —the (rectangle con¬ 
tained) by DB and BY is thus also less than double the 
(rectangle contained) by DY and YB. And, KD being 
joined, the (rectangle contained) by DB and BY is equal 
to the (square) on BK, and the (rectangle contained) by 
DY and YB equal to the (square) on KY [Props. 3.31, 
6.8 corn]. Thus, the (square) on KB is less than double 
the (square) on KY. But, the (square) on KB is greater 
than double the (square) on BX. Thus, the (square) on 
KY (is) greater than the (square) on BX. And since 
BA is equal to KA, the (square) on BA is equal to the 
(square) on AK. And the (sum of the squares) on BX 
and XA is equal to the (square) on BA, and the (sum of 
the squares) on KY and Y A (is) equal to the (square) on 
KA [Prop. 1.47]. Thus, the (sum of the squares) on BX 
and XA is equal to the (sum of the squares) on KY and 
Y A, of which the (square) on KY (is) greater than the 
(square) on BX. Thus, the remaining (square) on YA 
is less than the (square) on XA. Thus, AX (is) greater 
than AY. Thus, AX is much greater than Ad}' And AX 
is (a perpendicular) on one of the bases of the polyhe¬ 
dron, and AG (is a perpendicular) on the surface of the 
lesser sphere. Hence, the polyhedron will not touch the 
lesser sphere on its surface. 

Thus, there being two spheres about the same cen¬ 
ter, a polyhedral solid has been inscribed in the greater 
sphere which does not touch the lesser sphere on its sur¬ 
face. (Which is) the very thing it was required to do. 


' Since I\B, BP, and KS are greater than the sides of an inscribed square, which are each of length s/2 BX. 
i Note that points Y and V are actually identical. 

§ This conclusion depends on the fact that the chord of the polygon in proposition 12.16 does not touch the inner circle. 
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Ilopiapa. 

’Eav 8e xal sic sxapav acpalpav xoi ev xfj BTAE acpaipa 
axepeo xoAue8ptp opoiov axepsov xoAueSpov eyypacpfj, xo 
sv xfj BrAE acpaipa axspeov xoAueSpov xpoc xo sv xfj 
Sxepa acpaipa axspeov xoAue8pov xpixAaaiova Aoyov ex £l > 
fjxep f] xfjc BTAE acpaipac 8iapexpoc xpoc xfjv xfjc £xepac 
acpaipac 8iapexpov. Biaipe'dsvxwv yap xfiv axspeov sic 
xac opoioxAnydeu; xal opioioxayelc xupapiSac eaovxai al xu- 
pa(i(8ec opoiai. al 8s opoiai xupap[8ec xpoc aAAf|Aac ev 
xpixAaaiovi Xoyo eial xwv opioXoyov xAeupwv f] apa xu- 
papic, fjc pdaic (isv saxi xo KBOE xexpaxAeupov, xopucpf) 
8s xo A ayjpeTov, xpoc xf)v sv xfj sxspa acpaipa ojjoioxayfj 
xupap[8a xpixAaaiova Aoyov eyei, fjxep f] opoAoyoc xAeupa 
xpoc xf]v opoAoyov xAeupav, xouxeaxiv fjxsp f] AB ex xou 
xevxpou xfjc acpaipac xfjc xepl xevxpov xo A xpoc xfjv ex xou 
xevxpou xfjc exepac acpaipac. ojjoioc xal exaaxr) xupaplc 
xov ev xfj xepl xevxpov xo A acpaipa xpoc exaaxrjv opoxayfj 
xupapi8a xov sv xfj sxspa acpaipa xpixAaaiova Xoyov ec;ei, 
fjxsp f) AB xpoc xfjv ex xou xevxpou xfjc exepac acpaipac. 
xal Ac sv xov fjyouqevorv xpoc ev xwv exopisvov, ouxoc 
axavxa xa fjyoupisva xpoc axavxa xa exoqeva' oaxe oAov 
xo sv xfj xepl xevxpov xo A acpaipa axepsov xoXue8pov 
xpoc oAov xo ev xfj sxspa [acpaipa] axepsov xoXus8pov xpi¬ 
xAaaiova Aoyov ec;si, fjxsp f) AB xpoc xfjv ex xou xevxpou 
xfjc exepac acpaipac, xouxeaxiv fjxsp f) BA 8ia(iexpoc xpoc 
xfjv xfjc sxspac acpaipac Sioqjsxpov oxsp s8si 8eTc;ai. 


ir,'. 


Al acpalpai xpoc aAAfAac ev xpixAaaiovi Aoycp eial xwv 
ISicov Siaqexptov. 


A 



Corollary 

And, also, if a similar polyhedral solid to that in 
sphere BCDE is inscribed in another sphere then the 
polyhedral solid in sphere BCDE has to the polyhedral 
solid in the other sphere the cubed ratio that the diameter 
of sphere BCDE has to the diameter of the other sphere. 
For if the solids are divided into similarly numbered, and 
similarly situated, pyramids, then the pyramids will be 
similar. And similar pyramids are in the cubed ratio of 
corresponding sides [Prop. 12.8 corn]. Thus, the pyra¬ 
mid whose base is quadrilateral KBPS, and apex the 
point A, will have to the similarly situated pyramid in the 
other sphere the cubed ratio that a corresponding side 
(has) to a corresponding side. That is to say, that of ra¬ 
dius AB of the sphere about center A to the radius of the 
other sphere. And, similarly, each pyramid in the sphere 
about center A will have to each similarly situated pyra¬ 
mid in the other sphere the cubed ratio that AB (has) to 
the radius of the other sphere. And as one of the leading 
(magnitudes is) to one of the following (in two sets of 
proportional magnitudes), so (the sum of) all the lead¬ 
ing (magnitudes is) to (the sum of) all of the following 
(magnitudes) [Prop. 5.12]. Hence, the whole polyhedral 
solid in the sphere about center A will have to the whole 
polyhedral solid in the other [sphere] the cubed ratio that 
(radius) AB (has) to the radius of the other sphere. That 
is to say, that diameter BD (has) to the diameter of the 
other sphere. (Which is) the very thing it was required to 
show. 


Proposition 18 

Spheres are to one another in the cubed ratio of their 
respective diameters. 

A 



N 
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Nevorjaba>aav acpalpat at ABT, AEZ, Btapexpoi Be 
aux6v al BT, EZ' Xeyco, oxi fj ABr atpalpa xpoi; xfjv AEZ 
acpalpav xptxXaalova Xoyov E'/si fjxep fj Br xpoc; xfjv EZ. 

El yap (if] f] ABr acpalpa xpoc; xf]v AEZ acpalpav xpi- 
xXaalova Xoyov exei fjxep f] BT xpoi; xf)v EZ, e^et apa f] 
ABr acpalpa xpoi; eXaaaova xtva xfjc; AEZ acpalpac; xpi- 
xXaalova Xoyov fj xpoc; peKova f)Tcep f] BT xpoc xfjv EZ. 
EXSTCO xpoxepov xpoc; eXaaaova xfjv H@K, xal vevofjabw f] 
AEZ xfj H@K xepl xo auxo xevxpov, xal eyyeypacp'dw etc 
xf]v peliljova acpalpav xfjv AEZ axepeov xoXueBpov [if] c|>auov 
xfjc eXaaaovoc acpalpac xfjc H0K xaxa xfjv extcpaveiav, 
eyyeypacpilo Be xal eic xfjv ABr acpalpav x6 ev xfj AEZ 
acpalpa axepew xoXueBpcp opoiov axepeov xoXueBpov xo 
apa ev xfj ABr axepeov xoXueBpov xpoc xo ev xfj AEZ 
axepeov xoXueBpov xptxXaalova Xoyov exsi fjxep f] Br xpoc 
xfjv EZ. exei Be xal fj ABE acpalpa xpoc; xfjv H0K acpalpav 
xptxXaalova Xoyov fjxep fj Br xpoc; xfjv EZ' eaxiv apa 6c 
fj ABr acpalpa xpoc; xfjv H0K acpalpav, ouxtoc xo ev xfj 
ABr acpalpa axepeov xoXueBpov xpoc xo ev xfj AEZ acpalpa 
axepeov xoXueBpov evaXXac; [apa] 6c fj ABr acpalpa xpoc; 
xo ev auxfj xoXueBpov, ouxcoc fj H0K acpalpa xpoc; xo ev xfj 
AEZ acpalpa axepeov xoXueBpov. pel^crv Be fj ABr acpalpa 
xou ev auxfj xoXueBpou - peli^tov apa xal fj H0K acpalpa 
xou ev xfj AEZ acpalpa xoXueBpou. aXXa xal eXaxxtov 
ejixeptexExai yap ux’ auxou. oux apa fj ABr acpalpa xpoc; 
eXaaaova xfjc; AEZ acpalpac; xptxXaalova Xoyov exei fjxep fj 
Br Bia(iexpo<; xpoc; xfjv EZ. ojiolwc; Bfj 8el^o(iev, oxi ouBe fj 
AEZ acpalpa xpoc; eXaaaova xfjc; ABr acpalpac; xptxXaalova 
Xoyov exei fjxep fj EZ xpoc; xfjv Br. 

Aeyto Brj, oxi ouBe fj ABr acpalpa xpoc; ptel^ova xiva xfjc; 
AEZ acpalpac; xptxXaalova Xoyov exsl fjxep fj Br xpoc; xfjv 
EZ. 

EE yap Buvaxov, exexto xpoc; (iel^ova xfjv AMN- avaxaXiv 
apa fj AMN acpalpa xpoc; xfjv ABr acpalpav xptxXaalova 
Xoyov exsi fjxep fj EZ Btaptexpoc; xpoc; xfjv Br Btaptexpov. 
6c; Be fj AMN acpalpa xpoc; xfjv ABr acpalpav, ouxwc; fj AEZ 
acpalpa xpoc; eXaaaova xtva xfjc; ABr acpalpac;, exei.8f)xep 
(jtel^tov eaxiv fj AMN xfjc; AEZ, 6<; eptxpoaDev eBelxflr). xal 
fj AEZ apa acpalpa xpoc; eXaaaova xiva xfjc; ABE acpalpac; 
xptxXaalova Xoyov e^ei. fjxep fj EZ xpoc; xfjv Br- oxep 
aBuvaxov eBelx^rj. oux apa fj ABr acpalpa xpoc; (iel^ova 
xiva xfjc; AEZ acpalpac; xptxXaalova Xoyov e^ei fjxep fj Br 
xpoc; xfjv EZ. eBelx^rj Be, oxi ouBe xpoc; eXaaaova. fj apa 
ABr acpalpa xpoc; xfjv AEZ acpalpav xptxXaalova Xoyov exei 
fjxep fj Br xpoc; xfjv EZ- oxep eBet Bel^ai. 


Let the spheres ABC and DEF have been conceived, 
and (let) their diameters (be) BC and EF (respectively). 
I say that sphere ABC has to sphere DEF the cubed ratio 
that BC (has) to EF. 

For if sphere ABC does not have to sphere DEF the 
cubed ratio that BC (has) to EF then sphere ABC will 
have to some (sphere) either less than, or greater than, 
sphere DEF the cubed ratio that BC (has) to EF. Let 
it, first of all, have (such a ratio) to a lesser (sphere), 
GHK. And let DEF have been conceived about the 
same center as GHK. And let a polyhedral solid have 
been inscribed in the greater sphere DEF, not touching 
the lesser sphere GHK on its surface [Prop. 12.17]. And 
let a polyhedral solid, similar to the polyhedral solid in 
sphere DEF, have also been inscribed in sphere ABC. 
Thus, the polyhedral solid in sphere ABC has to the 
polyhedral solid in sphere DEF the cubed ratio that BC 
(has) to EF [Prop. 12.17 corn]. And sphere ABC also 
has to sphere GHK the cubed ratio that BC (has) to EF. 
Thus, as sphere ABC is to sphere GHK, so the polyhe¬ 
dral solid in sphere ABC (is) to the polyhedral solid is 
sphere DEF. [Thus], alternately, as sphere ABC (is) to 
the polygon within it, so sphere GHK (is) to the polyhe¬ 
dral solid within sphere DEF [Prop. 5.16]. And sphere 
ABC (is) greater than the polyhedron within it. Thus, 
sphere GHK (is) also greater than the polyhedron within 
sphere DEF [Prop. 5.14]. But, (it is) also less. For it is 
encompassed by it. Thus, sphere ABC does not have to 
(a sphere) less than sphere DEF the cubed ratio that di¬ 
ameter BC (has) to EF. So, similarly, we can show that 
sphere DEF does not have to (a sphere) less than sphere 
ABC the cubed ratio that EF (has) to BC either. 

So, I say that sphere ABC does not have to some 
(sphere) greater than sphere DEF the cubed ratio that 
BC (has) to EF either. 

For, if possible, let it have (the cubed ratio) to a 
greater (sphere), LAIN. Thus, inversely, sphere LAIN 
(has) to sphere ABC the cubed ratio that diameter 
EF (has) to diameter BC [Prop. 5.7 corn]. And as 
sphere LAIN (is) to sphere ABC, so sphere DEF 
(is) to some (sphere) less than sphere ABC, inasmuch 
as LAIN is greater than DEF, as was shown before 
[Prop. 12.2 lem.]. And, thus, sphere DEF has to some 
(sphere) less than sphere ABC the cubed ratio that EF 
(has) to BC. The very thing was shown (to be) impossi¬ 
ble. Thus, sphere ABC does not have to some (sphere) 
greater than sphere DEF the cubed ratio that BC (has) 
to EF. And it was shown that neither (does it have 
such a ratio) to a lesser (sphere). Thus, sphere ABC has 
to sphere DEF the cubed ratio that BC (has) to EF. 
(Which is) the very thing it was required to show. 
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The Platonic SoZidsQ 


^The five regular solids—the cube, tetrahedron (i.e., pyramid), octahedron, icosahedron, and dodecahedron—were problably discovered by 
the school of Pythagoras. They are generally termed “Platonic” solids because they feature prominently in Plato’s famous dialogue Timaeus. Many 
of the theorems contained in this book—particularly those which pertain to the last two solids—are ascribed to Theaetetus of Athens. 
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a. 

’Eav eu-bela ypappf] axpov xal peaov Xoyov x|iT]f>fj, 
to peT^ov xpfjpa xpoaXapov xf]v fjplaeiav xfjc oXrjc xev- 
xaxXaaiov Buvaxai tou axo xfjc fjpiaelac xexpayAvou. 



Eu-dela yap ypappf] f] AB axpov xal piaov Xoyov 
xexp.rjo'dw xaxa xo F arjpeTov, xal eaxu peTi^ov xpfjpa xo 
Ar, xal expepXricrdo:) ex’ euDelac xfj FA eu-dela f) AA, xal 
xelaifw xfjc AB fjplaeia rj AA- Xeyu, oxi xevxaxXaaiov eaxi 
to axo xfjc TA xou axo xfjc AA. 

’Avayeypacp-dwaav yap axo xwv AB, Ar xexpaywva 
xa AE, AZ, xal xaTayeypacpOw ev xA AZ xo ayfjpa, xal 
f) Zr exl xo H. xal exel f] AB axpov xal peaov 
Xoyov xexprpai xaxa xo T, xo apa uxo xAv ABr ’laov eaxi 
tA axo xfjg AF. xal eaxi xo (iev uxo xAv ABr xo TE, xo 
Be axo xfjc; Ar xo Z0- ’Ictov apa xo FE xA Z0. xal exel 
BixXfj ecnxv f) BA xfjc; AA, iar) Be f] piev BA xfj KA, f) Be 
A A xfj A0, BixXfj apa xal f] KA xfjc A0. Ac Be fj KA xpoc 
xf]v A0, ouxoc xo TK xpoc xo T0- BixXaaiov apa xo TK 
xou T0. eial Be xal xa A0, 0r BixXaaia xou T0. Taov apa 
xo Kr xoTc A0, 0r. eBelydr) Be xal xo TE xA 0Z laov 
oXov apa xo AE xexpaywvov laov eaxi xA MNS yvAjiovi. 
xal exel BixXfj eaxiv f] BA xfjc AA, xexpaxXaaiov eaxi xo 
axo xfjc BA xou axo xfjc AA, xouxeaxi xo AE xou A0. 
Taov Be xo AE xA MNS yvApiovi- xal 6 MNS apa yvAjiwv 
xexpaxXaaioc eaxi xou AO- oXov apa xo AZ xevxaxXaaiov 
eaxi xou AO. xal eaxi xo (iev AZ xo axo xfjc AF, xo Be AO 
to axo xfjc AA- to apa axo xfjc TA xevxaxXaaiov eaxi xou 
axo xfjc AA. 

’Eav apa eu-dela axpov xal (ieaov Xoyov xpirj-dfj, xo (leT^ov 
xptfjpia xpoaXapov xfjv fjpilaeiav xfjc oXrjc xevxaxXaaiov 
Buvaxai xou axo xfjc fjpiiaelac xexpayAvou- oxep eSei BeT^oa. 


Proposition 1 

If a straight-line is cut in extreme and mean ratio 
then the square on the greater piece, added to half of 
the whole, is five times the square on the half. 



For let the straight-line AB have been cut in extreme 
and mean ratio at point C, and let AC be the greater 
piece. And let the straight-line AD have been produced 
in a straight-line with CA. And let AD be made (equal 
to) half of AB. I say that the (square) on CD is five times 
the (square) on DA. 

For let the squares AE and DF have been described 
on AB and DC (respectively). And let the figure in DF 
have been drawn. And let FC have been drawn across to 
G. And since AB has been cut in extreme and mean ratio 
at C, the (rectangle contained) by ABC is thus equal to 
the (square) on AC [Def. 6.3, Prop. 6.17]. And CE is 
the (rectangle contained) by ABC, and FH the (square) 
on AC. Thus, CE (is) equal to FH. And since BA is 
double AD, and BA (is) equal to KA, and AD to AH, 
KA (is) thus also double AH. And as KA (is) to AH, so 
CK (is) to CH [Prop. 6.1]. Thus, CI\ (is) double CH. 
And LH plus HC is also double CH [Prop. 1.43]. Thus, 
KC (is) equal to LH plus HC. And CE was also shown 
(to be) equal to HF. Thus, the whole square AE is equal 
to the gnomon MNO. And since BA is double AD, the 
(square) on BA is four times the (square) on AD —that 
is to say, AE (is four times) DH. And AE (is) equal to 
gnomon MNO. And, thus, gnomon MNO is also four 
times AP. Thus, the whole of DF is five times AP. And 
DF is the (square) on DC, and AP the (square) on DA. 
Thus, the (square) on CD is five times the (square) on 
DA. 

Thus, if a straight-line is cut in extreme and mean ra¬ 
tio then the square on the greater piece, added to half of 
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P'- 

’Eav EU-dcla ypappf] Tpqpaxoc; sauxfjc; xEvxaxXaaiov 
SOvrjxai, Tfjc; 8ixXaaiac; tou EiprjpEvou Tpripaxoc; axpov xal 
pcaov Xoyov T£(ivo(iEvr]c; to p.Ei£ov xpfjpa to Xoixov pspoc; 
saxi Tfjc; z\ apyfj<; EU-bdac;. 



Eu-dcia yap ypappf] f) AB xpf|paTO<; Eauxfjc; tou Ar xev- 
xaxXaaiov 8 uvaafko, Tfjc; Se Ar 8 ixXfj eotco f] TA. Xsyto, 
oxi Tfjc; TA axpov xal pcaov Xoyov xspvopEvoc; to psTCov 
T(j.f)(J.oc saxiv f) TB. 

AvayeypacpDw yap acp’ Exaxspac; xAv AB, TA xexpdywva 
xa AZ, TH, xal xaTayEypacpOw sv tA AZ to ayfjpa, xal 
Bi.riX'dw f] BE. xal etieI TiEvxaxXdaiov saxi to octio xfj<; BA 
xou a 716 Tfjc; Ar, xEvxaTCXaaiov saxi to AZ tou A@. te- 
xpaKXaaioc; apa 6 MNS yvApwv xou A©, xal etceI SitiXt] 
saxiv f] Ar Tfjc; TA, xExpaiiXdaiov apa saxi to axo Ar xou 
aito TA, xouxsaxi to TH tou A0. ESsix-dr] 8e xal 6 MNS 
yvApwv xExpaxXaaioc; xou A© - iao<; apa 6 MNS yvApoov 
xA TH. xal etceI SiTxXfj saxiv f) Ar xfj<; TA, larj 8e f) psv 
Ar xfj TK, f) 8e Ar xfj T0, [oixXfj apa xal f) Kr xfjc; T0], 
8 i 7 iXaaiov apa xal to KB xou B0. eial 8e xal xa A0, 0B 
xou 0B SixXaaia- laov apa to KB xoTc A0, 0B. ESsiybr] 
8e xal oXoq 6 MNS yvApoov oXw xA TH I'aoc xal Xoixov 
apa xo 0Z xA BH saxiv laov. xal saxi xo psv BH to uxo 
xAv TAB- for) yap f) TA xfj AH- to 8 e 0Z to axo xfji; TB- 
xo apa 0x6 xAv TAB laov saxi xA axo xfj<; TB. saxiv apa 
Ac; fj Ar xpoc; xrjv TB, ouxcoc; fj TB xpoc; xfjv BA. (jieiCwv 
8 e f) Ar xfji; TB- pdi^Mv apa xal f] TB xfjc; BA. xfjc; TA 
apa su-dsiac; axpov xal piaov Xoyov x£(ivo|iEvr)c; xo psi£ov 
xpfjpa saxiv f) TB. 

’Eav apa su-dsla ypappf] x(if]p.axoc; sauxfjc; xsvxaxXaaiov 
8 uvr)xai, xfjc; 8 ixXaaiac; xou siprjpsvou x(if]p.axoc; axpov xal 
pcaov Xoyov xspvopEvrjc; xo (isTi^ov xpfjpa xo Xoixov pcpoc; 


the whole, is five times the square on the half. (Which is) 
the very thing it was required to show. 

Proposition 2 

If the square on a straight-line is five times the 
(square) on a piece of it, and double the aforementioned 
piece is cut in extreme and mean ratio, then the greater 
piece is the remaining part of the original straight-line. 



For let the square on the straight-line AB be five times 
the (square) on the piece of it, AC. And let CD be double 
AC. I say that if CD is cut in extreme and mean ratio 
then the greater piece is CB. 

For let the squares AF and CG have been described 
on each of AB and CD (respectively). And let the figure 
in AF have been drawn. And let BE have been drawn 
across. And since the (square) on BA is five times the 
(square) on AC, AF is five times AH. Thus, gnomon 
MNO (is) four times AH. And since DC is double C A, 
the (square) on DC is thus four times the (square) on 
CA —that is to say, CG (is four times) All . And the 
gnomon MNO was also shown (to be) four times AH. 
Thus, gnomon MNO (is) equal to CG. And since DC is 
double CA, and DC (is) equal to CK, and AC to CH, 
[KC (is) thus also double CH], (and) KB (is) also dou¬ 
ble BH [Prop. 6.1]. And LH plus HB is also double HB 
[Prop. 1.43]. Thus, KB (is) equal to LH plus HB. And 
the whole gnomon MNO was also shown (to be) equal 
to the whole of CG. Thus, the remainder HF is also 
equal to (the remainder) BG. And BG is the (rectangle 
contained) by CDB. For CD (is) equal to DC. And HF 
(is) the square on CB. Thus, the (rectangle contained) 
by CDB is equal to the (square) on CB. Thus, as DC 
is to CB, so CB (is) to BD [Prop. 6.17]. And DC (is) 
greater than CB (see lemma). Thus, CB (is) also greater 
than BD [Prop. 5.14]. Thus, if the straight-line Cl? is cut 
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£axl xfjc; z\ apyfjc; euOeiac;- oxep e 5 ei 8el£ai. 


Arjpjia. 

"Oxi. 8e f) oiTxXfj xfjc Ar pel^wv eaxl xfjc; Br, ouxwc; 
8etXX£0V. 

El yap [if], eax«, ei Suvaxov, f] BT StxXfj xfjc; FA. xe- 
xpaxXaatov apa xo axo xfjc BT xou axo xfjc; FA- xevxaxXaata 
apa xa axo xuv Br, FA xou axo xfjc; FA. Oxoxetxai 8e xal 
xo axo xfjc; BA xevxaxXaaiov xou axo xfjc; FA- xo apa axo 
xfjc; BA laov eaxl xou; axo xwv Br, FA- oxep aSuvaxov. 
oux apa f] TB StxAaaia eaxl xfjc; Ar. opoiMc; 8f] Oei^opev, 
6x1 ouSe f] eXaxxwv xfjc; FB 8ixAaauov eaxl xfjc; FA- xoXXw 
yap [peli^ov] xo axoxov. 

'H apa xfjc; Ar 8ixXfj pei^tov eaxl xfjc; TB- oxep e8ei. 
8eTc;at. 


y'- 

’Eav euhela ypa[i[if) axpov xal peaov Xoyov xprjUfj, 
xo eXaaaov xpfjpa xpoaXapov xf]v f][iiaeiav xou pet^ovoc; 
xpfjpaxoc; xevxaxXaaiov Buvaxai xou axo xfjc; fjpiaelac; xou 
peiijjovoc; xprjpaxoc; xexpayAvou. 



Eu-dela yap xu; f] AB axpov xal peaov Xoyov xexpija-dor 
xaxa xo T arjpelov, xal eaxw pei^ov xpfjpa xo Ar, xal 
xexprja-dto f] Ar Biya xaxa xo A- Xeyto, oxi xevxaxXaaiov 
eaxi xo axo xfjc; BA xou axo xfjc; Ar. 

Avayeypacp-do yap axo xfjc; AB xexpaywvov xo AE, xal 


in extreme and mean ratio then the greater piece is CB. 

Thus, if the square on a straight-line is five times 
the (square) on a piece of itself, and double the afore¬ 
mentioned piece is cut in extreme and mean ratio, then 
the greater piece is the remaining part of the original 
straight-line. (Which is) the very thing it was required 
to show. 

Lemma 

And it can be shown that double AC (i.e., DC) is 
greater than BC, as follows. 

For if (double AC is) not (greater than BC), if possi¬ 
ble, let BC be double CA. Thus, the (square) on BC (is) 
four times the (square) on CA. Thus, the (sum of) the 
(squares) on BC and CA (is) five times the (square) on 
CA. And the (square) on BA was assumed (to be) five 
times the (square) on CA. Thus, the (square) on BA is 
equal to the (sum of) the (squares) on BC and CA. The 
very thing (is) impossible [Prop. 2.4]. Thus, CB is not 
double AC. So, similarly, we can show that a (straight- 
line) less than CB is not double AC either. For (in this 
case) the absurdity is much [greater]. 

Thus, double AC is greater than CB. (Which is) the 
very thing it was required to show. 

Proposition 3 

If a straight-line is cut in extreme and mean ratio then 
the square on the lesser piece added to half of the greater 
piece is five times the square on half of the greater piece. 



For let some straight-line AB have been cut in ex¬ 
treme and mean ratio at point C. And let AC be the 
greater piece. And let AC have been cut in half at D. I 
say that the (square) on BD is five times the (square) on 
DC. 
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xaTayeypacpht) 8ixXouv to ayfjpa. exel OixXfj eaxiv f] Ar 
xfjc; AT, xexpaxXaaiov apa xo a xo xfjc; AT xou a xo xfjc; AT, 
xouxeaxL xo PE xou ZH. xal exel xo Uxo xAv ABT laov 
eaxl xA axo xfjc AT, xod Saxt xo 6x6 xAv ABr xo PE, xo 
apa TE laov eaxl xA PE. xexpaxXaaiov 8s xo PE xou ZH' 
xexpaxXaaiov apa xal xo TE xou ZH. xaXiv exel Tar] eaxiv 
fj AA xfj Ar, lar) eaxl xal f] @K xfj KZ. Aaxe xal xo HZ 
xexpaytovov laov eaxl xA @A xexpayAvto. larj apa f) HK 
xfj KA, xouxeaxiv f] MN xfj NE- A axe xal xo MZ xA ZE 
eaxiv laov. aXXa xo MZ xA PH eaxiv laov xal xo PH apa 
xA ZE eaxiv laov. xoivov xpoaxeiahM xo TN- 6 apa SOn 
yvApwv lao<; eaxl xA TE. aXXa xo TE xexpaKXaaiov eSeiydr) 
xou HZ - xal 6 SOn apa yvApiojv xexpaTiXdaioi; eaxi xou ZH 
xexpayAvou. 6 50 n apa yvApiwv xal xo ZH xexpaywvov 
TtevTauXaaioi; eaxi xou ZH. aXXa 6 SOn yvApiojv xal xo 
ZH xexpayovov eaxi xo AN. xal eaxi xo piev AN xo aKO 
xfj<; AB, xo 8e HZ xo cxtxo xfj<; Ar. xo apa ano xfjc; AB 
nevxaTiXdaiov eaxi xou ooto xfjc Ar- oitep e8ei 8eT^ai. 


O'. 

’Eav euDela ypapijif) axpov xal (icaov Xoyov xpnrjDfj, xo 
axo xfjc; oXfc; xal xou eXaaaovoc; xpif)p.axoc;, xa auvapicpoxepa 
xexpaywva, xpixXaaia eaxi xou axo xou pieiCovoc; xpifpiaxoc; 
xexpayAvou. 

a r b 



Tlaxw euilela fj AB, xal xexpif]aDa) axpov xal pieaov 
Xoyov xaxa xo T, xal eaxw piel^ov xpifjpia xo Ar- Xeyw, 
oxi xa axo xAv AB, Br xpixXaaia eaxi xou axo xfjc; PA. 

AvayeypacpDa) yap axo xfjc; AB xexpaywvov xo AAEB, 
xal xaTayeypacpDco xo ayfjpia. exel ouv f) AB axpov xal 
pieaov Xoyov xex(ir)xai xaxa xo T, xal xo piel^ov xptfjjjd eaxiv 
f) Ar, xo apa uxo xAv ABr laov eaxl xA axo xfjc; Ar. xal 
eaxi xo piev uxo xAv ABr xo AK, xo 8e axo xfjc; Ar xo ©H- 


For let the square AE have been described on AB. 
And let the figure have been drawn double. Since AC is 
double DC, the (square) on AC (is) thus four times the 
(square) on DC — that is to say, RS (is four times) EG. 
And since the (rectangle contained) by ABC is equal to 
the (square) on AC [Def. 6.3, Prop. 6.17], and CE is the 
(rectangle contained) by ABC, CE is thus equal to RS. 
And RS (is) four times FG. Thus, CE (is) also four times 
FG. Again, since AD is equal to DC, HK is also equal to 
KF. Hence, square GF is also equal to square HL. Thus, 
GK (is) equal to KL — that is to say, MN to NE. Hence, 
MF is also equal to FE. But, ME is equal to CG. Thus, 
CG is also equal to FE. Let CN have been added to 
both. Thus, gnomon OPQ is equal to CE. But, CE was 
shown (to be) equal to four times GF. Thus, gnomon 
OPQ is also four times square FG. Thus, gnomon OPQ 
plus square FG is five times FG. But, gnomon OPQ plus 
square FG is (square) DN. And DN is the (square) on 
DB, and GF the (square) on DC. Thus, the (square) on 
DB is five times the (square) on DC. (Which is) the very 
thing it was required to show. 

Proposition 4 

If a straight-line is cut in extreme and mean ratio then 
the sum of the squares on the whole and the lesser piece 
is three times the square on the greater piece. 


A C B 



Let AB be a straight-line, and let it have been cut in 
extreme and mean ratio at C, and let AC be the greater 
piece. I say that the (sum of the squares) on AB and BC 
is three times the (square) on CA. 

For let the square ADEB have been described on AB, 
and let the (remainder of the) figure have been drawn. 
Therefore, since AB has been cut in extreme and mean 
ratio at C, and AC is the greater piece, the (rectangle 
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foov apa ectxI to AK to @H. xal exeI foov sera to AZ tu> 
ZE, xoivov xpoaxeiailo xo KK- oXov apa xo AK oXa> xfiS 
FE ectxiv foov xa apa AK, TE xou AK ectxi oixXacna. aXXa 
xa AK, FE 6 AMN yvApwv ectxi xal to TK xsxpaytovov- 6 
apa AMN yvtoptov xal xo KK xexpaywvov 8ixXama ectxi xou 
AK. aXXa pf]v xal xo AK x6> 0H s6eix' 1 &i r ) faov 6 apa AMN 
yvtoptov xal [xo KK xExpaywvov OixXaaia ectxl xou 0H- 
octxe 6 AMN yvApwv xal] xa KK, 0H xsxpaywva xpiTiXdaid 
ectxi xou 0H xsxpaywvou. xal ectxlv 6 [(iev] AMN yvApow 
xal xa TK, 0H xsxpaywva oXov xo AE xal to TK, axsp ectxi 
xa axo xSv AB, Br xsxpaywva, to 8e H0 xo axo xfj<; Ar 
xsxpaywvov. xa apa axo xwv AB, Br xsxpaywva xpiTiXdaid 
ectxi xou axo xfjc; Ar xsxpayAvou- oxsp e8ei 8sF;ai. 


s'. 

’Eav sMsIa ypappf) axpov xal (tectov Xoyov xprydfj, xal 
xpoCTTE'dfj auxfj for) xw psiifovi x(if)paxi, f) o\r\ su-dsla axpov 
xal (iectov Xoyov TExprjxai, xal to psTifov xpfjpd ectxiv f] sc; 
apyfjc; EuDsTa. 



Eu-dsTa yap ypappf) f] AB axpov xal pisoov Xoyov 
TExpiriCT-dw xaxa xo T CTrjpsfov, xal ectxw psTifov xpfjpa f) 
Ar, xal xrj Ar for) [xsfoDw] f) AA. Xsyw, oxi f] AB suhsTa 
axpov xal [iectov Xoyov xsx(ir)xai xaxa xo A, xal xo pslifov 
xprjpa ectxiv f) e^ apxfji; suhsTa f) AB. 

Avaysypacpha) yap axo xfjc; AB xExpaytovov xo AE, xal 
xaxayEypacpDw xo CTyfjpa. sxsl f) AB axpov xal piciov Xoyov 
xsxpTpai xaxa xo T, xo apa uxo ABr foov ectx! x£S axo Ar. 
xal ectxi to pisv uxo ABr xo TE, xo Se axo xfjc; Ar xo r0- 
foov apa xo HE xo 0r. aXXa xo (isv TE foov ectxi xo 0E, 
xw 8s 0r foov xo A0- xal xo A0 apa foov ectxI x£3 0E 
[xoivov xpoCTXEurdo xo 0B[. oXov apa xo AK oXw xo AE 
ectxiv foov. xal ectxi to (i£v AK xo 0x6 xov BA, AA- for) 


contained) by ABC is thus equal to the (square) on AC 
[Def. 6.3, Prop. 6.17]. And AA" is the (rectangle con¬ 
tained) by ABC, and HG the (square) on AC. Thus, 
A A' is equal to HG. And since A A is equal to FE 
[Prop. 1.43], let CI\ have been added to both. Thus, 
the whole of AK is equal to the whole of CE. Thus, AK 
plus CE is double AK. But, AI< plus CE is the gnomon 
LMN plus the square CK. Thus, gnomon LMN plus 
square CK is double AK. But, indeed, AK was also 
shown (to be) equal to HG. Thus, gnomon LMN plus 
[square CK is double HG. Hence, gnomon LMN plus] 
the squares CK and HG is three times the square HG. 
And gnomon LMN plus the squares CK and HG is the 
whole of AE plus CK — which are the squares on AB 
and BC (respectively)—and GH (is) the square on AC. 
Thus, the (sum of the) squares on AB and BC is three 
times the square on AC. (Which is) the very thing it was 
required to show. 


Proposition 5 

If a straight-line is cut in extreme and mean ratio, and 
a (straight-line) equal to the greater piece is added to it, 
then the whole straight-line has been cut in extreme and 
mean ratio, and the original straight-line is the greater 
piece. 



For let the straight-line AB have been cut in extreme 
and mean ratio at point C. And let AC be the greater 
piece. And let AD be [made] equal to AC. I say that the 
straight-line DB has been cut in extreme and mean ratio 
at A, and that the original straight-line AB is the greater 
piece. 

For let the square AE have been described on AB, 
and let the (remainder of the) figure have been drawn. 
And since AB has been cut in extreme and mean ratio at 
C, the (rectangle contained) by ABC is thus equal to the 
(square) on AC [Def. 6.3, Prop. 6.17]. And CE is the 
(rectangle contained) by ABC, and CH the (square) on 
AC. But, HE is equal to CE [Prop. 1.43], and DH equal 
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yap rj AA xfj AA- to Se AE to axo Tfj<; AB- to apa uxo 
tAv BAA igov egtI tA axo Tfjc; AB. egtiv apa A; t\ AB 
xpo; tt]v BA, outok f) BA xpo; ttjv AA. piei^wv 8s f) AB 
Tfjc; BA- apa xai f) BA Tfj; AA. 

H apa AB axpov xai psoov Xoyov TETprpai xaxa to A, 
xai to psTi^ov T(if)pta egtiv rj AB- oxsp e8ei SsT^ai. 


9'. 

’Eav su-dsla pr)TT) axpov xai psoov Xoyov TprjDfj, 
Excfcspov tAv TpirjpiaTCov aXoyo; egtiv f) xaXoupsvr] axo- 
Topir). 

A A r B 

I-1-1-1 

’'Egtm su-deia prjTT) f] AB xai TETpf|Gf}M axpov xai psoov 
Xoyov xaxa to T, xai sgtco psTi^ov xprjpa f) Ar- Xsyw, oti 
Exaxspa tAv AT, TB aXoyo; egtiv f] xaXoupsvr) axoTopf]. 

’ExpspXrio'dw yap f] BA, xai XEicdw Tfj; BA f]pio£ia 
V) AA. exsI ouv su-dsla f] AB TETprpai axpov xai psoov 
Xoyov xaxa to E, xai tA psli^ovi TprjpaTi tA AT xpooxcixai 
f] A A fjplaEia ouoa Tfjc; AB, to apa and TA tou axo A A 
xsvTaxXaoiov egtiv. to apa axo TA xpo; to axo AA Xoyov 
sysi, ov api-dpo; xpo; api-dpov ouppETpov apa to axo TA 
tA axo AA. prycov 8s to axo AA- prjTr) yap [egtiv] t) AA 
f]p[o£ia ouaa Tfjc; AB pr]T7^c; ouarjc;- prpov apa xai to axo 
TA- pr)TT) apa eotI xai rj TA. xai exeI to axo TA xpo; 
to axo AA Xoyov oux cyst, ov TETpaywvo; apiDpo; xpo; 
TETpaycovov apiOpov, aouppsTpo; apa pr)X£i f) TA Tfj AA- ai 
TA, AA apa prjTai sioi Suvapsi povov ouppsTpoc axoTopf) 
apa egtIv f) AT. xaXiv, sxsl f] AB axpov xai psoov Xoyov 
TETptrjTai, xai to psT^ov Tprjpa egtiv fj Ar, to apa 0x6 AB, 
Br tA axo AT laov egtiv. to apa axo Tfjc Ar axoToprjc; 
xapa tt)v AB prjTfjv xapapXrydsv xXolto; xoieT tt)v Br. to 
8e axo axoToprjc; xapa prp:f]v xapa|3aXX6p£vov xXocto; xoieT 
axoTO(jf]v xpAxrjv axoxopf) apa xpAxr) egtiv f) TB. sSEixflr] 
8 e xai f) BA axoTopf]. 

’Eav apa sO-dsTa pr]TT] axpov xai psoov Xoyov Tpyydfj, 
sxaTEpov tAv Tprjporcwv aXoyoc; egtiv f] xaXoupsvr] axo- 
Topuy oxsp s8si 8sTl;ai. 


to HC. Thus, DH is also equal to HE. [Let HB have 
been added to both.] Thus, the whole of DK is equal to 
the whole of AE. And DK is the (rectangle contained) 
by BD and DA. For AD (is) equal to DL. And AE (is) 
the (square) on AB. Thus, the (rectangle contained) by 
BDA is equal to the (square) on AB. Thus, as DB (is) 
to BA, so BA (is) to AD [Prop. 6.17]. And DB (is) 
greater than BA. Thus, BA (is) also greater than AD 
[Prop. 5.14]. 

Thus, DB has been cut in extreme and mean ratio at 
A, and the greater piece is AB. (Which is) the very thing 
it was required to show. 

Proposition 6 

If a rational straight-line is cut in extreme and mean 
ratio then each of the pieces is that irrational (straight- 
line) called an apotome. 

DA C B 

1-1-1-1 

Let AB be a rational straight-line cut in extreme and 
mean ratio at C, and let AC be the greater piece. I say 
that AC and CB is each that irrational (straight-line) 
called an apotome. 

For let BA have been produced, and let AD be made 
(equal) to half of BA. Therefore, since the straight- 
line AB has been cut in extreme and mean ratio at C, 
and AD, which is half of AB, has been added to the 
greater piece AC, the (square) on CD is thus five times 
the (square) on DA [Prop. 13.1]. Thus, the (square) on 
CD has to the (square) on DA the ratio which a number 
(has) to a number. The (square) on CD (is) thus com¬ 
mensurable with the (square) on DA [Prop. 10.6], And 
the (square) on DA (is) rational. For DA [is] rational, 
being half of AB, which is rational. Thus, the (square) 
on CD (is) also rational [Def. 10.4]. Thus, CD is also 
rational. And since the (square) on CD does not have 
to the (square) on DA the ratio which a square num¬ 
ber (has) to a square number, CD (is) thus incommensu¬ 
rable in length with DA [Prop. 10.9]. Thus, CD and DA 
are rational (straight-lines which are) commensurable in 
square only. Thus, AC is an apotome [Prop. 10.73]. 
Again, since AB has been cut in extreme and mean ratio, 
and AC is the greater piece, the (rectangle contained) by 
AB and BC is thus equal to the (square) on AC [Def. 6.3, 
Prop. 6.17]. Thus, the (square) on the apotome AC, ap¬ 
plied to the rational (straight-line) AB, makes BC as 
width. And the (square) on an apotome, applied to a 
rational (straight-line), makes a first apotome as width 
[Prop. 10.97]. Thus, CB is a first apotome. And CA was 
also shown (to be) an apotome. 
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c. 

’Eav xevxayAvou iaoxXEupou at xpcfo ywviai rjxoi ai 
xaxa xo fj ai pf] xaxa xo foai Saw, iaoyAviov 

caxai xo xEvxaytovov. 


A 



r a 


IlEvxayAvou yap iaoxAcupov xoO ABrAE ai xpsfo 
ya>viai xpoxcpov ai xaxa xo £c;rjc; ai xpoc; xofo A, B, F foai 
aXXr|Xai<; eoxwaav Xeyw, oxl iaoyAviov saxi xo ABrAE 
xcvxaycovov. 

’Exe^EuyTlwaav yap ai Ar, BE, ZA. xai ex si 60o ai 
TB, BA 8uai xafo BA, AE foai siaiv sxaxspa sxaxspa, xai 
yorvia f) 0x6 TBA ywvia xfj 6x6 BAE saxiv for], pdaic; apa f] 
Ar pdaEL xfj BE Saxiv for], xai xo ABr xpiywvov xA ABE 
xpiyAvqr foov, xai ai Aoixai ycoviai xafo Aoixafo ycoviaic; foal 
saovxai, Ocp’ ac; ai foai xXsupai Oxoxsivooaiv, f] psv 0x6 BFA 
xfj 0x6 BEA, f] 8s 0x6 ABE xfj 0x6 TAB- Acres xai xXsupa 
f) AZ xXsopa xfj BZ saxLv for]. sBsixdr] os xai oXrj f] Ar 
okr\ xfj BE for]- xai Xoixf] apa f] Zr Xoixfj x^ ZE eoxlv for]. 
eoxl 8s xai f] TA xfj AE for]. 50o 5f] ai Zr, TA 8uoi xafo 
ZE, EA iaai siaiv xai pdau; aOxAv xoivf) f] ZA- ywvia apa 
f) 0x6 ZrA ycovia xfj 0x6 ZEA saxiv for], sosix-dr) 8e xai 
f] 0x6 BFA xfj 0x6 AEB for]- xai okr\ apa f] 0x6 BrA oXrj 
xfj 0x6 AEA for), aXX’ f] 0x6 BrA for] Oxoxsixai xafo xpoc; 
xofo A, B ywviaic;- xai f] 0x6 AEA apa xafo xpo<; xofo A, B 
yorviaii; for] saxiv. ojjioiwc; Sr] 8£i^o(i£v, oxi xai f] 0x6 TAE 
yorvia for] saxi xafo xpo<; xofo A, B, T ywviai<;- iaoyoviov 
apa saxi xo ABrAE xsvxayorvov. 

AXXa 8f] pf) saxwaav iaai ai xaxa xo s^fjc; yorviai, aXX’ 
saxwaav iaai ai xpoc; xofo A, T, A ar]p£ioi<;- Xsyco, oxl xai 
oox6K iaoyAviov saxi xo ABrAE xsvxaywvov. 

’ExE^Euydor yap f] BA. xai sxsi 8uo ai BA, AE 8uai 
xafo Br, TA iaai siai xai ywviac; iaac; xspisxouaiv, pdaic; 
apa f] BE pdasi xfj BA iarj saxiv, xai xo ABE xpiywvov xA 
BrA xpiyAvcp foov saxiv, xai ai Aoixai yorviai xafo Aoixafo 
yorviaic; iaai saovxai, Ocp’ ac; ai iaai xXsupai Oxoxsivooaiv- 


Thus, if a rational straight-line is cut in extreme and 
mean ratio then each of the pieces is that irrational 
(straight-line) called an apotome. 

Proposition 7 

If three angles, either consecutive or not consecutive, 
of an equilateral pentagon are equal then the pentagon 
will be equiangular. 



C D 


For let three angles of the equilateral pentagon 
ABODE —first of all, the consecutive (angles) at A, B, 
and C —be equal to one another. I say that pentagon 
ABODE is equiangular. 

For let AC, BE, and FD have been joined. And since 
the two (straight-lines) OB and BA are equal to the two 
(straight-lines) BA and AE, respectively, and angle OB A 
is equal to angle BAE, base AC is thus equal to base 
BE, and triangle ABC equal to triangle ABE, and the 
remaining angles will be equal to the remaining angles 
which the equal sides subtend [Prop. 1.4], (that is), SC A 
(equal) to BEA, and ABE to CAB. And hence side AF 
is also equal to side BF [Prop. 1.6]. And the whole of AC 
was also shown (to be) equal to the whole of BE. Thus, 
the remainder FC is also equal to the remainder FE. 
And CD is also equal to DE. So, the two (straight-lines) 
FC and CD are equal to the two (straight-lines) FE and 
ED (respectively). And FD is their common base. Thus, 
angle FCD is equal to angle FED [Prop. 1.8]. And BCA 
was also shown (to be) equal to AEB. And thus the 
whole of BCD (is) equal to the whole of AED. But, 
(angle) BCD was assumed (to be) equal to the angles at 
A and B. Thus, (angle) AED is also equal to the angles 
at A and B. So, similarly, we can show that angle CDE 
is also equal to the angles at A, B, C. Thus, pentagon 
ABODE is equiangular. 

And so let consecutive angles not be equal, but let 
the (angles) at points A, C, and D be equal. I say that 
pentagon ABODE is also equiangular in this case. 

For let BD have been joined. And since the two 
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for) apa eaxiv f) uno AEB ytovla xfj uno TAB. eaxi 8e xal 
f) 0x6 BEA ywvla xfj 0x6 BAE far), end xal xXeupa f] BE 
xXeupa xfj BA eaxiv for], xal oXrj apa f] 0no AEA yoovla 
oXr) xfj 0x6 TAE eaxiv for). aXXa f] 0x6 TAE xafo xpoc; xofo 
A, r yorvlaic; Oxoxeixai fory xal f] uno AEA apa ycovla xafo 
npoc; xofo A, T for] eaxiv. 8ia xa auxa 8f] xal f] uno ABr for] 
eaxl xafo npoc; xofo A, T, A yoviaig. fooyAviov apa eaxl xo 
ABrAE xevxaycovov- onep e8ei befoai. 


*)'• 

’Eav xevxayAvou iaonXeupou xal iaoywviou xac; xaxa 
xo tfofjc; 8uo y«via<; Oxoxelvcuaiv euDeTai, axpov xal peaov 
Xoyov xepvouaiv aXXf]Xac;, xal xa pid^ova aux£3v x(if]p.axa 
foa eaxl xfj xou nevxayAvou nXeupa. 

A 



IlevxayAvou yap EaonXeupov xal iaoywviou xou ABrAE 
Suo ytoviac; xac; xaxa xo e^fjc; xac; npoc; xofo A, B uno- 
xeivextoaav euDeiai al AI\ BE xejivouaai aXXr^Xac; xaxa xo 
0 ar]|ielov Xeyw, oxi exaxepa auxwv axpov xal (ieaov Xoyov 
xex|ir]xai xaxa xo 0 ar]p.eiov, xal xa (id^ova auxwv x|if]p.axa 
foa eaxl xfj xou nevxayAvou nXeupa. 

nepiyeypacpflco yap nepl xo ABrAE nevxaywvov xuxXoc; 
6 ABrAE. xal end 8uo euDelai al EA, AB 8ual xafo 
AB, Br foai eial xal ytoviac; foac; nepieyouaiv, paaic; apa 
f] BE paaei xfj Ar for) eaxiv, xal xo ABE xplytovov xw 
ABr xpiyAvtp foov eaxiv, xal al Xomal ycuvlai xafo Xomafo 
ywvlaic; foai eaovxai exaxepa exaxepa, ucp’ a<; al foai nXeupal 
unoxelvouaiv. for) apa eaxiv f] uno BAr ywvla xfj uno ABE- 
8mXfj apa f) uno A0E xfjc; uno BA0. eaxi 8e xal f] uno EAE 
xfjc; uno BAr SmXfj, enei8f]nep xal nepupepeia f| EAr nepi- 
(pepelac; xfjc; TB eaxi SmXfj- for] apa f] uno 0AE ywvla xfj 
uno A0E- Aaxe xal f] 0E eufleia xfj EA, xouxeaxi xfj AB 


(straight-lines) BA and AE are equal to the (straight¬ 
lines) BC and CD, and they contain equal angles, base 
BE is thus equal to base BD, and triangle ABE is equal 
to triangle BCD, and the remaining angles will be equal 
to the remaining angles which the equal sides subtend 
[Prop. 1.4]. Thus, angle AEB is equal to (angle) CDB. 
And angle BED is also equal to (angle) BDE, since side 
BE is also equal to side BD [Prop. 1.5], Thus, the whole 
angle AED is also equal to the whole (angle) CDE. But, 
(angle) CDE was assumed (to be) equal to the angles at 
A and C. Thus, angle AED is also equal to the (angles) 
at A and C. So, for the same (reasons), (angle) ABC is 
also equal to the angles at A, C, and D. Thus, pentagon 
ABCDE is equiangular. (Which is) the very thing it was 
required to show. 

Proposition 8 

If straight-lines subtend two consecutive angles of an 
equilateral and equiangular pentagon then they cut one 
another in extreme and mean ratio, and their greater 
pieces are equal to the sides of the pentagon. 


A 



For let the two straight-lines, AC and BE, cutting one 
another at point H, have subtended two consecutive an¬ 
gles, at A and B (respectively), of the equilateral and 
equiangular pentagon ABCDE. I say that each of them 
has been cut in extreme and mean ratio at point H, and 
that their greater pieces are equal to the sides of the pen¬ 
tagon. 

For let the circle ABCDE have been circumscribed 
about pentagon ABCDE [Prop. 4.14]. And since the two 
straight-lines EA and AB are equal to the two (straight¬ 
lines) AB and BC (respectively), and they contain equal 
angles, the base BE is thus equal to the base AC, and tri¬ 
angle ABE is equal to triangle ABC, and the remaining 
angles will be equal to the remaining angles, respectively, 
which the equal sides subtend [Prop. 1.4]. Thus, angle 
BAG is equal to (angle) ABE. Thus, (angle) AHE (is) 
double (angle) BAH [Prop. 1.32]. And EAC is also dou- 
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saxiv far), xal sxsl far) saxiv f) BA su-dsla xfj AE, far) sax! 
xal yovia f] 0x6 ABE xfj 0x6 AEB. aAAa f) 0x6 ABE xfj 
0x6 BA0 eBeiydr) for)- xal f) 0x6 BEA apa xfj 0x6 BA0 
saxiv far), xal xoivf) xuv 8uo xpiywvcw xou xs ABE xal 
xou AB0 saxiv f) 0x6 ABE- Aoixf] apa f) 0x6 BAE ycrvia 
Xoixfj xfj 0x6 A0B sgxlv for)- fooyciviov apa saxl xo ABE 
xpiyorvov xu AB0 xpiyAvcy avaAoyov apa saxiv (b; f] EB 
xpo; xfjv BA, ouxm; f) AB xpo<; xfjv B0. far) 6s f) BA xfj 
E0- (b; apa f) BE xpo; xf)v E0, ouxm; f] E0 xpo; xfjv 0B. 
psii^wv os f) BE xfj? E0- psKorv apa xal f) E0 xrj; 0B. f) 
BE apa axpov xal psaov Xoyov xsx(ir)xai xaxa xo 0, xal xo 
pslifov xprjpa xo 0E foov saxl xfj xou xsvxaycovou xXsupa. 
opoiox; 8f) 8si5opsv, oxi xal f] Ar axpov xal psaov Xoyov 
xsxprpai xaxa xo 0, xal xo pslifov auxrj; xpfjpa f) T0 foov 
saxl xfj xou xsvxaycbvou xXsupa- oxsp s8si osl^ai. 


6 '. 

’Eav f) xou s^aytovou xXsupa xal f) xou Ssxaycbvou xwv 
sic; xov aOxov xuxXov syypacpopsvtov auvxsOcfoiv, f) oAr) 
su-dsla axpov xal psaov Xoyov xsxprpai, xal xo (isl^ov auxrj; 
xpfjpa saxiv f) xou slfayAvou xXsupa. 



Tfoxa> xuxAo; 6 ABT, xal xwv si; xov ABT xuxXov 
syypacpopsvcov ayr)(iaxtov, 8sxay<bvou psv saxto xXsupa f) 
Br, Sc;aycbvou 8s f) TA, xal saxoraav sx’ sudsiac;- Asyor, oxi 
f] oXr) su-dsla f) BA axpov xal psaov Xoyov xsx(ir)xai, xal xo 
pslifov auxfj; xprjpa saxiv f] TA. 

EiAijcp-dM yap xo xsvxpov xou xuxXou xo E ar)pslov, xal 
ExsCeuxifwaav al EB, Er, EA, xal 8if)xdw l) BE sxl xo 


ble BAG, inasmuch as circumference EDC is also dou¬ 
ble circumference CB [Props. 3.28, 6.33]. Thus, angle 
HAE (is) equal to (angle) AHE. Hence, straight-line 
HE is also equal to (straight-line) EA —that is to say, 
to (straight-line) AB [Prop. 1.6]. And since straight-line 
BA is equal to AE, angle ABE is also equal to AEB 
[Prop. 1.5]. But, ABE was shown (to be) equal to BAH. 
Thus, BEA is also equal to BAH. And (angle) ABE is 
common to the two triangles ABE and ABH. Thus, the 
remaining angle BAE is equal to the remaining (angle) 
AHB [Prop. 1.32], Thus, triangle ABE is equiangular to 
triangle ABH. Thus, proportionally, as EB is to BA, so 
AB (is) to BH [Prop. 6.4]. And BA (is) equal to EH. 
Thus, as BE (is) to EH, so EH (is) to HB. And BE 
(is) greater than EH. EH (is) thus also greater than 
HB [Prop. 5.14]. Thus, BE has been cut in extreme and 
mean ratio at H, and the greater piece HE is equal to 
the side of the pentagon. So, similarly, we can show that 
AC has also been cut in extreme and mean ratio at H, 
and that its greater piece CH is equal to the side of the 
pentagon. (Which is) the very thing it was required to 
show. 

Proposition 9 

If the side of a hexagon and of a decagon inscribed 
in the same circle are added together then the whole 
straight-line has been cut in extreme and mean ratio (at 
the junction point), and its greater piece is the side of the 
hexagon.1 



D 


Let ABC be a circle. And of the figures inscribed in 
circle ABC, let BC be the side of a decagon, and CD (the 
side) of a hexagon. And let them be (laid down) straight- 
on (to one another). I say that the whole straight-line 
BD has been cut in extreme and mean ratio (at C), and 
that CD is its greater piece. 

For let the center of the circle, point E, have been 
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A. £n si 8sxayAvou iaoxXsupov xXsupa saxiv V) Br, xsvxa- 
xXaaicov apa f) ATB xspirpspsia xrjc BT xspicpspsiac;' xs- 
xpaxXaaicnv apa f) Ar Ttspicpspsia xfjc; FB. (Ik; 8s Y] Ar tcs- 
picpspsia itpoc; xfjv FB, ouxco<; Y] uito AEr ycnvia Ttpoc; xy]v 
uito FEB - xsxpaTtXaaicnv apa Y) 0x6 AEr xfjc; 0xo TEB. xai 
sxsl for] Y] 0x6 EBr ycnvia xfj 0x6 ErB, f] apa 0x6 AEr 
yoovia SixXaaia saxi xfjc 0x6 ErB. xai sxsl lcty] saxiv Y] Er 
suilsTa xfj TA- sxaxspa yap auxAvTaY] saxi xfj xou s<;ayAvou 
xXsupa xou sic; xov ABr xuxXov [syypacpopsvou] • iaY] saxi 
xai Y) 0x6 TEA ycnvia xfj 0x6 TAE ycnviqc OtxXaaia apa 
Y) 0x6 ErB ywvia xfjc; 0x6 EAr. aXXa x'qc; 0x6 ErB 5i- 
xXaaia EBsiy-OY) Y) 0x6 AEr- xsxpaxXaaia apa tq 0x6 AEr 
xfjc; 0x6 EAr. sSsiydY] 6s xai xfjc 0x6 BEr xsxpaxXaaia 
Y] 0x6 AEr- iaY) apa Y] 0x6 EAr x^ 0x6 BEr. xoivf) 8 s 
xov 86o xpiyovov, xou xs BEr xai xou BEA, Y] 0x6 EBA 
yovia- xai Xoixf) apa yj 0x6 BEA xfj 0x6 ErB saxiv iaY]' 
iaoyoviov apa saxi xo EBA xpiyo^vov xo EBr xpiyovo. 
avaXoyov apa saxiv Ac Y] AB xpoc xyjv BE, ouxoc ^] EB 
xpoc xyjv Br. iaY] 8s Y] EB xfj TA. saxiv apa Ac Y] BA xpoc 
xy]v Ar, ouxoc Y] Ar xpoc xyjv TB. pisi^ov 8 s yj BA xfjc 
Ar- pisKov apa xai Y] Ar xfjc TB. Y] BA apa suilsTa axpov 
xai pisaov Xoyov xsx(iY]xai [xaxa xo T], xai xo pisi^ov xpifjjjia 
auxYjc saxiv Y] Ar- oxsp sSsi osi^ai- 


found [Prop. 3.1], and let EB, EC, and ED have been 
joined, and let BE have been drawn across to A. Since 
BC is a side on an equilateral decagon, circumference 
ACB (is) thus five times circumference BC. Thus, cir¬ 
cumference AC (is) four times CB. And as circumference 
AC (is) to CB, so angle AEC (is) to CEB [Prop. 6.33]. 
Thus, (angle) AEC (is) four times CEB. And since angle 
EBC (is) equal to ECB [Prop. 1.5], angle AEC is thus 
double ECB [Prop. 1.32]. And since straight-line EC is 
equal to CD —for each of them is equal to the side of the 
hexagon [inscribed] in circle ABC [Prop. 4.15 corn]— 
angle CED is also equal to angle CDE [Prop. 1.5]. Thus, 
angle ECB (is) double EDC [Prop. 1.32]. But, AEC 
was shown (to be) double ECB. Thus, AEC (is) four 
times EDC. And AEC was also shown (to be) four times 
BEC. Thus, EDC (is) equal to BEC. And angle EBD 
(is) common to the two triangles BEC and BED. Thus, 
the remaining (angle) BED is equal to the (remaining 
angle) ECB [Prop. 1.32], Thus, triangle EBD is equian¬ 
gular to triangle EBC. Thus, proportionally, as DB is to 
BE, so EB (is) to BC [Prop. 6.4]. And EB (is) equal 
to CD. Thus, as BD is to DC, so DC (is) to CB. And 
BD (is) greater than DC. Thus, DC (is) also greater 
than CB [Prop. 5.14]. Thus, the straight-line BD has 
been cut in extreme and mean ratio [at C], and DC is its 
greater piece. (Which is), the very thing it was required 
to show. 


1 If the circle is of unit radius then the side of the hexagon is 1, whereas the side of the decagon is (1/2) (\/5 — 1). 


i. Proposition 10 


’Eav sic; xuxXov xsvxaycovov iaoxXsupov syypacpfj, Y] xou 
xsvxayAvou xXsupa Suvaxai xrjv xs xou s^ayAvou xai xy]v 
xou SsxayAvou xAv sic; xov auxov xuxXov syypacpopsvcov. 



If an equilateral pentagon is inscribed in a circle then 
the square on the side of the pentagon is (equal to) the 
(sum of the squares) on the (sides) of the hexagon and of 
the decagon inscribed in the same circled 
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’'Egtco xuxXoc; 6 ABrAE, xal sic; to ABrAE xuxXov 
xEVTaywvov laoxXsupov syysYpdcp'dw to ABrAE. Xcyto, 
oti f) tou ABrAE xevTayAvou xXeupa BuvaTat Tf|v te tou 
ccfoyAvou xal tiqv tou BcxayAvou xXcupav tAv Etc; tov 
ABrAE xuxXov Eyypacpopsvcov. 

EiX^cpllw yap to xsvTpov tou xuxXou to Z arpetov, xal 
ETU^suyOslaa f) AZ Bir)xffo> sxl to H orjpEfov, xal exeCeuxOco 
f) ZB, xal axo tou Z sxl ttjv AB xadsTog t]x^ w h Z0, xal 
Bt^x^ sxl to K, xal EXECEUxOMoav at AK, KB, xal xaXiv 
axo tou Z etu ttjv AK xad£TO<; rjxDo h ZA, xal Bt^x^ eAt 
to M, xal eke^euxDo) f) KN. 

’Exd tar] egtIv rj ABrH XEpicpEpsia Tfj AEAH xcpt- 
cpspEta, Sv fj ABr Tfj AEA egtiv for], Xoixf] apa f] TH 
TiEptcpspsia Xotxfj Tfj HA egtiv tor]. xevTayAvou Be f) TA- 
BsxayAvou apa f] TH. xal exeI for] egtIv f] ZA Tfj ZB, xal 
xadsToc; f) Z0, far) apa xal f] 0x6 AZK ywvta Tfj 0x6 KZB. 
Agte xal xEpicpspEia f) AK Tfj KB egtiv tar) - BtxXfj apa f) 
AB XEpicpEpsia Tfjc; BK xEpicpspEiat;' BcxayAvou apa xXeupa 
egtlv f) AK suDsTa. Bta Ta auTa Sr] xal f] AK Tfjc; KM eoti 
BtxXfj. xal exeI BtxXfj egtiv f) AB XEpicpEpsia Tfjc; BK xspi- 
cpEpEtac;, tor] Be f) TA xEptcpspeta Tfj AB xEptcpspEta, BtxXfj 
apa xal f) TA xEpLcpspEta t^c; BK xspicpEpEiac;. egti Be f) TA 
XEpicpEpsia xal Tfjc; TH BtxXfj - for) apa f] TH xsptcpspEta Tfj 
BK xEptcpspEta. aXXa f) BK Tfjc; KM eoti BtxXfj, exe'i xal 
f) KA- xal f) TH apa Tfjc; KM eoti BtxXfj. aXXa ptf]v xal f] 
TB xEptcpspeta Tfjc; BK xEpicpEpelac; egtI BtxXfj' tor] yap f] 
TB xspicpEpEia Tfj BA. xal oXr) apa f] HB xEpicpspeia Tfjc; 
BM egti BtxXfj' wote xal yorvla f] 0x6 HZB ycuvtac; Tfjc; 0x6 
BZM [eoti] BtxXfj. eoti Be f) 0x6 HZB xal Tfjc; 0x6 ZAB 
BtxXfj- for] yap f] 0x6 ZAB Tfj 0x6 ABZ. xal f] 0x6 BZN apa 
Tfj 0x6 ZAB egtlv tor), xotvf) Be twv Suo TptycOvcov, tou 
te ABZ xal tou BZN, f) 0x6 ABZ ywvta- Xoixf] apa f) 0x6 
AZB Xotxfj Tfj 0x6 BNZ egtiv for]' tooycOvLov apa egtI to 
ABZ Tptyorvov to BZN Tptycovw. avaXoyov apa egtiv Ac; f) 
AB sODeTa xpoc; Tfjv BZ, outox f] ZB xpoc; Tf)v BN- to apa 
0x6 tAv ABN loov egt'i tA axo BZ. xaXtv exsl tor] egtiv f] 
AA Tfj AK, xotvf) Be xal xpoc; opilai; f) AN, pdotc; apa f] KN 
pdoEt Tfj AN egtiv for]' xal ycuvta apa f] 0x6 AKN yorvta Tfj 
0x6 AAN egt tv tarj. aXXa f] 0x6 AAN Tfj 0x6 KBN egtiv 
tor]' xal f] 0x6 AKN apa Tfj 0x6 KBN egtiv tor], xal xotvf] 
tAv Buo TptyAvov tou te AKB xal tou AKN f] xpoc; tA 
A. Xoixf] apa f] 0x6 AKB Xotxfj Tfj 0x6 KNA egtlv for]' 
fooyAviov apa egt'i to KBA Tptywvov tA KNA TptyAvor. 
avaXoyov apa egt'lv A<; f] BA euDsTa xpoc; xf]v AK, outcx 
f) KA xpoc; xf]v AN' to apa 0x6 tAv BAN foov egt'i tA 
axo Tfjc; AK. eBsix'dr] Be xal to 0x6 tAv ABN foov tA axo 
Tfjc; BZ' to apa 0x6 tAv ABN piETa tou 0x6 BAN, oxep 
egt'i to axo Tfjc; BA, foov egt'i tA axo Tfjc; BZ piETa tou axo 
Tfjc; AK. xal egtiv f) ptev BA xevTayAvou xXeupa, f] Be BZ 
ecfoyAvou, f] Be AK BsxayAvou. 

'H apa tou xevTayAvou xXeupa BuvaTat t f\v te tou 


Let ABODE be a circle. And let the equilateral pen¬ 
tagon ABODE have been inscribed in circle ABODE. I 
say that the square on the side of pentagon ABODE is 
the (sum of the squares) on the sides of the hexagon and 
of the decagon inscribed in circle ABODE. 

For let the center of the circle, point F, have been 
found [Prop. 3.1]. And, AF being joined, let it have been 
drawn across to point G. And let FB have been joined. 
And let FH have been drawn from F perpendicular to 
AB. And let it have been drawn across to K. And let AK 
and KB have been joined. And, again, let FL have been 
drawn from F perpendicular to AK. And let it have been 
drawn across to M. And let KN have been joined. 

Since circumference ABCG is equal to circumference 
AEDG, of which ABC is equal to AED, the remain¬ 
ing circumference CG is thus equal to the remaining 
(circumference) GD. And CD (is the side) of the pen¬ 
tagon. CG (is) thus (the side) of the decagon. And since 
FA is equal to FB, and FH is perpendicular (to AB), 
angle AFK (is) thus also equal to KFB [Props. 1.5, 
1.26]. Hence, circumference AK is also equal to KB 
[Prop. 3.26]. Thus, circumference AB (is) double cir¬ 
cumference BK. Thus, straight-line AI< is the side of 
the decagon. So, for the same (reasons, circumference) 
AK is also double KM. And since circumference AB 
is double circumference BK, and circumference CD (is) 
equal to circumference AB, circumference CD (is) thus 
also double circumference BK. And circumference CD 
is also double CG. Thus, circumference CG (is) equal 
to circumference BK. But, BK is double KM, since 
KA (is) also (double KM). Thus, (circumference) CG 
is also double KM. But, indeed, circumference CB is 
also double circumference BK. For circumference CB 
(is) equal to BA. Thus, the whole circumference GB 
is also double BM. Hence, angle GFB [is] also dou¬ 
ble angle BFM [Prop. 6.33], And GFB (is) also dou¬ 
ble FAB. For FAB (is) equal to ABF. Thus, BFN 
is also equal to FAB. And angle ABF (is) common to 
the two triangles ABF and BFN. Thus, the remain¬ 
ing (angle) AFB is equal to the remaining (angle) BNF 
[Prop. 1.32]. Thus, triangle ABF is equiangular to trian¬ 
gle BFN. Thus, proportionally, as straight-line AB (is) 
to BF, so FB (is) to BN [Prop. 6.4]. Thus, the (rectan¬ 
gle contained) by ABN is equal to the (square) on BF 
[Prop. 6.17]. Again, since AL is equal to LI\, and LN 
is common and at right-angles (to KA), base KN is thus 
equal to base AN [Prop. 1.4]. And, thus, angle LKN 
is equal to angle LAN. But, LAN is equal to KBN 
[Props. 3.29, 1.5]. Thus, LKN is also equal to KBN. 
And the (angle) at A (is) common to the two triangles 
AKB and AKN. Thus, the remaining (angle) AKB is 
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Ec^aycuvou xal xf)v tou BExaycovou tuv etc; tov auxov xuxXov 
EyypacpopEvcov oTtcp eBei Bsl^ai. 


equal to the remaining (angle) KNA [Prop. 1.32]. Thus, 
triangle KB A is equiangular to triangle KNA. Thus, 
proportionally, as straight-line BA is to .4 A', so K A (is) to 
AN [Prop. 6.4]. Thus, the (rectangle contained) by BAN 
is equal to the (square) on AK [Prop. 6.17]. And the 
(rectangle contained) by ABN was also shown (to be) 
equal to the (square) on BF. Thus, the (rectangle con¬ 
tained) by ABN plus the (rectangle contained) by BAN, 
which is the (square) on BA [Prop. 2.2], is equal to the 
(square) on BF plus the (square) on AK. And BA is the 
side of the pentagon, and BF (the side) of the hexagon 
[Prop. 4.15 corr.], and AK (the side) of the decagon. 

Thus, the square on the side of the pentagon (in¬ 
scribed in a circle) is (equal to) the (sum of the squares) 
on the (sides) of the hexagon and of the decagon in¬ 
scribed in the same circle. 


If the circle is of unit radius then the side of the pentagon is (1/2) \/l0 — 2 CE. 


ia'. 

’Eav si<; xuxXov prjxrjv eyovToc xfjv Biapsxpov TtEVTayto- 
vov iaoTtXsupov syypacpfj, f] tou TCEvxaytovou TiXsupa aXoyoc; 
saxiv f] xaXoupsvr) sXaaatov. 


A 



Etc yap xuxXov tov ABTAE pr)xf)v syovTa xrjv Biapsxpov 
KEVTaycovov looTxXsupov Eyysypacp'dw to ABTAE- Xsyto, 
oti f) tou [ABrAE] KEVTaycovou TtXcupa aXoyoc saxiv f) 
xaXoupsvr) cXotaaorv. 

ElX^cpOw yap to xsvxpov tou xuxXou to Z arjpElov, 
xal EKE^Euyhwaav ai AZ, ZB xal 8ir]X , i)waav era xa H, 0 
arista, xal stce^euxtA) f) AT, xal xeigDcp xrjc AZ TExapxov 
pspoc f) ZK. prjxf) Be f] AZ- prjxf] apa xal f] ZK. saxi Be 
xal f] BZ prjxr)- oXr) apa f] BK prjxr) saxiv. xal etieI Tarj 
saxiv f) ATH TCEpicpspsia xfj AAH TiEpicpspsla, Sv f] ABr 
xfj AEA saxiv far), Xoixfj apa fj TH XoLTifj xfj HA saxiv 
tar), xal sav Eiu^EU^copsv xf]v AA, auvayovxai ophal ai 


Proposition 11 

If an equilateral pentagon is inscribed in a circle which 
has a rational diameter then the side of the pentagon is 
that irrational (straight-line) called minor. 


A 



For let the equilateral pentagon ABCDE have been 
inscribed in the circle ABCDE which has a rational di¬ 
ameter. I say that the side of pentagon [ABCDE] is that 
irrational (straight-line) called minor. 

For let the center of the circle, point F, have been 
found [Prop. 3.1], And let AF and FB have been joined. 
And let them have been drawn across to points G and H 
(respectively). And let AC have been joined. And let FK 
made (equal) to the fourth part of AF. And AF (is) ratio¬ 
nal. FK (is) thus also rational. And BF is also rational. 
Thus, the whole of BK is rational. And since circum¬ 
ference ACC is equal to circumference ADC, of which 
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xpoc to A ycoviai, xod 8ixXrj f] TA xfjc FA. 8ia xa auxa 
8f] xal al xpoc xA M op-hai eiaiv, xal 8ixXfj f\ Ar xfjc TM. 
exel ouv iar) eaxiv f] 0x6 AAr ywvia xfj 0x6 AMZ, xoivr) 
Se xAv Buo xpiyAvorv xou xe ArA xal xou AMZ f] 0x6 
AAr, Xoixf] apa f) 0x6 ArA Xoixfj xfj 0x6 MZA eaxiv iar]- 
laoyAviov apa eaxl xo ArA xpiyuvov xA AMZ xpiyAvw- 
avaXoyov apa eaxiv Ac f] Ar xpoc FA, oux«c f] MZ xpoc 
ZA- xal xAv fjyoupevtov xa BixXaaia- ok apa f) xfjc; Ar 
8ixXfj xpo<; xfjv FA, ouxoc f] xfjc MZ SixXfj xpoc xf)v ZA. 
Ac 8e f) xfjc MZ 8ixXfj xpoc xf]v ZA, ouxok f] MZ xpoc xfjv 
f]piaeiav xfjc ZA- xal Ac apa f] xfjc Ar 8ixXfj xpoc xf)v TA, 
ouxok f) MZ xpoc xf)v fjpiaeiav xfjc ZA- xal xAv exopevwv 
xa f]piaea- Ac apa f] xfjc Ar BixXfj xpoc xfjv fjpiaeiav xfjc 
FA, ouxcoc f] MZ xpoc xo xexaxpov xfjc ZA. xai eaxi xfjc 
pev Ar BixXfj f) Ar, xfjc 8e FA fjpiaeia f) FM, xfjc Be ZA 
xexaxpov pepoc f] ZK- eaxiv apa Ac f] Ar xpoc xf)v FM, 
ouxok f) MZ xpoc xfjv ZK. auvdevxi xal Ac auvapcpoxepoc 
f] ArM xpoc xfjv TM, ouxok f) MK xpoc KZ- xal Ac apa xo 
axo auvapcpoxepou xfjc ArM xpoc xo axo FM, ouxo>c xo 
axo MK xpoc xo axo KZ. xal exel xfjc 0x6 8uo xXeupac xou 
xevxayAvou uxoxeivouarjc, oTov xfjc Ar, axpov xal peaov 
Xoyov xepvopevrjc xo peTijjov xpfjpa laov eaxl xfj xou xev¬ 
xayAvou xXeupa, xouxeaxi xfj Ar, xo 8e peTijjov x(j.fj[j.a xpo- 
aXaPov xf]v fj^iiaeiav xfjc oXfjc xevxaxXaaiov ouvaxai xou 
axo xfjc f]^iae[ac xfjc oXrjc, xai eaxiv oXrjc xfjc Ar f)(iiaeia 
f) FM, xo apa axo xfjc ArM Ac ^tiac xevxaxXaaiov eaxi 
xou axo xfjc FM. Ac 8e xo axo xfjc ArM Ac (iiac xpoc xo 
axo xfjc FM, ouxoc sSeix-dr] xo axo xfjc MK xpoc to axo 
xfjc KZ- xevxaxXaaiov apa xo axo xfjc MK xou axo xfjc 
KZ. prjxov 8e xo axo xfjc KZ- pr]xf) yap f] 8ia(iexpoc' prjxov 
apa xal xo axo xfjc MK- prjxf) apa eaxiv f) MK [8uva^ei 
^tovov]. xal exel xexpaxXaaia eaxiv f] BZ xfjc ZK, xevxa- 
xXaaia apa eaxiv f) BK xfjc KZ- eixoaixevxaxXaaiov apa xo 
axo xfjc BK xou axo xfjc KZ. xevxaxXaaiov 8e xo axo xfjc 
MK xou axo xfjc KZ- xevxaxXaaiov apa xo axo xfjc BK 
xou axo xfjc KM- xo apa axo xfjc BK xpoc to axo KM 
Xoyov oux ex £l > TCTpaywvoc apiD^oc xpoc Texpaywvov 
apiD^ov- aau^CTpoc apa eaxiv f) BK xfj KM (jtrjxei. xai eaxi 
pr)xf) exaxepa auxAv. al BK, KM apa prjxai eiai 8uvd^ei 
Hovov au^expoi. eav 8e axo prjxfjc pr^xr] acpaipe-dfj 8uva^ei 
^xovov aujj^expoc ouaa xfj oXrj, f) Xoixf) aXoyoc eaxiv axo- 
xo)if|- axoxojjif] apa eaxiv f) MB, xpoaap(io£ouaa 8e auxfj f) 
MK. Xeyw 8fj, oxi xal xexapxr). 6 8f] )xeT^6v eaxi xo axo 
xfjc BK xou axo xfjc KM, exeivw Taov eaxo xo axo xfjc N- 
f) BK apa xfjc KM ^eT^ov Suvaxai xfj N. xal exel au^expoc 
eaxiv f) KZ xfj ZB, xal auvdevxi au^expoc eaxi f] KB xfj 
ZB. aXXa f] BZ xfj B0 au^expoc eaxiv xal f) BK apa xfj 
B0 au^jicxpoc eaxiv. xal exel xevxaxXaaiov eaxi xo axo 
xfjc BK xou axo xfjc KM, xo apa axo xfjc BK xpoc xo 
axo xfjc KM Xoyov sx £1 -; £ ev. avaaxpei(>avxi apa 

xo axo xfjc BK xpoc to axo xfjc N Xoyov ex £l i ° v £ ^po? 


ABC is equal to AED, the remainder CG is thus equal 
to the remainder CD. And if we join AD then the angles 
at L are inferred (to be) right-angles, and CD (is inferred 
to be) double CL [Prop. 1.4]. So, for the same (reasons), 
the (angles) at M are also right-angles, and AC (is) dou¬ 
ble CM. Therefore, since angle ALC (is) equal to AMF, 
and (angle) LAC (is) common to the two triangles ACL 
and AMF, the remaining (angle) ACL is thus equal to 
the remaining (angle) MFA [Prop. 1.32], Thus, triangle 
ACL is equiangular to triangle AMF. Thus, proportion¬ 
ally, as LC (is) to CA, so MF (is) to FA [Prop. 6.4]. And 
(we can take) the doubles of the leading (magnitudes). 
Thus, as double LC (is) to CA, so double MF (is) to 
FA. And as double MF (is) to FA, so MF (is) to half of 
FA. And, thus, as double LC (is) to CA, so MF (is) to 
half of FA. And (we can take) the halves of the following 
(magnitudes). Thus, as double LC (is) to half of CA, so 
MF (is) to the fourth of FA. And DC is double LC, and 
CM half of CA, and FK the fourth part of FA. Thus, 
as DC is to CM, so MF (is) to FK. Via composition, as 
the sum of DCM (i.e., DC and CM) (is) to CM, so MK 
(is) to KF [Prop. 5.18]. And, thus, as the (square) on the 
sum of DCM (is) to the (square) on CM, so the (square) 
on MK (is) to the (square) on KF. And since the greater 
piece of a (straight-line) subtending two sides of a pen¬ 
tagon, such as AC, (which is) cut in extreme and mean 
ratio is equal to the side of the pentagon [Prop. 13.8]— 
that is to say, to DC — and the square on the greater piece 
added to half of the whole is five times the (square) on 
half of the whole [Prop. 13.1], and CM (is) half of the 
whole, AC, thus the (square) on DCM, (taken) as one, 
is five times the (square) on CM. And the (square) on 
DCM, (taken) as one, (is) to the (square) on CM, so 
the (square) on MK was shown (to be) to the (square) 
on KF. Thus, the (square) on MK (is) five times the 
(square) on KF. And the square on KF (is) rational. 
For the diameter (is) rational. Thus, the (square) on 
MK (is) also rational. Thus, MK is rational [in square 
only]. And since BF is four times FK, BK is thus five 
times KF. Thus, the (square) on BK (is) twenty-five 
times the (square) on KF. And the (square) on MK 
(is) five times the square on KF. Thus, the (square) 
on BI< (is) five times the (square) on KM. Thus, the 
(square) on BK does not have to the (square) on KM 
the ratio which a square number (has) to a square num¬ 
ber. Thus, BK is incommensurable in length with KM 
[Prop. 10.9]. And each of them is a rational (straight- 
line). Thus, BK and I\M are rational (straight-lines 
which are) commensurable in square only. And if from 
a rational (straight-line) a rational (straight-line) is sub¬ 
tracted, which is commensurable in square only with the 
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8, ouy ov xsxpaycovo; Tipo; xsxpaycnvov aauppsxpo; apa 
eaxlv f) BK xfj N- f) BK apa xfj; KM piel^ov Buvaxai x<S and 
aauppsxpou sauxfj. stieI ouv oXr] f) BK xfj; 7ipoaappoi(ouar]; 
xfj; KM pslc^ov Buvaxai xcb ano aauppsxpou eauxfj, xal okr\ 
fj BK auppsxpo; saxi xfj sxxsipsvr) prjxfj xfj B0, arcoxopf] 
apa xexapxr) eaxlv f) MB. xo 8e utco prjxfj; xal aitoxopfj; 
xsxapxr); Tispisxopsvov opDoycbviov aXoyov Eaxiv, xal f) 5u- 
vapievr) aUxo aXoyo; eaxiv, xaXeTxai 8e eXaxxwv. Buvaxai 
Bs xo (mo xwv 0BM f) AB Bia xo S7ui(suyvupsvr); xfj; A0 
iaoywviov yiveaDai xo AB0 xpiyorvov xo ABM xpiycbvco 
xal svvai (be; xf]v 0B Tipo; xfjv BA, ouxco; xf)v AB xpo; xf]v 
BM. 

H apa AB xou nevxaycbvou nXeupa aXoyoe; eaxiv f] xa- 
Xoupievr] eXaxxov onep eoei BeT^ai. 


whole, then the remainder is that irrational (straight-line 
called) an apotome [Prop. 10.73]. Thus, MB is an apo- 
tome, and MK its attachment. So, I say that (it is) also 
a fourth (apotome). So, let the (square) on N be (made) 
equal to that (magnitude) by which the (square) on BK 
is greater than the (square) on KM. Thus, the square on 
BK is greater than the (square) on KM by the (square) 
on N. And since KF is commensurable (in length) with 
FB then, via composition, I\B is also commensurable (in 
length) with FB [Prop. 10.15], But, BF is commensu¬ 
rable (in length) with BH. Thus, BK is also commen¬ 
surable (in length) with BH [Prop. 10.12], And since 
the (square) on BK is five times the (square) on KM, 
the (square) on BK thus has to the (square) on KM the 
ratio which 5 (has) to one. Thus, via conversion, the 
(square) on BK has to the (square) on N the ratio which 
5 (has) to 4 [Prop. 5.19 corn], which is not (that) of a 
square (number) to a square (number). BK is thus in¬ 
commensurable (in length) with N [Prop. 10.9]. Thus, 
the square on BK is greater than the (square) on KM 
by the (square) on (some straight-line which is) incom¬ 
mensurable (in length) with (BK). Therefore, since the 
square on the whole, BK, is greater than the (square) on 
the attachment, KM, by the (square) on (some straight- 
line which is) incommensurable (in length) with (BK), 
and the whole, BK, is commensurable (in length) with 
the (previously) laid down rational (straight-line) BH, 
MB is thus a fourth apotome [Def. 10.14]. And the 
rectangle contained by a rational (straight-line) and a 
fourth apotome is irrational, and its square-root is that 
irrational (straight-line) called minor [Prop. 10.94]. And 
the square on AB is the rectangle contained by HBM, 
on account of joining AH, (so that) triangle ABH be¬ 
comes equiangular with triangle ABM [Prop. 6.8], and 
(proportionally) as HB is to BA, so AB (is) to BM. 

Thus, the side AB of the pentagon is that irrational 
(straight-line) called minord (Which is) the very thing it 
was required to show. 


t If the circle has unit radius then the side of the pentagon is (1/2) ylO — 2\/5. However, this length can be written in the “minor” form (see 
Prop. 10.94) (p/V 2) ^/l + fc/v/l + fc 2 — (p/V 2) 1 — k/V 1 + k‘ 2 , with p = ^/5/2 and k = 2. 


•P'* 

’Eav etc; xuxXov xpiywvov iaoicXeupov eyypatpfj, fj xou 
xpiycbvou itXsupa Buvapei xpixXaaiwv caxl xfj; sx xou 
xsvxpou xou xuxXou. 

’Eaxo xuxXo; 6 ABF, xal si; auxov xpiywvov iaouXsup- 
ov syysypacpOco xo ABF - Xsycn, oxi xou ABr xpiycbvou pia 
xXsupa Buvapsi xputXaaicov saxl xfj; sx xou xsvxpou xou 
ABr xuxXou. 


Proposition 12 

If an equilateral triangle is inscribed in a circle then 
the square on the side of the triangle is three times the 
(square) on the radius of the circle. 

Let there be a circle ABC, and let the equilateral tri¬ 
angle ABC have been inscribed in it [Prop. 4.2]. I say 
that the square on one side of triangle ABC is three times 
the (square) on the radius of circle ABC. 
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ElXr)(p , d« yap to xcvxpov tou ABr xuxXou to A, xai 
exi^EU/DEloa f] AA 8if]xh« exI to E, xai exe^u^-Om f] BE. 

Kal sxsl looxXsupov egti to ABr xptyorvov, f) BEr apa 
xspicpspEia TpiTov (iepo<; soxi Tfjc; tou ABF xuxXou xspt- 
epepeiac;. f) apa BE xepupepeia extov egti pspoc; Tfjc; tou 
xuxXou TiEpupepeiac E^ayAvou apa saxlv f] BE su-dsla- ior] 
apa egtI xfj ex tou xsvxpou xfj AE. xai exeI 8ixXfj sgtiv f] 
AE Tfj<; AE, TETpaxXaoiov egti to axo Tfjc AE tou axo Tfjc 
EA, toutegti tou axo Tfjc BE. ioov 8e to axo Tfjc AE toTc 
axo twv AB, BE - Ta apa axo tov AB, BE TETpaxXaGia egti 
tou axo xfjc BE. SieXovtl apa to axo Tfjc AB TpixXaoiov 
egti. tou axo BE. Tor] 5s f] BE xfj AE- to apa axo xfjc AB 
xpixXaoiov egti tou axo xfjc AE. 

'H apa xou xpiyAvou xXsupa BuvapiEi. xpixXaoia soxi xfjc 
ex xou xsvxpou [tou xuxXou]- oxsp e8el osT^oa. 


iy'. 

IIupa(ju8a GUox^Gaoifai. xai ocpaipa xspiXapsTv xfj Bo-dsior] 
xai 8El^ai., oti f] xfjc ocpaipac 8i.dpt£Tpoc 8uvapi£i. f]puoX(a soxi 
xfjc xXsupac xfjc xupapi[8oc- 


A 



For let the center, D, of circle ABC have been found 
[Prop. 3.1]. And AD (being) joined, let it have been 
drawn across to E. And let BE have been joined. 

And since triangle ABC is equilateral, circumference 
BEC is thus the third part of the circumference of cir¬ 
cle ABC. Thus, circumference BE is the sixth part of 
the circumference of the circle. Thus, straight-line BE is 
(the side) of a hexagon. Thus, it is equal to the radius 
DE [Prop. 4.15 corn]. And since AE is double DE, the 
(square) on AE is four times the (square) on ED —that 
is to say, of the (square) on BE. And the (square) on 
AE (is) equal to the (sum of the squares) on AB and BE 
[Props. 3.31, 1.47]. Thus, the (sum of the squares) on 
AB and BE is four times the (square) on BE. Thus, 
via separation, the (square) on AB is three times the 
(square) on BE. And BE (is) equal to DE. Thus, the 
(square) on AB is three times the (square) on DE. 

Thus, the square on the side of the triangle is three 
times the (square) on the radius [of the circle]. (Which 
is) the very thing it was required to show. 

Proposition 13 

To construct a (regular) pyramid (i.e., a tetrahedron), 
and to enclose (it) in a given sphere, and to show that 
the square on the diameter of the sphere is one and a 
half times the (square) on the side of the pyramid. 
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E 



’Exxela-dor f] Tfj<; 8ohelar]c; acpalpa? Blapexpa; f) AB, xal 
Texp.rjo'dco xaxa to T aqpelov, Aaxe SixXaalav elvai xrjv Ar 
xfjc TB- xod yeypacpOor era xfjc; AB fjpixuxXiov xo AAB, 
xal r])(Dw axo xoO F arjpieiou xfj AB xpoc; ophac; f) FA, 
xal exei^euxhM f) AA- xal exxelaflM xuxXo<; 6 EZH Tarjv 
eywv xr)v ex xou xevxpou xfj Ar, xal eyyeypacplko etc xov 
EZH xuxXov xplytovov laoxXeupov xo EZH- xal elXrjqj-OciO 
xo xevxpov xou xuxXou xo 0 ar)p.elov, xal eTte^euy-dMaav 
ai E0, 0Z, 0H- xal dveaxaxw axo xou 0 arjpelou xA xou 
EZH xuxXou eraxeScp Ttpoc; opO®; f) 0K, xal dcprjpr^aDw axo 
xfjc; 0K xfj Ar euOela Tar] f) 0K, xal eTte^euxflMaav al KE, 
KZ, KH. xal exel f) K0 op-df) eaxi xpcx; xo xou EZH xuxXou 
eiuxeSov, xal xpoc; xaaac; apa xac; axxojievac; auxfjc; euDelac; 
xal ouaac; ev xA xou EZH xuxXou exixe8w opDac; xol^ctsl 
ywviac;. axxexai 8e auxfjc; exaaxr) xAv 0E, 0Z, 0H- f) 0K 
apa xpoc; exacrur] xAv 0E, 0Z, 0H op-df) eaxiv. xal exel far) 
eaxlv f] ^ev Ar xfj 0K, f] 5e TA xfj 0E, xal opflac; ywvlac; 
xepieyouaiv, pdaic; apa f) AA pdaei xfj KE eaxiv larj. 8ia 
xa auxa 8f) xal exaxepa xAv KZ, KH xfj AA eaxiv iar)' al 
xpelc; apa al KE, KZ, KH laai aXXf)Xai<; elalv. xal exel SixXfj 
eaxiv f) Ar xfjc; TB, xpixXfj apa f) AB xfjc Br. Ac 8e f) AB 
xpoc xf)v Br, ouxoc xo axo xfjc AA xpoc to axo xfjc Ar, 
Ac e^fjc 8eixDf]aexai. xpixXaaiov apa xo axo xfjc AA xou 
axo xfjc Ar. eaxi 8e xal xo axo xfjc ZE xou axo xfjc E0 
xpixXaaiov, xal eaxiv Tar] f] Ar xfj E0- Tar] apa xal fj AA 
xfj EZ. aXXa fj AA exaaxr) xAv KE, KZ, KH eSelyDr) iar)- 
xal exaaxr) apa xAv EZ, ZH, HE exaaxr) xAv KE, KZ, KH 
eaxiv larj- laoxXeupa apa eaxi xa xeaaapa xplywva xa EZH, 
KEZ, KZH, KEH. xupa^xlc apa auveaxaxai ex xeaaapwv 
xpiyAvwv iaoxXeupwv, fjc Paaic (iev eaxi xo EZH xplywvov, 



Let the diameter AB of the given sphere be laid out, 
and let it have been cut at point C such that AC is double 
CB [Prop. 6.10]. And let the semi-circle ADB have been 
drawn on AB. And let CD have been drawn from point C 
at right-angles to AB. And let DA have been joined. And 
let the circle EFG be laid down having a radius equal 
to DC, and let the equilateral triangle EFG have been 
inscribed in circle EFG [Prop. 4.2]. And let the center 
of the circle, point H, have been found [Prop. 3.1]. And 
let EH, HF, and HG have been joined. And let HK 
have been set up, at point H, at right-angles to the plane 
of circle EFG [Prop. 11.12]. And let HK, equal to the 
straight-line AC, have been cut off from HK. And let 

KE, KF, and KG have been joined. And since KII is at 
right-angles to the plane of circle EFG, it will thus also 
make right-angles with all of the straight-lines joining it 
(which are) also in the plane of circle EFG [Def. 11.3]. 
And HE, HF, and HG each join it. Thus, HK is at 
right-angles to each of HE, HF, and HG. And since 
AC is equal to HK, and CD to HE, and they contain 
right-angles, the base DA is thus equal to the base KE 
[Prop. 1.4]. So, for the same (reasons), KF and KG is 
each equal to DA. Thus, the three (straight-lines) KE, 

KF, and KG are equal to one another. And since AC is 
double CB, AB (is) thus triple BC. And as AB (is) to 
BC, so the (square) on AD (is) to the (square) on DC, 
as will be shown later [see lemma]. Thus, the (square) 
on AD (is) three times the (square) on DC. And the 
(square) on FE is also three times the (square) on EH 
[Prop. 13.12], and DC is equal to EH. Thus, DA (is) 
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xopucpfj 8s to K CTrjpsTov. 

A si 8fj auxfjv xal cvpaipa 7tspiXa(3sTv xfj Bobsicnrj xal 
8el^ai, oti fj xfjc; ocpalpac; Siapsxpoc; fjpioXia sctxI 8uvapsi 
xfjc; TtXsupac; xfjc; TtupapiSoc;. 

’ExpspXfjcrdto yap in suflslai; xfj K0 sMsTa f) 0A, xal 
xsicrdto xfj FB for) f) 0A. xal etisi ectxiv Ac; fj Ar xpog xrjv 
TA, oux«<; fj TA xpo? xfjv TB, lor] 8s rj psv Ar xfj K0, fj 8s 
TA xfj 0E, f] 8s TB xfj 0A, ectxiv apa (be f) K0 xpoe xfjv 0E, 
ouxoe fj E0 xpoe xf)v 0A- xo apa Otio xAv K0, 0A foov 
sctxI tA aito xfje E0. xal ectxiv opDf) sxaxspa xAv Otco K0E, 
E0A yoviAv to apa eiu xfje KA ypatpopsvov fjpixuxXiov 
fj^EL xal 8ia toO E [E7xsi8rj7xsp sav sxiCeu^wptsv xf)v EA, opDf) 
yivsxai f) Olio AEK yorvia 8ia xo fooyAviov yivscrdai xo 
EAK xpiycnvov sxaxspw xAv EA0, E0K xpiyAvorv]. sav 
8f] pisvouCTfe xfje KA 7t£pi£v£)cdsv xo fjpLXUxXiov sle xo auxo 
TtaXiv axoxaxaCTxa'dfj, oDev fjp^axo cpspEchlai, fj^ei xal 8ia 
xAv Z, H CTT)(isiwv ETU^Euyvupsvcov xAv ZA, AH xal opDAv 
optolwe yivopsvcov xAv xpoe xou; Z, H ycoviAv xal soxai 
f) xupapue CTcpalpa TtEpiEiXrjppsvrj xfj OoHsLCTfj. f] yap KA 
xfje CT<palpae Siajisxpoe Tor] sctxI xfj xfje Sobsforjc; ocpaipae 
Siapsxpcp xfj AB, STtEiSfjTtsp xfj psv Ar for) xsixai f) K0, xfj 
8s TB f) 0A. 

Asyco 8f), oti f] xfje CTcpaipae Siapsxpoc; fjpioXla sctxI 
SuvaptEL xfje TtXsupac; xfje xupap[8o<;. 

Tksl yap SiTxXfj ectxiv f] Ar xfje TB, xpLTcXfj apa sctxIv 
f) AB xfje Br- avaCTxpsifiavxi. fjpioXia apa sctxIv f) BA xfje 
Ar. Ae 8s f) BA xpoe xfjv Ar, ouxcoe xo atio xfje BA xpoe 
xo and xfje AA [E7i£i8rj7i£p ETU^Euyvpsvrjc; xfje AB soxiv 
Ae fj BA xpoe xfjv AA, ouxwe fj A A upoe xfjv Ar 8ia 
xfjv opoioxrjxa xAv AAB, AAr xpiyAvorv, xal slvai Ac xfjv 
TtpAxrjv Tipoc xfjv xpixrjv, ouxoc to and xfjc xpAxrjc upoc; xo 
onto xfjc 8suxspac]. fjpioXiov apa xal xo and xfjc BA xou 
onto xfjc AA. xal ectxiv fj ptsv BA fj xfjc Oofteforjc; ocpaipac 
8(apiExpoc, f) os AA for] xfj xXsupa xfjc 7tupap[8o<;. 

H apa xfjc CTcpaipae 8iap£xpo<; fjpioXla sctxI xfjc TtXsupac; 
xfjc KupajiiSoc OTtsp s8si 8sT^ai. 


also equal to EF. But, DA was shown (to be) equal to 
each of KE, KF, and KG. Thus, EF, FG, and GE are 
equal to KE, KF, and KG, respectively. Thus, the four 
triangles EFG, KEF, KFG, and KEG are equilateral. 
Thus, a pyramid, whose base is triangle EFG, and apex 
the point K, has been constructed from four equilateral 
triangles. 

So, it is also necessary to enclose it in the given 
sphere, and to show that the square on the diameter of 
the sphere is one and a half times the (square) on the side 
of the pyramid. 

For let the straight-line HL have been produced in 
a straight-line with KFl, and let HL be made equal to 
CB. And since as AC (is) to CD, so CD (is) to CB 
[Prop. 6.8 corn], and AC (is) equal to KH, and CD to 
HE, and CB to HL, thus as KH is to HE, so EH (is) 
to HL. Thus, the (rectangle contained) by KII and IIL 
is equal to the (square) on EH [Prop. 6.17]. And each 
of the angles KHE and EHL is a right-angle. Thus, 
the semi-circle drawn on KL will also pass through E 
[inasmuch as if we join EL then the angle LEK be¬ 
comes a right-angle, on account of triangle ELK becom¬ 
ing equiangular to each of the triangles ELH and EHK 
[Props. 6.8, 3.31] ]. So, if KL remains (fixed), and the 
semi-circle is carried around, and again established at the 
same (position) from which it began to be moved, it will 
also pass through points F and G, (because) if FL and 
LG are joined, the angles at F and G will similarly be¬ 
come right-angles. And the pyramid will have been en¬ 
closed by the given sphere. For the diameter, KL, of the 
sphere is equal to the diameter, AB, of the given sphere— 
inasmuch as KH was made equal to AC, and HL to CB. 

So, I say that the square on the diameter of the sphere 
is one and a half times the (square) on the side of the 
pyramid. 

For since AC is double CB, AB is thus triple BC. 
Thus, via conversion, BA is one and a half times AC. 
And as BA (is) to AC, so the (square) on BA (is) to the 
(square) on AD [inasmuch as if DB is joined then as BA 
is to AD, so DA (is) to AC, on account of the similarity 
of triangles DAB and DAC. And as the first is to the 
third (of four proportional magnitudes), so the (square) 
on the first (is) to the (square) on the second.] Thus, 
the (square) on BA (is) also one and a half times the 
(square) on AD. And BA is the diameter of the given 
sphere, and AD (is) equal to the side of the pyramid. 

Thus, the square on the diameter of the sphere is one 
and a half times the (square) on the side of the pyramid, t 
(Which is) the very thing it was required to show. 


f If the radius of the sphere is unity then the side of the pyramid (i.e., tetrahedron) is ^/8/3. 


522 




ETOIXEIfiN iy'. 


ELEMENTS BOOK 13 


A 



Afjppa. 

Aeixteov, oti ecttIv A<; f) AB xpoc; ttjv Br, outoc; to 
axo Tfjc; AA xpoc; to axo Tfjc; AT. 

’ExxElaho yap f] tou fjpixuxXlou xaTaypacpf), xal 
ETisCeuxdw fj AB, xal dvaysypdcp'dw axo Tfjc; AT TETpaywvov 
to Er, xal GupxExXrjpAchlw to ZB xapaXXrjXoypappov. 
exeI ouv 8ia to icroyAvi.ov slvai to AAB xpiywvov to AAr 
xpiyAvw ecttIv A<; f) BA xpoc; ttjv AA, outoc f] AA xpoc; 
tt]v Ar, to apa uxo tAv BA, AT laov ecttI tA axo Tfjc; 
AA. xal etieI ecttIv Ac f ] AB xpoc tt)v BT, outmc to EB 
xpoc; to BZ, xa[ ectti to psv EB to 0x6 tAv BA, Ar- Tar] 
yap f) EA Tfj Ar- to Se BZ to 0x6 tAv Ar, TB, Ac apa f) 
AB xpoc; ttjv Br, outcoc to 0x6 tAv BA, Ar xpo to 0x6 
tAv Ar, TB. xa( eoti to psv 0x6 tAv BA, Ar Icrov tA axo 
Tfjc AA, to 8e 0x6 tAv ArB Icrov tA axo Tfjc; Ar- f] yap 
Ar xa-dsToc tAv Tfjc pdaswc TprjpaTOv tAv Ar, TB pscrr) 
avakoyov ectti. 8ia to ophrjv slvai ttjv 0x6 AAB. Ac apa f) 
AB xpoc ttjv Br, ootcoc to axo Tfjc AA xpoc to axo Tfjc 
Ar- oxsp eSei SsT^ai.. 


l8'. 

’OxTasSpov aoCTTf]aaCT , dai xal crcpaipa xEpiXaPsIv, fj xal 
xa xpoTEpa, xal 8sTc;ai., oti f\ Tfjc crcpalpac; BuapETpoc 8uvap£L 
OixXaaia ecttI Tfjc xXsopac too oxTas8pou. 

’ExxEta-dw f) Tfjc 8o-d£iar]c acpaipac SiapsTpoc; f] AB, 
xal TETjifjcrOco Slya xaxa to T, xal ysypacpDo) sxl Tfjc AB 
fjpixuxXiov to AAB, xal fjyDw axo too F Tfj AB xpoc op-dac 
fj TA, xal EXE^EoyDw fj AB, xal EXXEicrha> TETpaywvov 
to EZH0 icrrjv syov ExaaTrjv tAv xXsopAv Tfj AB, xal 



Lemma 

It must be shown that as AB is to BC, so the (square) 
on AD (is) to the (square) on DC. 

For, let the figure of the semi-circle have been set 
out, and let DB have been joined. And let the square 
EC have been described on AC. And let the parallel¬ 
ogram FB have been completed. Therefore, since, on 
account of triangle DAB being equiangular to triangle 
DAC [Props. 6.8, 6.4], (proportionally) as BA is to AD, 
so DA (is) to AC, the (rectangle contained) by BA and 
AC is thus equal to the (square) on AD [Prop. 6.17]. 
And since as AB is to BC, so EB (is) to BF [Prop. 6.1]. 
And EB is the (rectangle contained) by BA and AC —for 
EA (is) equal to AC. And BF the (rectangle contained) 
by AC and CB. Thus, as AB (is) to BC, so the (rectan¬ 
gle contained) by BA and AC (is) to the (rectangle con¬ 
tained) by AC and CB. And the (rectangle contained) 
by BA and AC is equal to the (square) on AD, and the 
(rectangle contained) by ACB (is) equal to the (square) 
on DC. For the perpendicular DC is the mean propor¬ 
tional to the pieces of the base, AC and CB, on account 
of ADB being a right-angle [Prop. 6.8 corr.]. Thus, as 
AB (is) to BC, so the (square) on AD (is) to the (square) 
on DC. (Which is) the very thing it was required to show. 

Proposition 14 

To construct an octahedron, and to enclose (it) in a 
(given) sphere, like in the preceding (proposition), and 
to show that the square on the diameter of the sphere is 
double the (square) on the side of the octahedron. 

Let the diameter AB of the given sphere be laid out, 
and let it have been cut in half at C. And let the semi¬ 
circle ADB have been drawn on AB. And let CD be 
drawn from C at right-angles to AB. And let DB have 
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ene^eux'dwaav ai 0Z, EH, xal dvEaxaTW duo tou K ar)pt£tou 
x63 tou EZH0 xExpaycBvou ExixeBc) xpoc; opAacOAsTa f) 
KA xal oirjxAo era xa sxspa pspr] tou exixeBou ok f] KM, 
xal acpr)pf)aAa> acp’ sxaxspac; xov KA, KM pta xwv EK, ZK, 
HK, 0K Tar] sxaxspa xov KA, KM, xal EXE^EUxAcjaav at 
AE, AZ, AH, A0, ME, MZ, MH, M0. 


A 



A 



Kal exeI Tar] saxlv f) KE xfj K0, xal saxtv opAf] f] 0x6 
EK0 yowta, xo apa axo xfjc; 0E BixAaatov saxt xou axo xfjc; 
EK. xaXtv, ExeI tar) saxlv f] AK xfj KE, xat saxtv opAf] f) 
uxo AKE yorvta, xo apa axo xfjc; EA BtxXaaiov saxt xou axo 
EK. sSslxAr) Be xal xo axo xfjc; 0E OtxXaatov xou axo xfjc; 
EK- to apa axo xfjc; AE taov saxl xo axo xfj<; E0- tar] apa 
saxlv f] AE xfj E0. Bta xa auxa Bf) xal f) A0 xfj 0E saxtv 
tar]- taoxXsupov apa saxl to AE0 xptycovov. optotax; Bf) 
Bst^optsv, oxi xal sxaaxov xov XotxCSv xpiycBvwv, £>v pdastc 
ptsv Etatv ai xou EZH0 xExpaywvou xXsupai, xopucpal Be xa 
A, M ar](iEla, taoxXsupov saxtv oxxasBpov apa auvEaxaxat 
0x6 oxxd> xptywvwv taoxXsupcov xsptExoptEvov. 

Asl Bf) auxo xal acpaipa xspiXapElv xfj BoAsiar) xal Bsl^at, 
oxi f] xfjc; aepaipac; Btdptsxpoc; Buvaptst BtxXaaitov saxl xfjc; xou 
oxxasBpou xXsupac;. 

’ExeI yap ai xpslc; ai AK, KM, KE taat aXXf]Xaic; Etatv, 
xo apa exI xfjc; AM ypacpoptEvov f)pttxuxXtov fj^st xal Bta 
xou E. xal Bta xa auxa, Eav pt£vouar)<; xfjc; AM xEptEVExAsv 
xo fjpttxuxXtov sic; to auxo axoxaxaaxaAfj, oAev fjp^axo 
cpEpsaAat, fj^Et xal Bta xwv Z, H, 0 arjptsiwv, xal saxat 
aqjaipa xEpiEiXr)(ipt£vov to oxTasSpov. Xsyw Bf), oxi xal xfj 
BoAsiar). sxsi yap tar) saxlv f) AK xfj KM, xotvf) Be f) KE, 


been joined. And let the square EFGH, having each of 
its sides equal to DB, be laid out. And let HF and EG 
have been joined. And let the straight-line KL have been 
set up, at point K, at right-angles to the plane of square 
EFGH [Prop. 11.12]. And let it have been drawn across 
on the other side of the plane, like KM. And let KL and 
KM, equal to one of KA", FK, GK, and HK, have been 
cut off from KL and KM, respectively. And let LE, LF, 
LG, LH, ME, MF, MG, and MH have been joined. 



And since AT A is equal to KH, and angle EKH is a 
right-angle, the (square) on the HE is thus double the 
(square) on EK [Prop. 1.47]. Again, since LK is equal 
to KE, and angle LKE is a right-angle, the (square) on 
EL is thus double the (square) on EK [Prop. 1.47]. And 
the (square) on HE was also shown (to be) double the 
(square) on EK. Thus, the (square) on LE is equal to 
the (square) on EH. Thus, LE is equal to EH. So, for 
the same (reasons), LH is also equal to HE. Triangle 
LEH is thus equilateral. So, similarly, we can show that 
each of the remaining triangles, whose bases are the sides 
of the square EFGH, and apexes the points L and M, 
are equilateral. Thus, an octahedron contained by eight 
equilateral triangles has been constructed. 

So, it is also necessary to enclose it by the given 
sphere, and to show that the square on the diameter of 
the sphere is double the (square) on the side of the octa¬ 
hedron. 

For since the three (straight-lines) LK, KM, and KE 
are equal to one another, the semi-circle drawn on LM 
will thus also pass through E. And, for the same (rea¬ 
sons), if LAI remains (fixed), and the semi-circle is car- 
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xod ywvlac; op-dac; nepieyouaiv, pacnc; apa f] AE pdoei xfj 
EM sgtiv for), xal sits! op-Ofj saxiv f] 0x6 AEM ycovla- ev 
f|(iixuxXiM yap- xo apa axo xfj<; AM BixXacnov soxi xou axo 
xfjc; AE. xaXiv, exsl for] eaxlv f] AE xfj TB, SixXaala eaxlv 
f) AB xfjc; Br. cl)<; Be f) AB xpoc; xf]v BI\ ouxwc; xo axo 
xfjc; AB xpoc; xo axo xfjc; BA- BixXaaiov apa eaxl xo axo 
xfjc; AB xou axo xfjc; BA. eBeixbr] Be xal xo axo xfjc AM 
BixXaaiov xou axo xfjc AE. xal eaxiv foov xo axo xfjc AB 
xA axo xfjc AE- for) yap xelxai f) E@ xfj AB. foov apa xal 
xo axo xfjc AB xA axo xfjc AM- for) apa f) AB xfj AM. xal 
eaxiv f] AB f) xfjc Bo-deiarjc acpalpac Biapexpoc;- f] AM apa 
Tar) eaxl xfj xfjc SoOe[ar)<; ocpaipac Biapexptp. 

IIepielXr)xxai apa xo oxxaeSpov xfj Bodefor] ocpaipa. xal 
auvaxoBeBeixxai, oxi f) xfjc ocpalpac Biapexpoc; Buvapei Bi- 
xXaaltov eaxl xfjc xou oxxaeSpou xXeupac;- oxep eBei Bel^ai. 


t If the radius of the sphere is unity then the side of octahedron is v2. 

is'. 

Ku[3ov auaxrjoaa-dai xal acpaipa xepiXaf3eiv, fj xal xf)v 
xupajiiBa, xal BeT^ai, oxl f) xfjc acpalpac Siajiexpoc BuvdpieL 
xpixXaaiwv eaxl xfjc xou xupou xXeupac. 

’Exxela-dw f) xfjc Bo-delarjc acpalpac Biapiexpoc f) AB xal 
xexptfjcxdw xaxa xo T oaxe ButXfjv eTvai xf)v Ar xfjc BB, xal 
yeypacp-dw era xfjc AB fjpuxuxXiov xo AAB, xal arco xou T 
xfj AB xpoc op-dac fjx-dw f] TA, xal exe^eux-dw f) AB, xal 
exxeioi}M xexpaywvov xo EZH© ior]v exov xf)v xXeupav xfj 
AB, xal axo xwv E, Z, H, 0 xp xou EZH© xexpaycovou 
exixeBo xpoc op-Bac fjx , d waav al EK, ZA, HM, 0N, xal 
dcprjpfjo-Oco axo exdaxrjc xAv EK, ZA, HM, 0N pud xov 
EZ, ZH, H0, 0E Tar] exaoxr) xAv EK, ZA, HM, 0N, xal 
exeCeux-Owaav al KA, AM, MN, NK- xupoc apa auveaxaxai 
6 ZN uxo e^ xexpayAvcov tacov xepiexopievoc. 

AeT 5f] auxov xal ocpalpa xepiXapelv xfj Bodeiar] xal 
BeT^ai, oxi f) xfjc acpalpac Biapiexpoc Buvapiei xpixXaala eaxl 
xfjc xXeupac xou xupou. 


ried around, and again established at the same (position) 
from which it began to be moved, then it will also pass 
through points F, G, and II, and the octahedron will 
have been enclosed by a sphere. So, I say that (it is) 
also (enclosed) by the given (sphere). For since LK is 
equal to KM, and KE (is) common, and they contain 
right-angles, the base LE is thus equal to the base EM 
[Prop. 1.4]. And since angle LEM is a right-angle—for 
(it is) in a semi-circle [Prop. 3.31]—the (square) on LM 
is thus double the (square) on LE [Prop. 1.47]. Again, 
since AC is equal to CB, AB is double BC. And as AB 
(is) to BC, so the (square) on AB (is) to the (square) 
on BD [Prop. 6.8, Def. 5.9]. Thus, the (square) on AB is 
double the (square) on BD. And the (square) on LM was 
also shown (to be) double the (square) on LE. And the 
(square) on DB is equal to the (square) on LE. For EH 
was made equal to DB. Thus, the (square) on AB (is) 
also equal to the (square) on LM. Thus, AB (is) equal to 
LM. And AB is the diameter of the given sphere. Thus, 
LM is equal to the diameter of the given sphere. 

Thus, the octahedron has been enclosed by the given 
sphere, and it has been simultaneously proved that the 
square on the diameter of the sphere is double the 
(square) on the side of the octahedron.! (which is) the 
very thing it was required to show. 


Proposition 15 

To construct a cube, and to enclose (it) in a sphere, 
like in the (case of the) pyramid, and to show that the 
square on the diameter of the sphere is three times the 
(square) on the side of the cube. 

Let the diameter AB of the given sphere be laid out, 
and let it have been cut at C such that AC is double 
CB. And let the semi-circle ADB have been drawn on 
AB. And let CD have been drawn from C at right- 
angles to AB. And let DB have been joined. And let the 
square EFGH, having (its) side equal to DB, be laid out. 
And let EK, FL, GM, and IIN have been drawn from 
(points) E, F, G, and H, (respectively), at right-angles to 
the plane of square EFGH. And let EK, FL, GM, and 
HN, equal to one of EF, FG, GH, and HE, have been 
cut off from EK, FL, GM, and HN, respectively. And let 
KL, LM, MN, and NK have been joined. Thus, a cube 
contained by six equal squares has been constructed. 

So, it is also necessary to enclose it by the given 
sphere, and to show that the square on the diameter of 
the sphere is three times the (square) on the side of the 
cube. 
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E 0 



’EKE^suyilwaav yap ai KH, EH. xal exeI opHr] saxiv 
yj uxo KEH ytovla Sia to xal ttjv KE 6pt)y]v swat xpoc; 
to EH sxlxs8ov 8y]Xa8y) xal xpoc; ttjv EH subsTav, to apa 
sxl Tfj<; KH ypacpopsvov y]pixuxXtov yjpEi xal 8ia tou E 
CTr)[i£iou. xaXiv, sx£l f] HZ opby] egti. xpoc; sxaxspav tuv ZA, 
ZE, xal xpoc; to ZK apa exIxeSov opby) egtlv rj HZ- mote 
xal sav sxi^Eu^oopEv tt]v ZK, yj HZ opby) £oxai xal xpoc; 
xy)v ZK- xal 5la touto xaXiv to sxl xyjc; HK ypacpopcvov 
y]p.Lx6xXiov yjc;£i xal 8ta tou Z. opolax; xal 8la xAv XoixAv 
tou xupou ayj^Eiwv fj^Ei. sav 8/) p£vouoy|<; Tyjc; KH xs- 
pLEVEy-dsv to y)(iixuxXi.ov sic; to auxo axoxaTaoTabyj, obsv 
yjp^axo cpEpEobai, saxai ocpalpa xEpiEtXyjppEvoc; 6 xOpoi;. 
Xsyor 8yj, oxi xal Tfj Bobsloy]. stteI yap Toy] saxiv y] HZ xfj 
ZE, xal saxLv opbyj yj xpoc; to Z yorvla, to apa axo Tyjc; EH 
8txXaoiov egti. tou duo xfjg EZ. Toy] 8s f) EZ xyj EK- to apa 
axo xyjc; EH 8txXaoiov egti tou axo xyjc; EK- waxs xa axo 
xov HE, EK, toutegti to axo xyjc; HK, xptxXaoiov egti tou 
axo Tyjc; EK. xal exeI xpixXaoiwv soxlv yj AB xfj<; Br, (be; 
8s f] AB xpoc; xyjv Br, ouxax; to axo xyjc; AB xpoc; to axo 
xyjc; BA, xpixXdotov apa to axo xfj<; AB tou axo Tyjc; BA. 
sSslx'dy] 8 e xal to axo xfje; HK tou axo xyjc; KE TpixXaotov. 
xal xslxai lay) yj KE xrj AB- Toy] apa xal yj KH xrj AB. xal 
eot iv y] AB xyjc; 8od£loy]<; ocpalpac; nidpsxpoc;- xal yj KH apa 
Toy] eotI xrj xyjc; 8ob£loy]c; ocpalpac; oiapsxpcp. 

Tfj Sobsloy) apa ocpalpa xEpiElXyjxxai. 6 xupo<;- xal au- 
vaxo8£0Eixxai., otl yj xyjc; ocpalpac; Stapcxpoc; 8uvdp£t xpi- 
xXaolwv egtI Tyjc; tou xupou xXsupac;- oxsp sosi SeT^ai. 



For let KG and EG have been joined. And since an¬ 
gle KEG is a right-angle—on account of KE also being 
at right-angles to the plane EG, and manifestly also to 
the straight-line EG [Def. 11.3]—the semi-circle drawn 
on KG will thus also pass through point E. Again, since 
GF is at right-angles to each of FL and FE, GF is thus 
also at right-angles to the plane FK [Prop. 11.4]. Hence, 
if we also join FK then GF will also be at right-angles 
to FK. And, again, on account of this, the semi-circle 
drawn on GK will also pass through point F. Similarly, 
it will also pass through the remaining (angular) points of 
the cube. So, if KG remains (fixed), and the semi-circle is 
carried around, and again established at the same (posi¬ 
tion) from which it began to be moved, then the cube will 
have been enclosed by a sphere. So, I say that (it is) also 
(enclosed) by the given (sphere). For since GF is equal 
to FE, and the angle at F is a right-angle, the (square) 
on EG is thus double the (square) on EF [Prop. 1.47]. 
And EF (is) equal to EK. Thus, the (square) on EG 
is double the (square) on EK. Hence, the (sum of the 
squares) on GE and EK —that is to say, the (square) on 
GK [Prop. 1.47]—is three times the (square) on EK. 
And since AB is three times BC, and as AB (is) to 
BC, so the (square) on AB (is) to the (square) on BD 
[Prop. 6.8, Def. 5.9], the (square) on AB (is) thus three 
times the (square) on BD. And the (square) on GK was 
also shown (to be) three times the (square) on KE. And 
KE was made equal to DB. Thus, KG (is) also equal to 
AB. And AB is the radius of the given sphere. Thus, KG 
is also equal to the diameter of the given sphere. 

Thus, the cube has been enclosed by the given sphere. 
And it has simultaneously been shown that the square on 
the diameter of the sphere is three times the (square) on 
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t If the radius of the sphere is unity then the side of the cube is ^/4/3. 

19 '. 

EixoaaeBpov auaxrjaaa-dai xal acpalpa xepiXapelv, fj xal 
xa xpoeipripeva ayfipaxa, xal 8eTc;ai, oxi f) xou eixoaaeBpou 
xXeupa aXoyoc; eaxiv f] xaXoupevr] eXaxxwv. 


a r b 

’Exxelahw f] xfj<; Sohelarji; a(palpa<; Biapexpo<; f) AB xal 
xexpfjailw xaxa xo T waxe xexpaxXfjv elvai xrjv AT xfj<; TB, 
xal yeypacp-dw era. xrjc AB fjpixuxXiov xo AAB, xal f]ydo 
axo xou r xfj AB xpo<; op-dac ywvla<; euheTa ypappf] f] TA, 
xal exeCeuyilw f] AB, xal exxelahw xuxXo<; 6 EZH0K, 
ob f) ev xou xevxpou tar] eaxw xfj AB, xal eyyeypacp'dw 
etc; xov EZH0K xuxXov xevxaywvov laoxXeupov xe xal 
laoywviov xo EZH0K, xal x£xpf)ai}waav al EZ, ZH, H0, 
0K, KE xepicpepeiai Blya xaxa xo A, M, N, S, O aripela, xal 
exe^euyilwaav al AM, MN, NS, SO, OA, EO. laoxXeupov 
apa eaxl xal xo AMNSO xevxaywvov, xal Bexaywvou f) 
EO eu-dela. xal aveaxaxwaav axo xwv E, Z, H, 0, K 
arjpelwv xo xou xuxXou exixeBw xpoc; opDac yovlag eudeTai 
al Eli, ZP, HE, 0T, KY laai ouaai xfj ex xou xevxpou xou 
EZH0K xuxXou, xal exeCeuydwaav al nP, PE, ET, TT, 
Tn, nA, AP, PM, ME, EN, NT, TS, ST, TO, On. 

Kal exel exaxepa xov En, KT xw auxw exixeSw xpoc; 
op-dac; eaxiv, xapaXXr]Xoc; apa eaxiv fj En xfj KT. eaxi 
Be auxfj xal Tar) - al Be xa<; iaa<; xe xal xapaXXf)Xou<; exi- 
Jjeuyvuouaai exl xa auxa pepr) euOelai I'aai xe xal xapaXXr]Xol 
elaiv. f] nT apa xfj EK Tar] xe xal xapaXXrjXoi; eaxiv. xev- 
xaywvou Be iaoxXeupou f) EK- xevxaywvou apa iaoxXeupou 
xal f) nT xou etc xov EZH0K xuxXov eyypacpopevou. 
Bia xa auxa 8f) xal exaaxr] xov nP, PE, ET, TT xev- 
xaywvou eaxiv IaoxXeupou xou etc xov EZH0K xuxXov 
eyypacpopevou- iaoxXeupov apa xo nPETT xevxaywvov. 
xal exel e^aywvou pev eaxiv f) nE, Sexaywvou Be f) EO, 
xal eaxiv ophf] f) 0x6 nEO, xevxaywvou apa eaxiv f) nO- f] 
yap xou xevxaywvou xXeupa Suvaxai xf)v xe xou e^aywvou 
xal xfjv xou Bexaywvou xov el<; xov auxov xuxXov eyypa- 
cpopevorv. Bia xa auxa 8f) xal f] OT xevxaywvou eaxl 


the side of the cube.l (Which is) the very thing it was 
required to show. 


Proposition 16 

To construct an icosahedron, and to enclose (it) in a 
sphere, like the aforementioned figures, and to show that 
the side of the icosahedron is that irrational (straight- 
line) called minor. 


A C B 

Let the diameter AB of the given sphere be laid out, 
and let it have been cut at C such that AC is four times 
CB [Prop. 6.10]. And let the semi-circle ADB have been 
drawn on AB. And let the straight-line CD have been 
drawn from C at right-angles to AB. And let DB have 
been joined. And let the circle EFGHK be set down, 
and let its radius be equal to DB. And let the equilat¬ 
eral and equiangular pentagon EFGHK have been in¬ 
scribed in circle EFGHK [Prop. 4.11]. And let the cir¬ 
cumferences EF, FG, GH, HK, and KE have been cut 
in half at points L, Al, N, O, and P (respectively). And 
let LM, AIN, NO, OP, PL, and EP have been joined. 
Thus, pentagon LAI NOP is also equilateral, and EP (is) 
the side of the decagon (inscribed in the circle). And let 
the straight-lines EQ, FR, GS, HT, and KU, which are 
equal to the radius of circle EFGHK, have been set up 
at right-angles to the plane of the circle, at points E, F, 
G, H, and K (respectively). And let QR, RS, ST, TU, 
UQ, QL, LR, RAI, AIS, SN, NT, TO, OU, UP, and PQ 
have been joined. 

And since EQ and KU are each at right-angles to the 
same plane, EQ is thus parallel to KU [Prop. 11.6]. And 
it is also equal to it. And straight-lines joining equal and 
parallel (straight-lines) on the same side are (themselves) 
equal and parallel [Prop. 1.33]. Thus, QU is equal and 
parallel to EK. And EK (is the side) of an equilateral 
pentagon (inscribed in circle EFGHK). Thus, QU (is) 
also the side of an equilateral pentagon inscribed in circle 
EFGHK. So, for the same (reasons), QR, RS, ST, and 
TU are also the sides of an equilateral pentagon inscribed 
in circle EFGHK. Pentagon QRSTU (is) thus equilat- 
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xXEupa. ectti 8s xal f] IIY xEvxaytovou - iaoxXEUpov apa 
Sail to IIOT xplyovov. 8ta xa auxa Bf) xal Exaaxov xwv 
HAP, PMX, XNT, TST iaoxXEUpov ecttlv. xal exeI xev- 
xaywvou eBay'dr) sxaxspa xwv IIA, IIO, ectti Bs xal f) AO 
xEvxaycovou, iaoxAsupov apa saxl xo IIAO xplycuvov. 8i.a 
xa auxa 8f) xal sxaaxov xwv APM, MSN, NTS, STO 
xpiywvwv IaoxAsupov ecttlv. 



ElAqcp'da) xo xsvxpov xou EZHOK xuxXou xo <f> ar)(iElov 
xal axo xou $ xS> xou xuxXou exixeBm xpog opbag dvsaxaxto 
fj $0, xal sx|3E|3Xf|af>a> sxl xa sxspa pspr] ok f] TT, xal 
acprprjaflco e^aywvou psv f] $X, Bsxaytovou Be sxaxspa xwv 
XO, xal EXE^£U)(ba>aav ai IIO, IIX, TO, E$, A<1>, ASP, 

’EM. 

Kal exeI sxaxspa xov <I>X, IIE x£3 xou xuxXou exixeSm 
xpog opDag saxiv, xapaAAqAoc; apa saxiv f) <f>X xfj IIE. dal 
Be xal iaav xal al E$, IIX apa laai te xal xapaXXrjXol 
siaiv. s^aywvou Be f) E«I>- s^aywvou apa xal f] IIX. xal 
exeI s^aywvou psv ectxiv fj IIX, Osxaywvou Be f) XO, xal 
opbf) ectxiv f] uxo nXO ywvia, xsvxaywvou apa ectxIv f) 
IIO. Bid xa auxa Brj xal f) TO xsvxaywvou ectxiv, sxEiBqxEp, 


eral. And side QE is (the side) of a hexagon (inscribed 
in circle EFGHK ), and EP (the side) of a decagon, and 
(angle) QEP is a right-angle, thus QP is (the side) of a 
pentagon (inscribed in the same circle). For the square 
on the side of a pentagon is (equal to the sum of) the 
(squares) on (the sides of) a hexagon and a decagon in¬ 
scribed in the same circle [Prop. 13.10]. So, for the same 
(reasons), PU is also the side of a pentagon. And QU 
is also (the side) of a pentagon. Thus, triangle QPU is 
equilateral. So, for the same (reasons), (triangles) QLR, 
RMS, SNT, and TOU are each also equilateral. And 
since QL and QP were each shown (to be the sides) of a 
pentagon, and LP is also (the side) of a pentagon, trian¬ 
gle QLP is thus equilateral. So, for the same (reasons), 
triangles LRM, MSN, NTO, and OUP are each also 
equilateral. 



Let the center, point V, of circle EFGHK have been 
found [Prop. 3.1]. And let VZ have been set up, at 
(point) V, at right-angles to the plane of the circle. And 
let it have been produced on the other side (of the cir¬ 
cle), like VX. And let VW have been cut off (from XZ 
so as to be equal to the side) of a hexagon, and each of 
VX and WZ (so as to be equal to the side) of a decagon. 
And let QZ, QW, UZ, EV, LV, LX, and XM have been 
joined. 

And since VW and QE are each at right-angles 
to the plane of the circle, VW is thus parallel to QE 
[Prop. 11.6]. And they are also equal. EV and QW are 
thus equal and parallel (to one another) [Prop. 1.33]. 
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sav sxt^su^wpsv xa; <E>K, XT, I'aat xal axsvavxtov saov- 
xat, xa [ saxtv Yj <f>K ex tou xsvxpou ouaa Sc;ayGvou. 
sc;ayGvou apa xal Yj XT. 8sxayGvou 8s yj Xfl, xal opDr) 
Yj uxo TXfh xsvxayGvou apa Yj T12. sail 8e xal yj IIT 
xsvxayGvou- taoxXsupov apa Sail to IITf! xplyorvov. Sta 
xa auxa 8yj xal sxaaxov xwv AoixGv xpiyGvwv, Gv pdast; 
psv statv at IIP, PE, ET, TT suDsTat, xopucpf] 8s xo ft 
aYjpsTov, taoxXsupov saxtv. xaAiv, sxsl sc;ayGvou psv yj 
<1>A, 8sxayGvou 8s yj xal op-dYj saxtv f) 0x6 A^'T 

yorvta, xsvxayGvou apa saxiv Yj A'F. 8ta xa auxa 8 yj sav 
sxt^su^oYjJEv xyjv M<f> ouaav s^ayGvou, auvaysxat xal f) M’J' 
xsvxayGvou. saxt 8s xal f) AM xsvxayGvou- taoxXsupov 
apa saxl xo AM'E' xpiywvov. 6pota>; 8f] OstyOrjasTai, oxi 
xal sxaaxov xwv AoixGv xptyGvorv, Gv pdast; psv statv at 
MN, NS, SO, OA, xopucpf) 8s to >5 arjptslov, taoxXsupov 
saxtv. auvsaxaxat apa sixoadsSpov 0x6 stxoat xptyGvorv 
iaoxAsuporv xsptsyoptsvov. 

As! Sf) auxo xal acpatpa xsptAapsTv xfj 8o-dsiaY] xal OsTljai, 
oxi f] xou stxoaasOpou xXsupa aXoyo; saxtv f] xaXoupsvYj 
sXaaawv. 

’Exsl yap sc;ayGvou saxiv f] 4>X, 8sxayGvou 8s f) XO, f) 
<f>0 apa axpov xal psaov Xoyov TSTpYjxai xaxa xo X, xal to 
ptsT^ov auxfj; xpfjpa saxtv f] <I>X- saxtv apa G; f) 0$ xpo; 
xf]v <J>X, ouxw; f) <I>X xpo; xfjv XO. tarj 8s f) psv $X xfj 
<1>E, f) 8s XO xfj $'!'• saxtv apa G; f) 0$ xpo; xf)v <J>E, 
ouxo; f) E4> xpoi; xf)v T’T'. xat statv opDal at 0x6 0$E, 
E4>'I' ywvtar sav apa sxt^su^wptsv xfjv EO su-dslav, opDf) 
saxat f) 0x6 ’LEO yovta 8ta xfjv opotoxYjxa xGv 'E'EO, <I>EO 
xptyGvwv. Sia xa auxa 8f) sxst saxtv G; fj 0<f> xpo; xfjv 
<1>X, ouxa>; fj <I>X xpo; xf]v XO, tarj 8s fj psv 0$ xfj T'X, 
f) 8s <PX xfj Xn, saxtv apa G; f) 'PX xpo; xfjv XII, ouxw; 
f) IIX xpo; xfjv XO. xal 8ta xouxo xaAiv sav sxtCeu^wptsv 
xfjv II\P, opUfj saxat fj xpo; xG II ywvla- to apa sxl xfj; 
^PO ypacpopsvov YjptxuxXiov fj^et xal 8la xou II. xal sav 
psvouaYj; xfj; <PO TspiEvsyilsv xo YjptxuxXtov si; xo auxo 
xaAiv axoxaxaaxailfj, o-dsv fjp^axo cpspsaDai, fj^et xal 8ia 
xou II xal xGv XotxGv arjptstwv xou sixoaas8pou, xal saxat 
acpalpa xspisiXYjppsvov xo sixoads8pov. Xsyw 8fj, oxi xal 
xfj SoDsiarj. xsxptfjailw yap fj <PX 8tya xaxa xo a. xal etis'i 
suilsla ypaptjjfj fj <PO axpov xal ptsaov Xoyov xsxptrjxat xaxa 
to X, xal xo sXaaaov aOxfj; xptfjjia saxtv fj OX, fj apa OX 
xpoaXapouaa xfjv fjptlastav xou (istCovo; xftfj(iaxo; xfjv Xa 
xsvxaTiXaaiov Suvaxai xou a xo xfj; fjpttasta; xou ptst^ovo; 
xftfj(iaxo;- xsvxaxXdatov apa saxl xo axo xfj; Oa xou a xo 
xfj; aX. xat saxt xfj; ptsv Oa 8txXfj fj O'?, xfj; 8s aX OtxXfj 
fj $X - xsvxaxXaatov apa saxl xo axo xfj; O^P xou axo xfj; 
X<P. xal exsI xsxpaxXfj saxtv fj AT xfj; TB, xsvxaxXfj apa 
saxiv fj AB xfj; Br. G; 8s fj AB xpo; xfjv Br, ouxw; xo 
axo xfj; AB xpo; xo axo xfj; BA- xsvxaxXaatov apa saxl 
to axo xfj; AB xou axo xfj; BA. sBstx-drj 8s xal xo axo xfj; 
O^P xsvxaxXaatov xou axo xfj; <PX. xat saxtv tarj fj AB xfj 


And EV (is the side) of a hexagon. Thus, QW (is) also 
(the side) of a hexagon. And since QW is (the side) of 
a hexagon, and WZ (the side) of a decagon, and angle 
QWZ is a right-angle [Def. 11.3, Prop. 1.29], QZ is thus 
(the side) of a pentagon [Prop. 13.10]. So, for the same 
(reasons), UZ is also (the side) of a pentagon—inasmuch 
as, if we join VK and WU then they will be equal and 
opposite. And VK, being (equal) to the radius (of the cir¬ 
cle), is (the side) of a hexagon [Prop. 4.15 corr.]. Thus, 
WU (is) also the side of a hexagon. And WZ (is the side) 
of a decagon, and (angle) UWZ (is) a right-angle. Thus, 
UZ (is the side) of a pentagon [Prop. 13.10], And QU 
is also (the side) of a pentagon. Triangle QUZ is thus 
equilateral. So, for the same (reasons), each of the re¬ 
maining triangles, whose bases are the straight-lines QR, 
RS, ST, and TU, and apexes the point Z, are also equi¬ 
lateral. Again, since VL (is the side) of a hexagon, and 
VX (the side) of a decagon, and angle LVX is a right- 
angle, LX is thus (the side) of a pentagon [Prop. 13.10]. 
So, for the same (reasons), if we join MV, which is (the 
side) of a hexagon, MX is also inferred (to be the side) 
of a pentagon. And LM is also (the side) of a pentagon. 
Thus, triangle LMX is equilateral. So, similarly, it can 
be shown that each of the remaining triangles, whose 
bases are the (straight-lines) MN, NO, OP, and PL, 
and apexes the point X, are also equilateral. Thus, an 
icosahedron contained by twenty equilateral triangles has 
been constructed. 

So, it is also necessary to enclose it in the given 
sphere, and to show that the side of the icosahedron is 
that irrational (straight-line) called minor. 

For, since VW is (the side) of a hexagon, and WZ 
(the side) of a decagon, VZ has thus been cut in ex¬ 
treme and mean ratio at W, and VW is its greater piece 
[Prop. 13.9]. Thus, as ZV is to VW, so VW (is) to WZ. 
And VW (is) equal to VE, and WZ to VX. Thus, as 
ZV is to VE, so EV (is) to VX. And angles ZVE and 
EVX are right-angles. Thus, if we join straight-line EZ 
then angle XEZ will be a right-angle, on account of the 
similarity of triangles XEZ and VEZ. [Prop. 6.8]. So, 
for the same (reasons), since as ZV is to VW, so VW 
(is) to WZ, and ZV (is) equal to XW, and VW to WQ, 
thus as XW is to WQ, so QW (is) to WZ. And, again, 
on account of this, if we join QX then the angle at Q will 
be a right-angle [Prop. 6.8]. Thus, the semi-circle drawn 
on XZ will also pass through Q [Prop. 3.31]. And if XZ 
remains fixed, and the semi-circle is carried around, and 
again established at the same (position) from which it 
began to be moved, then it will also pass through (point) 
Q, and (through) the remaining (angular) points of the 
icosahedron. And the icosahedron will have been en- 
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$X- Exaxcpa yap auxwv for] Eaxl xfj ex xou xsvxpou xou 
EZH0K xuxXou- for) apa xal f) AB xfj ’Ml. xod saxiv f AB 
f) xfjc; 8o0slar]c; acpaipac; Biapsxpoc;- xal f) 'PH apa for) Eaxl 
xfj xfjc; So-dEiafc; acpaipac; BiapExpor xfj apa So-dslaf acpalpa 
TtEpiElXqxxai xo eixoaae8pov. 

Acycn 8f), oxi f) xou sixoaas8pou TtXcupa aXoyoc; eaxiv f] 
xaXoupievr) sXaxxcnv. etceI yap prjxf) eaxiv f) xfjc; acpaipac; 
8iapiexpoc;, xal eaxi 8uvapiei xevxaxXaalcrv xfjc; ex xou 
xevxpou xou EZH0K xuxXou, pfxf] apa eaxl xal f) ex 
xou xevxpou xou EZH0K xuxXou- oaxe xal f] 8iapsxpo<; 
auxou prjxf) eaxiv. eav 8e etc; xuxXov prjxfv eyovxa xf)v 
8iapiexpov xevxaywvov laoTiXeupov eyypacprj, f) xou tiev- 
xaywvou xXsupa aXoyoc; eaxiv f) xaXoupievr) eXaxxov. f) 8e 
xou EZH0K xevxayovou xXeupa f) xou eixoaae8pou eaxiv. 
f) apa xou elxoaae8pou xXeupa aXoyoc; eaxiv f) xaXoupsvr) 
eXaxxov. 


llopiopa. 

’Ex 8f) xouxou cpavepov, oxi f) xfjc; acpaipac; 8ia(jexpo<; 
8uvapiei nevxauXaalwv eaxl xfjc; ex xou xevxpou xou xuxXou, 
deep’ o5 xo eixoaae8pov ocvayeypaxxai, xal oxi f) xfjc; acpaipac; 
Sioipiexpoc; auyxeixai ex xe xfjc; xou e^aywvou xal 6uo xov 
xou Sexayorvou xov eic; xov auxov xuxXov eyypacpopievwv. 
oxep e8ei 8el^ai. 


closed by a sphere. So, I say that (it is) also (enclosed) 
by the given (sphere). For let VW have been cut in half 
at a. And since the straight-line VZ has been cut in ex¬ 
treme and mean ratio at W, and ZW is its lesser piece, 
then the square on ZW added to half of the greater piece, 
Wa, is five times the (square) on half of the greater piece 
[Prop. 13.3]. Thus, the (square) on Za is five times the 
(square) on aW. And ZX is double Za, and VW double 
aW. Thus, the (square) on ZX is five times the (square) 
on WV. And since AC is four times CB, AB is thus 
five times BC. And as AB (is) to BC, so the (square) 
on AB (is) to the (square) on BD [Prop. 6.8, Def. 5.9]. 
Thus, the (square) on AB is five times the (square) on 
BD. And the (square) on ZX was also shown (to be) 
five times the (square) on VW. And DB is equal to VW. 
For each of them is equal to the radius of circle EFGHK. 
Thus, AB (is) also equal to XZ. And AB is the diameter 
of the given sphere. Thus, XZ is equal to the diameter 
of the given sphere. Thus, the icosahedron has been en¬ 
closed by the given sphere. 

So, I say that the side of the icosahedron is that irra¬ 
tional (straight-line) called minor. For since the diameter 
of the sphere is rational, and the square on it is five times 
the (square) on the radius of circle EFGHK, the radius 
of circle EFGHK is thus also rational. Hence, its di¬ 
ameter is also rational. And if an equilateral pentagon 
is inscribed in a circle having a rational diameter then 
the side of the pentagon is that irrational (straight-line) 
called minor [Prop. 13.11]. And the side of pentagon 
EFGHK is (the side) of the icosahedron. Thus, the side 
of the icosahedron is that irrational (straight-line) called 
minor. 

Corollary 

So, (it is) clear, from this, that the square on the di¬ 
ameter of the sphere is five times the square on the ra¬ 
dius of the circle from which the icosahedron has been 
described, and that the the diameter of the sphere is the 
sum of (the side) of the hexagon, and two of (the sides) 
of the decagon, inscribed in the same circled 


T If the radius of the sphere is unity then the radius of the circle is 2/V5, and the sides of the hexagon, decagon, and pentagon/icosahedron are 
2/\/5, 1 — 1/Vb, and (l/\/5) VW — 2 \/5, respectively. 


iC. 

Aw8£xae8pov auaxrjaaabai xal acpalpa xspiXapbiv, fj xal 
xa itpoeipqpeva ayf|paxa, xal 8cd;ai, oxi t\ xou Sc£>8exa£8pou 
itXEupa aXoyoc; Eaxiv f) xaXoupEvr] dntoxopVp 


Proposition 17 

To construct a dodecahedron, and to enclose (it) in a 
sphere, like the aforementioned figures, and to show that 
the side of the dodecahedron is that irrational (straight- 
line) called an apotome. 
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’ExxelaOcoaav xou xpoeiprjpevou xupou 8uo £7U7te8a 
upo<; opdac; aXXf]Xoic; xa ABrA, TBEZ, xal xexpqaDa) 
exaaxr) xAv AB, BE, FA, AA, EZ, EB, Zr TtXeupAv 8lya 
xaxa xa H, 0, K, A, M, N, H, xal exsCeux'dwaav at HK, 
0A, M0, NS, xal xsxrjrjo'dw exaaxr) xAv NO, OS, Oil 
axpov xal peaov Xoyov xaxa xa P, E, T arjpela, xal eaxor 
auxAv pel^ova xpfjpaxa xa PO, OS, Til, xal aveaxaxwaav 
axo xAv P, E, T arjpelorv xolc; xou xupou eiuxeSoic; xpoc; 
optlac; £7xl xa exxoc; pepr] xou xupou al PT, E<f>, TX, xal 
xelaOwaav laai xau; PO, OS, Til, xal exei^euxilMaav at 
TB, BX, XT, TH, HT. 

Aeyu>, oxt xo TBXTH xevxaytovov taoxXeupov xe xal ev 
evl eraxe8« xal ext laoyAvLov eaxtv. exe^euyDoraav yap at 
PB, SB, $B. xal ex el eu-dela f] NO axpov xal peaov Xoyov 
xexpqxai. xaxa xo P, xal xo peli^ov xpfjpa eaxtv f) PO, xa apa 
axo xAv ON, NP xpixXaata eaxt xou axo xfjc; PO. tar] 8e f] 
pev ON xfj NB, f] 8e OP xfj PT- xa apa axo xAv BN, NP 
xpixXaaia eaxt xou axo xfjc; PT. xou; 8e axo xAv BN, NP xo 
axo xfjc; BP eaxtv taov xo apa axo xfjc BP xptxXaatov eaxt 
xou axo xfjc PT- Aaxe xa axo xAv BP, PT xexpaxXaaia 
eaxt xou axo xfjc; PT. xou; 8e axo xAv BP, PT ’taov eaxt xo 
axo xfjc BT- xo apa axo xfjc; BT xexpaxXaatov eaxt xou axo 
xfjc TP- OtxXfj apa eaxlv f) BT xfjc PT. eaxt 8e xal f] <f>T xfjc; 
TP 8txXfj, exei6f)xep xal f) SP xfjc; OP, xouxeaxt xfjc PT, 
eaxt SixXfj- tar) apa f) BT xfj TH. opoiux; 6f) Seixil^oexat, 
oxt xal exaaxr) xAv BX, XT, TH exaxepa xAv BT, T$ 
eaxtv I'ar). iaoxXeupov apa eaxl xo BTHTX xevxaywvov. 
Xeyor Sf), oxl xal ev evt eaxtv exixe8w. fjxilw yap axo xou O 
exaxepa xAv PT, X<I> xapaXXr]Xoc; exl xa exxoc; xou xupou 
[Jiepr) f) OH, xal exeCeuyOwaav al HO, OX- Xeyo, oxt f) 
HOX eufleTd eaxtv. exel yap f) Oil axpov xal peaov Xoyov 
xexprjxat xaxa xo T, xal xo peli^ov auxfjc; xpfjpa eaxtv f) IIT, 
eaxtv apa Ac; f) Oil xpoc; xf)v IIT, ouxw<; f] IIT xpoc; xfjv 


E M F 



Let two planes of the aforementioned cube [Prop. 
13.15], ABCD and CBEF, (which are) at right-angles 
to one another, be laid out. And let the sides AB, BC, 
CD, DA, EF, EB, and FC have each been cut in half at 
points G, H, K, L, M, N, and O (respectively). And let 
GK, ELL, MH, and NO have been joined. And let NP, 
PO, and HQ have each been cut in extreme and mean 
ratio at points R, S, and T (respectively). And let their 
greater pieces be RP, PS, and TQ (respectively). And 
let RU, SV, and TW have been set up on the exterior 
side of the cube, at points R, S, and T (respectively), at 
right-angles to the planes of the cube. And let them be 
made equal to RP, PS, and TQ. And let UB, BW, WC, 
CV, and VU have been joined. 

I say that the pentagon UBWCV is equilateral, and 
in one plane, and, further, equiangular. For let RB, SB, 
and VB have been joined. And since the straight-line NP 
has been cut in extreme and mean ratio at R, and RP is 
the greater piece, the (sum of the squares) on PN and 
NR is thus three times the (square) on RP [Prop. 13.4]. 
And PN (is) equal to NB, and PR to RU. Thus, the 
(sum of the squares) on BN and NR is three times the 
(square) on RU. And the (square) on BR is equal to 
the (sum of the squares) on BN and NR [Prop. 1.47]. 
Thus, the (square) on BR is three times the (square) on 
RU. Hence, the (sum of the squares) on BR and RU 
is four times the (square) on RU. And the (square) on 
BU is equal to the (sum of the squares) on BR and RU 
[Prop. 1.47]. Thus, the (square) on BU is four times the 
(square) on UR. Thus, BU is double RU. And VU is also 
double UR, inasmuch as SR is also double PR —that is 
to say, RU. Thus, BU (is) equal to UV. So, similarly, it 
can be shown that each of BW, WC, CV is equal to each 
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T0. lor) 8 s f) psv en xfj 00, f] 8s IIT sxaxspa tov TX, 
O'?- saxiv apa (be; f] 00 xpo? xf]v OT, ouxw<; f] XT xpog 
xf]v T0. xad saxL xapdXXrjXoi; f] psv 00 xfj TX- sxaxspa 
yap auxwv xo BA sxixsBw xpoc; op'Oac saxiv fj 8s T0 xfj 
O'?- sxaxspa yap auxwv xo BZ sxixsBw xpoc; op-dac; saxiv. 
sav 8s 8uo xplywva auvxsbfj xaxa piav ywvlav, we; xa 'FO0, 
0TX, xac; Buo xXsupac; xalc; 8uvlv avaXoyov syovxa, waxs 
xac; opoXoyouc; auxwv xXsupac; xal xapaXXijXouc; slvai, at 
Xoixal su-dslai sx’ su-dslac; saovxai- in su-dslac; apa saxiv rj 
TOx^ 0X. xaaa 8s su-dsla sv svt saxLv sxixsBw- sv svl apa 
sxixsBw saxl xo TBXT4- xsvxaywvov. 

Asyw 8lj, oxl xal laoywviov saxiv. 

’Exel yap su-dsla ypappf) f] NO axpov xal psaov Xoyov 
xsxprjxai xaxa xo P, xal xo psT^ov xprjpa saxiv f) OP [saxiv 
apa we; auvapepoxspoc; f] NO, OP repoc; xfjv ON, ouxw<; f) 
NO xpoc; xrjv OP], larj 8s f) OP xfj OX [saxiv apa foe, f] XN 
Tipoi; xr)v NO, ouxwc; fj NO xpoc; xrjv OX], fj NX apa axpov 
xal psaov Xoyov xsxprjxai xaxa xo O, xal xo psVov xpfjpa 
saxiv fj NO- xa apa and xwv NX, XO xpixXaaia saxi xou 
axo xfjc; NO. larj 8s f] psv NO xfj NB, f] 8s OX xfj E<f>- xa 
apa axo xwv NX, E<h xsxpaywva xpixXaaia saxi xou and 
xfjc; NB- waxs xa axo xwv 4>E, XN, NB xsxpaxXaaia saxi 
xou axo xfjc; NB. xoTc 8s axo xwv XN, NB I'aov saxl xo axo 
xfjc XB- xa apa axo xwv BX, E<f>, xouxsaxi xo axo xfjc B4> 
[opdf] yap f] uxo <f>EB ywvia], xsxpaxXaaiov saxi xou axo 
xfjc NB- BixXfj apa saxiv f] 4>B xfjc BN. saxi 8s xal f] BT 
xfjc BN BixXfj- larj apa saxiv f] B4> xfj BT. xal sxsl Suo al 
BT, Y<I> 8ual xalc; BX, XT laai siaiv, xal |3dai<; fj B<I> pdasi 
xfj BT larj, ywvia apa f) uxo BY<I> ywvia xfj uxo BXT saxiv 
Tar]. opolwc; 8f] Bsi^ojisv, oxi xal f) uxo T<I>r ywvia iar) saxl 
xfj 0x6 BXr- al apa 0x6 BXT, BT4>, T<f>T xpslc; ywviai 
’(aai aXXf)Xai<; siaiv. sav 8s xsvxaywvou EaoxXsupou al xpslc; 
ywviai (aai aXXf]Xai<; waiv, laoywviov saxai xo xsvxaywvov- 
laoywviov apa saxl xo BY<I>rX xsvxaywvov. cBslx-dr] 8s xal 
laoxXsupov- xo apa BT4>rX xsvxaywvov laoxXsupov saxi 
xal laoywviov, xal saxiv sxl piac; xou xOpou xXsupac; xfjc 
BT. sav apa sep’ sxaaxr]i; xwv xou xOpou 8w8sxa xXsupwv 
xa auxa xaxaaxsuaawjjsv, auaxa-dfiaExai xi ayfjfia axspsov 
0x6 8w8sxa xsvxaywvwv laoxXsupoiv xs xal laoywvlwv xs- 
pisyopiEvov, 6 xaXsTxai 8w8sxas8pov. 

As! 8f) aOxo xal acpalpa xspiXapsTv xfj Bo-dslar] xal BsT^ai, 
oxi f) xou SwSsxasBpou xXsupa aXoyo<; saxiv f] xaXoujisvr) 
axoxojif]. 

’ExpspXfja-dw yap fj ^O, xal saxw fj 'I'O- aupipdXXsi apa 
f) OO xfj xou xOpou Bia^sxpw, xal 8lya xsjivouaiv aXXijXai;- 
xouxo yap 8s8sixxai sv xw xapaxsXsuxw -dEwpiQiiaxi xou 
svBsxaxou pipXlou. xsptvsxwaav xaxa xo O- xo O apa 
xsvxpov saxl xfjc a(palpa<; xfjc xspiXapipavouar)<; xov xOpov, 
xal f) OO f]puasia xfjc xXsupac xou xOpou. ExsCeuxiilw 8f) f) 
TO. xal sxsl su-dsla ypapijif) f) NE axpov xal (isaov Xoyov 
xsxftrjxai xaxa xo O, xal xo ^sT^ov auxfj<; xftfjjid saxiv f) NO, 


oiBU and (7P. Thus, pentagon BUVCW is equilateral. 
So, I say that it is also in one plane. For let PX have 
been drawn from P, parallel to each of RU and SV, on 
the exterior side of the cube. And let XH and H IT have 
been joined. I say that XHW is a straight-line. For since 
HQ has been cut in extreme and mean ratio at T, and 
QT is its greater piece, thus as HQ is to QT, so QT (is) 
to TH. And HQ (is) equal to HP, and QT to each of 
TW and PX. Thus, as HP is to PX, so WT (is) to 
TH. And HP is parallel to TW. For of each of them is 
at right-angles to the plane BD [Prop. 11.6]. And TH 
(is parallel) to PX. For each of them is at right-angles 
to the plane BF [Prop. 11.6], And if two triangles, like 
XPH and HTW, having two sides proportional to two 
sides, are placed together at a single angle such that their 
corresponding sides are also parallel then the remaining 
sides will be straight-on (to one another) [Prop. 6.32]. 
Thus, XH is straight-on to HW. And every straight-line 
is in one plane [Prop. 11.1]. Thus, pentagon UBWCV is 
in one plane. 

So, I say that it is also equiangular. 

For since the straight-line NP has been cut in extreme 
and mean ratio at R, and PR is the greater piece [thus as 
the sum of NP and PR is to PN, so NP (is) to PR], and 
PR (is) equal to PS [thus as SN is to NP, so NP (is) to 
PS], NS has thus also been cut in extreme and mean 
ratio at P, and NP is the greater piece [Prop. 13.5]. 
Thus, the (sum of the squares) on NS and SP is three 
times the (square) on NP [Prop. 13.4]. And NP (is) 
equal to NB, and PS to SV. Thus, the (sum of the) 
squares on NS and SV is three times the (square) on 
NB. Hence, the (sum of the squares) on VS, SN, and 
NB is four times the (square) on NB. And the (square) 
on SB is equal to the (sum of the squares) on SN and 
NB [Prop. 1.47]. Thus, the (sum of the squares) on BS 
and SV —that is to say, the (square) on BV [for angle 
VSB (is) a right-angle]—is four times the (square) on 
NB [Def. 11.3, Prop. 1.47]. Thus, VB is double BN. 
And BC (is) also double BN. Thus, BV is equal to BC. 
And since the two (straight-lines) BU and UV are equal 
to the two (straight-lines) BW and WC (respectively), 
and the base BV (is) equal to the base BC, angle BUV 
is thus equal to angle BWC [Prop. 1.8]. So, similarly, we 
can show that angle UVC is equal to angle BWC. Thus, 
the three angles BWC, BUV, and UVC are equal to one 
another. And if three angles of an equilateral pentagon 
are equal to one another then the pentagon is equiangu¬ 
lar [Prop. 13.7]. Thus, pentagon BUVCW is equiangu¬ 
lar. And it was also shown (to be) equilateral. Thus, pen¬ 
tagon BUVCW is equilateral and equiangular, and it is 
on one of the sides, BC, of the cube. Thus, if we make the 
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xa apa axo xwv NS, SO xpixkaaia saxi tou ano xrjc; NO. 
for) Se r) psv NS xfj 4'fl, sxsiSrjxsp xai fj psv NO xfj 00 
saxiv far), f) 8s T'O xf) OS. aXAa (jlt)v xal rj OS xfj 'FT, exeI 
xal xfj PO xa apa axo tuv Sl'P, 'I'T xpixkaaia saxi tou axo 
xrj<; NO. xofa 5s axo xfiiv fN/, 'PT foov saxl xo axo xrjc TO- 
xo apa axo xrjc; TO xpixkaaiov saxi tou axo xrjc; NO. saxi 
8s xal r) ex xoO xsvxpou xrjc; acpalpac; xfjc; xEpiXapPavouarjc; 
xov xupov 8uvapsi xpixAaalu>v xfjc; rjpiaslac; xfjc; xoO xupou 
xXsupac;- xpo8s8Eixxai yap xupov auaxf)aaai)ai. xal acpalpa 
xspiXapsTv xal BsTljai, oxi f] xfjc; acpalpa? 8ia(isxpo<; Suvapsi 
xpLxXaoiwv saxl xfjc; xXsupac; xo0 xupou. si 8s oAr) xfjc; oAr)?, 
xal [fj] rjplasia xfjc; rjpiaslac;- xal saxiv f) NO f)(jifa£ia xfjc; tou 
xupou xXsupac;' f) apa TO far) saxl xfj ex xou xsvxpou xfjc; 
acpalpac; xfjc; xspikapPavouar)? xov xupov. xal saxL xo O 
xsvxpov xfjc; acpalpa? xfjc; xspikapPavouar)? xov xupov xo 
T apa arjpsfav xpo? xfj sxicpavsla saxi xfjc; acpalpac;. opolco? 
Sr) Sslljopsv, oxi xal sxaaxr) xwv XoixCSv ywvLOv xou So- 
8sxa£8pou xpoc; xfj Exicpavsla saxl xfjc acpalpac;- x£pi£lXr)xxai 
apa to 8w8£xa£8pov xfj SoDslar) acpalpa. 

Asyw 8fj, oxi f) xou 8w8sxa£8pou xXsupa aXoyoc; saxiv 
f] xaXoupisvr) axoxoptf). 

’Exsl yap xfjc; NO axpov xal (isaov Aoyov xExpirjjiEvrjc; xo 
pisl^ov xjjfjpia saxiv 6 PO, xfjc; 8 e 05 axpov xal (isaov Xoyov 
xsxptr)pi£vr)<; xo pisl^ov xpifjpid saxiv fj OS, 6Xr)<; apa xfjc; N5 
axpov xal )i£aov Xoyov x£(Jvo(i£vr)<; xo (ieT^ov xpifjfjid saxiv f] 
PS. [ofav exeI saxiv cx f) NO xpo? xf)v OP, f] OP xpoi; xf)v 
PN, xal xa 8ixXaaia- xa yap (ispr) xolc; iaaxic; xoXXaxXaaloic; 
xov auxov Eysi Xoyov- cb<; apa f] NS xpoc; xfjv PS, outox; f) 
PS xpoc; auvapicpoxspov xfjv NP, S5. pisKwv Se f) NS xfjc; 
PS- pisl^wv apa xal f) PS auvapicpoxspou xfjc; NP, SS- f) NS 
apa axpov xal pisaov Xoyov x£xptr)xai, xal xo piEl^ov auxfji; 
xptfjpia saxiv f) PS.] far) 8 e f) PS xfj T<E>- xfjc apa NS axpov 
xal pisaov Xoyov x£)ivo)X£vr)c; xo (islifav xp.fj(ia saxiv f) T<E>. 
xal exeI prjxf] saxiv xfjc acpalpac; 8ia(i£xpo<; xal saxi Suvapisi 
xpixXaalwv xfjc tou xupou xXsupac;, prycf] apa saxiv fj NS 
xXsupa ouaa xou xupou. sav 8s prjxf) ypapijjf) axpov xal 
pisaov Xoyov xjiiydfj, sxaxspov xov xpir)[iaxov aXoyoc; saxiv 
dxoxojif). 

'HT$ apa xXsupa ouaa xou 8o8sxas8pou aXoyoi; saxiv 
axoTojif). 


same construction on each of the twelve sides of the cube 
then some solid figure contained by twelve equilateral 
and equiangular pentagons will have been constructed, 
which is called a dodecahedron. 

So, it is necessary to enclose it in the given sphere, 
and to show that the side of the dodecahedron is that 
irrational (straight-line) called an apotome. 

For let XP have been produced, and let (the produced 
straight-line) be XZ. Thus, PZ meets the diameter of the 
cube, and they cut one another in half. For, this has been 
proved in the penultimate theorem of the eleventh book 
[Prop. 11.38]. Let them cut (one another) at Z. Thus, 
Z is the center of the sphere enclosing the cube, and ZP 
(is) half the side of the cube. So, let UZ have been joined. 
And since the straight-line NS has been cut in extreme 
and mean ratio at P, and its greater piece is NP, the 
(sum of the squares) on TV5 and SP is thus three times 
the (square) on NP [Prop. 13.4]. And NS (is) equal to 
XZ, inasmuch as NP is also equal to PZ, and XP to 
PS. But, indeed, PS (is) also (equal) to XU, since (it 
is) also (equal) to RP. Thus, the (sum of the squares) 
on ZX and XU is three times the (square) on NP. And 
the (square) on UZ is equal to the (sum of the squares) 
on ZX and XU [Prop. 1.47]. Thus, the (square) on UZ 
is three times the (square) on NP. And the square on 
the radius of the sphere enclosing the cube is also three 
times the (square) on half the side of the cube. For it 
has previously been demonstrated (how to) construct the 
cube, and to enclose (it) in a sphere, and to show that 
the square on the diameter of the sphere is three times 
the (square) on the side of the cube [Prop. 13.15], And 
if the (square on the) whole (is three times) the (square 
on the) whole, then the (square on the) half (is) also 
(three times) the (square on the) half. And NP is half 
of the side of the cube. Thus, UZ is equal to the radius 
of the sphere enclosing the cube. And Z is the center of 
the sphere enclosing the cube. Thus, point U is on the 
surface of the sphere. So, similarly, we can show that 
each of the remaining angles of the dodecahedron is also 
on the surface of the sphere. Thus, the dodecahedron has 
been enclosed by the given sphere. 

So, I say that the side of the dodecahedron is that 
irrational straight-line called an apotome. 

For since RP is the greater piece of NP, which has 
been cut in extreme and mean ratio, and PS is the 
greater piece of PO, which has been cut in extreme and 
mean ratio, RS is thus the greater piece of the whole 
of NO, which has been cut in extreme and mean ratio. 
[Thus, since as NP is to PR, (so) PR (is) to RN, and 
(the same is also true) of the doubles. For parts have the 
same ratio as similar multiples (taken in corresponding 
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order) [Prop. 5.15]. Thus, as NO (is) to RS, so RS (is) 
to the sum of NR and SO. And NO (is) greater than 
RS. Thus, RS (is) also greater than the sum of NR and 
SO [Prop. 5.14]. Thus, NO has been cut in extreme and 
mean ratio, and RS is its greater piece.] And RS (is) 
equal to UV. Thus, UV is the greater piece of NO, which 
has been cut in extreme and mean ratio. And since the 
diameter of the sphere is rational, and the square on it 
is three times the (square) on the side of the cube, NO, 
which is the side of the cube, is thus rational. And if 
a rational (straight)-line is cut in extreme and mean ra¬ 
tio then each of the pieces is the irrational (straight-line 
called) an apotome. 

Thus, UV, which is the side of the dodecahedron, 
is the irrational (straight-line called) an apotome [Prop. 
13.6], 


Ilopiapa. 

’Ex 8f] xouxou cpavcpov, oxi xfjc; xou xu|3ou xXcupac; 
axpov xal pcaov Xoyov xepvopevrjc; xo pei^ov xpfjpa ectxiv 
f) xou BwBsxasSpou TiXcupa. oxEp e8ei 8eTc;cu.. 


Corollary 

So, (it is) clear, from this, that the side of the dodeca¬ 
hedron is the greater piece of the side of the cube, when 
it is cut in extreme and mean ratio.t (Which is) the very 
thing it was required to show. 


1 If the radius of the circumscribed sphere is unity then the side of the cube is ^/4/3, and the side of the dodecahedron is (1/3) (\/l5 — \/3). 


IT)'. 

Ta; TtXsupdc; xwv ttsvxe ayrjpaxwv exhsa'dcu. xod auyxplv- 
ai Ttpdc aXXfjXac;. 

H 



’Exxdcrdw f) xfj; Bobciar]; acpaipa; Siapcxpo; f) AB, xal 
xExpfp’dto xaxa xo T wax e tarjv slvai xrjv AT xfj TB, xaxa 6s 
xo A Actxe 8utXaa[ova slvai xrjv A A xfj; AB, xal ysypacpfko 
ETtl xfjc AB fjpixuxXiov xo AEB, xal axo xwv T, A xfj AB 
itpog opDdc; fiyhcoCTav al FE, AZ, xal EitE^Euy'dtoaav at AZ, 
ZB, EB. xal £7tsl SixXfj ectxiv fj A A xfj<; AB, xpiTtXfj apa 
saxlv fj AB xfjc; BA. avaaxpEcjiavxi fjpioXla apa saxlv f) BA 
xfjc AA. cb<; 5 e fj BA Tipoc; xf]v AA, ouxco<; xo axo xfjc; BA 


Proposition 18 

To set out the sides of the five (aforementioned) fig¬ 
ures, and to compare (them) with one another.^ 


G 



Let the diameter, AB, of the given sphere be laid out. 
And let it have been cut at C, such that AC is equal to 
CB, and at D, such that AD is double DB. And let the 
semi-circle AEB have been drawn on AB. And let CE 
and DF have been drawn from C and D (respectively), 
at right-angles to AB. And let AF, FB, and EB have 
been joined. And since AD is double DB, AB is thus 
triple BD. Thus, via conversion, BA is one and a half 
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xpo; to axo Tfj; AZ- iooycoviov yap egti to AZB xpiycovov 
t« AZA xpiyovor fjpioXiov apa egt'i to axo xfj; BA too &tco 
T fj; AZ. saxi Se xal f] Tfj; ocpaipa; BiapExpo; Suvapsi fjpioXia 
Tfj; xXsupa; Tfj; xupapiSo;. xal ecttlv f) AB fj Tfj; ocpaipa; 
Siapsxpo;- f) AZ apot for] saxl Tfj xXsupa Tfjc; xupapiSo;. 

ndXiv, exeI SixXaoiorv soxlv f] AA Tfjc; AB, xpixXfj apa 
egtIv f] AB Tfj; BA. cb; Ss f) AB xpo; xf]v BA, ouxw; to 
axo Tfjc AB xpo; to axo Tfjc; BZ- xpixXaoiov apa soxl to 
axo Tfj; AB tou axo Tfjc BZ. egti Se xal f] Tfjc; ocpaipa; 
Siapsxpo; Suvapsi xpixXaoiMv Tfjc; tou xupou xXsupa;. xai 
egtiv f] AB f) Tfjc; ocpaipa; Siapsxpo;- f) BZ apa tou xupou 
egtI xXsupa. 

Kal exel for) egtiv f] Ar Tfj TB, SixXfj apa egtIv f) AB 
Tfjc; BIX cb; Se f] AB xpo; xf]v Br, ouxor; to axo Tfjc; AB 
xpo; to axo Tfjc; BE- SixXaoiov apa soxl to axo Tfjc; AB tou 
axo Tfjc; BE. egti 8e xal f) Tfjc; ocpaipa; Siapsxpo; Suvapsi 
BixXaoiwv Tfjc; tou oxxasBpou xXsupa;. xal egtiv f) AB f] 
Tfjc; SoDsfor]; ocpaipa; Siapsxpo;- f) BE apa tou oxxaESpou 
saxl xXsupa. 

’Tix-dw 8f] axo tou A oqpEiou Tfj AB su-dsia xpoc; op-da; 
f) AH, xal xeio-Om f] AH for) Tfj AB, xal EXE^Cy-Sw f] Hr, 
xal axo tou 0 sxl xfjv AB xa-dsTo; fjx^w r) 0K. xal exeI 
8ixXfj egtiv f) HA Tfj; Ar- for) yap f) HA Tfj AB- A; 8e f) 
HA xpo; Trjv Ar, outw; f) 0K xpo; Tf)v Kr, SixXfj apa 
xal f) 0K Tfj; Kr. T£TpaxXaoi.ov apa egtI to axo Tfj; 0K 
tou axo xfj; Kr- Ta apa axo twv 0K, Kr, oxsp egti to 
axo Tfj; 0r, xsvTaxXaoiov egti tou axo Tfj; Kr. for) 8s 
f) 0r Tfj TB- xEVTaxXaGiov apa eotI to axo xfj; Br tou 
axo Tfj; EK. xal exeI SixXfj egtiv f) AB Tfj; TB, 6v f) 
AA xfj; AB egti 8ixXfj, Xoixf) apa f) BA Xoixfj; Tfj; Ar 
egti SixXfj. TpixXfj apa f) Br xfj; TA- svvaxXaGiov apa 
to axo xfj; Br tou axo xfj; TA. xEvxaxXaoiov 8 e to axo 
xfj; Br tou axo xfj; TK- pisl^ov apa to axo xfj; TK tou 
axo xfj; TA. (uei^wv apa egtiv f) TK xfj; TA. xeigDco xfj 
TK for) f) TA, xal axo tou A xfj AB xpo; op-da; fjx^ T) 
AM, xal EXE^EuyDco f) MB. xal exeI xEvxaxXaoiov egti to 
axo xfj; BB tou axo xfj; TK, xai egti xfj; p.sv Br SixXfj 
f) AB, xfj; Se TK SixXfj f) KA, xEvxaxXaGiov apa egti to 
axo xfj; AB tou axo xfj; KA. egti Se xal f) xfj; ocpaipa; 
SiajiETpo; Suvap.Ei xEvxaxXaGiwv xfj; ex tou xsvxpou tou 
xuxXou, acp’ o5 to EixoGasSpov avayEypaxxai. xal egtiv f] 
AB f) xfj; ocpaipa; SiaptExpo;- f) KA apa ex tou xsvxpou 
egti tou xuxXou, acp’ oO to EixoGasSpov avayEypaxxai- 
fj KA apa s^ayAvou egt'i xXsupa tou Eiprjpisvou xuxXou. 
xal exeI f) xfj; ocpaipa; SiaptExpo; ouyxsixai ex te xfj; tou 
s^ayAvou xal Suo xAv tou SsxayAvou xAv si; xov sipr)p.Evov 
xuxXov Eyypacpojisvwv, xal egtiv f) pisv AB f) xfj; ocpaipa; 
Sia^Expo;, f) Se KA s^ayAvou xXsupa, xal for) f) AK xfj 
AB, Exaxspa apa xAv AK, AB SsxayAvou egt'i xXsupa 
tou EyypacpojiEvou si; xov xuxXov, acp’ o5 to EixoGasSpov 
avayEypaxxai. xal exeI SsxayAvou )xev f) AB, s^ayAvou 


times AD. And as BA (is) to AD, so the (square) on 
BA (is) to the (square) on AF [Def. 5.9]. For triangle 
AFB is equiangular to triangle AFD [Prop. 6.8]. Thus, 
the (square) on BA is one and a half times the (square) 
on AF. And the square on the diameter of the sphere is 
also one and a half times the (square) on the side of the 
pyramid [Prop. 13.13]. And AB is the diameter of the 
sphere. Thus, AF is equal to the side of the pyramid. 

Again, since AD is double DB, AB is thus triple BD. 
And as AB (is) to BD, so the (square) on AB (is) to the 
(square) on BF [Prop. 6.8, Def. 5.9]. Thus, the (square) 
on AB is three times the (square) on BF. And the square 
on the diameter of the sphere is also three times the 
(square) on the side of the cube [Prop. 13.15]. And AB 
is the diameter of the sphere. Thus, BF is the side of the 
cube. 

And since AC is equal to CB, AB is thus double BC. 
And as AB (is) to BC, so the (square) on AB (is) to the 
(square) on BE [Prop. 6.8, Def. 5.9]. Thus, the (square) 
on AB is double the (square) on BE. And the square 
on the diameter of the sphere is also double the (square) 
on the side of the octagon [Prop. 13.14]. And AB is the 
diameter of the given sphere. Thus, BE is the side of the 
octagon. 

So let AG have been drawn from point A at right- 
angles to the straight-line AB. And let AG be made equal 
to AB. And let GC have been joined. And let HI< have 
been drawn from H, perpendicular to AB. And since GA 
is double AC. For GA (is) equal to AB. And as GA (is) 
to AC, so HK (is) to KC [Prop. 6.4]. HK (is) thus also 
double KC. Thus, the (square) on HK is four times the 
(square) on KC. Thus, the (sum of the squares) on HK 
and KC, which is the (square) on HC [Prop. 1.47], is 
five times the (square) on KC. And HC (is) equal to CB. 
Thus, the (square) on BC (is) five times the (square) on 

CK. And since AB is double CB, of which AD is double 

DB, the remainder BD is thus double the remainder DC. 
BC (is) thus triple CD. The (square) on BO (is) thus 
nine times the (square) on CD. And the (square) on BC 
(is) five times the (square) on CI\. Thus, the (square) 
on CK (is) greater than the (square) on CD. CK is thus 
greater than CD. Let CL be made equal to CI\. And 
let LM have been drawn from L at right-angles to AB. 
And let MB have been joined. And since the (square) on 
BC is five times the (square) on CK, and AB is double 
BC, and KL double CK, the (square) on AB is thus five 
times the (square) on KL. And the square on the diam¬ 
eter of the sphere is also five times the (square) on the 
radius of the circle from which the icosahedron has been 
described [Prop. 13.16 corr.]. And AB is the diameter 
of the sphere. Thus, KL is the radius of the circle from 
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§s f) MA- for) yap eaxL xfj KA, exel xal xfj 0K- foov yap 
aiteyouaiv axo xou xevxpou- xat eaxiv exaxepa x«v 0K, 
KA 8ixXaaiMv xfj; KIT- xevxayAvou apa eaxiv f] MB. f) 8e 
xou xevxayAvou eaxiv f] xou eixoaae8pou- eixoaae8pou apa 
eaxiv f) MB. 

Kal end f] ZB xu[3ou eaxl nXeupa, xexpirjailw axpov xal 
peaov Xoyov xaxa xo N, xal eaxto pelifov xpfjpa xo NB- f] 
NB apa 8o8exae8pou eaxl nXeupa. 

Kal end rj xfjc; aipaipa; 8iapexpo; e8dx , 0r) xfjc (lev 
AZ nXeupa; xfjc; xupapiOo; Suvapei f)(iioX[a, xfj; 8e xou 
oxxae8pou xfj; BE Suvapei SmXaatcov, xfj; 8e xou xupou xfj; 
ZB 8uvd|iei xpmXaaicov, oiuv apa f] xfj; acpaipa; Siapexpo; 
8uvapei ec;, xoiouxwv f] pev xfj; xupap[8o; xeaaapwv, f) 8e 
xou oxxae8pou xpiov, f) 8e xou xupou Suo. f) (rev apa xfj; 
xupap[8o; nXeupa xfj; (iev xou oxxaeOpou nXeupa; 8uvdpei 
eaxiv eiuxpixo;, xfj; 8e xou xupou 8uvapei OmXfj, f] 8e xou 
oxxae8pou xfj; xou xupou 8uvapei f]pioX(a. al pev ouv 
eiprjpevai xwv xpiSv ayrjpaxtov nXeupai, Xeyco Sf] xupapiSo; 
xal oxxae8pou xal xupou, npo; aXXrjXa; efolv ev Xoyoi; 
pr)xoT;. al 8e Xomal Suo, Xeyo 8f) fj xe xou dxoaae8pou 
xal f) xou 8w8exae8pou, ouxe npo; aXXijXa; ouxe npo; xa; 
npoeiprjpieva; efolv ev Xoyoi.; prjxol;- aXoyoL yap eiaiv, f] [iev 
eXaxxov, f) 8e dnoxopuj. 

"Oxl pidi^wv eaxiv f) xou dxoaae8pou nXeupa f) MB xfj; 
xou 8w8exae8pou xfj; NB, od^optev ouxw;. 

’Enel yap fooywviov eaxi xo ZAB xplywvov xo ZAB 
xpiyorvfc), avaXoyov eaxiv A; f] AB npo; xf)v BZ, ouxo; 
f) BZ npo; xfjv BA. xal end xpd; euildai avaXoyov elaiv, 
eaxiv A; f) npAxrj npo; xfjv xpixrjv, ouxo; xo ano xfj; npAxrj; 
npo; xo ano xfj; 8euxepa;- eaxiv apa A; f] AB npo; xfjv BA, 
ouxo; xo ano xfj; AB npo; xo ano xfj; BZ- avanaXiv apa 
A; f] AB npo; xfjv BA, ouxw; xo ano xfj; ZB npo; xo ano 
xfj; BA. xpmXfj 8e f) AB xfj; BA- xpmXaaiov apa xo ano 
xfj; ZB xou ano xfj; BA. eaxi 8e xal xo ano xfj; AA xou 
ano xfj; AB xexpanXaaiov 8mXfj yap f] AA xfj; AB- (id^ov 
apa xo ano xfj; A A xou ano xfj; ZB- pid^wv apa f] A A xfj; 
ZB- noXXA apa f) AA xfj; ZB pid^wv eaxiv. xal xfj; piev 
AA axpov xal pieaov Xoyov xepivopievr); xo pid^ov xptfj(ia 
eaxiv f] KA, enei8f)nep f] piev AK e^ayAvou eaxiv, f) 8e KA 
8exayAvou- xfj; 8e ZB axpov xal (icaov Xoyov xejjvojjevr); 
xo pid^ov xptfjpia eaxiv f] NB- pid^wv apa f) KA xfj; NB. 
for) 8e f] KA xfj AM- pid^wv apa f] AM xfj; NB [xfj; 8e 
AM pid^wv eaxiv f] MB]. noXXA apa f) MB nXeupa ouaa 
xou eixoaae8pou pid^wv eaxl xfj; NB nXeupa; ouarj; xou 
8w8exae8pou- onep eSei 8dc;ai. 


which the icosahedron has been described. Thus, I\L is 
(the side) of the hexagon (inscribed) in the aforemen¬ 
tioned circle [Prop. 4.15 corr.]. And since the diameter of 
the sphere is composed of (the side) of the hexagon, and 
two of (the sides) of the decagon, inscribed in the afore¬ 
mentioned circle, and AB is the diameter of the sphere, 
and KL the side of the hexagon, and AK (is) equal to 
LB, thus AK and LB are each sides of the decagon in¬ 
scribed in the circle from which the icosahedron has been 
described. And since LB is (the side) of the decagon. 
And AIL (is the side) of the hexagon—for (it is) equal to 
I\L, since (it is) also (equal) to HI\, for they are equally 
far from the center. And HK and KL are each double 
I\C. MB is thus (the side) of the pentagon (inscribed 
in the circle) [Props. 13.10, 1.47]. And (the side) of the 
pentagon is (the side) of the icosahedron [Prop. 13.16]. 
Thus, MB is (the side) of the icosahedron. 

And since FB is the side of the cube, let it have been 
cut in extreme and mean ratio at N, and let AB be the 
greater piece. Thus, NB is the side of the dodecahedron 
[Prop. 13.17 corr.]. 

And since the (square) on the diameter of the sphere 
was shown (to be) one and a half times the square on the 
side, AF, of the pyramid, and twice the square on (the 
side), BE, of the octagon, and three times the square 
on (the side), FB, of the cube, thus, of whatever (parts) 
the (square) on the diameter of the sphere (makes) six, 
of such (parts) the (square) on (the side) of the pyramid 
(makes) four, and (the square) on (the side) of the oc¬ 
tagon three, and (the square) on (the side) of the cube 
two. Thus, the (square) on the side of the pyramid is one 
and a third times the square on the side of the octagon, 
and double the square on (the side) of the cube. And the 
(square) on (the side) of the octahedron is one and a half 
times the square on (the side) of the cube. Therefore, 
the aforementioned sides of the three figures—I mean, of 
the pyramid, and of the octahedron, and of the cube— 
are in rational ratios to one another. And (the sides 
of) the remaining two (figures)—I mean, of the icosahe¬ 
dron, and of the dodecahedron—are neither in rational 
ratios to one another, nor to the (sides) of the aforemen¬ 
tioned (three figures). For they are irrational (straight¬ 
lines): (namely), a minor [Prop. 13.16], and an apotome 
[Prop. 13.17]. 

(And), we can show that the side, AlB, of the icosahe¬ 
dron is greater that the (side), NB, or the dodecahedron, 
as follows. 

For, since triangle FDB is equiangular to triangle 
FAB [Prop. 6.8], proportionally, as DB is to BF, so BF 
(is) to BA [Prop. 6.4]. And since three straight-lines are 
(continually) proportional, as the first (is) to the third, 
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so the (square) on the first (is) to the (square) on the 
second [Def. 5.9, Prop. 6.20 corr.]. Thus, as DB is to 
BA, so the (square) on DB (is) to the (square) on BF. 
Thus, inversely, as AB (is) to BD, so the (square) on 
FB (is) to the (square) on BD. And AB (is) triple BD. 
Thus, the (square) on FB (is) three times the (square) 
on BD. And the (square) on AD is also four times the 
(square) on DB. For AD (is) double DB. Thus, the 
(square) on AD (is) greater than the (square) on FB. 
Thus, AD (is) greater than FB. Thus, AL is much greater 
than FB. And KL is the greater piece of AL, which is 
cut in extreme and mean ratio—inasmuch as LK is (the 
side) of the hexagon, and KA (the side) of the decagon 
[Prop. 13.9]. And NB is the greater piece of FB, which 
is cut in extreme and mean ratio. Thus, KL (is) greater 
than NB. And KL (is) equal to LAI. Thus, LAI (is) 
greater than NB [and AIB is greater than LAI]. Thus, 
MB, which is (the side) of the icosahedron, is much 
greater than NB, which is (the side) of the dodecahe¬ 
dron. (Which is) the very thing it was required to show. 


f If the radius of the given sphere is unity then the sides of the pyramid (i.e., tetrahedron), octahedron, cube, icosahedron, and dodecahedron, 
respectively, satisfy the following inequality: ^/8/3 > V2 > -y/4/3 > (l/\/5) vTo — 2 \/b > (1/3) (\/l5 — \/3). 


Asyco 8q, oti xapa xa Eiprjpsva xevxe ay/jpaxa ou au- 
axa'dqasxat Excpov ayrjpa nEpLEyopEvov 0x6 iaoxAcuporv xs 
xai iaoycovitov latov aAAr|Aoic;. 

'Txo psv yap Suo xpiywvcnv f) 6 Xoq exixsScov axspca 
ycovia ou auviaxaxai. 0x6 Ss xpifiiv xpiyovwv f) xfjc xu- 
papiSoc;, 0x6 Ss xcaaaporv f) xou oxxasSpou, 0x6 8s xevxe 
V) xou £ixoaa£8pou- 0x6 8 e §5 xpiycovcov iaoxAsuptov xs 
xai iaoytnvunv xpoq svi arjpsuq auviaxapivtov oOx saxai 
axcpsa yorvia- ouarjq yap xrjc; xou iaoxAsupou xpiytovou 
yorviaq 8ipoipou ophrjc; saovxai ai §5 xsaaapaiv ophaic; laar 
oxsp a8uvaxov axaaa yap axcpsa ywvia 0x6 sAaaaovtov 
fj xEaaaptov ophcov xspEyExai. 8ia xa auxa 8 r\ oOSe 0x6 
xAeiovcpv fj §5 yoviwv exixeSwv axspsa ytovia auviaxaxai. 
0x6 Ss xExpaycovcov xpiov fj xou xOpou yovia xEpiEyExai- 
0x6 8e xEoaaporv aSuvaxov saovxai. yap xaAiv xcaaapsq 
ophai. 0x6 8 e xsvxayovwv iaoxAsupcov xai iaoytoviatv, 0x6 
psv xpiov q xou SorBsxasSpou' 0x6 8s xcaaaporv aSuvaxov 
ouarjq yap xfjc; xou xsvxaycovou iaoxXsupou ycoviac; opOrjc; 
xai xspxxou, saovxai ai xcaaapsc; yorviai xcaaaporv opOov 
pEi^ouq' oxcp aSuvaxov. oOSe pf)v 0x6 xoAuycSvorv sxEpcov 
ayrjpaxov xEpiayEiifiaExai axspEa yorvia 8ia xo aOxo axo- 
xov. 

OOx apa xapa xa Eiprjpsva xevxe ayqpaxa sxspov ayrjpa 
axEpsov auaxahqasxai 0x6 iaoxAcupcov xs xai iaoytovitov 
xspiExopsvov oxcp e8ei Bsl^ai. 


So, I say that, beside the five aforementioned figures, 
no other (solid) figure can be constructed (which is) con¬ 
tained by equilateral and equiangular (planes), equal to 
one another. 

For a solid angle cannot be constructed from two tri¬ 
angles, or indeed (two) planes (of any sort) [Def. 11.11]. 
And (the solid angle) of the pyramid (is constructed) 
from three (equiangular) triangles, and (that) of the oc¬ 
tahedron from four (triangles), and (that) of the icosahe¬ 
dron from (five) triangles. And a solid angle cannot be 
(made) from six equilateral and equiangular triangles set 
up together at one point. For, since the angles of a equi¬ 
lateral triangle are (each) two-thirds of a right-angle, the 
(sum of the) six (plane) angles (containing the solid an¬ 
gle) will be four right-angles. The very thing (is) impos¬ 
sible. For every solid angle is contained by (plane angles 
whose sum is) less than four right-angles [Prop. 11.21]. 
So, for the same (reasons), a solid angle cannot be con¬ 
structed from more than six plane angles (equal to two- 
thirds of a right-angle) either. And the (solid) angle of 
a cube is contained by three squares. And (a solid angle 
contained) by four (squares is) impossible. For, again, the 
(sum of the plane angles containing the solid angle) will 
be four right-angles. And (the solid angle) of a dodec¬ 
ahedron (is contained) by three equilateral and equian¬ 
gular pentagons. And (a solid angle contained) by four 
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A 



"Oxi 5 e f) xou looxXsupou xal iooycovlou xevxaywvou 
ywvia op-Ori egxi xal xepxxou, ouxa> Beixxeov. 

’'Egxo yap xevxaycovov looxXeupov xal iooytoviov xo 
ABrAE, xal xspiysypacp'dw xepl auxo xuxXo<; 6 ABTAE, 
xal eiXf|cpf>a> auxou xo xevxpov xo Z, xal sxstAuy'Ocoaav al 
ZA, ZB, Zr, ZA, ZE. Slya apa xspvouoi xag xpoc; xoi<; A, 
B, r, A, E xou xevxaywvou ya>vla<;. xal sit el ai xpoc; xw Z 
xevxe ytovlai xcoGapoiv opDali; laat riol xal slow laai, pla 
apa auxwv, wc; f) 0x6 AZB, piac; ophfjc; eoxi xapa xepxxov 
Xoixal apa al 0x6 ZAB, ABZ ptac; eigiv ophfjc; xal xepxxou. 
lgt] 5e f) 0x6 ZAB xfj 0x6 ZBT- xal 6Xr) apa f) 0x6 ABr xou 
xevxaywvou ywvla piac; eoxiv ophrjc; xal xepxxou' oxsp eBei 
8eTc;ai. 


(equiangular pentagons is) impossible. For, the angle of 
an equilateral pentagon being one and one-fifth of right- 
angle, four (such) angles will be greater (in sum) than 
four right-angles. The very thing (is) impossible. And, 
on account of the same absurdity, a solid angle cannot 
be constructed from any other (equiangular) polygonal 
figures either. 

Thus, beside the five aforementioned figures, no other 
solid figure can be constructed (which is) contained by 
equilateral and equiangular (planes). (Which is) the very 
thing it was required to show. 


A 



It can be shown that the angle of an equilateral and 
equiangular pentagon is one and one-fifth of a right- 
angle, as follows. 

For let ABCDE be an equilateral and equiangular 
pentagon, and let the circle ABCDE have been circum¬ 
scribed about it [Prop. 4.14]. And let its center, F, have 
been found [Prop. 3.1]. And let FA, FB, FC, FD, 
and FE have been joined. Thus, they cut the angles 
of the pentagon in half at (points) A, B, C, D, and E 
[Prop. 1.4]. And since the five angles at F are equal (in 
sum) to four right-angles, and are also equal (to one an¬ 
other), (any) one of them, like AFB, is thus one less a 
fifth of a right-angle. Thus, the (sum of the) remaining 
(angles in triangle ABF), FAB and ABF, is one plus a 
fifth of a right-angle [Prop. 1.32]. And FAB (is) equal 
to FBC. Thus, the whole angle, ABC, of the pentagon 
is also one and one-fifth of a right-angle. (Which is) the 
very thing it was required to show. 
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ABBREVIATIONS: act - active; adj - adjective; adv - adverb; conj 
- conjunction; fut - future; gen - genitive; imperat - imperative; 
impf - imperfect; ind - indeclinable; indie - indicative; intr - in¬ 
transitive; mid - middle; neut - neuter; no - noun; par - particle; 
part - participle; pass - passive; perf - perfect; pre - preposition; 
pres - present; pro - pronoun; sg - singular; tr - transitive; vb - 
verb. 

ayw, apw, rfrayov, -fx a ^ fjypoii, ^X'® T ) V : v ^> lead, draw (a line), 
aobvaxoe -ov : adj, impossible. 
ad : adv, always, for ever. 

aipew, aipi^aw, effjXov, fpr|xa, fjprjpai, f|p£f>r|V : vb, grasp, 
aixew, alxr|aw, f]Tr)aa, fjxrjxa, flxrjpai, fjx^Dr] : vb, postulate, 
aixripa -axoc, xo : no, postulate. 

dxoXoudoe -ov : adj, analogous, consequent on, in conformity 
with. 

axpoe -a -ov : adj, outermost, end, extreme. 
aXXa : conj, but, otherwise. 
aXoyoe -ov : adj, irrational. 

Spa : adv, at once, at the same time, together. 

appXuywvioe -ov : adj, obtuse-angled; xo appXuywviov, no, ob¬ 
tuse angle. 

appXOc -eTa -0 : adj, obtuse. 

aprpoxepoe -a -ov : pro, both. 

avaypaepw : vb, describe (a figure); see ypekpw. 

avaXoyia, f) : no, proportion, (geometric) progression. 

dvaXoyoe -ov : adj, proportional. 

SvajiaXiv : adv, inverse(ly). 
avomXripow : vb, fill up. 

dvaaxpscpw : vb, turn upside down, convert (ratio); see axpsepw. 
avaoxpoepr], f] : no, turning upside down, conversion (of ratio), 
avducpaipew : vb, take away in turn; see alpEw. 
aviaxripi : vb, set up; see latripi. 
aviaoe -ov : adj, unequal, uneven. 

avxmaaxw : vb, be reciprocally proportional; see 71 doyw. 
d<;wv -ovoc, o : vb, axis. 

Snap : adv, once. 

Snap, anaaa, anav : adj, quite all, the whole. 

Sneipop -ov : adj, infinite. 

dxEvavxiov : ind, opposite. 

anEyw : vb, be far from, be away from; see syw. 

anXaxr]c -ep : adj, without breadth. 

djioosicpe -ewe, f] : no, proof. 

dxoxaiKaxyp'. : vb, re-establish, restore; see ioxr)pi. 

dxoXapPdvw : vb, take from, subtract from, cut off from; see 
XapPavw. 

anoxEpvw : vb, cut off, subtend. 

dxoxpripa -axoc, xo : no, piece cut off, segment. 

anoxopr], f] : vb, piece cut off, apotome. 


anew, S(]>w, fjtjja, —, fjppai, — : vb, touch, join, meet. 
dxwxEpoe -a -ov : adj, further off. 

Spa : par, thus, as it seems (inferential). 

Spulpoc, o : no, number. 

dpxiaxie : adv, an even number of times. 

apxionXeupoc -ov : adj, having a even number of sides. 

Spyw, apc;w, fjp^a, ipya, rjpypai, yjpx'Uiqv : vb, rule; mid., be¬ 
gin. 

Souppexpoc -ov : adj, incommensurable, 
aobpnxwxoc -ov : adj, not touching, not meeting. 

Spxioc -a -ov : adj, even, perfect. 
axpr]xoc -ov : adj, uncut, 
axonoc -ov : adj, absurd, paradoxical, 
abxoffcv : adv, immediately, obviously. 

acpaipsw : vb, take from, subtract from, cut off from; see a'ipsw. 
aepr], f] : no, point of contact. 

PaOoc -eoc, xo : no, depth, height. 

Paivw, -p-f]oopai, -ePt|v, peprpxa, —, — : vb, walk; perf, stand 
(of angle). 

PaXXw, paXw, ipaXov, pepXr)xa, p£pXr|pai, epXr]0r]v : vb, throw. 
Paaic -ewc, t\ : no, base (of a triangle), 
yap : conj, for (explanatory). 

yi[y]vopai, yEv^aopa 1 ., EyEvoprjv, yeyova, ysyevripai, — : vb, 
happen, become. 

yvwpwv -ovoc, f] : no, gnomon, 
ypappf], f] : no, line. 

ypacpw, ypaijiw, Eypa[(ji/cp]a, ysypaepa, ycypappai, epa(Jjapr)v : vb, 
draw (a figure). 

ywvia, t) : no, angle. 

6ei : vb, be necessary; Set, it is necessary; eSei, it was necassary; 
6 eov, being necessary. 

oeixvupi, 6s£<;w, eoei^a, 6 e6eixo<, oeoeiypai, e6eLxdr)v : vb, show, 
demonstrate. 

oeixxeov : ind, one must show. 

OEipic -ewe, f] : no, proof. 

OExaywvoc -ov : adj, ten-sided; xo Ssxaywvov, no, decagon. 

OEyopai, OE^opai, EOE^aprjv, —, OEOEypai, soexOriv : vb, receive, 
accept. 

or; : conj, so (explanatory). 

6r]Xa6f] : ind, quite clear, manifest. 

SfjXoe -r\ -ov : adj, clear. 

6r]Xovbxi : adv, manifestly. 

Sidyw : vb, carry over, draw through, draw across; see ayw. 
oiaywvioe -ov : adj, diagonal. 

SiaXeixw : vb, leave an interval between. 

SiapExpoc -ov : adj, diametrical; rj oidpsxpoc, no, diameter, di¬ 
agonal. 

SiaipEoic -ewe, f] : no, division, separation. 
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oioupew : vb, divide (in two); oiocpefievToc -r) -ov, adj, separated 
(ratio); see aipew. 

Siacruripa -octoc, to : no, radius, 
oiacpspw : vb, differ; see cpepca. 

oiocop 1 ., ocoatd, EOtaxa, Seocoxa, OEOopoa, eSoDriv : vb, give, 
oipoipoc -ov : adj, two-thirds. 

SurXaaio^M : vb, double. 

SixXaatoc -a -ov : adj, double, twofold. 

SixXaaicov -ov : adj, double, twofold. 

SixXoOc -fj -oOv : adj, double. 

5Cc : adv, twice. 

Siya '■ adv, in two, in half, 
oi/opopioc, f] : no, point of bisection. 

6uac -a6oc, f] : no, the number two, dyad. 

86vapou : vb, be able, be capable, generate, square, be when 
squared; ouvapEvrp fj, no, square-root (of area)— i.e., strai¬ 
ght-line whose square is equal to a given area. 

Suvapic -emc, f] : no, power (usually 2nd power when used in 
mathematical sence, hence), square. 

ouvaxoc -V] -ov : adj, possible. 

Swoexaeopoc -ov : adj, twelve-sided. 

sauToO -r'c -oO : adj, of him/her/it/self, his/her/its/own. 

ey-yicov -ov : adj, nearer, nearest. 

EYYpdotj : vb, inscribe; see Ypdcpw. 
siooc - 605 , to : no, figure, form, shape. 
eixoaocEOpoc -ov : adj, twenty-sided. 

eipoVXeYu, Epw/Epew, eIjtov, Eipr]xa, eipqpai, Epprplrjv : vb, 

say, speak; per pass part, sipyjpsvoc -r] -ov, adj, said, afore¬ 
mentioned. 

sits ... site : ind, either ... or. 

ExctaToc -T] -ov : pro, each, every one. 

ExaTEpoc -a -ov : pro, each (of two). 

ExpdXXw : vb, produce (a line); see pdXXw. 

Exfieot : vb, set out. 

sxxsipou : vb, be set out, be taken; see xsipou. 

EXTifiripi : vb, set out; see Tibrjp 1 .. 
extoc : pre + gen, outside, external. 

EXdoacav/EXaTTUV -ov : adj, less, lesser. 
eXoe/vttoc -T) -ov : adj, least. 
eXXeixgj : vb, be less than, fall short of. 

EpxixTM : vb, meet (of lines), fall on; see xixtoj. 

EpxpocrdEv : adv, in front. 
evaXXa? : adv, alternate (ly). 

EvappoCot : vb, insert; perf indie pass 3rd sg, EvfppoaTai. 
EvOE/opcu : vb, admit, allow. 
evexev : ind, on account of, for the sake of. 
evvcmXdcnoc -a -ov : adj, nine-fold, nine-times, 
svvoia, f] : no, notion. 


EvjiEpLE/co : vb, encompass; see s/co. 

EV7U7TTM : See EpXIXTM. 

evtoc : pre + gen, inside, interior, within, internal. 

e^cxycjvoc -ov : adj, hexagonal; to kE,dyu>vov, no, hexagon. 

E^ccxXaaioc -a -ov : adj, sixfold. 

e^fje : adv, in order, successively, consecutively. 

e^wOev : adv, outside, extrinsic. 

Ejiavot : adv, above. 

Exacprp f) : no, point of contact. 

etcei : conj, since (causal). 

feTCEiOY^TCEp : ind, inasmuch as, seeing that. 

Em^EhYvOpi, E7u£s6c;a>, £xe<(eu5c(, —, exe<(el)ypou, ExE^eiJxOrjv : 
vb, join (by a line). 

ETuXoY^opai : vb, conclude. 
etuvoew : vb, think of, contrive. 

exixeSoc -ov : adj, level, flat, plane; to exixeSov, no, plane. 
EiuaxEXTopou : vb, investigate. 

Eiuaxetjiic -ecoc, f] : no, inspection, investigation. 

exiTaoaw : vb, put upon, enjoin; to Excra/dEv, no, the (thing) 
prescribed; see xaaow. 

ETUTpiToc -ov : adj, one and a third times. 

ETtupaveia, fj : no, surface. 

ETcopou : vb, follow. 

Ep/opai, eXEuaopcu, fXfiov, eXrjXuha, —, — : vb, come, go. 
EayotToc -t) -ov : adj, outermost, uttermost, last. 

ETEpopqxqc -sc : adj, oblong; to STSpoprjXEC, no, rectangle. 

ETEpoc -a -ov : adj, other (of two). 
eti : par, yet, still, besides. 

e6#uyp°Woc -ov : adj, rectilinear; to ebOuYpappov, no, recti¬ 
linear figure. 

eo#6c -sioc -6 : adj, straight; f) ebOeia, no, straight-line; ex’ 
suOsiac, in a straight-line, straight-on. 

supiaxco, ebpr]ax(o, rjbpov, supsxa, suprjpcu, EtJpsOrjV : vb, find. 

expaxTM : vb, bind to; mid, touch; f) EcpaxTopEvyj, no, tangent; 
see Sxtw. 

Erpappo^w, Ecpappoaw, Efpijppooa, Scprjpoxa, £(pf|poapai, ixprjpocrdrjv 
: vb, coincide; pass, be applied. 

Ecps<;rjc : adv, in order, adjacent. 

ecpiaTripi : vb, set, stand, place upon; see (aTirjpi. 

e/w, e5w, Eoyov, so/rixa, -so/ripoa, — : vb, have. 

f]YEopai, f]Yf]oopai, f]Yt]cTdpr]v, f]YT)pai, —, f]Yf'®h v : vb, lead. 

fjor) : ind, already, now. 

fjxca, f'eta, —, —, —, — : vb, have come, be present. 
f]pixuxXiov, to : no, semi-circle. 

fpioXioc -a -ov : adj, containing one and a half, one and a half 
times. 

rjpiauc -Eiot -u : adj, half. 

■yjxsp = fj + xEp : conj, than, than indeed. 
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■^toi ...: par, surely, either ... or; in fact, either ... or. 

'deaic -sox, f] : no, placing, setting, position. 

Oewpripo' -ocxoc, to : no, theorem. 

1610c -a -ov : adj, one’s own. 

ladtxic : adv, the same number of times; iaaxic TtoXXaicXdoia, 
the same multiples, equal multiples. 

iooywvioc -ov : adj, equiangular. 

iooxXeupoc -ov : adj, equilateral. 

ioorJ.rjljc -ec : adj, equal in number. 

icroc -r\ -ov : adj, equal; t'i ioou, equally, evenly. 

ioooxeXf]c -ec : adj, isosceles. 

uxTrjpi, axtiacd, eox^aa, —, —, eaxdh)r]v : vb tr, stand (some¬ 
thing). 

iaxrpi, axr](jcd, Eaxr|V, eaxr]xc(, eaxapai, eaxa#r]V : vb intr, stand 
up (oneself); Note: perfect I have stood up can be taken 
to mean present I am standing. 

iaoijtjn'ic -ec : adj, of equal height. 
xaOaicep : ind, according as, just as. 
xoiOetoc -ov : adj, perpendicular. 
xaOoXou : adv, on the whole, in general. 
xaXew : vb, call, 
xdtxeivoc = xcd Execvoc . 
xav = xai av : ind, even if, and if. 
xaxaypacpT], f) : no, diagram, figure. 

xaxaYpacpw : vb, describe/draw, inscribe (a figure); see ypotcpco. 
xaxaxoXoudEu : vb, follow after. 

xaxaXeiitw : vb, leave behind; see Xemw; xa xaxaXemopeva, no, 
remainder. 

xaxotXXr]Xoc -ov : adj, in succession, in corresponding order, 
xaxapexpew : vb, measure (exactly), 
xaxavxdw : vb, come to, arrive at. 
xaxaoxeuaCco : vb, furnish, construct. 

xeipou, xEiaopcu, —, —, —, — : vb, have been placed, lie, be 
made; see xrdripi. 

xsvxpov, xo : no, center. 
xXdw : vb, break off, inflect. 

xXivw, xXivw, ExXiva, xexXixa, XExXipou, ExX( 0 r]v : vb, lean, in¬ 
cline. 

xXioic -emc, f) : no, inclination, bending. 
xoiXoc -t) -ov : adj, hollow, concave. 

xopucpf], f] : no, top, summit, apex; xaxoc xopucpr^v, vertically 
opposite (of angles). 

xpivw, xpivoi, sxpiva, xexpixa, XEXpipoa, sxpH>r]v : vb, judge. 

xbpoc, 6 : no, cube. 

xuxXoc, o : no, circle. 

xbXivopoc, o : no, cylinder. 

xupxoc -r< -ov : adj, convex. 

xwvoc, o : no, cone. 


XapPavco, Xiyjiopcu, SXaPov, elXrjcpa EiXir]ppou, eXr]cpdr]v : vb, 
take. 

Xeyoj : vb, say; pres pass part, XEyopEvoc -rj -ov, adj, so-called; 
see sipw. 

XeiTtw, Xei 4 »w, sXmov, XeXoma, XsXEippou, eXEirpOriv : vb, leave, 
leave behind. 

XrjppocTiov, xo : no, diminutive of Xfjppa. 

Xrjppo: -axoc, xo : no, lemma. 

Xrjtjxc -ecoc, f] : no, taking, catching. 

Xoyoc, o : no, ratio, proportion, argument. 

Xoitioc -f] -ov : adj, remaining. 

pavddvw, pccd^aopai, Ipocflov, pEpon[)r]xa, —, — : vb, learn. 
psycOoc -eoc, to : no, magnitude, size. 
pEii^wv -ov : adj, greater. 

pEvw, psvfi, Spsiva, pEpevr]xa, —, — : vb, stay, remain, 
pspoc o:;c, to : no, part, direction, side. 

pEcroc -r] -ov : adj, middle, mean, medial; ex ouo pEowv, bime- 
dial. 

pExaXapPdvct) : vb, take up. 

[iExac'j : adv, between. 

pExewpoc -ov : adj, raised off the ground. 

psxpEco : vb, measure. 

pExpov, xo : no, measure. 

pr)8e£c, piqOEpia, pr]6ev : adj, not even one, (neut.) nothing. 

pr)6e7TOTE : adv, never. 

pr]OExEpoc -a -ov : pro, neither (of two). 

pfjxoc -eoc, to : no, length. 

pt]v : par, truely, indeed. 

povac -aooc, f) : no, unit, unity. 

pova/bc -r\ -ov : adj, unique. 

povayClc : adv, uniquely. 

povoc -t] -ov : adj, alone. 

voew, —, vor]oot, vevor]Xcc, vevoripai, Evoiydrjv : vb, apprehend, 
conceive. 

oToc -a -ov : pre, such as, of what sort, 
oxxdeopoc -ov : adj, eight-sided. 

0X0c -r\ -ov : adj, whole, 
bpoyevric -ec : adj, of the same kind, 
opoioc -a -ov : adj, similar. 
bpoionXryOric -sc : adj, similar in number. 
opoioTayfic -ec : adj, similarly arranged. 
opoioTric -r)xoc, f) : no similarity, 
bpoiox : adv, similarly. 

opoXoYoc -ov : adj, corresponding, homologous. 
bpoTocYf|C -ec : adj, ranged in the same row or line, 
opcbvupoc -ov : adj, having the same name, 
ovopa -oaoc, to : no, name; ex 6uo ovopaTWv, binomial. 
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dfjuycimoc -ov : adj, acute-angled; to o<;uydmov, no, acute an¬ 
gle. 

o<;6c -eia -6 : adj, acute. 

oitoioaoOv = ojioioc -a -ov + oOv : adj, of whatever kind, any 
kind whatsoever. 

oitoaoc -f] -ov : pro, as many, as many as. 

OTioaoaSrjTtOToOv = ottocjoc -r\ -ov + of + tiote + oov : adj, of 
whatever number, any number whatsoever. 

oitoaoaoOv = 671600c -r] -ov + oov : adj, of whatever number, 
any number whatsoever. 

oTioTepot; -a -ov : pro, either (of two), which (of two), 
op'doydmov, to : no, rectangle, right-angle. 

dpOoc -f -ov : adj, straight, right-angled, perpendicular; Tipoc 
opOac ycoviac, at right-angles. 

opoc, 6 : no, boundary, definition, term (of a ratio). 

6 oa 6 r] 7 ioToOv = 00a + of + tiote + oOv : ind, any number 
whatsoever. 

oodxic : ind, as many times as, as often as. 
oaomXdaioc -ov : pro, as many times as. 

000c -r] -ov : pro, as many as. 

ocntEp, fjjiep, oicEp : pro, the very man who, the very thing 
which. 

ocmc, f'Tic. o ti : pro, anyone who, anything which. 

OTav : adv, when, whenever. 

otioOv : ind, whatsoever. 

oooeic, oooEpia, oooev : pro, not one, nothing. 

ouSeTEpoc -a -ov : pro, not either. 

oodETEpoc : see ouoETEpoc. 

ooOev : ind, nothing. 

oOv : adv, therefore, in fact. 

ootciK : adv, thusly, in this case. 

TidXtv : adv, back, again. 

TidvTwc : adv, in all ways. 

Ttapct : prep + acc, parallel to. 

TiapapdXXa) : vb, apply (a figure); see pdXXco. 

TiocpaPoXf, f] : no, application. 

TiapdxEipou : vb, lie beside, apply (a figure); see xeipai. 

TiapoiXXdaou, 7iapaXXd<;M, —, sapfXXaxa, —, — : vb, miss, fall 
awry. 

TtapaXXriXeTUTxeSoc, -ov : adj, with parallel surfaces; to TiccpaX- 
Xrj.ETiTEOov, no, parallelepiped. 

napaXXrjXoypappoc; -ov : adj, bounded by parallel lines; to tkx- 
paXXr)Xoypappov, no, parallelogram. 

TiapdXXrjXoc -ov : adj, parallel; to 7iapdXXr|Xov, no, parallel, 
parallel-line. 

TiapaTiXfpwpa -aToc, to : no, complement (of a parallelogram). 
7iapaTEXuEToc -ov : adj, penultimate. 

Tiapsx : prep + gen, except. 

TtapepTUTCTO) : vb, insert; see tutitco. 


71 da/o), TiEiaopou, etkxOov, TiETiovOa, —, — : vb, suffer. 

jcevTdywvoc -ov : adj, pentagonal; to itEVTaycovov, no, pen¬ 
tagon. 

TiEVTomXdaioc -a -ov : adj, five-fold, five-times. 

TiEVTExaiSexdywvov, to : no, fifteen-sided figure. 

TiETiepaopevoc -t] -ov : adj, finite, limited; see TiEpcuvco. 

TiEpaivw, TiEpavco, feTiEpava, —, TiETtepdapou, E 7 iEpavdvdr]v : vb, bring 
to end, finish, complete; pass, be finite. 

TiEpac -oitoc, to : no, end, extremity. 

TCEporuoM, — , —, —, —, — : vb, bring to an end. 

TiEpiypdcpco : vb, circumscribe; see ypdcpco. 

icEpLEyco : vb, encompass, surround, contain, comprise; see Eyw. 

icEpiXapPdvco : vb, enclose; see XapPdvco. 

Tiepioadxic : adv, an odd number of times. 

Tiepioaoc -f -ov : adj, odd. 
sepicpspEia, f] : no, circumference. 

TiEpicpspco : vb, carry round; see tpepw. 

TirjXixoTTjc -T)toc, f] : no, magnitude, size. 

7 U 7 TTM, TIEOOUpai, E 7 ISOOV, TIETTTMXa, -, - 7 vb, fall. 

TiXaToc -eoc, to : no, breadth, width. 
tiXeicov -ov : adj, more, several. 

TiXeupd, if] : no, side. 

TtXrjOoc -eoc, to : no, great number, multitude, number. 

7iXf v : adv & prep + gen, more than. 

ttoioc -d -ov : adj, of a certain nature, kind, quality, type. 

TioXXocTiXaaid^M : vb, multiply. 

TcoXXomXacHaajioc, 6 : no, multiplication. 

TcoXXomXdcjiov, to : no, multiple. 

TioXfiEOpoc -ov : adj, polyhedral; to ToXuefipov, no, polyhedron. 
TioXuycovoc -ov : adj, polygonal; to 7ioXuycovov, no, polygon. 
TioXuTtXEupoc -ov : adj, multilateral. 

TTopiopa -cctoc, to : no, corollary. 
tiote : ind, at some time. 

Tipiopa -ccroc, to : no, prism. 

TipoPaivw : vb, step forward, advance, 
npooeixvupi : vb, show previously; see oeixvupi. 

TipoexTi'dripi : vb, set forth beforehand; see Tulypi. 

TipoepEco : vb, say beforehand; perf pass part, npoEiprjpEvoc -tj 
-ov, adj, aforementioned; see Eipco. 

7ipooavc(7iXr]p6a) : vb, fill up, complete. 

Tipoaavaypdcpa) : vb, complete (tracing of); see ypdipw. 

Tipoaappo^w : vb, fit to, attach to. 

TipooexpdXXw : vb, produce (a line); see ExpdXXw. 

Tipooeupiaxw : vb, find besides, find; see efjpiaxw. 

TipoaXapPdpa) : vb, add. 

Tipoxeipai : vb, set before, prescribe; see xeipcu. 

Tipoaxeipai : vb, be laid on, have been added to; see xeipai. 
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TipoCTiciTiTW : vb, fall on, fall toward, meet; see tuhtw. 

Ttpotaoic -ewe, fj : no, proposition. 

TtpoaTaaaw : vb, prescribe, enjoin; to TpoaTO'X'dev, no, the 
thing prescribed; see t aaaw. 

npoaTiDripi : vb, add; see TiDrjpi. 

npoTepoe -a -ov : adj, first (comparative), before, former. 

jipoTifbjpi : vb, assign; see TiOrjpi. 

xpoxwpsw : vb, go/come forward, advance. 

npWToe -a -ov : adj, first, prime. 

nupapie -£8oe, f] : no, pyramid. 

pr)Toe -r\ -ov : adj, expressible, rational. 

popPoei6f]e -ec : adj, rhomboidal; to popPoeiOEe, no, romboid. 
popPoe, 6 no, rhombus, 
orpeiov, to : no, point. 
axaXqvoe -ij -ov : adj, scalene. 

oTEpeoe -a -ov : adj, solid; to oTepeov, no, solid, solid body. 
aToixsiov, to : no, element. 

aTpEfpw, -aTpe^w, eoTpe(j;o(, —, ecrcappou, EoTdcprjv : vb, turn. 

abyxeipou : vb, lie together, be the sum of, be composed; 

auyxeipevoe -7) -ov, adj, composed (ratio), compounded; 
see xeipou. 

ouyxpivw : vb, compare; see xpivw. 

oupPcuvw : vb, come to pass, happen, follow; see pouvw. 

auppdXXw : vb, throw together, meet; see pdXXw. 

ouppexpoe -ov : adj, commensurable. 

aupnac -avTOC, o : no, sum, whole. 

oupniTiTW : vb, meet together (of lines); see tujttw. 

aupnXr|p6w : vb, complete (a figure), fill in. 

oovayw : vb, conclude, infer; see ayw. 

auvapcpoTEpoi -oa -a : adj, both together; 6 ouvapcpoTEpoe, no, 
sum (of two things). 

auvanooeixvupi : no, demonstrate together; see Seixvupi. 

auvaepf], f) : no, point of junction. 

abvSuo, ol, ai, Ta : no, two together, in pairs. 

ouveyfie -ee : adj, continuous; xaxd to ouvexee, continuously. 

abvdeaie -ewe, f| : no, putting together, composition. 

aOviieToc -ov : adj, composite. 

ou[v]icn:r]pi : vb, construct (a figure), set up together; perfim- 
perat pass 3rd sg, ouveotoitw; see laTrpi. 

ouvTiOr]pi : vb, put together, add together, compound (ratio); 
see TiOrjpu 

axeenc -ewe, f] : no, state, condition, 
oxfjpa -axoe, to : no, figure, 
cvpoapa -ae, f) : no, sphere. 

Tape -ewe, f] : no, arrangement, order. 

xapaaaw, xapapw, —, —, Texdpaypai, ETapaxUrp : vb, stir, trou¬ 
ble, disturbe; Texapaypevoe -r) -ov, adj, disturbed, per¬ 
turbed. 


Taoaw, toi^w, exa^a, xexaxa, Texaypai, £Tdxflr|V : vb, arrange, 
draw up. 

xeXeioe -a -ov : adj, perfect. 

Tepvw, Tepvw, ETspov, -TeTpr]xo(, TETprjpca, ETpf|Or]v : vb, cut; 
pres/fut indie act 3rd sg, Tepei. 

TeTapTT]popiov, to : no, quadrant. 

TSTpdywvoe -ov : adj, square; to TETpaywvov, no, square. 
xeTpdxie : adv, four times. 

TSTpauXamoe -a -ov : adj, quadruple. 

TSTpomXeupoe -ov : adj, quadrilateral. 

TeTpanXooe -T] -ov : adj, fourfold. 

TiOrpi, Oijow, eOr]xa, TeOr|xa, xeipai, £TeOr|v : vb, place, put. 
Tpfjpa -axoe, to : no, part cut off, piece, segment. 
tolvuv : par, accordingly. 

ToioOxoe -a'jxr, -oOto : pro, such as this. 

Topebe -ewe, o : no, sector (of circle). 

Topf;, f] : no, cutting, stump, piece. 

Tonoe, o : no, place, space. 

TooaoTotxie : adv, so many times. 

ToaauTomXdoioe -a -ov : pro, so many times. 

ToaoOToe -ckutt] -ooxo : pro, so many. 
toutectti = tout 5 eoti : par, that is to say. 

Tpaneipov, to : no, trapezium. 

Tpiywvoe -ov : adj, triangular; to Tpiywvov, no, triangle. 
TpmXaaioe -a -ov : adj, triple, threefold. 

TpbtXeupoe -ov : adj, trilateral. 

TpiTiX-ooe -Tj -ov : adj, triple. 

Tponoe, o : no, way. 

Tuyxavw, xeu^opai, etuxov, TETUxrpa, Texeuypai, £TeiJX$rjV : 
vb, hit, happen to be at (a place). 

(mdpxw : vb, begin, be, exist; see apyw. 

Oice^alpeoie -ewe, f] : no, removal. 
ujteppdXXw : vb, overshoot, exceed; see pdXXw. 

Onepoxf], f] : no, excess, difference, 
tlmepeyw : vb, exceed; see eyw. 

(mbOeoie -ewe, f] : no, hypothesis. 

bnoxeipai : vb, underlie, be assumed (as hypothesis); see xeipai. 
ilmoXeiTiw : vb, leave remaining. 

uitOTeivw, utiotevw, Lmexeiva, unoTETaxa, LmoTexapai, uneTtxOqv 
: vb, subtend. 

uijioe -toe, to : no, height. 

epavepoe -a -ov : adj, visible, manifest. 

cprjpl, cpf|aw, etpr]v, —, —, — : vb, say; ecpapev, we said. 

rpEpw, oiaw, tjveyxov, evrjvoxa, ev^veypea, ijvExOr]v : vb, carry. 

ywpiov, to : no, place, spot, area, figure. 

Xwpie : pre + gen, apart from, 
fjiabw : vb, touch, 
we : par, as, like, for instance, 
we ETuyev : par, at random. 

WaauTwe : adv, in the same manner, just so. 
wote : conj, so that (causal), hence. 
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